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Abstract

Although the Basel Committee has identified recovery risk as an important source of risk in rela-
tion to default, the impact of recovery rates on defaultable securities is not yet well understood.
This paper proposes a discrete-time reduced form approach for pricing defaultable securities
that incorporates stochastic recovery rates. We provide pricing formulas for risky bonds and
credit default swap contracts in the case of an economy with an affine state vector. Faced with
rich and realistic econometric representations of the state variables, the model stays tractable
and can be estimated using standard techniques. We estimate a five-factor Gaussian model
on BBB and B Standard & Poor’s yield indices. Our analysis indicates that for both indices,
the stochastic recovery model significantly outperforms a nested model where the unconditional
recovery rate is estimated as a constant. The model is able to capture two important stylized
facts of defaultable securities: The positive correlation between the loss given default, and the
intensity of default and the negative correlation between the intensity of default and the risk-free

interest rate.
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1 Introduction

Two strands exist in the credit risk literature for modeling defaultable securities: Structural models
and reduced-form models. In the former, credit events are triggered by changes in the firm’s value
relative to some barrier. This approach was pioneered by Merton (1974), who assumes that default
occurs once the firm exhausts all its assets.! However, the structural approach is not straightforward
to implement because, generally, the firm’s assets are neither observable nor tradeable. Under the
reduced-form approach, the value of the firm and its capital structure are not explicitly modeled, and
the credit events are specified in terms of a jump process. This approach considers the default event
as an unpredictable stopping time. Existing reduced form models (see Jarrow, Lando and Turnbull
(1997), Lando (1998), Duffie and Singleton (1999)) use a continuous time framework and show that
the price of any defaultable contingent claim can be computed as a conditional expectation with a
modified discount factor. This facilitates the use of standard risk-free term structure tools for both
theoretical and empirical purposes. It also renders reduced-form models particularly suitable for
empirical implementation using risky bonds and credit default swaps (CDS).

The aim of this paper is to develop a discrete-time reduced form framework for the pricing of
defaultable securities which incorporates a stochastic risk free interest rate, default intensity and
recovery rate.? The tractable nature of our framework allows us to capture two important stylized
facts characterizing the term structure of defaultable bonds. The first stylized fact is the time
varying nature of the recovery rate. Empirical evidence, including Altman (2002) and Altman,
Brady, Resti and Sironi (2005), suggests that recovery rates exhibit substantial variability and
are negatively correlated with default rates. Acharya, Bharath and Srinivasan (2005) also show
that the recovery rate is lower in a distressed economy than in a healthy economy. The second
stylized fact is the correlation between recovery rates, the risk free term structure and default
risk. Until very recently, most of the literature focused on the link between default risk and the
risk free term structure (see Duffee (1998)) and ignored the impact of recovery rates on the term
structure of credit spreads. A potential reason behind this lack of attention toward recovery rates
is probably the ensuing computational burden. As a consequence, simplifying assumptions abound
in the literature. For example, Jarrow, Lando and Turnbull (1997), Duffee (1999) and Driessen
(2005) assume that the recovery rate is constant.> Das and Tufano (1995) model the time varying

nature of the recovery rate but assume that the default risk is independent of the risk free term

'In Merton’s model, default can only occur at maturity. Black and Cox (1976) relax this assumption by allowing
default to occur when the firm’s value reaches a lower barrier. Many papers extended the work of Merton (1974)
and Black and Cox (1976), among them: Leland (1994), Leland and Toft (1996) and Collin-Dufresne and Goldstein
(2001).

?See Rubinstein (1976) and Brennan (1976) for early studies on contingent claim valuation in discrete-time,
Turnbull and Milne (1991) for the case of an economy where interest rates are stochastic, and Das and Sundaram

(2000) for a discrete-time reduced form model.
31t is usually assumed that the constant recovery rate is arround 40% for corporate bonds and credit default swaps,

and arround 25% for sovereigns.



structure to keep the model tractable.

In light of the recommendations of Basel II and the strong empirical evidence regarding the
time varying nature of recovery rates, a recent literature on the joint identification of default and
recovery risk has started to develop. A first strand focuses on the extraction of recovery rates implied
by defaultable instruments. Zhang (2003) first showed that it is possible to extract the implied
unconditional level of the recovery rate within a reduced-form framework. Using Argentinian CDS
data, he demonstrates that the unconditional level of the recovery rate is around 25%, which roughly
corresponds to the market practice. Pan and Singleton (2005) estimate a reduced-form model on
sovereign CDS data and find that the estimated unconditional recovery is rather different from the
usual market practice. Bakshi, Madan and Zhang (2006) explicitly model a stochastic recovery rate
and derive pricing solutions for risky bonds. In a multifactor setting, these solutions prove rather
complex and computationally intensive. This effectively limits the empirical implementation of the
model to the single-factor case thereby constraining the correlation between the default intensity,
the recovery rate and the level of the risk-free interest rate. Das and Hanouna (2006) develop
a cross-sectional approach for extracting recovery rates from the CDS spreads that does not rely
on time series information. Another strand in the literature focuses on realized recovery rates.
Renault and Scaillet (2004) use data on defaulted debt to non-parametrically estimate the density
of recovery rates. Guo, Jarrow and Zeng (2005) develop a reduced-form approach for modeling the
realized recovery rate on defaulted debt and provide analytic expressions for both the pre and post
defaulted bond. Chava, Stefanescu and Turnbull (2005) also perform a joint estimation of losses
and default intensity using data on defaulted debt.

In this paper, we extend the literature on the joint time series estimation of default and recovery
implied by defaultable instruments by modeling a stochastic recovery rate in addition to the pricing
kernel and the hazard rate, as well as their respective correlations within a fairly rich econometric
set-up. In the existing reduced-form models, allowing for stochastic recovery rates in a multifactor
set-up results in rather complex pricing solutions as explicitly recognized by Bakshi, Madan and
Zhang (2006). As an alternative, we propose a discrete-time framework for modeling defaultable
instruments in which we adopt a finite horizon economy with discrete-time trading.* We model the
pricing kernel, the hazard rate and the recovery rate as discrete-time adapted processes and show
that a discrete-time methodology not only retains much of the intuition underlying the continuous
time valuation framework but also proves more tractable than existing models. Pricing formulas
are derived for defaultable bonds and CDS contracts when the recovery rate is stochastic. We
also examine different recovery assumptions for risky bonds: recovery of Treasury (RT), recovery
of face value (RFV) and recovery of market value (RMV). Provided that the conditional Laplace
transform of the state vector is analytically known, our approach admits closed form solutions for
prices of CDS contracts and risky bonds under RT and RFV. Under the assumption of RMV,

Monte Carlo simulation must be used to price the defaultable bond, but our model allows us to

*See Gourieroux, Monfort and Polimenis (2006) for an analysis of credit risk modeling in discrete-time.



empirically disentangle variations of recovery and hazard rates, unlike the continuous-time RMV
case. In addition to the substantial gain in tractability, these pricing solutions can be utilized within
a rich class of discrete-time processes. The discrete-time affine family contains a large variety of
dynamics including the essentially affine Gaussian process proposed by Ang and Piazzesi (2003)
and the Markov Gamma process introduced by Gouriéroux, Monfort and Polimenis (2002). It also
easily accommodates the inclusion of lagged macro variables as in Ang and Piazzesi (2003) or a
regime switching economy as in Dai, Singleton and Yang (2003).° Recently, Dai, Le and Singleton
(2006) extend the analysis of Gouriéroux, Monfort and Polimenis (2002) to hybrid processes, non-
linear dynamics and generalized market prices of risk specifications.Our methodology can be used
in all these contexts, thereby offering a great flexibility for capturing both the unconditional and
conditional correlation between the risk free term structure, the default intensity and the recovery
rate.

In order to illustrate the implications of a stochastic recovery rate on the term structure of
spreads. We first provide a very simple numerical example that demonstrates the impact of the
recovery rate on the level of spreads. It is shown in several places in the literature (see Houweling
and Vorst (2003) for instance) that it is hard to identify both recovery and intensity using bonds’
prices when the recovery rate is constant.5 Our numerical illustration shows that this is not the case
when the recovery rate is allowed to vary stochastically. We then estimate a five-factor Gaussian
model on BBB and B Standard & Poor’s yield indices under the RT assumption. BBB and B
rated yield indices are representative of the investment grade and the high yield markets and are
also expected to display different sensitivities toward recovery rates. Our analysis reveals that for
both ratings, the stochastic recovery model significantly outperforms an alternative model where
the unconditional recovery rate is estimated as a constant parameter. The size of the improvement
in terms of the root mean squared error is 20% for BBB yields and 14% for B yields. We also
find a positive correlation between the default intensity and the loss given default process, which
is consistent with the findings of Altman, Brady, Resti and Sironi (2005). The implied loss given
default process varies around 27% for the BBB index and 74% for the B spreads, which proves that
the assumption of the a constant recovery rate for all rating classes is quite restrictive.

The rest of the paper is structured as follows. In section 2, we discuss the tractability of
reduced-form models in the presence of recovery risk. Section 3 presents a general framework for
pricing bonds and CDS contracts under recovery risk. In section 4, we explore pricing solutions for
the family of discrete-time affine processes and prove that our methodology is tractable. Section 5
introduces the data and discusses the econometric model and the estimation technique. Section 6
presents the empirical results, and section 7 provides some concluding remarks. Proofs are collected

in the appendix.

’Macro variables are also very often used to forecast recovery rates (see Gupton, Hamilton and Berthault (2001)

and Gupton and Stein (2002)).
SPan and Singleton (2005) show that it is possible to achieve identification using CDS spreads.



2 Modeling Recovery Rates in Reduced-Form Models

The choice between continuous time and discrete-time models is often a question of tractability.
Continuous time models tend to prove very attractive for the purpose of valuation because closed
form solutions are available for many applications. However, when used in models with stochastic
recovery rates, continuous time models yield pricing solutions that are difficult to solve. To motivate
the discrete-time methodology of this paper, this section summarizes the continuous time framework
of Lando (1998) and Duffie and Singleton (1999). In particular, our results show that in this context,
the pricing of bonds and CDS contracts under recovery risk in a fairly rich econometric specification

becomes computationally intensive and thus hardly tractable for empirical implementation.

2.1 General Pricing Solutions for Defaultable Securities
2.1.1 Bond Pricing

Let the process {r,t > 0} represent the risk free short rate and {A¢, ¢ > 0} be the hazard rate of
the default time. Assuming that the risky bond has a maturity denoted by T, a face value equal
to $1, and a random recovery payment at the time of default of the form Z,, Lando (1998) shows

that the price of a zero-coupon bond can be computed as follows

B(t,T) = E? [exp (— /tT (rs + Xs) ds)} +EP [/tT Zs\s €xp <— /ts (ru + /\u)du> ds] , (D

where () denotes the Equivalent Martingale Measure with respect to the money market account.

The first term accounts for the promised face value and the second conditional expectation
reflects the recovery value that the bondholder receives upon default. The literature contains three
different assumptions to model the recovery payment: recovery of face value (RFV) (see Brennan
and Schwartz (1980) and Lando (1998)), recovery of Treasury (RT) (see Longstaff and Schwartz
(1995), Jarrow and Turnbull (1995), Jarrow, Lando and Turnbull (1997) and Duffee (1999)) and
recovery of market value (RMV) (Duffie and Singleton (1999)).

