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PREFACE

Many practical problems in industrial and social planning require op-
timal decisions to be made periodically through time. Linear programs, called
dynamic linear programs, can often be formulated to model the requirements
of these decision processes. These programs are generally quite large and
difficult to solve. The search for eficient methods in finding their optimal
solutions has been a major topic in operations research for the past 25 years.

Often the problem modeled by a dynamic linear program involves un-
certainties which can complicate and exponentially increase the program’s
size. There may be several possible outcomes in the future, but determinis-
tic linear programs usually only consider the most likely outcome. In this
dissertation, we present methods for solving the stochastic dynamic linear
program, the dynamic linear program with uncertainties explicitly included.

Our methods take advantage of the program structure. Dynamic linear
programs are characterized by a staircase structured coefficient matrix, in
which non-zero elements appear only in blocks along the diagonal or adjacent
to the diagonal. This structure makes many efficient techniques possible. We
will show that the stochastic model’s specific structure can lead to additional
procedures, and that these procedures may improve upon complicated “brute
force” solution methods.

We begin in Chapter I by presenting sufficient conditions for a deter-
ministic problem’s optimal solution to solve a stochastic problem. The second
chapter discusses the difficulties involved in using deterministic solutions in
general. We also explore the possibilities for combining separate deterministic
solutions and give examples of problems that require the stochastic dynamic

v
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CHAPTER I
Deterministic Solutions for Stochastic

Dynamic Linear Programs

1. Introduction

Dynamic linear program models have been formulated for many different
practical situations. When these models involve uncertain quantities, the
solution of the resulting stochastic dynamic linear program can be very
difficult. Under some circumstances, however, an associated deterministic
problem can be stated that is easier to solve and can be used as the “solution”

to the stochastic program.

In this chapter, we will state conditions that imply that this deterministic
solution is in fact optimal for the stochastic dynamic linear program. We
call a solution “deterministic” it solves a program that does not allow for
any uncertainty in the program parameters. We also will use myopic solution
to refer to a solution of a program in period ¢ that does not make use of
information from periods after ¢. A solution that considers uncertainty in

the future, is called stochastic.

In our development of an optimal deterministic solution, we first present
the basic multi-stage model and the various approaches taken for its solution.
Also, in Section 2, we introduce some terms and notation that appear in
the following chapters and discuss the value of having information about
the random variables. To do this, we present inequalities that measure the

superiority of the stochastic solution over a deterministic solution.

The chapter concludes in Section 3 with the description of conditions

1
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0
£ = ( 2) (1)

e (),

This formulation includes transitions from state to state according to

and

— Ay — Byuy =

t+1

and interperiod requirements of

| N
Gt+1$t+1 T Dt+1ut+1 = §t+1~

The random vector y; ; represents unknown state to state transitions and fu-
ture requirements. Although some computational efficiency may be afforded
by the special structure of this model, we will restrict our discussion to the
general case of DLP.

The first approach we consider for DLP is to solve it for all possible
§: and then take the expected value of 2; as the measure of cost. This
“approach requires perfect information of the outcomes of all future events
and is known in the literature as the “wait-and-see” solution (see Madansky
138]). It would be the optimal solution, if one could somehow wait and see
until the end of the planning horizon and could beforehand make decisions
based on what will occur. Obviously such a perfect information solution is not
implementable. When averaged over every possible ¢;, it provides a measure

of the best expected value one could achieve given advanced information

about the random variables. We write the expected value of this solution as

3
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implemented.
C. The process is repeated to find each Z; in period £, given the past decision
Z7_1 and the outcome of the random vector £7—;.

We are going to investigate the effects of using different methods for
determining the decisions, Z;. Not all of these methods exactly solve (4), so
we must evaluate the expected value of the objective function for solutions
by each method. For a given method, u, of choosing z,, Z,,...,Z7, we first
define a function of the random variables, £, which gives the cost of using

those decisions. We write this as

2(2, €1 p) = cr - 21(n)
Loy a2y, Gy )+ FerEr(By, . Br—, Gy by | ),
(5)
where Z¢(%q,..., Z:—1, %2, e é’t | ) is the decision chosen by u given the
previous decisions, Zy,...,%2:—1, and observations, %2, ces ét.

