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Optimality principles in nonequilibrium biochemical networks
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We derive a new optimization problem on a steady-state nonequilibrum network of biochemi-
cal reactions, with the property that Kirchhoff’s loop law and the second law of thermodynamics
both hold at the problem solution. This suggests a new optimality principle for biochemical net-
works and provides a computationally tractable method for enforcing thermodynamic, energy, and
mass-conservation constraints. This method may be used for predicting behavior in genome-scale
biochemical networks such as those used by systems biologists in models of microorganisms.

PACS numbers: 77

Genome sequences are now available that enable biolo-
gists to model the biochemical systems of many microor-
ganisms including human and mammalian cells. Such
systems are represented mathematically by a network
of chemicals (nodes) and reactions (edges). To analyze
these networks, systems biologists use a technique called
flux balance analysis (FBA) [1]. Flux balance requires
that the sum of fluxes into and out of each node in the
network be zero. This is equivalent to Kirchhoff’s current
law in an electrical network. Recent work has sought to
augment FBA with Kirchhofl’s loop law for energy con-
servation as well as the second law of thermodynamics
[2, 3]. However, the addition of these new constraints has
been problematic because they are nonlinear and noncon-
vex. Previous attempts required computing the global
solution of a nonconvex optimization problem [3, 4] or
solving an NP-hard problem [5].

The purpose of this work is to show that Kirchhoff’s
loop law and the second law of thermodynamics arise
naturally from the optimality conditions of a convex opti-
mization problem with flux balance constraints. Further-
more, every set of reaction fluxes that satisfies Kirchhoff’s
loop law and the second law of thermodynamics must be
optimal for some instance of this problem. This suggests
that there is an underlying optimality principle operating
in biochemical networks, and leads to an efficient (scal-
able) method for computing fluxes that satisfy all three
constraints.

Consider a simple electrical circuit consisting only of
current sources, batteries, and resistors, as illustrated in
Figure 1. This is a linear resistive network with m nodes
and n edges, where the node variables y € R™ represent
potentials, and the edge variables x € R” represent flows
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FIG. 1: A linear resistive network with currents x and poten-
tials y.

(or currents) in the network. The topology of the circuit
is defined by a node-edge incidence matrix A € R™*",
and properties of the network are encoded in a set of data
vectors: f € R™ is a vector of current sources, b € R is
a vector of batteries, and r € R™ is a vector of resistances
(r > 0).

To solve for the voltages and currents in the circuit
we use three fundamental laws: Kirchhoff’s current law
(KCL) Az = f, Kirchhoff’s voltage (or loop) law (KVL)
w="b+ ATy, and Ohm’s law w = Rz (where w € R" is
a vector of voltages and R = diag(r) > 0).

An optimality principle is operating within this circuit.
The circuit seeks a set of currents that minimize the heat
(or power) dissipated subject to KCL. This is the convex
optimization problem

minimize F(z) = 27 Rz — bz QP)
subject to Az =f :y

where the node variables y are Lagrange multipliers
for the equality constraints. The optimality conditions
VF(x) = ATy yield equations that enforce KVL and
Ohm'’s Law, and the optimal variables z* and y* are a
set of consistent potentials and currents for the circuit.



Biochemical networks are significantly more compli-
cated than linear resistive networks. However, some of
the same underlying network concepts apply. In this
work we construct an optimization problem in a form
similar to Problem (QP), where the potentials are La-
grange multipliers for an equality constraint on the flow
variables, and the optimality conditions of the problem
yield equations that enforce Kirchhoff’s loop law and the
second law of thermodynamics. Previous work noted a
connection between Lagrange multipliers and chemical
potentials in traditional FBA [6]. Here, we establish a
quantitative relation between the Lagrange multipliers
and chemical potential for this new optimization prob-
lem.

The mathematical representation of a biochemical net-
work is the stoichiometric matriz S. Like A above, S is
a sparse m X Nt incidence matrix that encodes the net-
work topology. However, biochemical networks, unlike
linear resistive networks, are nonlinear networks or hy-
pergraphs. That is, a single edge may link many nodes
to many nodes, and the entries in S, which are inte-
ger stoichiometric coefficients, are not confined to the set
{-1,0,1}. Each row of S corresponds to an individual
chemical compound, and each column of S corresponds to
an individual elementary reaction. In practice, m < ngot
and S does not have full row-rank. A model of a system is
called genome-scale if a large proportion of the system’s
genes are represented. In current genome-scale models of
the metabolic system of E. coli, m and n.t are several
thousand.