Under the RFV assumption, the recovery payment is a fraction of the face value
Zs=(1-— L)

where {Ls, s >t} is an adapted process bounded by 1. This process corresponds to the loss given
default, whereas {(1 — Ls),s > t} represents the recovery process.
Under the RT assumption, the recovery payment is a fraction of a Treasury bond with maturity
T and face value equal to $1
Zs=(1-Ls) x B(s,T)

Under the RMV assumption, Z; is given by

Zy=(1- L) x B(s~,T)



where B(s™,T) denotes the price of the risky bond just before default.

The choice between these recovery assumptions depends on the legal structure of the instru-
ment to be priced. If, for instance, one assumes liquidation at default and the absolute priority
rule applies, then recovery of face value or recovery of Treasury value is more realistic. However,
if liquidation is avoided, then one can use the recovery of market value assumption. More gen-
erally, different credit events such as bankruptcy, repudiation and restructuring affect the value
of defaultable securities with different probabilities and thus result in different recovery rates. As
pointed out by Duffie and Singleton (1999), in a continuous time framework, the choice between
different recovery assumptions may also be potentially motivated by computational constraints. In
general, 75, A\; and L are all functions of some state variables in the economy. A key ingredient in
computing B(t, T is the conditional joint distribution of the random vector (s, As, Ls) . Analytical
expressions are generally unavailable unless one makes specific assumptions about the dynamics
of (rs, As, Ls) . Accordingly, simplifying assumptions, such as independence between the short rate
and the hazard rate processes as in Jarrow and Turnbull (1995), or a constant recovery process as
in Jarrow, Lando and Turnbull (1997) and Duffee (1998), have emerged in the literature.

In addition to the computational tractability, an important feature differentiating these recovery
assumptions is their ability to identify the impact of the hazard and the recovery rate. While the
RFV and RT allow for identification of the impact of the recovery rate, this is not the case under
the RMV assumption. Recall that under the RMV assumption, equation (1) is equivalent to a

recursive stochastic integral equation whose solution is, for a zero-coupon risky bond

B™Y 1, 1) = E? [exp (- /t ' (rs + LsAs) ds)] .

The RMV assumption is extremely convenient for pricing credit derivatives, since it only relies
on the explicit modeling of the short rate and the so-called “mean loss rate” (Ls\s). However,
{Ls, s > t} cannot be allowed to vary stochastically, otherwise it becomes impossible to distinguish
between variations in the hazard rate and variations in the recovery rates, as explicitly recognized
by Duffie and Singleton (1999). Consequently, although the RMV assumption has become the
standard assumption in credit risk modeling, the few papers that explicitly models the recovery
rate utilize the RT and RFV assumptions.

2.1.2 CDS Pricing

A popular instrument which offers a protection against credit events is the credit default swap
(CDS) contract. The mechanism of a CDS contract works as follows: Consider two companies ‘A’
(the buyer) and ‘B’ (the seller) who enter into a contract which terminates at the time of a credit
event or at a specified maturity, whichever occurs first. A credit event could be, for instance, the
default of a third company ‘C’, called the reference company. It also includes other events such as

bankruptcy, downgrade, failure to pay, repudiation or restructuring of the reference company. If



a credit event occurs before the specified maturity, then company ‘B’ pays company ‘A’ a certain
compensation in the form of a cash amount. In exchange of this insurance offered by company
‘B’, company ‘A’ periodically pays to company ‘B’ a fixed amount S, called the CDS spread or
premium. If the termination of the contract is triggered by a credit event, then a default also elicits
an accrued credit-swap premium from the buyer.

The price of a CDS contract with semi-annual premium payments and an accrued credit-swap

premium is (see Duffie and Singleton (2003))

exp <_ /fé (ru+ M) du)] « g
4 /tm EQ [exp <_ /t (ru + \) du) A (LS — g) ds] ,

where n is the maturity of the contract and t* represents the first premium payment date that

2n
CDS(tn) = —> Ef
k=1

follows the credit event.

Because trading is in continuous-time, it is difficult to deal with the first premium date following
the credit event. For this reason, modified payoffs are often considered with continuous time models.
One possibility is to consider that rather than receiving the compensation L upon default, the buyer
receives payments at the next premium date that follows default. Then, the accrued credit-swap
premium is no longer necessary. Another solution is to simply eliminate the accrued credit swap
premium from the payoff. Although the impact of the approximations is negligible for small default
probabilities, this does not hold if one consider a higher likelihood of default as is the case for low
rated firms or for some sovereign CDS.

Let us consider the case of a payoff in the absence of accrued interests. The price of the CDS

exp (— /tHg (ru + o) dU>] X g
+/j+n AL EC [exp <— /t (u + M) dU> dS} : (2)

The pricing formula shares many of its features with the bond pricing solution. Computing the

is then

2n
CDS(t,n) = —> B
k=1

price of a CDS relies therefore on the same tools as for risky bonds. In the next section, we evaluate

the tractability of the continuous time framework for the family of affine diffusion processes.

2.2 Pricing Solutions in Continuous-Time Affine Models

To illustrate the trade-off between the econometric richness and the analytical tractability of con-
tinuous time models in the general case of an affine state vector, let us assume that the economy
is driven by a N—dimensional affine state vector Y; (see Duffie, Pan and Singleton (2000)). The

conditional probability distribution of the state vector is characterized through the Laplace and



the extended Laplace transforms of the pair < ftT Y.ds, YT> . Under some technical conditions, the

Laplace transform of this pair is defined as follows

T
G, T,u,v) = E? [exp </ u'Yyds —H/YT)]
t
= exp(a(t,T,u,v)+ BT ,u,v)Yy), (3)

where (u,v) € (RY,RY) and « and J satisfy a set of (N + 1) ordinary differential equations (ODEs)
that can be solved numerically.

The extended Laplace transform is

T
Jt,T,u,v,w) = EtQ [exp </ u'Ysds + U/YT) (wYT)}
t
= G, T,u,v) (A, T, u,v,w)+ B(t,T,u,v,w)Ys),

where A and B satisfy another set of (N 4+ 1) ODEs.

Furthermore, we specify the short rate, the hazard rate and the recovery rate as follows

re =00 + 01Y%,
At =7 +71Y: and (1 — L) = exp (—¢Y7)

In order to guarantee that the recovery rate is bounded by one,” the coefficients of ¢, are
constrained to be positive. Consistent with the recent empirical literature (Dai and Singleton
(2000), Duffee (2002)), a three-factor model is usually needed for a good cross-sectional and times-
series fit of the risk-free term structure. The hazard rate and the recovery rate can contain one
or several additional factors which can be viewed as idiosyncratic. To illustrate the complexity of
the pricing solutions in affine models, we compute the price of a zero-coupon risky bond under the

assumption of RFV. Under some technical conditions, the latter is
B(t,T) = G(t,T,— (61 + 1) ,0)
T
+/t exp(— (do +70) (s = 1)) (7o (G(t, 8, — (61 +71),0) = G(t, 8, — (61 + 1), —9))ds  (4)

T
+/t eXp(— (50+70) (S_t» ((J(t>sv_(51+71)a0751) _J(tasv_(51+71)v_¢761)) ds (5)

For a given maturity, the first term is available in closed form up to the solution of a set of NV
ODE’s. However, the second and third terms involve the computation of 2 (N + 2) integrals and
each of these integrals relies on the numerical solutions of a set of 2N ODEs. While fast numerical
solutions of the set of Ricatti equations are available, the frequent use of numerical integrations

techniques substantially increases the computational complexity. This complexity also holds for

"The positivity of the factors affecting the recovery rate is also a necessary condition to insure that the latter is
bounded by one. When some factors are Gaussian, positivity is no longer guaranteed but the probability of obtaining

negative values can be assumed to be negligible once the model is estimated.



CDS pricing solutions. The second term in the pricing solution of a CDS (2) does resemble the
second term in equation (1). Consequently, when the loss given default is stochastic, computing
the price of the CDS in a continuous time setting results in the same computational complexity as
for risky bonds.

At this point, it would be interesting to see if the availability of a closed form solution of the
Laplace transform would reduce the computational complexity and improves the tractability of
the model. Indeed this is the case for some affine diffusions, including the correlated square-root
process and the multifactor Gaussian process. Intuitively, if the Laplace transform is available in
closed form and thus does not require the numerical solution of ODEs, one would expect the model
to gain in tractability. As will be clear in this example, this is not the case and the computational
burden still prevails even when the Laplace transform is available in closed form.

Suppose that a (¢, T,u,v) and (¢, T, u,v) are available in closed form. The extended Laplace

transform can then be expressed as

T
Jt, T, u,v,w) = EtQ [exp <u/ des—i—vYT) (wYT)}
t

N 0G(t,T,u,v)
S 26T
i—1 (%i

N N
Oa(t, T, u,v) 0pB;(t, T, u,v)
= i ’ Yie | -

;w % ( 802- + ; a’l)i
X exp (a (t,T,’U,,’U) + ﬁ (taTvuav)Y;‘/) :

This pricing solution involves the numerical evaluation of 2(N(N + 1) + 2) integrals which
demonstrates that the computational cost is still significant even though the Laplace transform is
known analytically. The result underlines the importance of building a tractable model for pricing
defaultable securities under recovery risk. In the next section, we introduce our model and derive

general pricing solutions for risky bonds and CDS contracts with recovery risk.

3 A Tractable Framework for Pricing Defaultable Securities with
Recovery Risk

3.1 Market Structure

We assume an economy with a frictionless financial market where trading follows a discrete-time
sequence t,t + 1,...,t + n. In this economy, two classes of bonds are traded: Risk-free bonds
and defaultable bonds. The uncertainty is represented by a probability space (92, F,F, P). The
probability of default is modeled as in reduced-form models but with one slight modification. We
assume that default can occur any time between two consecutive trading dates and that its time,

7, corresponds to the first time jump of a Cox process with hazard rate {A(s),0<s<T}. In



this probabilistic framework, the filtration {F; 4,4 =0, ...,n} contains the information on whether
default occurred before t + 4 in addition to information on the risk free term structure and any
other relevant state variables. If we denote by {Gi1;,7 =0, ...,n} the basic filtration without the

information on the occurrence of default, then F;1; can be written as
Firi=6Gi+iVo(r<s,s<t+1),

where the sigma field o (7 < s,s <t + 1) holds the information on whether default occurred before
t+.
Under technical conditions (see Lando (1998)), the probability of no jump is then defined as

t+k
Pr(r>t+k|F) = E [exp(—/ Asds) | gt]
t

k
eXp(— Z At+z’)] )
i=1

where the subscript ¢ denotes the information contained in the basic filtration 8{G;y;,i =0, ...,n}

- F

and

i
Ay = / Asds < 00.
t+i—1

In this paper, rather than modeling A (u), we model {Ay1;,i=1,...,n} as a discrete-time
process. This assumption can also be viewed as piecewise constant modeling of the hazard rate.

For pricing defaultable securities, we need information on whether default occurred prior to any
trading date ¢t + ¢ and thus conditioning on F;4; is necessary. For any asset with price X; and

cumulative dividend payment Dy, the following Euler equation has to be satisfied at time ¢

Xt = E M1 (Xep1 + D) | F, (6)

!
where {Mt.ﬁri_l’t_l,_i = %,i =1, ,n} is a discrete-time G;1; measurable process that corre-

sponds to the pricing kernel between ¢t + ¢ — 1 and ¢ + 4.
Modeling the pricing kernel is equivalent to specifying the risk free term structure. Using

equation (6), the price at time ¢ of a risk free zero-coupon bond with maturity ¢ + n is

B(t,t+n) = E

HMtJrifl,tJri | gt] (7)
i=1
= Ei[Miiin).