We can then take expectations over the random vectors to determine the

expected cost of the solution found by method . We write this as

Z(p) = Eelz2(2, ¢ | p)l. (6)

An exact (but expensive) method for finding an optimal solution to (4)
is to proceed by a dynamic programming scheme with backward iteration.
We will call this “Method 2”. We begin by setting the terminal valuation

function:

zf(zr—1,ér)= min crz7
subject to Arzr={&r + Br—1z27—3, (7)
zr> 0

5
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see Chapter VI on dynamic programming.) Enumerating the states, z:_1,

in general, can be very difficult, especially when £; can have a continuous

distribution. For this reason, we assume that either the distribution of &; is

discrete for all ¢t or that we can approximate the continuous distribution by

a discrete sample of size k; where % is not too large. We assume, therefore,

that for all ¢ and some ét c R

p%; lf gt — 5%;

Z, if £ = £

Y : (11)
pfe, & = &

\Q, otherwise.

where by our independence assumptions the probabilities pi do not depend

on earlier outcomes.

We have then k: possible outcomes for the random right-hand sides in

period t. The outcomes form a tree of possible values (see Figure 1.).

Period

=1 2

Figure 1. The outcome tree.

Scenario

3
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outcomes, we can also incorporate interdependence of the time periods into
the model.

SDLP will be analyzed as a structured linear program (presented in
Figure 2). Its structure resembles the staircase structure of deterministic
dynamic linear programs, but the repetition of the —B; blocks for each
descendant scenario forms spikes below the diagonal. This property makes
the strict application of staircase approaches difficult.

Another complication of the stochastic model is that the number of
blocks, non—zero partitions of the coefficient matrix, grows exponentially with
the number of periods, as we see in (12). We will present methods for solving
SDLP that reduce the effects of this complication.

The decision process of solving SDLP will be called Method g = 3. The
expected cost found by this method is

z= Elzs(2,¢ | p=23)], (13)

W

7777 111777

"/ ' Y/,

/e, // /.

V7 777 VI

/// 7 /[ / )

T s e

/ /7 A ////

Figure 2. Alternative structures.
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Method 2 optimizes (8) for all &, Ee¢,[25(2:—1, )] < Egtﬂl{zg(zf_l, £ 1)]

for all t. Hence, ':le < Zz or Z5 < Z4 follows. B

The lemma includes the obvious result that, for the expected value of
perfect information, EVPI, where EVPI= %Z; — 7, if the correct distribution

is used or Z; — Z3 if not,

EVPI > 0.

This difference represents the maximum amount that one would pay for
information about the future. When the EVPI is low there may be little
necessity in refining forecasts, but, when it is high, incomplete information
about the uncertainties may be costly. In the following chapter, we present
an example of this possibility.

A second quantity that we want to examine here is the difference zZ; —
Z4 Or Zz — Zg4, which we call the value of the stochastic solution , VSS.
VSS measures the benefit from solving a stochastic program over solving its
deterministic approximation. A low VSS indicates that the more complicated
SDLP might not be worth the extra effort. YSS can be bound without solving
SDLP, as we show in the next chapter.

We note that in Lemma 1 to guarantee that Z3 < Z4, we had to assume
that the discrete distribution was correct. If the distribution used was only an
approximation, then it is possible to make an estimate of the distribution that
would lead to Zg > Z4. This anomaly can occur because some scenarios could
lie under sections of the piecewise linear curve, zg(xt_l, £t), that lead to high
penalties. We discuss these scenario results more closely in Chapter 2. For

our purposes, we assume that the discrete distribution used suffices because

more information about the distribution is not available. The consideration

11




¢l

$8W0%9q JI(Q "Nz ‘se[qeliBA 01s8Q-UOU PUE ‘€7 ‘s3[qelies

olseq 03 SUIPIOOOE MOI 4500 PUR XLIjeW JUSIDIIE0d 97} UOIIIRJ “JOOIJ

'3
I[e 10] I I0j siseq [ewydo ue s1 g uayy ‘§ D 3 [J8 I0j 9[qISBaj surewsl &g
J (127783 °%3) = 3 yym J7q 10 siseq [ewndo U 9q g 997 g BWWR]