Fluz balance analysis (FBA) computes a set of fluxes
that satisfy mass-conservation constraints and are opti-
mal for a biological objective function. A fluzr is a reac-
tion rate; it represents flow through the network and is
analogous to current in an electrical circuit. We denote
the flux of the jth reaction by the variable v; € R. The
concentration of the ith chemical in the network is de-
noted x; € R. The fundamental equation of FBA is the
dynamic mass-balance equation—a differential equation
relating the change in chemical concentration to reaction
fluxes via the stoichiometric matrix:

dx
i Swv.
Here z € R™ is a vector of chemical concentrations and
v € R™et is a vector of reaction fluxes. FEach row of
this vector equation states that the rate of change in
concentration for a chemical is the sum of fluxes that
synthesize or degrade that chemical. We assume the bio-
chemical system is operating in steady state and there-
fore the chemical concentrations are constant. Thus, we
have dz/dt = 0 and therefore Sv = 0. This equation is
directly analogous to Kirchhoff’s current law in an elec-
trical network.
So far we have considered a whole stoichiometric ma-
trix S and flux vector v. However, it is useful to separate

S and v into three components: S = (S; S, S.), where
Sy e R™™", S, € R™*", and S, € R™*"¢, with corre-
sponding vectors vy, vy, ve. To understand this splitting,
consider a reversible reaction A+2B = C', which we split
into two one-way reactions: forward (A + 2B — (') and
reverse (A 4+ 2B « (). The fluxes for these one-way re-
actions form the vectors vy and v,. The net fluz is then
phet = Vf — Up.

The matrix Sy contains all the columns corresponding
to forward reactions, and S, contains all columns corre-
sponding to the reverse reactions. Because of the way
reactions are represented, the column for a reverse reac-
tion is the negative of the column of the forward reaction,
and thus S, = —S;. These columns correspond to inter-
nal reactions (those occurring inside the system).

A living biochemical system interacts with its sur-
roundings and operates in nonequilibrium steady state
(NESS) [7]. The concentrations of chemicals within the
system remain constant, but ezchange flures transport
chemicals into and out of the system. These fluxes are
represented by the vector v, associated with S.. Ex-
change fluxes are infinite sources and sinks of chemicals
and are analogous to current sources in an electrical net-
work. Figure 2 illustrates a biochemical network.
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FIG. 2: An example of a simple biochemical network. Chemi-
cals are represented as nodes, reactions as edges. The bound-
ary of the network is represented by a dashed line. Reaction
fluxes are labeled as exchange, forward, or reverse.

FBA has been implemented using linear programming
[8]. We take the FBA problem to be

maximize d¥ v,
Vf,Ur Ve
subject to  Syvs — Spv, + Seve =0 (LP)
t<v.<h, wvfuv >0.

Often, the lower bounds ¢ and upper bounds h on the ex-
change fluxes come from laboratory measurements (e.g.
the uptake of glucose in a particular culture of E. coli).
The vector d is chosen to optimize a biological objec-
tive (e.g. maximizing replication rate in unicellular or-
ganisms). Note that classical FBA does not explicitly

solve for vy and v, but rather v"°* = vy — v,.



We now prove a lemma about alternative solutions to
Problem (LP).

Lemma 1. If there is an optimal solution to Problem
(LP), there is an optimal solution with strictly positive
internal fluzes vy and v,.
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(LP). It could be the case that one or more components
of v} or vy are zero; that is, they are sitting on their lower
bounds. We want to show that we can construct a new
optimal solution (v}, vy, v;) with strictly positive fluxes

Proof. Let (v}, vy, vf) be an optimal solution to Problem

T Ye
v§ and vy, To do this, let v§ = v} + e and v = v} + e,
where e € R™ is the vector of all ones. The internal
fluxes (v;‘c, v?) are strictly positive, and the set of fluxes
(v, 07, v;) is feasible because £ < vy < h and
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Syvf — Syvp + Seve = Sf(v} +e)—Sy(vr+e)+ Sevy
= Syv} — Syvy + Sevy = 0.