We now turn to the third component of the term structure of defaultable bonds: The recovery
rate. We assume that default can occur at any time between two consecutive trading dates. In
contrast to continuous time models, our model assumes that the recovery payment is received at

the next trading date following the default time. This hypothesis is fundamental and makes the

8 Throughout this paper, the subscript ¢ indicates a conditioning on the filtration G.

10



framework very attractive for pricing CDS contracts and other credit derivatives. Furthermore,
it provides the flexibility necessary to obtain tractable closed form solutions for prices of risky
bonds. For simplicity, we consider a defaultable security that yields $1 at ¢ + n if no default
has occurred. Upon default, the security’s payment (at the next trading date) is described by an
adapted stochastic process Z ={Z;;,i = 1,...n}.

In the course of the next two sections, we assemble all these building blocks and provide general

pricing solutions for bonds and CDS contracts under recovery risk.

3.2 Risky Bond Pricing with Recovery Risk

Let us consider the case of a constant coupon-bearing risky bond, with coupon dates following the
sequence 7, = {t,t +p,t + 2p,...,t + n}. If we denote the constant coupon by C, the price of a
risky bond with a recovery payment at the next trading date following the default time is obtained
using the Euler equation (6). The value of the risky bond, B(t,n), verifies the following recursive

equation
B(t,t+n) = E [Mys1 [(B(t+1,t+n) + C X Li1ery) Yrsern) + Zeniliarn) | Fi) 5 (8)
where the boundary condition is
B(t+n—1,t+n) = E [Miyn-1ttn [(Lrsten) T C) + Zitnlrcrin)] | Fron-] - 9)
Under the RFV assumption, the recovery payment is

Ziyi = (1= Lyyq),

where {Ly1;,7=0,1,....,n} is a discrete-time G;; adapted process which is bounded by 1.

Under the RT assumption, the recovery payment is
Zt+i = (]. - Lt—i—i) B(t + Z,t + TL),

where B(t 4 i,n) is the price at ¢ 4+ 1 of a Treasury bond with maturity ¢ + n.
Under the RMV assumption, the recovery payment is

—RMV

Ziri=(1—Liyi) B (t+i,t+n),

where, ERMV(t +14,m) denotes the price of the defaultable bond under the assumption of recovery
of market value.

Solving equations (8) and (9) recursively yields the price of the risky bond under each of these
assumptions. The following proposition summarizes the pricing solutions for risky bonds under the

three recovery assumptions described above.

11



Proposition 1 The price at t of a risky coupon-bearing bond with maturity t +n has to satisfy the
following general pricing solutions:
1. Under the assumption of RT

33

ERT(t, t + TL) = Et + Et

kp
M gy 1p exp(— Z Aiyi) x C
k=1 i=1

n
My pnexp(= Y Arsi)
i1

n k
+Ey | My gin (Z exp(— Y Ar4il(h=0) (Lesrl(>0) + Linmo)) — (Likr1Lipan) + 1(kn)))>] :
k=0 i=0
(10)
2. Under the assumption of RF'V
—RFV - ’ i
B (t,t + n) = F; Mt,t+n GXp(— Z At+i) =+ E; Mt,tJrkp exp(— Z At—i—i) x C
i=1 k=1 i=1
n k—1
+ Z Ey | My g q1 exp (— Z At+i1(k>1)> (1 —exp(—A¢yr)) (1 - Lt+k)] - (11)
k=1 i=1
3. Under the assumption of RMV
—RMV 3
BT (t,t+n) = E H Mititj4i (1= Liyi (1 — eXP(—AtH)))]
i=1
v k
+> B [ Misi-1a1i (1= Liyi (1 — exp(=Argq))) x C| - (12)
k=1 i=1

Proof. See Appendiz. m

Intuitively, this Proposition states that the value of the risky bond is a linear combination of
expectations of discounted cash flows where the discount factor includes the intensity of default and
the recovery rate in addition to the pricing kernel. Although these pricing solutions are established
in their most general form, one can already draw some preliminary conclusions. As in case in
the continuous time framework, under the RT and RFV assumptions, the price of the risky bond
equates to that of a risky bond that has zero recovery in the case of default in addition to terms
that compensates for the existence of a positive recovery on default. Under the assumption of
RMYV, the price of the risky bond is the discrete-time equivalent of the Duffie and Singleton (1999)
formula. It is worth emphasizing, however, that in the discrete-time framework it is not necessary
to fix the loss given default in order to achieve identification. Unlike the continuous time case, the
loss given default and the hazard rate do not enter the pricing equation symmetrically which allows
the loss given default to be potentially identified and the assumption of RMV to be empirically

investigated.

12



Obviously, a key ingredient in using these general solutions is the specification of the conditional
joint distribution of the state variables. Once the conditional distribution of the state variable is
characterized, the price of the risky bond is computed using (10), (11) and (12). That the term
structure of credit spreads is modeled adequately requires the relationship between these state
variables be defined in a way that allows the model to be consistent with some stylized facts. More
precisely, the model has to be able to provide some new insights about the relationship between
the three components of the term structure of defaultable bonds: The risk free term structure, the
default risk and the recovery rate. Moreover, the model should provide a framework suitable for

pricing credit derivatives.

3.3 CDS Pricing with Recovery Risk

In this section, we show how this model can be applied to the valuation of one of the most popular
credit derivatives: a CDS contract. Once again, we provide pricing formula in the context of a
stochastic recovery rate.As for risky bonds, we assume that the face value of the reference obligation
is equal to $1. We again assume that trading follows a discrete-time sequence of dates denoted by
{t,t+1,...,t + n}. The premium of the CDS, S, is paid every p periods, and the payment dates
then follow the sequence 7. = {t,t + p,t + 2p,...,t + n}. The contract starts at time ¢ and has a
maturity equal to n periods. If default occurs between two consecutive trading dates, then the
recovery payment is received at the next trading date following the default time. As is customary,
we use the assumption of RFV to describe the recovery payment upon default.

Let us consider two consecutive premium payment dates ¢ + (k — 1)p and ¢ + kp. Assuming no
default prior to t + (k — 1)p, the buyer will pay the premium at ¢ + kp if no credit event occurs in
the interval [t + (k — 1)p,t + kp]. If between any two consecutive trading dates ¢t +4 — 1 and ¢ + ¢,
where (k — 1)p+ 1 < i < kp, a credit event is documented, then the buyer receives an amount of
cash L;y; and pays the accrued credit-swap premium %S. The payoff of the buyer in the interval

[t + (k— 1)p,t + kp] can be summarized in this diagram

No default between ¢ + (k — 1)p and ¢ + kp -S
Default occurs between two consecutive trading dates in [t + (k — 1)p,t + kp] | Li+i — Z%S

The discounted payoff of the buyer between ¢ + (k — 1)p and t + kp is then

kp .
1

— M tkpLr>tirp) X S + Z Mig+ilgqi—1<r<tti) (Lt+i — kS>
i=(k—1)p+1 p

Applying the same reasoning between t and ¢ + n, the price of the CDS contract is established

in the following proposition.
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Proposition 2 The discounted value, at time t, of a CDS contract with a maturity equal to t +n

18
> kp
CDS(t,t+n) = —FEy | M 44 1p exp (- ZAHZ) x S
k=1 i=1
> kp i
+ Ey [fz‘ <Lt+i - ksﬂ ) (13)
k=1i=(k—1)p+1 p
where

i—1 i
& = Myyi(exp(=L(s0) Y Argy) —exp(= Y Aryj)).
j=1 j=1
The CDS premium is computed such that the discounted value of the CDS is equal to zero

i Zf:p(kfl)pﬂ By [€; L]

S=—
S B [Mt,t+kp exp (— S At+i)} + Zfﬁ(k_l)pﬂ E; [fi;?ﬂ

)

Proof. See Appendix. =

The discrete-time specification and the assumption of a recovery payment at the next trading
date following default easily accommodate the existence of an accrued credit-swap premium. As is
the case for risky bonds in the previous section, the pricing formula under recovery risk is written
in its most general form. It involves a finite summation of conditional expectations and allows the
spread to be easily inverted once the dynamics of the state vector are specified.

In the next section, we characterize the conditional joint distribution of the state variables using
the conditional Laplace transform. We then demonstrate how knowing the Laplace transform of

the state vector suffices to price bonds and CDS contracts under recovery risk.

4 Closed Form Solutions for Risky Bonds and CDS Contracts

Building on Propositions 1 and 2, we derive closed-form expressions for prices of risky bonds and
CDS contracts for the general class of affine processes. Under some technical conditions, a process
is affine if its conditional Laplace transform is an exponential affine function of the current values
of the state variables. In our setup, the family of affine dynamics proves particularly attractive and
offers an analytical tractability which allows the derivation of closed form solutions. Gouriéroux,
Monfort and Polimenis (2002) also employ discrete-time affine processes in order to characterize
the risk free term structure as in Duffie and Kan (1996). Prominent among affine processes are
the Gaussian process and the Markov Gamma process introduced by Gouriéroux, Monfort and
Polimenis (2002). The family of affine processes has been extended by Dai, Singleton and Yang
(2003) to incorporate a stochastic volatility factor in the case of a regime-switching economy, which

results in closed form solutions for bonds prices provided that some restrictions, analogous to those
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existing in affine continuous time models are imposed on the parameters. Dai, Le and Singleton
(2006) recently established that mixtures of the Gaussian and the Markov Gamma processes with
fairly general specifications for the market price of risk can be constructed to allow for stochastic
volatility models.

In this section, we show that a discrete-time approach not only retains much of the intuition
underlying the continuous time valuation framework described above, but it also furnishes great an-
alytical tractability. We first derive the pricing solutions for an affine state vector and subsequently

we focus on specific econometric formulations.

4.1 Pricing Solutions for a Discrete-Time Affine State Vector

We fix a probability space (€2, F,F, P) and make the assumption that the discrete-time economy
described in the previous section is driven by a state vector Y; in some state space included in R,
To build a term structure model, we need to specify the dynamics of the pricing kernel M; ;11 =
M (Y}, Yi4+1) underlying the time ¢ valuation payoffs at time ¢ + 1, the hazard rate Ayy1 = A (Yiy1)

and the loss given default L; 11 = L (Y;y1) . Toward this goal, we make the following assumptions:

Assumption 1: The time ¢ price of any security with an exponential payoff is for any NV x 1
real vector «
Ey [Mt,t—i-l exp (aIY;tH)] = exp(a(a)Y; + b (a)), (14)

where a () is a 1 x N real vector and b («) is a scalar.

Assumption 2: A; and £y, where £; = —log (L;) , are expressed as follows
A Y;
tl o Yot (15)
Ly ¢o + PYi

The first assumption states that the state vector is affine under the Equivalent Martingale
Measure. It is worth observing that this assumption does not restrict the dynamics of the state
variables under the actual measure. This allows non-linear dynamics (see Dai, Le and Singleton)
to be used as long as the state vector is affine under the risk-neutral measure. The no arbitrage

restriction on the pricing kernel implies that
e = —a (0pn) Ye — b (Opn) .