"fzewdoleAsp INO UI [BjULWEPUN] SI ‘SISA[RUR £}1A131SUSS
WOI] NSl UMOUN—[[oM ® ‘BWWo] SUIMO[[0] 8T L, ‘[[B 1B PalI) oq pasu meifoid
O11SBYO0IS 97} I8YaYM J{O97D UED oM ‘MmO[9q SUOIIPUOD 97} Yiiay "weiSoid
21358Y20%s [elsumed ' 3UIA[0S £[}091100 JO 1I0fe oY1 ploae 07 Suifiy sl am
‘0=8SA I0j suornpuod Suipuy £g ’sSUOISIISP 0] siseq pood ® eplaoid Lem
uotjnjos stdofw © Juisn jo £orjed rejdwmis weas oY) ‘yov) Ul ‘peruewsdwl au0
873 WO ISOW SI ‘JUSTIUOIIAUS 3INJN] 871 JO ,5SONS 158Q, 9WOS SUITUNSSE WO
peseq pofssw Y4 ‘sdlyi[iqissod aininj [ Jo sisA[eU® Pa[ie}sp oYY I0] M
JOUTRD TRYJO SUOISIDSD 9OUIG "9AI30BIYIR ST anbIUYoe} UWOIIN[OS DIISTUITIISGLD

e ‘g31g a1e weqoid °195BYO09S ' SUIA[OS JO $1500 [EOIIOWINT oY) TTA

suoIIN[og NSIUIWId)R(] ewiydg °¢

"SUIAOS [lIom ST JT(S Io7jeya
Suljen|esd Ul ple os[e 9BY) SSA UO SpuUnoq oAl [[im om ‘rajdeyod SuIMO[[0]
943 U] '0=8SA £dw! 3eq) suoiyipuod swos quesald om ‘WOIF08S )XW oYY UI
‘PRAJOS 8q J0U PST JT(OS USYM MOTS O, "PIA[OS 8q PINOTS JT(S US4 MOTS

0} 81 [[I95 P[NOM oM ‘WOIINQUISIP 87} JNoqe STodWNSSE 9597] USAIR)

'9ATJRUIR}[® L[UO 879 SI SOLIBUSDS [ENPIAIPUI JO



min CRIRFENIN
subject to Bzg+Nzxn = (by, &),
. Lo (16)
TN > 0,
where we use the notation ¢/ to indicate the transpose of v, so (by, €)' is the

column vector of right-hand sides in DLP.

For B optimal, there exist prices, #, such that

B = ¢p,
i (17)
TN S CN,
and
Ip — B—l(bly_é)r Z O: (18)

IN Z 0.
If zp remains feasible for all £ in (18), (17) still holds, guaranteeing dual

feasibility and complementarity. Hence, B is still an optimal basis. J

The next problem we might encounter is that of testing whether B is
indeed feasible for all values of £&. An enumeration of all possible ¢ is not
necessary. Garstka and Rutenberg [25] showed that simple computations for
many practical problems, could be performed quickly to find the probability
that a given basis is optimal. Their process involves fixing some components
in the lattice of discrete values of ¢ and then finding the feasible range for the
remaining components. This method also proves valuable in the subproblem
solutions we investigate in Chapter 3.

To use a basis which satisfies the conditions in Lemma 2 in SDLP, still
other conditions must be met. The next lemma helps us find these conditions.
For this lemma, we will use a solution from DLP in SDLP. We do this by
letting the set of basic activities in DLP, {zf :t=1,...,T}, be repeated to

13
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correspond to m(1l) + Zszz k:m(t) columns, so the activities form a basis.

From this lemma, we obtain our result as stated in the following theorem.

Theorem. If the optimal basis, B, for the program DLP, with £ = ¢, is
feasible for all £ € B, and if B has as many columns as there are rows in each

period, then the set of activities in B forms an optimal basis in SDLP, and

VSS = 0.