Finally, the set of fluxes (v, v7, v;) is optimal because it
has the same objective value d” v} as the optimal solution
(v}, 07, v7). Here we used the fact that the objective
function in Problem (LP) depends only on the exchange
fluxes v.; not on the internal fluxes vy and v,. O

FBA predicts fluxes that satisfy mass conservation but
not energy conservation or the second law of thermody-
namics. Recent work has tried to add constraints based
on Kirchhoff’s loop law and the second law of thermo-
dynamics to Problem (LP) [2-4]. However, these con-
straints are problematic because they are nonlinear and
nonconvex. We now describe these constraints.

The loop law for chemical potentials in a biochemical
network is directly analogous to Kirchhoff’s voltage law
for electrical circuits. It states that the stoichiometrically
weighted sum of chemical potentials around any closed
loop of chemical reactions is zero. The chemical poten-
tial is a measure of a chemical’s tendency to change (e.g.
changing its composition by undergoing a reaction, or
changing its location or concentration) [9]. We explicitly
model a chemical potential u; € R for each of the chemi-
cals in the network, and we define the change in chemical
potential for all internal reactions in the network as the
vector

Au = SfTu (e R™), (1)

where u € R™ is the vector of chemical potentials. This
ensures that Kirchhoff’s loop law is satisfied [10].

Assuming mass action kinetics, constant temperature
and pressure, and uniform spatial concentrations (i.e. a
well mixed system), it is known (e.g. [11]) that the change
in chemical potential may be expressed in terms of ele-
mentary one-way reaction rates as

Au = plog (v, ./ vy), (2)

where ./ denotes component-wise division of vectors, and
p = RT > 0 is the gas constant multiplied by tempera-
ture. Equation (2) leads directly to a macroscopic (long-
term) application of the second law of thermodynamics:

—Auy v‘;’Ct >0,

which says that the net flux for each elementary reaction
j must be down the gradient of potential, that the system
must dissipate heat, and that entropy must increase as
a result of work being done on the system through the
exchange fluxes [7]. The total heat dissipation rate of the
biochemical system in NESS is given by —Au?v"et > 0.

Under the specified assumptions, we now define a ther-
modynamically feasible flux.

Definition 1 For a network described by a stoichio-
metric matrix S = (S5 — Sy S.) with a given set of
exchange fluxes v, a set of thermodynamically feasible
fluzes is a pair of internal flux vectors (v, v,) > 0 that
satisfy steady state mass-balance,

vaf — SfUT = —Se’l}e, (3)

and for which there exists an underlying vector of chem-
ical potential v € R that satisfies (1) and (2):

Au = S}Fu = plog (v, ./vs) = plogv, — plogvy. (4)

We now present the main theorem of this Letter. The
theorem introduces a new convex optimization problem
with the same flux balance constraints as Problem (LP)
but with a negative entropy objective function. It states
that the thermodynamic constraints (3) and (4) hold at
its unique solution.

Theorem 1. Let v} be any set of optimal exchange fluzes
from Problem (LP), and define b = —Sc.v}. The convex
equality-constrained problem

minimize v} log(vy) 4 v} log(v,) 4 ™ (vy + vy)
subject to Sfvy — Sy, =b vy
vy, v >0

(EP)

is then feasible, and for any ¢ € R™ its solution is a set of
thermodynamically feasible internal fluzes. The chemical
potentials u may be obtained from the Lagrange multiplier
y € R™ for the equality constraints.

Proof. First note that the constraints vy,v, > 0 are im-
plied by the domain of the logarithm; they have no as-
sociated Lagrange multipliers. From Lemma 1, we know
that if v} is optimal for Problem (LP) and if b = —S.v},
there must be corresponding positive internal fluxes vy
and v, that satisfy Syvy — Syv, = b. Therefore, Problem
(EP) with this choice of b is always feasible.

