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Abstract—In this paper, we investigate the non-interactive
simulation proposed by Kamath et. al. [3], and establish outer
bounds by using the maximal correlation and hypercontractivity
ribbon. For several examples, inner bounds are discussed and
explicit schemes are also introduced.

Index Terms—Hypercontractivity, maximal correlation, Non-
Interactive Simulation

I. INTRODUCTION

In information theory, it is important to find the behavior
of a pair of sets A ⊂ Xn,B ⊂ Yn such that P{Y n ∈
B | Xn ∈ A} ≥ 1 − ε. In [1], The authors investigated its
behavior and used it in proving strong converses of source
coding problem with side information and also the coding
problem for degraded broadcast channel (BC). Later in [2],
the authors found the connection between the behavior of
such sets under ε → 0 and hypercontractivity ribbon, where
this naming is inherited from theoretical physics. Also, they
formularized the term as the ratio of KL-Divergences. Recently
in [3], Anantharam et al. derived another formularization as the
ratio of mutual information, and shed light on their operational
meaning.

The rest of paper is organized as follow In section 2
of this paper, non-interactive simulation model is revisited.
Definitions and properties of maximal correlation and hyper-
contractivity are briefly discussed in section 3. In section 4,
necessary and sufficient condition of several examples are
explored.

II. PROBLEM SETUP: NON-INTERACTIVE SIMULATION

Suppose Alice and Bob want to simulate a jointly distribute
random variable (U, V ) independently. Alice observes a se-
quence of random variables Xn and Bob observes Y n, where
(Xn, Y n)

iid∼PX,Y .
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Xn

Y n

Ũ

Ṽ

Non-Interactive Simulation: If for any ε > 0, there
exist deterministic functions φ, ψ on Xn,Yn, such that
dTV ((Ũ , Ṽ ), (U, V )) < ε where (Ũ , Ṽ ) = (φ(Xn), ψ(Y n)).
This definition is adopted from Kamath and Anantharam
[3]. The total variation distance between two distributions is
defined as

dTV (U, V ) = sup{|PU (A)− PV (A)| : A ∈ F}

Note here that the simulation problem is not exact, but to
make their distributions as close as possible. Also, different
from the problem studied by Gács and Köner [4], this scenario
is rateless; we are simulating a single pair of (U, V ) using
possibly many copies of (X,Y ).

A. Multi-letter Characterization

Theorem: Non-interactive simulation is achievable if and
only if (U, V ) is in the closure of the set

{(Ũ , Ṽ ) : Ũ−Xn−Y n−Ṽ forms a Markov chain for some n}

III. BACKGRAOUND:
HYPERCONTRACTIVITY AND MAXIMAL CORRELATION

A. Motivation

The multi-letter characterization II-A is not tractable, hence
we are looking of a outer bound of achievability, which is easy
to check. By continuity and the data processing inequality of
mutual information, the closure of the set

{(Ũ , Ṽ ) : I(Ũ ; Ṽ ) ≤ I(Xn;Y n)}

will give an outer bound. However, this outer bound is trivial,
as when n → ∞, I(Xn;Y n) = nI(X;Y ) is either 0 or ∞.
So this motivates us to find other measurements of correlation
T (·, ·), with the two desired properties:

• Data processing: if U = f(X), V = g(Y ),

T (U ;V ) ≤ T (X;Y );

• Tensorization: if (Xn, Y n)
iid∼PX,Y ,

T (Xn;Y n) = T (X;Y ).



B. Maximal Correlation

Definition: The Rényi-Gebelein-Hirschfeld Maximal Corre-
lation ρm(X;Y ) is defined to be

ρm(X;Y ) = sup
f,g:E[f(X)]=0,E[g(Y )]=0

E[f(X)g(Y )]√
E[f(X)2]E[g(Y )2]

By Cauchy inequality and by setting f(X) = E[g(Y )|X], we
can show the equivalence characterization of ρm

ρm(X;Y ) = sup
g:E[g(Y )]=0

||E[g(Y )|X]||2
||g(Y )||2

Properties of ρm(·; ·):
• If U = f(X), V = g(Y ), ρm(U ;V ) ≤ ρm(X;Y ). It can

be seen immediately from the definition.
• If (Xn, Y n)

iid∼PX,Y , ρm(Xn;Y n) = ρm(X;Y ). This
result is proved by Witsenhausen [3]. When X ,Y are
finite, a proof based on the relationship between singular
values and tensor product of matrices is obtained by
Kumar [7]. A short proof based on [5] is attached in
Appendix A.