Proof. First, to show primal feasibility, let AP be the square non-singular
t g

submatrix associated with the activities :ctB in scenario j. For all ¢ and 7, we

have

~ —1 a3 ~ B2

zfj - (AtBj) ({; —+ Bt—lzf.i,l)) (19)
which is the same value as if in DLP for & = é’f. Hence, i?f > 0 by

Lemma 1 for all 7 and ¢.

Let 72 be the dual variables in DLP for the basis, B. Next, define

ij = p’r?. In period T, we obtain

m
13

Figure 3. Example of (a) a basis and (b) non-spanning columns for a 2 period exampl
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The next result presents an alternative set of conditions that may prove
useful when the conditions in our theorem are not satisfied. We state them

as a corollary.

Corollary. Let {B(i)} be a family of bases for DLP, where B(:) is optimal for
{: € E. Assume also that, for all periods t and nodes 7 of scenario ¢, the set
of basic activities, {zf("(j))} , 1s the same for all ¥(j) that include the nodes,
{7; :1=1,...,k}, the descendants of j. If each B(i) additionally has square
blocks in each period, then the set of basic activities chosen from {B(i)} is

optimal in SDLP, and VSS = 0.

Proof. Since zf(i(j)) is the same for all j, we can define a set of activities for
SDLP as :cf" = zf("(j)) for all £ and j. Now, for primal feasibility, we again
have (19) for all t and 7, so :?:f" > 0.

For the dual, define

ﬂ-fB:' — Pjﬂ'f(i(j))- (24)
Hence, at period T,
Bj 4B; ;
WT?'ATJ o] p.7 c?} (25)
and
B N; '
nplAn7 < p’ . (28)
For general ¢, we have
ki i3
S~ B P L xBi 4B — N© 7 BG( B 4 BUG) 4B
——Z”t—i—lBt + AT =) P Tepr By w0 RA), (27)
=1 F=1
=p’c?,
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where yy; is the amount of the demand, D, satisfied by resource ¢ at time ¢,
Z;¢ is the amount ‘of resource ¢ committed at ¢ so it may be extracted later,
c¢; is the current cost of technology ¢, k; is the capital cost of ¢, § is the
discount factor, §; is the extraction rate, and R; is the initial availability of
the resource used in technology 7.

Chao showed that, for this model, a myopic solution is optimal for all
future demands and supplies. This solution implies that a family of bases,
{B()}, exists that satisfies the conditions of the corollary. Therefore, the
stochastic program for (29), in which, D; and R; are random, has a deter-
ministic and myopic solution and VSS = 0. We note that this very simple
model can be modified so that VSS grows. Chao explored the case of price-
responsive demands and found that, with a “sufficiently high” discount rate,
the optimal decisions are still insensitive to “distant—future” uncertainties.
Our example in Chapter I shows how near future uncertainties can greatly
affect current decisions, also making VSS high.

This chapter has described the value of information in the consideration
bf decisions made over time. We presented the program, SDLP as a method
for incorporating uncertainties into a decision process and explored the pos-
sibilities for finding a solution to SDLP without solving the full problem.

The value of the stochastic solution is, however, not always low.

19
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The chapter concludes in Section 6 with a suggestion for a general strategy

to be applied in linear optimization under uncertainty.
2. Bounds on the Expected Value of Perfect Information

We discussed above the expected value of perfect information (EVPI)
and value of the stochastic solution (VSS) and showed examples when these
quantities might be zero. When the conditions for deterministic optimality
are not met, we would like to have simple bounds on the EVPI that may
help us determine the worth of solving the stochastic program. If the EVPI
and VSS are bounded within a tight range, it may be adequate to use a
deterministic approach to the problem instead of following an expensive
stochastic method.

The expected value, Z, of the objective function, 2(£), can be bounded
because of its convexity. Madansky [42] and later Huang, Ziemba and Ben-
Tal [35] examined this property using the theory of moment spaces to bound

the expectation. Their work rests on the following result.

Lemma 1. The objective function, z(¢), in (1.3) is a convex and continuous

function of £, the right-hand side.