The second assumption implies that each component of the vectors A; and £L; is a linear combi-
nation of the state variables. The elements of v and ¢ control the correlation between the default
intensity and the loss given default. The source of this correlation depends on the state variables
that the hazard rate and the loss given default have in common. A key benefit of this assumption
is that it allows for firm specific or idiosyncratic factors that drive the default risk and the recovery

rate. This is in line with the observation of Acharya, Bharath and Srinivasan (2004) that modeling
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the stochastic nature of the recovery rate must take into account firm-specific factors as well as
industry-specific factors. The affine specification also accommodates the inclusion of observable
macroeconomic variables. Recent empirical works show that macro variables play an important
role in both the risk free and the credit spread term structure and it turns out that including macro
variables in standard no-arbitrage models enhances the understanding of the relationship between
economic business cycles and the term structures of Treasury yields and credit spreads. Ang and
Piazzesi (2003) include macro variables in a discrete-time affine Gaussian model and prove that
better yields forecasts are obtained when macro factors are added. Following the same methodol-
ogy, Amato and Luisi (2005) find that macro variables significantly impact on the term structure
of credit spreads. As pointed out by Piazzesi (2005), discrete-time models are able to incorporate
higher order lags of macro variables, a feature that can be exploited in our framework.

We now turn to the pricing of defaultable securities in an affine Setting.p Using assump-

tions (14) and (15), we characterize the conditional probability distribution of (Z Yiyi, Yiyp) and

i=1
p

(Z Yiti, Yi41) via their Laplace transform in the following proposition. We then show that once
i=1
these Laplace transforms are known analytically, the pricing problem described in equations (10),

(11) and (13) yields an explicit solution.

Proposition 3 Assuming that (14) and (15) hold, then for any p > 2:

D
1. The conditional Laplace transform of (Mtﬂprp, ZK‘/H,th) s given by
i=1

G%,p(aaﬁ) = Et

P
My +pexp (0/ Z Yivi + 5/Yt+p)

i=1
— exp (A (0. f)Yi + Brp (0. 5)). (16)

where A1 and B are computed recursively as follows
Al,z’ (Ol, ﬁ) =a (Al,'ifl + Ot) and A1’1 =a (a + B) . (17)

Bii(o,8) =Bii—1+b(A1i-1+ @) and Big =b(a+ ). (18)

=1

P
2. The conditional Laplace transform of (Mt7t+p, ZYtH, Yt+1> s given by

G?,p (aaﬁ) = Et

p
M p4pexp (a Z Yivi + ﬁYtH)

i=1
— exp (Ao (@, B) Y+ Bay (o, B)), (19)

where
Agp (o, B) = a(a+ B+ Azp-1(a)) and Bay(a,) = Bap-1+b(a+ B+ Azp-1(a)),  (20)
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and for any i = 2,....,p — 1, Ay and By are computed recursively as follows:
Agi(a) =a(Agi—1+a)and A1g =a(a). (21)
Byi(a) =Bai—1 () +b(a+ Azi—1(a)) and Big =b(a). (22)
Proof. See Appendix m

With a = = Ogw, the Laplace transforms in (16) and (19) give the price at t of a risk free
bond with maturity ¢ +n :

B(t, TL) == G%,p (ORN, ORN) == Gl%,p (ORN, ORN)
= exp (All,n (ORN, ORN) }/t + B]_7n (O]RN, O]RN)) (23)

The term structure of the risk free rate is affine, provided that the conditional Laplace transform
(16) is known analytically. This result gives the discrete-time counterpart of the family of affine
diffusions processes characterized by Duffie and Kan (1996) and later generalized to the case of affine
jump diffusions processes by Duffie, Pan and Singleton (2000). The Laplace transform provides
the appropriate tools to compute closed form solutions for the prices of risky bonds under the
assumptions of RT and RFV and CDS contracts. These formulas are established in the following
proposition.

If the state vector Y; follows an affine process whose Laplace transform is known analytically,
we obtain the following pricing solutions by combining (16) and (19) with the general solutions
derived in (10), (11) and (13)

Proposition 4 The price at time t of a risky coupon-bearing bond with maturity t + n is:
1. Under the assumption of RT

—RT
B (t7t + TL) = th,n(ORNa ORN) - exp(_¢0)G?,n(0RNa —¢) + exp(—(bo - n’YO)G;n(_P}@ _¢)

n/p
+ Z exp(—kpfyo)G;kp(—’y, Opn) x C
k=1
n—1
+ > [exp (Bin—k Oy, 0x) — g — kv0) G (=75 (A1n—k (Opy, Opn) — 9))
k=1
—€xp (B2,n7k (ORN> _¢> - ¢0 - kVO) Gz},k(_'-yv A2,nfk (OJRNa _¢)>] . (24)
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2. Under the assumption of RFV

n/p
—RFV
B (tvt+n) = G%,n (*’yvoRN) + Zth,kp(*’VvORN) x C

k=1
+G} 1 (Ogn, O ) — exp(—79) Gy (—7, Ogn)
- eXP(—%)G%J (=, 0y ) + exp (— (7o + ¢0)) th,l (—(y+o),0rn)

+ Z [exp(—(k — 1)79)Gix (=7,7) — exp(—kyo) Gt (=7, Op)
k=2
—exp(—(k = 1)y — ¢O)Gt1,k(_77 v — @)+ exp(—kvo — ¢)Gir(—7,—0)] . (25)
Proof. See Appendix m

Proposition 5 The price at time t of a CDS contract with maturity t + n is

CDS(t,t+n) = — exp(—k:p’yo)th’kp (=v,0pn) X S
k=1
> kp
- exp(—(i — 1)vg — $0)Gt; (7,7 — ¢) — exp(—ivg — #0)Gt, (—v, —9)
k=1i=(k—1)p+1
% kp .
+ (exp(—(i = 1)) Ghi (=7,7) — exp(—iv)Ghs (=7, 0gv)) ,j—ps. (26)

Proof. See Appendix m

Propositions 4 and 5 show that the closed form expressions are rather simple to compute since
they involve a finite summation. Once the Laplace transforms (16) and (19) are known analytically,
it is straightforward to calculate expressions (24) and (25). From a practical perspective, it is
potentially interesting to note that solving the pricing problem (10), (11) and (13) reduces to the
computation of two Laplace transforms. Ay, Ao, By and By need only be computed once and prices
of bonds and CDS contracts can then be elicited via these terms. As is the case in continuous time,
the number of recursions is linear with the number of time steps. However, the number of terms
to be computed does not increase with the number of factors. A multi-factor model is thus still
tractable.

Under the assumption of RMV, the price of the risky bond does not admit a closed form ex-
pression. However, it can be computed using an efficient Monte Carlo procedure once the dynamics
of the state variables are specified. As discussed previously, it is noteworthy that unlike the con-
tinuous time pricing solution under RMV, the discrete-time setup allows us to distinguish between
the recovery rate and the hazard rate.

The correlation structure between the short rate, the default risk and the recovery rate is

captured by the components of the Laplace transform, A4; ,, (o, §) and B;p (e, §) . This means that
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the value of the risky debt depends on both the current values of the state variables, namely the
short rate, the default risk and the recovery rate, and the correlations among these variables. In
other words, the recovery payment may depend on the risk free term structure and the economic
conditions. In a recession, when default rates tend to be high, the recovery rate tends to decrease.
A positive correlation between the loss given default and the default risk may ensue. The model
is able to accommodate flexible structures of correlations among the state variable as long as the
conditional Laplace transform (14) is analytically known.

More importantly, the closed form solutions derived previously hold for a large class of discrete-
time processes, this empowers the model to provide some new insights about recovery rates implied
in defaultable instruments. In what follows, we discuss two econometric specifications of the pricing
kernel and the state vector: A Gaussian and a Markov Gamma N-factor model. In each of these
examples, the calculations are simple and do not require any numerical approximations. It is
also important to emphasize that as is the case in the continuous-time nomenclature of Dai and
Singleton (2000), both models are just two members of a rich class of non-linear models that can be
constructed as mixtures of the Gaussian and Markov Gamma processes (see Dai, Le and Singleton
(2006)).

4.2 A Gaussian Essentially Affine Model

In this example, we consider the discrete-time essentially affine Gaussian model. This model was
originally proposed by Duffee (2002) as an extension of the standard Gaussian model. It allows
for a market price of risk that is affine in the state variables, a feature which improves the fore-
casting ability of the model. When used in discrete-time, this model easily accommodates the
inclusion of macroeconomic variables (see Ang and Piazzesi (2003) for Treasury yields and Amato
and Luisi (2005) for the term structure of credit spreads), which significantly improves its empirical
performance.

We assume that the pricing kernel is parametrized as in Ang and Piazzesi (2003)

1
Mt,t-i—l = exp(—50 — (51}/;5 — 57’1’2’5271',5 — F;Et_t,_l) and

Ty = Mo + 7T:[}/Vt? (27)

where mg is IV x 1 vector and 71 is a N x N matrix.

The state vector is assumed to follow a Gaussian VAR(1)
Yiv1 = p+ @Y + Ye (28)

The time varying vector m; represents the market price of risk and the short rate implied by

this specification is an affine function of the state vector

ry =00+ 01Y%
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The main advantage of this specification is that it its ability to generate time-varying term
premia, an important stylized fact of the risk free term structure. However, unlike the standard
Gaussian formulation, the model’s pricing kernel is not an affine function of (Y3, ;1) and the time
varying market price of risk shows up explicitly. Despite these differences, the fact that condition
(14) holds allows us to compute the Laplace transforms G;n and G%n and price risky bonds. The

conditional Laplace transform (14) is

1
Ei [My 41 exp(aYi41)] = exp <<—(50 + a(p+ Sm) + 20/201)

+ (a®—d1 + a¥m) Y;).
This implies that a (o)) and b («) are written as follows
1
(@) = (@B + D) a0 (@) = G0+ o+ Zr) + S

Using the recursions (16) and (19) with the pricing solutions in (24) and (26), we get the ana-
lytical expressions for prices of risky bonds and CDS contracts under recovery risk. The correlation
structure in this model clearly shows up in the terms B;; (o, ) and Bs; («, ) through the co-
variance matrix of the state vector X. The Gaussian specification allows the correlation between
the state variables to be directly modeled. As is the case for the univariate model, the Gaussian
VAR(1) can also be viewed as the discrete-time equivalent of the multivariate Ornstein-Uhlenbeck
process when the eigenvalues of ® are strictly positive. In fact, as pointed out by Gouriéroux, Mon-
fort, and Polimenis (2006), the discrete-time Gaussian process allows for non-positive eigenvalues
and therefore nests the continuous-time multivariate Ornstein-Uhlenbeck process. We also note
that our model easily accommodates a multifactor set-up which is not the case for continuous time
models. The latter admits closed-form expressions but at the cost of increased complexity which
greatly, complicates any empirical implementation (see Bakshi, Madan and Zhang (2006)). Here,

this additional computational cost is avoided.

4.3 A Markov Gamma model

We assume that the pricing kernel My ;11 = M (Y%, Yi41) is an exponential affine function of ¥; and
Yita

My i1 = exp(v)Yes1 — 72Y2).
We now consider a Markov Gamma process for the state variables. The Markov Gamma process is
viewed as the analogue in discrete-time of the continuous time square root process (see Gouriéroux
and Jasiak (2002)). Furthermore, this specification was used by Nieto-Barajas and Walker (2002)
in order to model hazard rates in discrete-time. Formally, a univariate process {u¢4i,i =0,...,n}

follows a Markov Gamma process, if

% |Gy ~ (8 + Zi, 1) and Z; ~ 73(6’%)
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where v(0 + Z¢, 1) denotes the Gamma distribution with parameters 6 + Z; and 1, P(05F) is the
Poisson distribution with intensity equal to § and Z;,; is independent of Z;;,V i # j.