Define the objective function as ¢(vy,v,). Note that
d(vg,v,) is bounded below, and since VZ¢(vf,v,) is



positive-definite for all v¢,v, > 0, ¢(vy,v,) is strictly
convex. Problem (EP) is thus a convex linear equality-
constrained problem with a unique optimal solution that
satisfies the following optimality conditions:

SjT»y* =V, ¢ =log(v;) +e+c (5)
~Sfy* =V, 6 =log(v;) +e+c  (6)
Sf’U; - va: =b. (7)

Subtracting (5) from (6) gives S?(—2y*) = log(vy ./ v}).
Taking u = —2y*/p we see that (v}, vy) is a pair of ther-
modynamically feasible fluxes with underlying chemical
potentials u for the exchange fluxes v}. O

Thus, if we first compute optimal exchange fluxes v}
by solving Problem (LP), then we can compute thermo-
dynamically feasible internal fluxes v} and v} by solv-
ing Problem (EP). Together, the vector (v}, v}, v) com-
puted in this fashion is thermodynamically feasible and
optimal for Problem (LP).

The next theorem proves that if there is a set of ther-
modynamically feasible fluxes in a biochemical network,
it must be the solution to an optimization problem in the

form of Problem (EP).

Theorem 2. Every set of thermodynamically feasible
fluzes (and chemical potentials) is the solution (and cor-
responding Lagrange multiplier) to a convex optimization
problem in the form of Problem (EP).

Proof. We show how to choose the vector ¢ € R"™ so that
the given vy, v,, and v are optimal. Since v¢ and v,
satisfy (3), they are feasible. From (4) we have SjT»u =
plog(v, ./ vy). Letting u = —2py we have

—2S?y = log(v,) — log(vy).
If we take 2¢ = —2e — log(v,) — log(vy) then from the
above equation we have

257y = 2log(vy) + 2e + 2¢
—QS?y = 2log(v,) + 2e + 2¢,

which, together with (3), are the optimality conditions
of Problem (EP) as given by (5)—(7). Therefore, with

¢ = —e — Llog(vy) — Llog(vy), the given vy and v, are

the optimal solution, with Lagrange multiplier vector y =
1

—5-U. O
2p

Note that Problem (EP) has a unique solution for every
value of ¢ and Theorem 2 states that every thermodynam-
ically feasible flux has an associated vector c. This vector
c is a set of free parameters. The value of ¢ influences
the relationship between vy and v,. It is not clear how
to estimate ¢ from current data. However, the authors
have had some success in using ¢ to bias the direction-
ality of reactions by incorporating standard transformed
chemical potentials [12].

Note the structural similarity of Problems (QP) and
(EP). In both problems the primal variables are the flows
in the networks, the constraints are Kirchhoff’s current
laws, and the dual variables for these constraints are the
potentials in the network. There is a clear physical inter-
pretation of the objective function in Problem (QP) and
an optimality principle in operation. We believe there
must be an optimality principle in operation in these bio-
chemical networks as well. However, it is not clear to the
authors what this is, or why it appears in the form of the
negative entropy objective. Perhaps, by maximizing the
entropy of the internal fluxes, this optimization problem
produces the most unbiased prediction [13] of internal el-
ementary fluxes, subject to mass conservation constraints
and boundary conditions imposed by exchange fluxes.

The theorems of this Letter have practical import.
They provide the theoretical basis for efficiently com-
puting thermodynamically feasible fluxes for current
genome-scale, and even larger, biological networks. The
convexity of Problem (EP) is a crucial property. Effi-
cient polynomial-time algorithms exist for solving con-
vex optimization problems of this form, based on interior
methods [14]. These algorithms are guaranteed to return
a solution, optimal to within roundoff error, or a certifi-
cate that the original problem is infeasible. In practice,
computing thermodynamically feasible fluxes using in-
terior methods should take no longer than performing
standard flux balance analysis.

The authors believe that Problem (EP) is flexible
enough to incorporate additional biological data (via the
vector ¢) and make quantitative predictions for a range
of biochemical systems, including metabolic, regulatory,
and signaling networks. Furthermore, the theorems in
this Letter extend to any potential network for which
flux balance holds and the change in potential can be
written as a difference in a monotone function of fluxes:
Au = g(v,) — g(vy), where g(-) : R" — R™ is mono-
tone. These potential networks admit a convex optimiza-
tion model whose solution is unique and whose potentials
are Lagrange multipliers for the flux balance constraint.
Problems (QP) and (EP) are simply two examples of such
network models.
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