C. Hypercontractivity Ribbon

Definition: The Hypercontractivity ribbon rp(X;Y ) is de-
fined to be

rp(X;Y ) =

{
inf{r : 〈f, g〉 ≤ ||f(X)||q||g(Y )||pr}, p ≥ 1
sup{r : 〈f, g〉 ≥ ||f(X)||q||g(Y )||pr}, p < 1

where 〈f, g〉 = E[f(X)g(Y )] and q is the Hölder conjugate
of p, i.e. 1/p + 1/q = 1. In [2] [4] the ribbon is defined
as qp(X;Y ) = prp(X;Y ). By Hölder inequality and by
setting f(X) = E[g(Y )|X]p−1, we can show the equivalence
characterization of rp

rp(X;Y ) =

{
inf{r : ||E[g(Y )|X]||p ≤ ||g(Y )||pr}, p ≥ 1
sup{r : ||E[g(Y )|X]||p ≥ ||g(Y )||pr}, p < 1

Properties of sp(·; ·):
• If U = f(X), V = g(Y ),{

rp(U ;V ) ≤ rp(X;Y ),∀p ≥ 1
rp(U ;V ) ≥ rp(X;Y ),∀p < 1

Again, this can be seen immediately from the definition.
• If (Xn, Y n)

iid∼ (X,Y ),

rp(X
n;Y n) =

{
max{rp(Xi;Yi)},∀p ≥ 1
min{rp(Xi;Yi)},∀p < 1

A short proof based on [2] is attached in Appendix B.
• For fixed (X,Y ), rp(X;Y ) is non-increasing in p. This

is a direct consequence of Lyapunov’s inequality.
•

lim
p→∞

prp(X;Y )− 1

p− 1
= lim
p→∞

rp(X;Y )

exists, and defined to be s∗(X;Y ). In [6] they showed

lim
p→1+

prp(X;Y )− 1

p− 1
= s∗(Y ;X).

D. ρm and s∗ for some special sources

1) Doubly Symmetric Binary Source (DSBS): (X,Y ) ∼
DSBS(α) if X ∼ Bern( 1

2 ) and Y is obtained by passing
X through a BSC(α).

0 0

X ∼ Bern(1/2) Y

1 1

1− α

α
α

1− α

If (X,Y ) ∼ DSBS(α), ρ2m(X;Y ) = s∗(X;Y ) = (1 − 2α)2.
The proof is simple calcuclus and can be found in [2].

2) Symmetric Binary Erasure Source (SEBS): (X,Y ) ∼
SEBS(ε) if X ∼ Bern( 1

2 ) and Y is obtained by passing X
through a BEC(ε).

0 0

X ∼ Bern(1/2) e Y

1 1

1− ε

ε
ε

1− ε

If (X,Y ) ∼ SEBS(ε), ρ2m(X;Y ) = s∗(X;Y ) = 1− ε.
3) Binary Symmetric Binary Erasure Source (BSBES):

(X,Y ) ∼ BSBES(α, ε) if X ∼ Bern( 1
2 ) and Y is obtained

by passing X through a channel indicated below.

0 1

X ∼ Bern(1/2) e Y

1 1

(1− ε)(1− α)
ε

ε

(1− ε)(1− α)

If (X,Y ) ∼ BSBES(α, ε), ρ2m(X;Y ) = s∗(X;Y ) = (1 −
ε)(1− α)2.

IV. EXAMPLES OF NON-INTERACTIVE SIMULATION

We investigated several non-interactive simulation scenarios
and gave necessary conditions using maximal correlation and
hypercontractivity. Sufficient conditions will also be demon-
strated using explicit generation schemes.

A. DSBS(α1) Input and DSBS(α2) Output

Alice

Bob

Xn

Y n

U

V

DSBS(α1) DSBS(α2)

In this example, the source follows DSBS(α1) and the output
follows DSBS(α2), with α1, α2 ≤ 1

2 .