The Markov Gamma process does not admit an AR(1) representation as is the case for the
Gaussian process. However, conditional moments of this process can be derived using the condi-

tional Laplace transform. The latter can be written as follows for any scalar «
E; [exp(augy1)] = Ey [E [exp(auyt) | Zi] -

Using the Laplace transform of a Gamma distributed random variable (see Johnson et al (1995)),

we get

(e’
E; [exp(augy1)] = exp <—510g (1 —na)+ 1 UQUt> .

Now, following Gouriéroux and Jasiak (2002), we build a N-dimensional Markov process by
assuming that each component of the state vector Y; follows a Markov Gamma process and that

they are mutually independent

Y, Y;
R Gy~ (6 + Ziy, 1) and Zgy ~ POt
Nk Nk

), for any k= {1,..,n}.

It is important to notice that the assumption of independence between the state variables
constrains the correlation structure, as opposed to the Gaussian case where the correlation among
the state variable is explicitly modeled. However, the conditional variance in the Gamma Markov
model depends on each Y}, ;.

The conditional Laplace transform (14) is

Ey [My g1 exp(a’Yiq1)] = exp (Z ar (o) Yie + by (%)) ;
k=1

where ay, () and by, (o) are computed follows:

o (a) = O (o +V1k)
1=y (o + 71k

j % and by (o) = =0y log (1 — ny, (ak +713)) , for any k= {1,...,n}.

Assembling these building blocks, the Laplace transforms (16) and (19) can be computed as

follows

N
Gt{p (a, 8) = exp <Z Alip (o, B) Yyt + pr (oa,ﬁ)) and
k=1

N
Gt2,p (aaﬁ) = €Xp <Z Ag,p (aaﬁ) Yk,t +B§,p (aaﬁ)> ;
k=1

using the recursions derived in proposition 3 for any k& = {1,..., N}.

The implied risk free short rate is then given by

n

Y1k

re =Y drlog(1+nyy) — (—'y )Yk,t-
kzl ! oy +1
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Combining these Laplace transforms with the pricing solutions in (24) and (25), it becomes
possible to derive the analytical expressions for prices of risky bonds under the RT and RFV

assumptions for the multifactor factor Markov Gamma model.

4.4 Recovery Rates and the Cross-Section of Bond Spreads

It has been demonstrated in several places in the literature (see Houweling and Vorst (2003) for
instance) that it is difficult to back out the unconditional level of the recovery rate using bonds in
the constant recovery case. The basic intuition behind this result is that any variation in the level of
the recovery is automatically compensated by an opposite variation in the intensity of default, and
as a result the goodness of fit the model is not affected. Pan and Singleton (2005) show nonetheless
that this identification problem disappears when CDS spreads are used in the estimation.

In this section, we show how a model can be parametrized in a way that makes the recovery
rate impact on the cross-section of bond spreads. Our goal is to see if the use of a stochastic
recovery rate can potentially improve the goodness of fit of the model. We use a simplified version
of the Gaussian model described earlier, where the market price of risk is constant. We compute
the spread implied by a four-factor Gaussian model under the RT and RFV assumptions.

The model is specified as follows

M1 = eXP(¢1Yt+1 - 1#23/2),

and

Yir1 = p+ @Y + Yey.

The parameters of the model are chosen as follows

0.050 0 0 0 L4y 0.050

o 0 0015 0 0 ps | _ | 0.050
0 0 0095 0 | | us 017 |’
0 0 0  0.448 LLg 0.67

0.2 0.15 -0.15 -0.1
0.15 0.1 0.07 —0.015
—-0.15  0.07 0.05 0.15
-0.1 —-0.015 0.15 0.15

S O = o=
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Figure 1 depicts the term structure of credit spreads for varying values of the state variable

and

that control the level of the recovery rate, Ys. The initial values of the three first components of
the state vector are
( Yi =015 Ys=0.051 Yz=0.09 ) : (30)

and the initial value of the fourth state variable Yy is set equal to 0.1,0.5 and 0.9.

Both recovery assumptions (RT and RFV) result in a term structure that is decreasing in the
current value of the recovery rate. As the value of the fourth state variable increases from 0.1 to
0.9, the current value of the loss given default decreases. As a result, the credit spreads significantly
decrease. In general, the magnitude of the drop depends on the bond rating. Note that the credit
spreads generated by this particular choice of parameters are rather high, which indicates a high
yield bond. For this bond, the impact of the initial level of the recovery rate is significant. As the
level of the fourth state variable increases from 0.1 to 0.9, the current value of the loss given default
decreases and the maximum level of the credit spreads drops from approximately 13% to 11% for
the assumption of RFV and from 10% to 8% for the assumption of RT. This is in line with the
observation of Altman (2001) that recovery rates have a significant impact on high-yield bonds.
Another interesting observation is that the model generates a humped shaped yield spread curve
under the RFV assumption and a monotone decreasing curve under the RT assumption. Although
the shape of the term structure depends on the particular parameterization of the model, it is
important to notice that the model is able to generate both patterns.

In summary, this very simple numerical example shows that a stochastic recovery rate model
has the potential to make the recovery rate impact on the cross-section of bond spreads. Building
on this observation, we now proceed with an empirical investigation of the impact of the recovery
rate on the cross-sectional and time series properties of bonds’ spreads under the assumption of
RT.

5 Data and Econometric Methodology

Before analyzing the empirical results, we first examine the data in section 5.1, we then present the

model and the estimation technique in sections 5.2 and 5.3.

5.1 The Data

We use weekly BBB and B Standard and Poor’s yield indices for the sample period August 6,
1996 to September 11, 2001. The maturities of theses indices are of 1, 5 and 10 years. Our choice
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of BBB and B rated indices is essentially motivated by the fact that they are representative of
the investment grade and high yield markets. They also have very different sensitivities towards
default and recovery risks. For the purpose of modeling the risk-free term structure, we use weekly
zero-coupon Treasury bond yields with maturities of 3 months, 6 months, 1 year, 2 years, 5 years
and 10 years that are extracted using the unsmoothed Fama and Bliss method. ?

The time series plots of spreads and yields are provided in Figure 2. Table 1 presents the
summary statistics for the spreads and yields. The spread is calculated as the difference between
the yield index and the Treasury yield. B rated yields and spreads are more volatile than their
BBB counterpart. For both ratings, the term structure of unconditional volatility is decreasing on
average except for BBB spreads which exhibit an increasing unconditional term structure. While
yields exhibit significant positive skewness for both BBB and B rated indices, the BBB spread
display small skewness for maturities of 1 and 5 years and small negative skewness for the 10-year
index. Finally, there does not seem to be strong evidence of excess kurtosis in yields and spreads

regardless of their ratings.

5.2 Econometric Model

We assume that the uncertainty is reflected by a five-dimensional Gaussian state vector Y; that
we decompose into a systematic and a specific components. The first three factors are systematic
and affect the pricing kernel, the default intensity and the loss given default. The fourth and the
fifth factors are specific to the intensity and recovery risks. Furthermore, the specific factors are

assumed to be independent from the systematic factors. The transition equation of state vector

X0 7
sl B (31)
03><2 Y 6{

can therefore be written as follows

ur

=p+ (I)}/tfl + thv

}/;:’l"
Y;j

ol 02><3
O3x2 D7

,
Y

+ ,
v,

where Y, represents the systematic component and Ytj corresponds to the specific component for
each each yield index j.

The pricing kernel is parametrized as
1 Awlis ! _r
M1 = exp(—ry — 577252 bt — 7rt5t+1)7 (32)

where

Ty = T + 7['1}/? and r; = dg + (51}/?.

9A number of studies have questioned the choice of US Treasury yields as a benchmark for the risk-free term
structure and suggested the use of swap rates instead (see Longstaff, Mithal and Neis (2004) and Houweling and
Vorst (2003)). Since our sample covers the pre-2001 period, we use the US Treasury yield curve for modeling the

risk-free term structure.
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For each yield index j, the integrated default intensity and the loss given default are parame-

trized as follows

3
A =75+ v (Vi = Y30) + 7Y (33)
=1
3 5
o . . .
Ll=dh+ > ¢l (Vi =Y+ ¢V, (34)
=1 =4

where ?2, i = 1,2,3, are the sample means of the smoothed estimates of the systematic state
variables.

The specifications of the intensity and the loss given default allow for a very flexible correlation
structure. The latter is captured via the components of 4/ and ¢’ and is not forced to be of a
particular sign. Another related characteristic of this model is the way default and recovery risks
are priced. Because the pricing kernel and the market price of risk only depend on the systematic
factors, the conditional distribution of the specific factors is invariant to the change of probability
measure. However, the conditional distribution of the hazard rate and the loss given default is
not the same under both measures. Put differently, default and recovery risk are priced via the
systematic factors even though the specific risk is not priced.

We exploit the discrete-time formulation of the dynamics of the state variables and do not
impose any stationarity condition. We also impose some normalizations in order to guarantee

identification. Following Dai and Singleton (2000), we adopt the following canonical representation
i =0Y1 +ey, (35)

where @ is a lower triangular matrix.

5.3 Estimation Technique

The empirical behavior of defaultable securities within the reduced-form approach has been in-
vestigated in a large number of studies. The estimation methods can be classified in two groups.
The first type of implementation uses multiple cross section of bonds or CDS spreads to esti-
mate the parameters of the model (see Houweling and Vorst (2003), Longstaff, Mithal and Neis
(2004) and Bakshi, Madan and Zhang (2006) among others). The second type of implementation
fully exploits the cross-sectional and time series information contained in market prices. Duffee
(1999) and Driessen (2005) implement a two-step procedure using the extended Kalman filter on
corporate bonds to estimate a multifactor reduced-form model. Pan and Singleton (2005) use a
quasi-maximum likelihood (QML) method where the state variables are inverted from the section
of CDS spreads.

We follow a two-step procedure, where the risk-free term structure and the yields indices are
estimated separately. In the first step, we extract the estimates and the filtered values of the

dynamics of the systematic factors. The latter are then treated as constants in the second step,
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where the yield index-specific parameters are estimated. Because Treasury yields are an affine
function of Gaussian state variables, we use the exact Kalman filter in the first step.!’ In the
second step, the estimation poses an additional constraint related to the nonlinear mapping between
the state variables and the yields. One possibility is to use the extended Kalman which relies on
a first order Taylor expansion of the measurement equation. Since the relationship between the
state variables and yields provided by equation (24) can be highly nonlinear, a first order Taylor
approximation can potentially induce some important biases. We therefore implement the model
in a novel way that preserves the non-linearity of the yield while still filtering the state variables as
in the extended Kalman filter. We use the unscented Kalman filter technique (see Julier (2000) and
Julier and Uhlmann (2004)), which can be viewed as an extension of the Kalman filter to the case
of non-linear systems. Christoffersen, Jacobs, Karoui and Mimouni (2006) show that the unscented
Kalman filter significantly outperforms its traditional extended counterpart in the presence of a
non-linear mapping between the observations and the state variables.'’ A detailed description of
the unscented Kalman filter algorithm is provided in Appendix B.

We use the nonlinear least square technique to minimize the following loss function with respect

to the parameters

MSE = - > (et (n) = ) (36)

where N7 = N x T, N is the number of maturities used in the estimation, and 7T is the number of

weekly observations, z; (n;) and zy;_; (n;) are respectively the true and the predicted yields.