Proof. See Madansky [42]. g

This result then allows the application of Jensen’s inequality for convex

functions. Directly from this, we have

zy = E[2(¢)] 2 z( E(€)) = 24, (1)

giving a lower bound on the perfect information solution, z;. (In this analysis,
we use the definitions of zy, z3, 23, and 2z4 from Chapter 1)
An upper bound also can be found for z;. We present here only the one
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with the VSS, the value of solving a stochastic program over solving a deter-
ministic one. The EVPI is used to find the value of additional information,
but, in looking at the VSS, we assume that no more information is available.
We ask: what given our present state of knowledge, is the value of solving a
large stochastic program?

Similar results to those above can be found for VSS. We can bound VSS

as in the following theorem.

Theorem 2. The value of the stochastic solution (VSS = z4 — Z3, as defined

in Chapter I), satisfies the inequalities

Proof. We showed VSS > 0 in Chapter I. It suffices to show 24 < Z3. We
had z; < Z2 < Zz3. Now, z4 = 2( E(¢)) and 7; = E(2(£)), so, for z(§)

convex, by Jensen’s inequality, z4 < Z;. The result follows. E

This bound can prove useful in estimating the benefit of the stochastic
program, but, if it remains high, further analysis may be required. As a
first step in solving the stochastic program, we may find other deterministic
solutions corresponding to different scenarios or outcomes of the random

variables. We describe this approach in the next section.

3. The Scenario Approach

In evaluating the perfect information or “wait-and-see” solution, Zy, &
solution to the program, z;(¢), must be found for each possible outcome of
the random vector, €. The scenario approach, also known as “modified wait—
and-see” in Gunderson, Morris, and Thompson [31], involves solving several
of these deterministic programs, evaluating the expected cost of using the
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Theorem 3. For B discrete, the best scenario solution , ¢*, satisfles

7z < ¢F < 74, (8)
Proof. We know

¢* = min cocg El¢(2(€%)), €] < E[¢(2(8), €)] = z4

and, for z* optimal in ¢*,

Zs = min ¢ex El¢(2(€)), €] < Efe(z7), &) = ¢".

Hence, the result.g

The inequalities in (8) show that the scenario approach may be useful
in finding a closer approximation to the solution of the stochastic program.
¢* may be especially valuable when ¢* — 24 is small, since it also bounds

Z3 — 24 and may show that solving the stochastic program is unnecessary.

z (&) £
/
i
N 2z (x(8),8)
N / — 2 (x(D),8)
N ! -
\ N / —meeemes 2 (x(D), )

Uy

Figure 1. The expected value of z(z(€), £) is greater than that of z(z(¢), €).
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min z(£?) = c1z1-+c22s
subject to A z; = b,
—Biz1+Azz2= &3

Z1,Z2 Z 0.

(52)

Solving S1 and S2 yields the optimal solutions, z* and z%*, and optimal
dual prices (71'*;0l*) and (#2*;0%*), where z* = 7* - by + o* - £. We also

define the following index sets:

B8t = {5 : A{(x,7) is basic in S1 }

and

2= {j:A¢(#,7) is basic in S2 }. (9)

The complements of 3 and 32 are defined as ,?1 and Ez, respectively.

Now, our actual goal is to solve the following two-period version of SDLP

min c1z; +pleazl +p2epz?
subject to  Ajzy = by
—Byz; Az} = ¢} (SDLP2)
—Biz; +A422 = &2

xl,zé,zg > 0.

We would like to use the activities in ' and 2 as the optimal basis
of SDLP2. In other words, for § = {j : A;(%,7) is basic in SDLP2 }, we
are looking for § C B'|JB2 Unfortunately, this is not always possible.
The difficulty results from the properties of the basis in SDLP2. In order to

maintain full rank of the basis in this program, the optimal basic activities
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—(p'ah* 4+ p?a®*)By + (plo ™ + pP0P )4y <L ey, (12)
since pt, p2 > 0 and p! 4 p2 = 1. Therefore, the solution is dual feasible,
hence, by duality, we have z* > z.

