PROJECTILE MOTION ON A CART
NOVEMBER 9, 2008

JIEHUA CHEN AND WILLIAM WU

Problem A cart is moving on an frictionless incline sloped with angle ¢, with initial velocity vy in the
direction of the incline. A projectile is launched in the direction normal to the incline’s surface, with
velocity v. Prove that the projectile lands on the cart.

Solution Let 6 denote the angle of the projectile’s initial velocity with respect to the horizontal, as
shown in Figure 1.

FIGURE 1. Projectile Motion on Moving Cart

Using results from a previous problem, we know that the length up the incline that the projectile will
travel is

2(vZ + v?) cos? O(tan § — tan ¢)

(1) L= gcos o

where (v2 +v?) is the squared magnitude of the projectile’s initial velocity. We now compute the amount
time required for the projectile to land at this location. Since the only force acting on the system is
gravitational acceleration in the vertical direction, the velocity of the projectile in the horizontal direction

is constant, and is given by
vy = 1/ V3 + v%cosf.

Since the distance the projectile travels up the incline is L, the horizontal distance that the projectile
travels is L cos ¢. The total flight time of the projectile is then

@) Lcos¢ Lcos¢
T= = .
Uz Vi + v? cosb

In the meantime, the distance up the incline that the cart travels is

(3) S = —%(g sin ¢)72 4 voT.
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We wish to prove that S = L. Assuming that this is true, substituting our equation for S and 7 yields

1
—§(gsin¢)7'2+voT=L
1, . Lcos¢ Lcos¢
—=(gsin — | 4| ——— | =1L
2(9 ?) (\/vg—i—v?cosH) 0 (\/U8+U2COS6‘>
2
1, . cos ¢ cos ¢
——(gsin — | L+vy|—mm@— | =1
2(9 ?) <\/v§+v2c059> 0 (x/vg—l—vzcost?)

where in the last step we cancelled an L from both sides. Substituting Equation 1 yields

) —l(gsinqﬁ) < cos ¢ ) <2(v§+1;2)cos29(tan9—tan¢))> v < cos ¢ ) _1

2 \/v3 + v? cos gcos ¢ /3 + v? cos
It thus suffices to argue that the left-hand side (LHS) is indeed equal to 1. Cancelling terms in the
numerators and denominators, we have:

2
cos ¢ (2(1}8 +v?) cos? f(tan 6 — tan¢)) . COoS ¢
Vi +v2 cosb gcos¢ 0 Vi + v?cosb

_ _(gsing) (cos¢)2 (cosQH(tanﬁ—tan@) . cos ¢
-y cos 6 gcos o 0 \/Wcosﬁ

e cos ¢(tan 6 — tan (b)) _ cosg
= (951n¢)< P + o ( T—i—v%es&)

= —sin ¢ cos ¢(tan 6 — tan ¢) + \/vzvoﬁ (ZZZ?)
0

LHS = —%(gsinqﬁ) <

— Vo
Observe that cosa = T Thus,
LHS = —sin¢cos ¢(tan§ — tan @) + (W>
cos 6
= —sin¢cos¢(tand — tan¢) + <M>
cos 6
= —sin ¢ cos ¢(tan § — tan ¢) + < (c0s 6 cos ¢ _22;1;9 sin ¢) cos ¢)

= — sin ¢ cos ¢(tan 6 — tan ¢) + (cos ¢ + tan 6 sin ¢) cos ¢

= —sin ¢ cos ¢ tan  + sin ¢ cos ¢ tan ¢ + cos” ¢ + sin ¢ cos ¢ tan 0
= sin ¢ cos ¢ tan ¢ + cos? ¢

= sin® ¢ + cos® ¢

=1.