6 Empirical Results

In the section, we explore the empirical results. In section 6.1, we briefly discuss the parameter
estimates of the risk-free term structure. Section 6.2 is devoted to the analysis of a restricted
version of the model described in (31)-(34) where the recovery rate is constant. We first follow the
literature and market practice by fixing the level of the recovery rate to 40%. We then discuss the
case where the recovery is estimated as a parameter of the model. In section 6.3, we analyze the

unrestricted version of the model where the loss given default is a stochastic process.

6.1 Parameter Estimates of the Risk-Free Term Structure

Panel A of Table 2 reports the parameter estimates of the essentially affine 3-factor model of the
risk-free term structure. The parameters of the matrix ® satisfy stationarity conditions and show
that the state variables are quite persistent and negatively correlated. As well established now in

the literature, the state variables can be seen as proxies for the level, slope and curvature factors.

'See Hamilton for a general presentation and Duan and Simonato (1999) and de Jong (2000) for applications to

affine term structure models.
'1See Bakshi, Carr and Wu (2006) for an application to the estimation of equity options models.
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The second state variable is very persistent, therefore corresponding to the level factor. The third
state variable is slightly less persistent and can be viewed as the equivalent of a slope factor. Finally,
the first state variable is the least persistent and plays the role of a curvature factor. Turning to
the market price of risk, one can see that the components of the vector mg are all negative, which
indicates that the mean of the short rate under the equivalent martingale measure is higher than
under the actual measure. The estimates of the matrix 71 show that time variability in the term
premia is mainly driven by the first and third state variables.

Panel B of Table 2 reports the root mean squared error for each maturity. The goodness of fit
of the model is rather good and comparable to many other studies (see for example Duffee (2002)
and Ang and Piazzesi (2003)).

6.2 Analysis of the Constant Recovery Case

In this section, we estimate two constrained versions of the model. In both versions, the recovery is
constant and therefore qﬁg =0, fori=1,---,5. The yield on a risky bond under the RT assumption

is then
'  (n) = log((1 — L7)B(t,n) + L' B(t,n))
zy (n) = — - ,

where B(t,n) is the price of a zero coupon Treasury bond, B(t,n) is the price of a zero coupon
risky bond with zero recovery upon default and L = exp(—qb%) is the constant loss given default.

In the first version, we follow the literature and fix the loss given default to 0.6. This is equivalent
to fixing ¢6 equal to —log(0.6). In the second version of the model, we estimate L7 from the data
and consider gi){) as a free positive parameter.

Table 3 reports the estimation results. Both models share many similarities regardless of the
yields that are used in the estimation. First, the intensity is not stationary and is negatively
correlated with the 3-month Treasury yield. The size of the unconditional correlation is higher for
the BBB index. This negative correlation is consistent with many other empirical studies (Duffee
(1998, 1999)). Figure 2 provides further intuition on this correlation. This figure shows the implied
intensity for both ratings in addition to the 3-month Treasury yield. Omne can clearly see the
negative correlation, particularly at the end of the sample period. Second, the estimate of ’yé which
captures the unconditional mean of the intensity is always higher for the B yield index. This is
consistent with the intuition that a lower rated bond has a higher likelihood of default. Panel B
shows that the goodness of fit of the models is much better for the BBB yield index than for the
B index. This may reflect the inability of the model to capture the much higher conditional and
unconditional volatility of the B index.

In addition to these similarities between the two models, we also notice several striking differ-
ences. Even though the model with an estimated constant loss given default achieves slightly lower
RMSEs for both ratings as shown by Panel B of Table 3, it implies unconditional levels of the loss
given default that are dramatically different from 0.6. For the BBB yield index, the unconditional
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level of the loss given default is equal to 0.30 which is much lower than 0.6, whereas it reaches the
boundary of 1 for the B yield index. This demonstrates that it is quite restrictive to arbitrarily fix
the level of the recovery rate to 0.4. We also note that these changes in the unconditional levels
of the loss given default are compensated by a higher intensity for the BBB yields and a lower
intensity for the B yields. While this confirms to some extent the intuition that a lower loss results
in a higher likelihood of default, it nonetheless shows that implied losses are different across ratings.
The fact that the boundary of 1 is reached for the B yield index provides another reason to investi-
gate the differences in the time series properties of the implied losses for each rating and underlines

the need for a richer model that fully accounts for time variation in the loss given default.

6.3 Analysis of the Stochastic Recovery Case

We now relax the assumption of a constant recovery rate and estimate the unrestricted model. The
intensity is still affected by the first four factors but the loss given default is driven by one specific
extra factor. The yield on a risky bond under the RT assumption is then

—RT
oy — s )

n

where ERT(t, n) is the price of a zero-coupon risky bond under the assumption of RT as given by
equation (24).

Table 4 reports the estimation results for the BBB and B yields. Panel A indicates that the
intensity is stationary for the B index but not for the BBB index. As for the constant recovery
model, the lower the rating of the index, the higher is the unconditional mean of the intensity. We
also notice that the negative correlation between the intensity and the 3-month Treasury yield is
maintained under the unrestricted model.

More importantly, we notice that allowing for a stochastic recovery rate allows for significant
reductions in the RMSEs. The RMSE is reduced by 14% for the BBB index and 20% for the B
index. Panel B of Table 4 shows that for both indices, most of the improvement is due to a better
fit for the 1-year yield. Because the intensity is affected by the same number of factors as in the
constant recovery case, these reductions in RMSEs are in large part induced by the time varying
nature of the recovery rate.

In addition to the negative correlation between the likelihood of default and the 3-month Trea-
sury yield, the model is able to generate another well established stylized fact: A positive correlation
between the implied loss and the intensity. This positive correlation is consistent with the findings
of Altman, Brady, Resti and Sironi (2005). The flexible correlation structure of the five-factor
model therefore allows to capture two of the most important stylized facts of the term structure of
defaultable bonds. It is worth noting that this correlation is captured via fy]i, ’yi, Jl and qﬁi which
are not forced to be of a particular sign. Figure 3 depicts the implied loss as a function of the

intensity for both ratings. While this figure confirms the positive correlation between the implied
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loss and the intensity, it also shows large differences across ratings. The implied loss varies around
27% for the BBB index and arround 75% for the B index. An other striking feature of the implied
losses is their very low volatility, especially the BBB index. Several potential reasons could explain
this result. First the homoskedastic nature of the model does not allow to capture time variability
in the conditional second moment. A more sophisticated model could resolve this issue. Second, we
estimate the model using indices, which may reduce the volatility of the implied loss given default.

In summary, this section provides evidence that adding a time varying recovery rate improves
the performance of the model and also captures the conditional correlation between the risk-free

term structure, the default likelihood and the recovery risk.

7 Conclusion and Directions for Future Research

Recent empirical evidence illustrates the need to model the risk associated with the recovery rate
jointly with the probability of default. However, while significant progress has been made in
modeling defaultable securities, relatively few studies have modeled the time varying nature of the
recovery rate. This paper proposes a methodology for modeling defaultable securities that jointly
captures the recovery rate and the default probability. While most of the credit risk literature
focuses on continuous time processes for modeling the term structure of defaultable bonds, this
paper models a discrete-time economy. Interestingly, part of the motivation for continuous time
models is usually their analytical tractability, this paper demonstrates that when the recovery rate
is allowed to vary stochastically, a discrete-time setup is more tractable than its continuous time
counterpart.

We provide general pricing solutions for CDS contracts and risky bonds under three standard
assumptions: RT, RFV and RMV. We then focus on the case of an economy with affine state
variables, and derive closed form expressions for prices of risky bonds and CDS contracts using
the conditional Laplace transform of the state variables. Availability of the conditional Laplace
transform of the state vector in closed form is a sufficient condition for pricing risky bonds and
CDS contracts analytically. The family of affine discrete-time process for which closed form solu-
tions under the RT and RFV assumption are available allows for potentially flexible correlation
structures. We empirically investigate the impact of a time varying loss given default on the time
series properties of BBB and B Standard and Poor’s yield indices within a five-factor essentially
affine Gaussian model. The model significantly outperforms a nested model whith a constant recov-
ery rate. The flexible correlation structure enables the model to simultaneously capture two very
important stylized facts of defaultable securities: A negative correlation between the likelihood of
default and the risk free interest rate, and a positive correlation between the implied loss and the
intensity of default.

Our framework is amenable to the study of several other related issues. For instance, it makes

it possible to study the pricing of recovery and default risks embedded in bonds and CDS contracts,
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and the impact of the specification of the pricing kernel. Another important question is the impact
of the recovery assumption on the performance of the model. Using data on defaulted debt, Guha
(2002) argues that the assumption of RFV is best supported by the data. However, Bakshi, Madan
and Zhang (2006) estimate a single-factor reduced form model on corporate bonds and find that the
RT assumption achieves lower pricing errors than the RFV assumption both in and out-of-sample.
Our framework can be used to investigate which recovery assumption is best supported by market

prices when a rich econometric specification is used.
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Appendices

A  Proofs

Proof of proposition 1

We commence by recalling how to construct a Cox process. The filtration {Fy44;1=0,...,n}
reflects the evolution of the set of state variables up to time ¢ + ¢ and the occurrence of default. If
we denote by {Giyi,i =0,...,n} the basic filtration without the information on the occurrence of

default, then F;1; can be written as
Firi = Geri ¥V Higs,

where Hyy; is the sigma field o (7 < s,s < t+ 1) that holds the information on whether default
occurred before ¢ + 4.

Formally a Cox process, also known as a doubly stochastic process driven by the tribe G, ;, is
a counting process that has a Poisson distribution with intensity As41, conditional on Gyi1q1 V Hy, V

1 > 1, where
t4i

Ayi = / A (u) du < 0o
t+i—1
The default time 7 is said to be doubly stochastic driven by {Fi4;i = 0, ...,n} if the underlying
counting process whose first jump time is 7 is doubly stochastic.
For the simple case of zero recovery in the event of default, the double stochasticity of the

default time 7 may be utilized to show that

[1(T>t+z | Giar V Ht] = 1(;>y €exp ( ZAH-%) .