Now, we consider (p'zl*+p2z2*; 25*; 22*) and observe that A, (plzl*+
p?z%*) = b, that, by definition, Z'* and Z2'* satisfy the second set of in-
equalities in SDLP2, and, that, if 2* and Z2'* are not feasible, 7 = co.
Therefore, if 2* > 0 and #2* > 0, the solution is feasible and z* < z.

Therefore, z < 2z* < Z. For the expression of the duality gap, we

observe that

£

= (plo™* + p?0®*)(p' Are™* + p?412>7)
~+ plrt *(Azfé’* —PlBﬂCi’* —Pzle%’*)
+ PPt (A2E5 " — p'Bizl” — p?Byz%)

°(p1xi’ pzxz*) pleilplzy” 4 p?et)
pcl(pl 2%*)1 22*(pA1 1*+p2A1 2*)
+ p?r®* (—p Bi " —p*Bizt) + plcf“(p Afz] 4+ p2AZzDT)
+plrtt(— 13?11’* 32 2*)+P 5252
+ pPesEs”
(13)
where ¢ = {¢1(5) : 7 € B 5?}. We then have
z=7% pc{pl-’ci*ﬂ“*) ple(pter” + p?2l) 14)
+(p UZ*A%__ ‘Z*Bl ‘pO"Az PWI*Bf)(Plx p2 2*)
which, since ¢2 - z1* =0 and ¢} - z%* = 0, yields
2 =72 (ci . 0'2’*A} + 7‘,2,* 1)(}72?11} *) (15)

— (¢} — o™ AT + 7 BY)(p'pad )
Hence, the result in (11) follows. §
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min ) Helyl N Lplelyl 22y Lplel VgLV L2
st A%YY  +Alyl +ANyN
—BYy] —Biyi —BYyY +4ly} +A3 Ny
—B%} —Bivi —BYyl +43v3  +AVueY
Y1, Y2
(SDLP2)

where the variables (y;,y2) replace the variables (z1,z3) in SDLP, so that
we can compare their values. First, we define a solution to SDLP2/ by the

following. Let a solution (y;;y1,y?) be

A9 Al —1/s,
(W95 91 5 v = ( . (17)
—BY —B; A) \&:

This solution is the same as (:z:i'*, 1*). Next, define

v =1{1: :z:i'*(z')is basic in row j of S1 for 7 > m,}, (18)

where my is the number of rows in A;. Now, partition Al as

AYY = (AL(5, %) J € V)

and

AyY = (A5(7,%) : 7 &) (19)

AL7 is non-singular because the basis in (17) is non-singular.

We complete the definition of y* by

vp” = (A7) THET + BY Y + ByTyr)
and

31
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1)7r 0,

= TOLDs

iv) 7b% = pl(xhpp — (PP /p)mb LAY (AS7)
Hence, we have

““'7('2’5/31 — Wz’uBl — ’lTl’VBl — 7!'1’!/31 + UA1

v v |
_WOLDBl — WOLDBl -+ oorLpéi < ¢y,

T 7 v T T
—%oLpBi — ForpBi + 0oLp Al = ¢,

and

v v v v Voo
—T%oLpBi — ToLpBi +ooLpA] =¢f.
We also observe that

v T ll-_ ¥

VAz + xt Aa = Pl(WELDAa Y+ NIC/JLDAé “)
— Pz?"éLDAé'V + PzﬂéLDAé’y
= p'c3,

and that, similarly,

We need only that

(23)

(24)

(25)

(26)
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type, if (30) fails, one may want to carry out the additional computations in
(28) and (29) before solving the stochastic problem.

The difficulty in finding optimality conditions for combining scenarios
for even a simple problem such as SDLP2', shows the importance of the
stochastic solution. The conditions in (30) can be generalized to allow for
penalties in satisfying inequalities in the second period, but the results are
more restrictive and direct computation of the dual feasibility conditions be-
comes more efficient than checking additional inequalities. Our development

leads to the following method for combining scenarios.

(A.) Combine the first period scenario solutions, z},..., :c’f, by a simple
weighted average, y] = E?zlp"x‘i.

