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Abstract

Optimization algorithms have been recently applied to solver problems where
data possess certain randomness, partly because data themselves contain random-
ness in a big-data environment or data are randomly sampled from their populations.
It has been shown that data randomness typically makes algorithms run faster in
the so-called “average behavior analysis”. In this short note, we give an example
to show that a general non-convex quadratically constrained quadratic optimization
problem, when data are randomly generated and the variable dimension is relatively
higher than the number of constraints, can be globally solved with high probabil-
ity via convex optimization algorithms. The proof is based on the fact that the
semidefinite relaxation of the problem with random data would likely be exact in
such cases. This implies that certain randomness in the gradient vectors and/or
Hessian matrices may help to solve non-convex optimization problems.

1 Introduction

Optimization algorithms have been recently applied to solver problems where data possess
certain randomness, partly because data themselves contain randomness in a big-data
environment or data are randomly sampled from their large populations. Besides, many
optimization solver developers are also tested their products based on randomly generated
data.

It has been shown that data randomness typically makes algorithms run faster in
the so-called “average behavior analysis”. The idea of average case analysis is to obtain
rigorous probabilistic bounds on the number of iterations required by an algorithm to
reach some termination criterion, when the algorithm is applied to a random instance of
a problem drawn from some probability distribution. In the case of the simplex method
for LP, average case analysis (see for example [1], [5], [8], [11], and lately [9]) has provided
some theoretical justification for the observed practical efficiency of the method, despite
its exponential worst case bound.
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In the case of interior-point algorithms for LP, a “high probability” bound ofO(
√
n lnn)

iterations for termination (independent of data size) was proved, using a variety of algo-
rithms applied to several different probabilistic models. Here n is the dimension or number
of variables in a standard form problem, and “high probability” means that the probabil-
ity that the bound holds goes to one, as n→∞; see, e.g., [13] and [4]. In [12] the authors
analyzed a condition/complex number of constraint matrix A of dimension m× n for an
interior-point linear programming algorithm, and showed that, if A is a standard Gaussian
matrix, then the expected condition number equals O(min{m lnn, n}). Consequently, the
interior-point algorithm terminates in strongly polynomial time in expectation.

On the other hand, specific recovering problems with random data/sampling were
proved to be exact by convex optimization approaches, which include Digital Communica-
tion [10], Sensor-Network Localization [7], Phaselift Signal Recovering [3], Max-Likelihood
Angular Synchronization [2], and a survey paper and references therein [6]. In these ap-
proaches, the recovering problems are relaxed to semidefinite programs, where each ran-
domly sampled measurement becomes a constraint in the relaxation. When the number
of random constraints or measurements is sufficiently large (O(n lnn)) relatively to the
dimension n of the variable matrix, then the relaxation contains the unique solution that
needs to be recovered. However, there problems can actually be solved by more efficient
deterministic targeted sampling using only O(n) measurements.

In this short note, we give another evidence example to show that a general non-convex
optimization problem, when data are random and the variable dimension n is relatively
higher than the number of constraints m (note that this is in contrast to the covering
problems mentioned earlier), can be globally solved with high probability via convex
optimization algorithms. The proof is based on the fact that the convex relaxation of the
problem with randomly generated data would be more likely exact when the dimension
is relatively higher.

2 Quadratically Constrained Quadratic Program and

its SDP Relaxation

Consider the quadratically constrained quadratic program (QCQP):

minimizex xTQx+ 2cTx
subject to xTAix+ 2aTi x = bi; ∀i = 1, ...,m,

‖x‖2 = 1.
(1)

where Q and Ai are general symmetric n×n matrices, c and ai are n-dimensional vectors
for i = 1, ...,m. This is a general non-convex optimization problem where many local
minimizers exist.

The (convex) semidefinite programming (SDP) relaxation of problem (1) is

minimizeX,x Q ·X + 2cTx
subject to Ai ·X + 2aTi x = bi, ∀i = 1, ...,m,

I ·X = 1,
X − xxT � 0;

(2)
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and in general it is not exact. Note that the matrix inequality X − xxT � 0 can be
equivalently written as (

1 xT

x X

)
� 0.