The price of the risky bond under the zero-recovery assumption is then

B(t,t+n) = E [Mt,t+n1(7>t+n) | 7]
= F [Mt,t—i-nE []—(T>t+n) | gt+n \ Ht] | ft]

Myt exp <— Z At+z‘> | ft]
=1

Now, recall that {M;;yi,i=0,...,n} and {A1;,i=0,1,...,n} depend only on the set of state

variables. Since the state varlables are G;-measurable processes, and thus independent of H;, one

Lsnk

can replace the conditioning on F; by a conditioning on G;,which implies that

B(t,t+n) = 1GsyE | Mygynexp <— ZAt+z‘> ‘ gt]
i—1
= Y¢spEr | Miginexp <— Z At+i> (37)
i—1
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The argument of the double stochasticity of 7 is also used to derive the pricing solutions under
the RT, RFV and RMV assumptions:

1. Under the RT assumption, the value of the risky bond verifies the following recursive equation

B (t,t+n)=E |:Mt,t+1 (ERT (t+1t+n) Lo + (1= Lep) BE+ 1,6+ n)1(7<t+1)):|
and
B (t+n—1,t4+n) = B [Mypn144n (1 = Lesn (Lrerim))] -
The same argument as in (37) yields
B (t,t4n) = Bi[Myrpn(l— Lesr) (1= oxp(~Area)) (38)
+FE; [Mmﬂ exp (—A¢t1) ERT(t +1,t+ n)] )

Ki

Using the law of iterated expectations, K can be written as follows

K1 = Et Mt,t-‘,—? exp Z At—H t + 2 t+ Tl)

+Ey [M 44 (1 — eXP(—At+2>) exp(—Aey1)(1 — Lit2)] -

Equation (38) implies that

2

—RT
M 442 exp(— Z Aivi) B (
i—1

B™(t,t+n) = E, t+2,t+n)

Ky

+E

My gyn exp(—Ae1) (Lig1 — Liv2) + (1 — Liy1) — exp(— Z Agyi) ((1— Lt+2))] (39)

K5 can be written as follows

KQ = Et Mt7t+3 exp Z AH—Z t + 3 t+ n)
2
+Mpyn (1 — exp(—A¢4i)) exp(— Z Aiyi)(1 = Liy3) (40)
i=1
Plugging (40) into (39) yields
—RT
B (t, t+ n) = Et Mt,t+3 exp Z At+7, t + 2 t+ n) + Et [Mt,tJrn(l - Lt+1)]
2 k—1
+E | Mt tin (Z exp(— Z Avyi) (Livp — Liypy1)
k=1 i=1
3
—exp(= ) M) (1 - Lt+3))>] : (41)
i=1
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Continuing the recursion, adding the coupons and taking into account the boundary condition

gives

p
+ZEt

k=1

n k
My tin, <Z exp(— Y Ar4il(h=0) (Leskl(>0) + Li—o)) — (Likr1Lipan) + l(k:n))))] :

n
My exp(= Y Atsi)
=1

kp
—RT
B (t, t+ n) = F; Mt,t+kp exp(— Z AtJrZ') x C
i=1

+ B

k=0 =0

2. Under the RFV assumption, the value of the risky bond verifies the following recursive

equation

—RFV —RFV
B (t,t+n)=E [Mt,t—l—l <B (t+ 1Lt +n) 1oy + (1= L) 1(7’<t+1)>}

and

BV (b4 n—1,t+n) = Brin [Misnovpin (1= Liin (Lrcrsm))] -

Using the same argument as in proposition 1, we obtain

ERFV (t, t + ’I’l) = Et [Mt,t+l exXp (—At+1) ERFV (t + 1’ n)]
K,
+E¢ [Myt41 (1 — exp(=A¢q1)) (1 = Lega)] - (42)

K7 can be written as follows

2
=RV
My t+2 exp(— Z Aii) B (E+2,t+n)
i=1
B [My 42 exp(—Agq1) (1 — exp(—Agp) (1 — Lig2))] -

K, = E

Equation (42) implies that

—RFV

2
B (t,t+n) = B BV

Mygppexp(— Y (Ar4i)B
i=1

+Ey (M1 (1 — exp(—=Agq1)) (1 — Liy1)]
+Et [Mp 2 exp(—Ast1) (1 — exp(=Ast2)) (1 — Lit2))] .-

(t+2,t+n)

Continuing the recursion and taking into account the boundary condition gives

n % kp
—RFV
B (t, t+ n) = Et Mt,t+n exp(— E At+i) -+ Et Mt,t+kp exp(— E At+i) X C]
i=1 k=1 i=1

n
+ZEt

k=1

. (43)

k-1
Mtk exp <— > At+i1(k>1)> (1 —exp(—=A¢tx)) (1 — Litr)
i—1
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3. Under the RMV assumption, using the same arguments as previously, we find

B (t,t+n) = E

H Miticipi[1 — Ly (1 — eXP(AtJri))]]
i=1

—G—iEt

k=1

k
H Mivio144i (1 — Ligi (1 — exp(—A¢44))) X C
i=1

L (4

Proof of proposition 2

Recall that the discount payoff, at time ¢, of a CDS between two consecutive coupon-date
t+(k—1)p+1landt+kpis

kp .
i
—MytikpLlir>tikp) X S+ Z M il (ri-1<r<tti) <Lt+i - IcS> :
i=(k—1)p+1 p
The price of the CDS is then
v
CDS(t,t+n) = -F [Mt,t+kp1(7'>t+kp) | ft] x5

k=1

> kp i

+ Y. B |:Mt,t+i1(t+i—l<7<t+i) (Lt+i - kps) | Tt} , (45)

k=1i=(k—1)p+1
Using the double stochasticity of the default time, we get
%

kp
CDS(t,t+n) = —E | Myykpexp | — Z Appi || XS
k=1 j=1

3 afs(ne )] “

where - ‘
& = Mygti(exp(—1(;>0) Z Apyj) — exp(— ZAtJrj))‘
j=1 j=1

The fair spread can be inverted by setting the price equal to 0.
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Proof of proposition 3

The proof of this proposition proceeds by induction, we first verify the formula for ¢+ 1, assume

that it holds for ¢ + n — 1 and prove that it is also true for ¢ + n.

G%@ (a,8) = Ey[Mygprexp ((a+B) Yis)]
= exp(d (a+B)Y:+b(a+3)).

Now for ¢ 4 1, we have
p—1
Gip(a,8) = Ey | Myexp (o'Yig1) Erer | Mygpp exp(df Z Yiti4i + 6'Yigp)
=1
= E; [Mys1exp ((A1p-1+ @) Yis1 + Brp-1)]

= exp(d' (@a+A1p 1) Yi+Bip1+b(a+tAip)). (47)

Using the same reasoning, one can derive G%p (o, B).
Proof of proposition 4

1. Under the assumption of RT, the price of a risky bond with maturity ¢ + n is

n n/p kp
—RT
B (t, t+ TL) == Et Mt,t+n exp(f Z At+i) + Z Et Mt,t+kp exp(f Z A.tJri) x C
i—1 p) i—1
n k
+ By | My gin <Z exp(— Y Ar4il(h=0) (Lesrl(>0) + Li—o)) — (Likr11geco) + 1(kn)))>]
k=0 =0

Equivalently, we can rewrite it as

—RT
B (t,t +n) = Ey [Mypyn] — Ey [Myy1nLiy1] + Ey

n
My 4 exp(— Z Ati) Liin
i=1

n/p kp n—1 k
+ > By | Mygpapexp(= Y Arii) X C| + By | Migin (Z exp(—= > M) (Leyr — Lt+k+1)>]
k=1 =1 k=1 =0

The first three terms can be computed using the Laplace transform in (16) :

M 44y exp(— Z Aivi)Liyn
i=1
= G%,n(O]RN7 O]RN) - eXp<_¢O)G%,n(ORN7 _¢) + eXp(_¢0 - n’YO)G%,n(_'yv _(b)

The last term can be written as follows

Ey [My 4] — Bt [My 10 Liya] + By

n—1 k
Ey | My tyn (Z exp(— Z Avyi)(Liyr — Lt+k+1>>]
k=1 =0
n—1
= Jp — K.
k=1
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Ji can be decomposed as follows

Jp = E;

k
My ik exp(= D Avei) LigkErpn [Mt+k,t+n]]
=1

= exp (B (Ogy,0pn) — ¢ — k7o) By

M ¢v1 exp ( gl Z Yivi + (A1n—k (Opy, Opn) — @) Y%+k>
= exp (Bin—k (Ogy, Ogs) — ¢g — kvo) Gi g (=7, (Arnk (ORNa Opn) — @)

K}, can be written as

Ky = E

k
My 41 exp (— Z At+i> Eiiy [Mt+k,t+nLt+k+1]]
=1

= exp (Ban— (Ory, —¢) — g — ko) Ei

k
M g+ exp <—V Z Yii+ Ay i (Opy, —0) Yt+k>

=1

= ©eXp (BQJL*’C (ORN7 —QZS) - ¢O - kaO) G%,k(_f% A2,n7k (ORNa _¢))

This implies that

—RT
B (t7t + n) = G%,n(ORNa O]RN) - exp(_gbO)G?,n(ORNa _¢) + exp(_d)O - n’YO)G;n(_'}/, _d))

n/p
+ > exp(—kpyo) G gy (—7, Orn) X C
k=1
n—1
+> [exp (Bin—k (Ogy, Ops) — ¢ — k70) G (=7, (Avn—k (Opy, Opn) — 9))
k=1

—exp (Bap—k (Opn, =) — ¢ — kvo) G (=7, A2k (O, —9))] -
2. Under the assumption of RFV, the price at t of a risky bond with maturity ¢ + n is

n/p
BV (t,t+n) = B, + Z exp (—kv) E;

Mtﬂf—&—n exp Z At—H

n
+) E

k=1

My g4 1p exp(— ZAH—Z‘) xC

My ¢k exp (- > At+i1(k>1)> (I —exp(=Apsr)) (1 — Legr) (48)
=1

As for the RT assumption, the first two terms can be written as

n/p kp
Ey | My 4 exp(— ZAt+’L +2Et My 4y 1pexp(— ZAHZ x C
=1 k=1 =1
n/p
= exp(—n79)Gin (=7, 0rn) + Y exp(—kpyo) Gy, (—7, Orn) X C.
k=1
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Using the Laplace transforms in (16) and (19), the third term can be decomposed as follows

DB

k=1

k-1
My g1 exp (- Z At+i1(k>1)> (1 —exp(=A¢yx)) (1 — Liy)

= Gg,1 (O~ , Oy ) — eXP(—Vo)G%,l (=7, 0rn)
- eXP(—%)G%l (—9,0gn) +exp (— (7o + ¢0)) G%,l (—(v+9),0gn)

— Z exp(—(k — 1)70)G1y (—7,7) — exp(—kv0) Gy (=7, Orw)

—exp(—(k — 1)yg — 30)Gri(—7.7 — 8) + exp(—k9) Gy p (=7, —9)] -
It therefore follows that
n/p
RFV

B (tvt'f'n):G%,n( 7, Opn) +ZGtkp =7, 0pn) x C
k=1

+Gy 1 (Ogn, O ) — exp(—79)Gyy (—7, Ogn)
- eXP(—%)G%l (=9, 0r~) +exp (— (70 + ¢0)) th,l (=(v+¢),0pn)

+Z exp(—(k — 1)79) Gy g (=7,7) — exp(—kvo) Gt (=7, Op)
—exp(—(k — 1)79 — ¢0)Gir(—7,7 — &) + exp(—kvo — ¢0)Gir(—7, —9)] - (49)

Proof of proposition 5

The price, at time ¢, of a CDS contract with maturity ¢t 4+ n is

kp
M 44 kp €xp ( Z At+i) ] xS
j=1

n

CDS(t,t+n) = > —FE
k=1

kp

+§: > B [51' <Lt+i - kZpSH ; (50)

k=1i=(k—1)p+1

where L 4
& = Mt,t+i(exp(_1(j>0) Z Agyj) — exp(— Z Atyj))
j=1 =1

Once again, using the Laplace transform in (16), CDS(t,t + n) can be rewritten as

|3

CDS(t,t+n) =Y —exp(—kpyo)Giry (—7,0pn) x S
k

Il
—

<3
x>
S|




It therefore follows that

%
CDS(t,t+n) =  —exp(—kp1o)Gi g, (—7, Opn) X S
k=1
] kp
+ exp(—(i — 1)yg — ¢o)Gi; (=7, 7 — ¢) — exp(—ivg — ¢)G1, (—7, —¢)
k=1i=(k—1)p+1
5 kp i
+ > (exp(—(i = 1)v9)Giy (—7.7) — exp(—ivg) Gy (=7, Opw)) Pl (52)

k=1i=(k—1)p+1
B The Unscented Kalman Filter Algorithm

The structure of the Kalman filter relies on a state-space representation of a dynamic system.
Assume that the uncertainty in the economy is reflected by a d dimensional state vector process
{Y},t < T} and that at each date, an observed N dimensional vector of yields z; is available. The

state-space representation involves the following two equations
Yie1 = p+ @Y, + Yey, (53)

and
2z = G(Yy) + wy, (54)

where €;41 is the state noise and w; is the observation noise that has zero mean and a diagonal
covariance matrix denoted by R.