(B.) Follow the branch of worst cases (what we shall call the catastrophe
branch), that is, the set {£}} where £ = (£5(1), £5(2),..., &5 (my)) such that
£i(7) = sup jfg(z’) forz=1,2,..., m:. Using these right-hand side values,

we have that, if

_Btwlyz._l -+ Até/; > f:y

then

—Bi_1yi_{ + Awy; > fg

for all . This procedure guarantees primal feasibility for y;. We use the
non-singular blocks from this scenario to determine new values based on yj.
(C.) Use similar blocks for the other branches and maintain primal
feasibility (by, perhaps, paying penalties).
(D.) Compute the dual prices and check for closure of the duality gap.
35
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- zg(€) = c12(€) + [ min 4 cay|2(8), €. (32)

We define

Zr

I

z(1) (33)

and

Zrr ?(3) (34)

We want to consider also the perfect information solution

Zo = E¢lminc; -z -+ cp-yle), (35)

and the stochastic solution, Z,, where we allow ¢ = 1 or 3 with equal
probability.

The function z-f—(ﬁ) for 27, 271, 26, and 2z, appears in Figure 2. We observe
that the optimal basis changes as £ ranges over [0,4].

For £ < 1, z; only is in the optimal basic set of variables, for 1 < ¢ < 3,
{z,,z,5} is optimal, for 2 < ¢ < 3, an alternative optimal set includes z,
alone, and, for 3 < ¢ < 4, the only optimal first period activity is z5. In
the stochastic solution, z; and z; must be in the optimal basis, reducing the

expected loss relative to the perfect information solution. We find this from

the figure as

z; —Z, = 10.25, (36)

2] — Zp = 5.50, and (37)
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the stochastic solution.

The modified problem is

: T T '
min E:’n:l Cihso + E?=1 kio + Zt=1 ﬁt 221 Zj:l p’ [C,’U‘z’t -+ ki?f"z,t]

subject to fo +ugo < Rig, fori=1,...,m
2?—;1 Ui 0 ._>_ DO;
:z:f.;t - “{,t < Ry ;; forall ¢, g, and ¢,
S uf:t > Dy; for all § and t,

t=1

H

J L, d —d —_d . ©
Tyiq T Wy @Y1 = Tig for all ¢, 7, and t,

zf:’t >0, uf’f > 0, for all 7,7, and t,

(ERM)
where R;; Dx, :cf;t, and uf’t are as defined in (1.29). yfyt represents the
amount invested at time ¢ under scenario 7, and af.;t 1s the return for invest-
ment.

ERM includes deterministic investment, but we can formulate an as-
soclated stochastic model by allowing a{)t to take on several values, a{,’j, - a:::i,
and restricting investment in yf}t to be only one of the a{)’f for each scenario.
By doing this, we maintain the random variable in the right-hand side as a
constraint on y{)t for the different scenarios.

By solving ERM for fixed values, the investment decision may quickly
swing from one resource to another as a different extreme point in the linear
program becomes optimal. The stochastic solution has more basic activities,
allowing for hedging against the different possible environments that one may
face. To show this property, we consider a two period case of ERM with three

alternative resources. We will call them cil, solar power, and some other high
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and “myopic”(solving only given the first period availabilities and demands)
were solved and compared to the stochastic program solution, in which both

values of o were considered simultaneously. The results were :

Model Expected Cost
Myopic 275
Good Luck 239
Bad Luck 245
Stochastic 231

Here, the stochastic solution represents a savings over the deterministic
models because its solution involved investment in both oil and solar tech-
nologies, while the deterministic scenarios allowed for investment in only one.
The relative savings would also increase with a higher cost backstop. It is
interesting to note also that, with the addition of investment in exploration,
the myopic solution is now far from optimal.

These examples have shown that models can be very sensitive to future
uncertainties. The exhaustible resource model demonstrates the possibility of
sharp changes in decision-making from near-term uncertainties. We, there-
fore, want to examine models with a strategy that considers their sensitivity
to uncertain parameters. We discuss a general method for dealing with these

problems in the following section.

6. A General Strategy

Problems modeled as dynamic linear programs often involve many un-
certain assumptions about the parameters involved. In this case, a solution
to the stochastic program is desired, but it may be quite costly. We have
presented methods for checking whether deterministic solutions may be used.
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