The optimality conditions of the SDP relaxation are: for dual variables or multipliers
yi, i = 1, ...,m, and δ

(Q−
∑

i yiAi + δI)x = − (c−
∑

i yiai) ,
(Q−

∑
i yiAi + δI) � 0,(

X − xxT
)

(Q−
∑

i yiAi + δI) = 0.
(3)

The first equation can be seen as the first-order optimality condition, the second one
represents the second-order condition, and the third one presents the matrix complemen-
tarity condition. If the rank of SDP solution X of (2) is 1, then X = xxT , and we would
have solved the original QCQP problem (1).

If the rank of SDP solution X is not 1, then we have the following lemma, which can
be directly proved from the these SDP optimality conditions.

Lemma 1. Let the SDP optimal solution X 6= xxT . Then the followings hold.

i) Symmetric matrix (Q−
∑

i yiAi + δI) � 0 but it is rank deficient, that is, its small-
est eigenvalue equals 0.

ii) Let positive semidefinite solution matrix X − xxT have rank r ≥ 1 and X − xxT =∑r
j=1 x̂jx̂

T
j . Then x̂j is the zero eigenvector of (Q−

∑
i yiAi + δI) for all j, and

x̂Tj

(
c−

∑
i

yiai

)
= 0, ∀j.

iii) Let (·)∗ denote the matrix pseudo inverse. Then

‖(Q−
∑
i

yiAi + δI)∗(c−
∑
i

yiai)‖ < 1.

The proof of item i) is from the second-order and complementarity conditions, since
otherwise, X = xxT . The second item proof is from multiplying X − xxT from left to
both sides of the first-order optimality condition, and noting X − xxT � 0 and the rest
of optimality conditions. The third item proof is from the fact 1 ≥ I ·X ≥ ‖x‖2 and the
first-order optimality condition.

3 QCQP with Random Data and Exactness of SDP

Relaxation

Let(Q,Ai, c, ai), i = 1, ...,m be independently and randomly generated, for example, from
the standard Gaussian. Then, we show that the SDP relaxation (2) would be exact for
(1) or the SDP solution rank is 1 with high probability when n >> m.
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We give a proof argument for case m = 1, in which case the problem represents a
well-known and important extended trust-region subproblem, and it is known that the
SDP relaxation is not exact in general; see for example [14] and [6].

Without loss of generality, consider Q and A1 are both diagonal matrices where each
diagonal entry, together with each entry of vectors c and a1, are iid standard Gaussian.
Then, if the rank of SDP solution X is not 1, from the Lemma we must have at least one
entry in vector (c − y1a1) equals 0, since the 0-value eigenvector of positive semidefinite
matrix Q−

∑
i yiAi + δI, say ei, is perpendicular to vector (c− y1a1). Since both c and

a1 are iid standard Gaussian and there is only one multiplier y1, exactly one entry of
(c− y1a1) is 0 with probability one.

Furthermore, the entry-index of the 0-entry in (c− y1a1) is identical to the one where
the entry of positive semidefinite diagonal matrix Q − y1A1 + δI is 0, or the entry of
diagonal matrix Q− y1A1 who has the lowest eigenvalue. Given each entry of Q and A1

are iid standard Gaussian and they are independent of c and a1, this matching occurs
with probability 1/n. That is, with probability 1 − 1/n, the SDP relaxation solution X
is rank-one, which solves the original QCQP problem exactly.

In summary, we have

Theorem 2. Consider the non-convex QCQP problem (1) where m = 1. Let entries of
(Q,A1, c, a1) be independently and randomly generated from the standard Gaussian. Then,
with probability at least 1−1/n, the SDP relaxation (2) optimal solution is rank-one, that
is, the SDP relaxation solves the original problem exactly.

A possible application of the theorem is to randomly perturb the linear term or gradi-
ent of the quadratic functions a little to achieve a rank-one SDP solution, which solves the
original problem approximately. For example, consider the case 0 = c = ai for all i in the
original QCQP problem. Then, the SDP relaxation solution is not rank-one generically.
But we may make a small random perturbation to c and ai to solve the problem approx-
imately. This implies that certain randomness in the gradient vectors and/or Hessian
matrices may help to solve non-convex optimization problems approximately.
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