The transition equation (53) reflects the discrete time evolution of the state variables, whereas
the measurement equation expresses the relationship between the unobserved state vector and the
observed variables. As is the case of the extended Kalman filter, the unscented Kalman filter is

minimum mean square error estimator that relies on the following linear update rule at each date ¢

Yy = Yoo1 + K (20 — 2e0-1) (55)
and
Pyy(tly = Pyyteie—1) = ey K1, (56)
where
Yieo1 = p+ Pyi1je-1,
Pyyaii—1) = ®Pyy1jp-n@ + X
Ky = Pyz(t‘t_l)Pz;%t|t—l)’
and

Rtjt—1 = E [G(yﬂt—laut)] .
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Rather than approximating G(y), the unscented Kalman filter approximates the conditional distri-
bution of the z;11 using the scaled unscented transformation (see Julier (2000) for more details),
which can be defined as a method for computing the statistic of a non-linear transformation of
a random variable. Consider a random variable y with mean y, and covariance matrix P, and a
non-linear transformation z = g (y). The basic idea behind the scaled unscented transformation
is to generate a set of points, called sigma points, so that their sample two first moments equate
u and P,. The non-linear transformation is then applied to y at each sigma point. To be more

precise, the n,-dimensional random variable is approximated by a set of 2n, + 1 weighted points

given by
Yo = W?zm,wgzmﬂl—auﬁ)
yl-:,u—l—< (ny+)\)Pw>‘,fori:1,~--,ny (57)
yi:,u—< (ny—l—)\)Pz)',fori:ny,---,Qny (58)
and
Wﬁ:Wf:Q(n:M, fori=1,- 2ny,

where A = o (n, + k) — ng, (\/(ny+A) P,), is the ith column of the Cholesky decomposition
of (ny + A) P,. a is a positive caling parameters that minimizes higher order effects and can be
made arbitrarily small. x is a positive parameter that guarantees the positivity of the covariance
matrix. [ is a non-negative parameter that can be used to capture higher order moments of the
state distribution. It is equal to 2 for Gaussian distributions.

The linear transformation is applied to the sigma points (57) — (58) as follows
Zi=9), fori=0,--- ,2n,,.

The first conditional moments of y are computed using the weights

2n,+1
pe= ) W'z (59)
i=0
and
2n,+1
Po= ) Wi (Zi—pw)(Zi—p) (60)
i=0

The unscented Kalman filter applies unscaled unscented transformation to the augmented vector

Y:
a __
Y;_ €t )

Ut

and works as follows:
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1. Start with

Yol0

()(To 02><1

0
Pyo 0 0
((]1‘0: 0 Y 0
0 0 R

2. For t =1,---,T. Generate the sigma points of the augmented vector V{* ; as in (57) — (58),

then perform the prediction step

ygt|t—1 =p+ YL + Vi,

2N

Y;f|t71 = Z meytlt 1
=0

2Ny

y(t[t—1) _ZW ( itlt—1 Yt\t*l) (ygﬂt—l_n\t*l),

Zt|t—1 = h(yty‘t,p th—l)

2Ny

— m
Rtjt—1 = E Wi Zz‘,t|t—1
i=0

2N

/
P, (t]t—1) E Wi zt|t—1 - Zt|t—1) (Zi,t\t—l - Zt|t—1)

2Ny

/
Yy \
Pyi-1) E Wi (Zi4— t)t— it tt—
y(t| t—=1 = | 1)(yz,t|t 1 \ 1)

3. The update equations are obtained via (55) — (56) .
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Figure 1: Term structure of bond spreads for a Four-Factor Gaussian Model
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Notes to Figure: We compute the term structure of the bond spreads, implied by a four-factor
Gaussian model, under the RFV and RT assumptions. The intensity is affected by the first three
factors and the the loss given default has a specific fourth factor. We plot the term structure of

bond spreads for various level of the loss given default specific state variable.
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Figure 2: Standard and Poor’s yields and spreads for various maturities
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Notes to Figure: This figure shows BBB and B weekly yields and spreads. The spread is
computed as the difference between the index yield and the corresponding Treasury yield. The

sample period is from august 1996 to September 2001.
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Figure 3: Intensity implied by a model with a fixed loss given default and the 3-month Treasury

yield
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Notes to Figure: The top panel plots the 3-month Treasury yield. The bottom two panels show
respectively the BBB and B implied intensity paths when the recovery rate is fixed at 40%.
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Figure 4: Implied loss and intensity
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Notes to figure: We plot the model-implied loss given default for BBB and B yield indices as
a function of the implied intensity given in bps. The right column corresponds to the BBB yield

index and the left column shows the B yield index.
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Table 1: Summary Statistics of the Standard and Poor's Yield Indices

Panel A: BBB Index

Maturity Yields Spreads
1-year 5-year 10-year 1-year 5-year 10-year
Mean 0.0638 0.0724 0.0755 0.0109 0.0159 0.0183
Standard Deviation (in %) | 0.7094 0.6705 0.6138 0.5465 0.5845 0.6455
Skewness 0.8500 0.4980 0.1680 0.2013 0.0608 -0.0552
Kurtosis 2.3697 2.5433 2.1188 1.8825 1.5440 1.5080
Panel B: B Index
. Yields Spreads
Maturity 1-year 5-year 10-year 1-year 5-year 10-year
Mean 0.0834 0.1028 0.1106 0.0305 0.0463 0.0535
Standard Deviation (in %) 1.1845 0.9042 0.8871 1.1129 0.9719 1.0379
Skewness 1.0768 0.5204 0.3188 0.5006 0.3489 0.5704
Kurtosis 3.1819 2.0626 2.0937 2.0818 1.7735 2.2497

Notes: The sample contains weekly data, from August 1996 to September 2001, on Standard and Poor's
BBB and B yield indices with maturities of 1, 5 and 10 years. The spread is computed as the difference
between the yield index and the corresponding Treasury yield.
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Table 2: Parameter Estimates for the Risk-Free Term Structure

Panel A: Transition Equation Estimates

Factor
Parameter 1 5 3
5 0.00096
0 (0.0000953)
5. 0.00077 -0.00011 -0.00080
ti (0.0000004)  (0.0000003)  (0.0000266)
o 0.97368
1 (0.0000004)
. -0.00710 0.99990
@ (0.0000016)  (0.0000003)
o -0.01160 -0.00261 0.99074
3 (0.0000003)  (0.0000004)  (0.0000004)
. -0.16944 -0.32432 -0.11485
0 (0.0047744)  (0.0126886)  (0.0126886)
o -0.00121 -0.00028 0.00047
i (0.0000004)  (0.0000004)  (0.0000004)
- 0.05602 -0.00006 0.00412
4 (0.0000003)  (0.0000003)  (0.0000004)
o -0.00058 -0.00019 0.00539
3 (0.0000004)  (0.0000004)  (0.0000004)
Total RMSE 11.86
(in bps)

Panel B: RMSE's (in bps) For Each Maturity

Maturity 3-month 6-month 1-year 2-year 5-year 10-year
RMSE 10.89 9.92 12.15 11.80 12.88 13.21

Notes: We estimate the model using the Kalman filter on a sample of weekly data from August 1996 to
September 2001. Zero-coupon yields are interpolated using the unsmoothed Fama and Bliss method. Standard
errors are given in parentheses.
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Table 3: Parameter Estimates for the Yield Indices in the Constant Recovery Case

Panel A: Parameter Estimates

Parameter L=60% Estimated L
BBB B BBB B
i 0.00031 0.00017 (0.00046) 0.00054
To (0.00002) (0.00014) (0.00006) (0.00010)
i -0.00019 -0.00057 -0.00064 -0.00013
T (0.00000) (0.00003) (0.00002) (0.00005)
i 0.00001 0.00008 0.00007 0.00001
T2 (0.00001) (0.00001) (0.00001) (0.00001)
i 0.00012 0.00075 0.00058 0.00018
T3 (0.00001) (0.00009) (0.00005) (0.00004)
i 0.00001 0.00001 -0.000003 -0.00001
T4 (0.000007) (0.000022) (0.00005) (0.00013)
@ 1.00124 1.00227 1.00211 0.99944
1 (0.00007) (0.00017) (0.00016) (0.00049)
R, 0.00105 0.00038 0.00011 0.00018
(0.00064) (0.00091) (0.00153) (0.00436)
R 0.00102 0.00032 0.00010 0.00012
2 (0.00062) (0.00076) (0.00144) (0.00283)
R 0.00091 0.00036 0.00010 0.00018
3 (0.00055) (0.00086) (0.00139) (0.00447)
0.30525 1

L 06 06 (0.01893) (0.16346)

p -0.27048 -0.15810 -0.31820 -0.05242

TotalRMSE| 4 56 43.73 10.55 40.17
(in bps)
Panel B: RMSE (in bps) by Maturity
Maturity L=60% Estimated L
1-year 5-year 10-year 1-year S-year 10-year
BBB 12.96 8.43 9.79 12.63 8.43 10.17
B 55.07 27.43 44.19 51.88 23.10 40.19

Notes: In Panel A , we estimate the model using the unscented Kalman filter on a sample of weekly BBB and
B rated yield indices from August 1996 to September 2001. In the second and third column, we consider a
fixed recovery rate equal to 0.4. In the fourth and fifth column, we estimate the model and consider the
recovery rate as an additional parameter. In both Panels, p denotes the sample correlation between the fitted
integrated intensity and the 3-month Treasury yield and the standard errors are given in parentheses. In Panel

C, we report the RMSE on the yield indices for each maturity.
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Table 4: Parameter Estimates for the Yield Indices in the Stochastic Recovery Case

Panel A: Parameter Estimates

Parameter BBB B
/ 0.00048 0.0007
0 (0.000234) (0.00026)
; -0.00025 -0.00026
Th (0.000140) (0.0001)
; 0.00001 0.00002
£ (0.000014) (0.0000)
; 0.00011 0.00023
Ts (0.000102) (0.0002)
. -0.00001 -0.00002
T4 (0.000115) (0.0003)
; 1.29318 0.24446
¥ (0.541737) (0.46540)
; 0.00007 0.00005
g (0.000083) (0.00015)
¥, 0 0
¥ 0 0
; 0.00000 0.00009
¥ (0.000021) (0.00152)
; -0.00006 0.00057
¥ (0.000761) (0.00717)
o 1.00105 0.99888
" (0.000797) (0.00186)
o 0.00031 -0.03046
12 (0.017583) (0.283753)
; 0.94748 0.82586
P2 (0.018943) (0.03915)
R, 0.00015 0.00063
(0.002168) (0.00824)
R 0.00011 0.00019
2 (0.001577) (0.00246)
R 0.00012 0.00041
33 (0.001624) (0.00539)
p1 -0.13194 -0.15801
P2 0.37515 0.32319
Total RMSE 8.49 35.60
(in bps)

Panel B: RMSE's

For Each Maturity

Maturity 1-year S-year 10-year
BBB 9.58 7.63 8.15
B 44.71 23.81 35.25

Notes: We estimate the unconstained model using the unscented Kalman filter on a sample of weekly BBB and B rated
yield indices from August 1996 to September 2001. p; and p, denote the sample correlation between the fitted integrated
intensity and respectively the 3-month Treasury yield and the implied loss given default. Standard errors are given in

parentheses.
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