1) Necessary Condition: By tensorization and data process-
ing inequality of maximal correlation,

ρ2m(X;Y ) ≥ ρ2m(U ;V )⇔ α1 ≤ α2

is necessary.
2) sufficient Condition: We claim that α1 ≤ α2 is also the

sufficient condition. Since α1 ≤ α2, there exits α̃, such that
α1 ∗ α̃ = α2. Consider the following scheme

0 0

Ũ = X1 Y1

1 1

1− α1

α1

α1

1− α1

0 0

Ṽ

1 1

1− α̃
α̃

α̃

1− α̃

Alice take Ũ = f(Xn) = X1, and Bob passes Y1 through a
simulated BSC(α̃). Consider

Sn = 4(

∑n
i=2 Yi√
n− 1

−
√
n− 1

2
)

By central limit theorem, Sn
d→ N(0, 1). Then we set Z = 0

wherever Sn < Φ−1(α̃), and set Z = 1 otherwise. Then for
such Z, let Ṽ = Y1 ⊕ Z.

B. Example 2: DSBS Input and SBES Output

The source follows SEBS(ε1) and the output follows
SEBS(ε2).
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Y n
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V

SBES(ε1) SBES(ε2)

1) Necessary Condition:

ρ2m(X;Y ) ≥ ρ2m(U ;V )⇔ ε1 ≤ ε2

is necessary for non-interactive simulation.
2) sufficient Condition: It happens that ε1 ≤ ε2 is sufficient

condition too. Note ε̃ = ε2 − ε1 ≥ 0 when ε1 ≤ ε2. Now
consider the following scheme

0 0

Ũ = X1 Y1

1 1

1− ε1

1− ε1

0 0

Ṽ

1 1

1− ε̃
1

1− ε̃

Alice take Ũ = f(Xn) = X1, and Bob passes Y1 through
a simulated BEC(ε̃). Using Sn defined in Example 1, we set
Z = 0 wherever Sn < Φ−1(ε̃). Bob makes an additional
erasure whenever Z = 0.

C. Example 3: SBES Input and DSBS Output

The source follows SEBS(ε1) and the output is DSBS(α2).
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SBES(ε1) DSBS(α2)

1) Necessary Condition: As before, ρ2m(X;Y ) ≥
ρ2m(U ;V ) ⇔ ε1 ≤ 4α2(1− α2) is necessary. Note that this
condition matches the channel condition of less noisy DM-
BC where one channel is BSC(α2) and the other channel is
BEC(ε1).

2) sufficient Condition: We demonstrate ε1 ≤ 2α2 is
sufficient by explicitly construct a simulation scheme. Note
that this condition matches the channel condition of degraded
DM-BC, which is quite interesting. Consider the following
scheme

0 0

Ũ = X1 e Y1

1 1

1− ε1

1− ε1

0 0

e Ṽ

1 1

1− α̃
0.5

0.5

1− α̃

Alice take Ũ = f(Xn) = X1, and Bob passes Y1 through
a simulated channel where an erasure is mapped with equal
probability to {0, 1}, together with an additional crossover
probability α̃ such that ε

2 ∗ α̃ = α2. Bob can then simulate
the channel, as Sn defined above approaches a Gaussian
distribution, any distribution can be simulated using Sn.
Notice there is a gap between the inner and outer bounds.
One may ask which one is tight. We performed numerical
simulation and it turns out that the sufficient condition is tight.
The analytical proof is still open.

D. Example 4: DSBS Input and BSBES Output

The source follows DSBS(α1) and the output follows
BSBES(α2, ε2).
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DSBC(α1) BSBES(α2, ε2)

1) Necessary Condition: As before, ρ2m(X;Y ) ≥
ρ2m(U ;V ) ⇔ (1− α1)2 ≥ (1− ε2)(1− α2)2 is necessary.

2) sufficient Condition: ε1 ≤ 2α2 is a sufficient condition,
by using the following scheme. Note that there exist α̃ such
that α2 = α̃ ∗ α1



0 0

Y1

1 1

1− α1

1− α1

0 0

U X1

1 1

1− α̃

1− α̃

0 0

e V

1 1

1− ε

1− ε

Alice and Bob both simulate channels, indicated above. Using
non-overlapping time series and previous methodology, the
simulation is achievable. Note here a gap between inner and
outer bounds also exist, and numerical simulation suggests the
inner bound is tight.

E. Example 5: sp Gives Sharper Outer Bound than ρm
In [3], the authors give a example where hypercontrac-

tivity gives sharper necessary condition. Consider (X,Y ) is
DSBS(α) and (U, V ) to be simulated follows

PU,V (0, 0) = PU,V (0, 1) = PU,V (1, 0) =
1

3

1) Necessary Condition: Assume that α ≤ 1
2 . Maximal

correlation gives the following outerbound

ρm(X;Y ) ≥ ρm(U ;V )⇔ 1− 2α ≥ 1

2
⇔ 1

4
≤ α ≤ 1

2

On the other hand, hypercontractivity gives tighter necessary
condition. If simulation is possible, there exist functions f, g,
satisfying Ũ = f(Xn) and Ṽ = g(Y n), and

P{Ũ = 1} ≈ P{Ṽ = 1} ≈ 1

3
, and P{Ũ = 1, Ṽ = 1} ≈ 0

Let A = f−1({1}), B = g−1({1}). Then, the reversed
hypercontractivity inequality under p < 1 says,

P((Xn, Y n) ∈ A×B) ≥ P(Xn ∈ A)pP(Y n ∈ B)prp > 0

which means P(Ũ = 1, Ṽ = 1) = P((Xn, Y n) ∈ A×B) > 0,
indicating that the simulation is impossible for all α ≤ 1

2 .

V. CONCLUSION

We explored the properties of maximal correlation and
hypercontractivity, and illustrated their importance in estab-
lishing outer bounds in the non-interactive simulation problem.
Further investigations in more general settings are needed to
unleash the full power of this technic.
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APPENDIX

A. Proof of tensorization of maximal correlation

For any g such that E[g(Y1, Y2)] = 0, we have

||E[g(Y1, Y2)|X1X2]||2
= ||E[(g − E[g|X1]− E[g|X2]) + E[g|X1] + E[g|X2]|X1X2]||2
(a)

≤ ||E[g − E[g|X1]− E[g|X2]|X1X2]||2
+ ||E[E[g|X1]|X1X2]||2 + ||E[E[g|X2|X1X2]]||2

(b)

≤ ρm(X1;Y1)ρm(X2, Y2)||g − E[g|X1]− E[g|X2]||2
+ ρm(X2, Y2)||E[g|X1]||2 + ρm(X1;Y1)||E[g|X2]||2
≤ max{ρm(X1;Y1), ρm(X2, Y2)}

(||g − E[g|X1]− E[g|X2]||2 + ||E[g|X1]||2 + ||E[g|X2]||2)

(c)
= max{ρm(X1;Y1), ρm(X2, Y2)}||g(Y1, Y2)||2

where (a) is by Minkowski’s inequality, (b) is by definition of
ρm, and (c) is by orthogonality. So we have

ρm(X1X2;Y1Y2) ≤ max{ρm(X1;Y1), ρm(X2, Y2)}.

The other direction is immediate. �

B. Proof of tensorization of hypercontractivity ribbon

Without loss of generality, assume p > 1. For any g and
r > max{rp(X1;Y1), rp(X2;Y2)}, we have

||E[g(Y1, Y2)|X1X2]||p

= {
∫ ∫

[

∫ ∫
g(y1y2)wY1|X1

(dy1, x1)wY2|X2
(dy2, x2)]p

PX1(dx1)PX2(dx2)}
1
p

(a)

≤ {
∫
{
∫
wY1|X1

(dy1, x1)

[

∫
(

∫
wY2|X2

(dy2, x2)g(y1y2))pPX2
(dx2)]

1
p }pPX1

(dx1)}
1
p

(b)

≤ {
∫

[

∫
wY1|X1

(dy1, x1)(

∫
g(y1y2)prPY2

(dy2))
1
pr ]pPX1

(dx1)}
1
p

(c)

≤ {
∫

[

∫
g(y1y2)prPY2

(dy2)]
1
pr prPY1

(dy1)}
1
pr

= ||g(Y1Y2)||pr

where (a) is my Minkowski’s inequality, (b),(c) are from the
definition of rp. As a result, we have

rp(X1X2;Y1Y2) ≤ max{rp(X1;Y1), rp(X2, Y2)}.

The other direction is immediate. �
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