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1 Algebra

1.1 Definitions

1 ei:c - e—iac
sinxy = = -
cscx 21
e’L.Z’ +6—Z$
cosx = =
secx 2
‘ew —e T
tanx = = —1— -
cotx e e~

1.2 Quotient identities

sinzx
tanx =

cos T

1.3 Hyperbolic relations
sinhx = —isin(ix)
cschz = icsc(ix)

1.4 Pythagorean identities

2

sin® x + cos

cosh?z —sinh?z = 1
1.5 Co-function identities

LT
sin 5—:/5 =coszx

s

Csc <* — l‘) = secx sec (

2

1.6 Parity relations

sin(—z) = —sinx cos

cse(—x) = —cscx sec
sinh(—z) = —sinhz cosh
csch(—z) = —cschz

1.7 Sum-difference formulas

sin(x + y) = sinx cosy + coszsiny
cos(x + y) = cosz cosy Fsinzsiny
tanx + tany

t +y)=—""""8H—"—"
an(@ +y) 1 Ftanzxztany

cosh z

sech x

r=1 sec

sech?z + tanh?z = 1

b 1 et —e™ %
sinhz = =
csch x 2
L 1 et +e 7T
coshx = =
sech x 2
1 et —e™®
tanhx = =
cothz e*+e %
sinh z
tanhx =
cosh z
= cos(ix) tanh z = —itan(iz)
= sec(ix) cothx = icot(ix)
r—tan’z =1 cscz —cot’z =1

coth? x — csch®z = 1

s
tan (5 — :z) =cotx

s
cot (— — x) = tanx
2

) = cosx tan(—x) = —tanx
) =secx cot(—x) = —cotx
) = coshx tanh(—z) = — tanh z
) =sechx coth(—z) = —cothz

sinh(z £ y) = sinh z coshy & cosh z sinh y
cosh(z + y) = cosh  cosh y £ sinh x sinh y
tanh x £ tanh y

tanh(z £ y) =
anh(z + y) 1+ tanhx tanhy




1.8 Double angle formulas

= 2sinxcoszx
2

(2z)

cos(2x) = cos® z — sin
(2)
(22) 2tanzx

sinh(2z) = 2sinh x cosh x

r=2cos’r—1=1-2sin’z

2tanh x

tanh(2z) = ;=

1.9 Power-reducing, half angle formulas

Using these as half angle formulas requires taking a square root whose sign must be chosen

carefully.
1—- 2
sin?z = C;S( z) cos’z =
h(2z) — 1
sinh?z = COS(;) cosh?z =

1.10 Sum to product formulas

r—y
2
r+y r—y

9 COs 9

Y
cos

sinz +siny = 2sin

cosx + cosy = 2cos

1.11 Product to sum formulas

1
sinzsiny = 3 [cos(x — y) — cos(x + y)]
1
sinxcosy = 5 [sin(z + y) — sin(z — y)]
1.12 Euler equations
e® = coshz + sinhx

e =cosx +isinx

1.13 Triangle laws

1 2 1- 2
+ cos(2x) ton? o — cos(2x)
2 1 + cos(2x)
h(2 1 h(2x) — 1
cosh(2x) + tanh? g — 8 (22)
2 cosh(2z) + 1
. . THY . T—Y
sinx — siny = 2 cos sin
2 2
. Tty -y
cosT — cosy = —2sin sin 5

1
CoSTCOSY = 5 [cos(z — y) + cos(z + y)]

e ¥ =coshz — sinhzx

e "™ =cosx —isinzx

These are for any triangle with sides of length a, b, and ¢ with angles opposite those sides A,

B, C.



Law of sines
sin A _sinB sin C' 1

a b c 2R

where R is the circumradius.

Law of cosines

? =a®+b*—2abcosC

Law of tangents

a—{—b_tanA‘FTB

a—b tan —AEB

1.14 Tangent formulas

The first is a generalization of the sum formula. The second is derivable from the double
and half angle formulas. The third follows directly from the tangent power reducing formula.
The fourth follows from the second and third. The last follows directly from the tangent sum
formula. In this way, hyperbolic versions can be similarly derived.

tan[(n — 1)x] + tanx

tan(ne) = 1 —tan[(n — 1)z]tanx
tang __sinz 1—'cosx _ tan:csn?:c
2 14 cosx sin x tanz 4 sinx

1 — tan? 5

CoST = 1 + tan? 3
. 2tan 3

St = 1 + tan? 5
s 1+ tanz
tan (v 7) = 700

1.15 Inverse relations

These are derivable from the co-function identities.

cos = g —sin"!x cset = g —sec !z cot™! = g —tan"'z
sin~!(—z) = —sin 'z cos H(—z)=m—coslz tan"!(—z) = —tan" 'z
csc H(—z) = —csc sec H(—z)=m —sec tx cot Y(—z) =7 —cot 1z

-1

_ 11 . . . 11 .
COS = sec xT sin — = CSC ! T sec 1 = COS €T CSC — =8sm T

8|~
8
8|~
8



tan~? % = g —tan 'z =cot lz x>0
tanflé:—g—tanflm:—ﬂ—i-cot*lw x <0
cot™! % = g —cot laz =tan"lx x>0
cot_lézg—cot_lm:ﬂ—i—tan_lx <0

These are derivable from the half-angle formulas:

-1 1

sin” " x = 2tan"

z
e
Vi
1+
1 T
14+ vV1+ 22

Similarly, a few for hyperbolic functions are

-1

cos” “x = 2tan” —1<z<1

1

tan™ " x = 2tan™

1 1 1
sech™ 2 = cosh™! = csch™tz =sinh™! = coth™ z = tanh™! =
T T T

1.16 Inverse functions as logarithms

Note: give branch cut locations.

sin"'2z = —iln (zx +v1-— ZL‘2) lz| <1

cos 'z = —iln (x+\/x2—1) lz] <1

CE) -
T

1 1— 22
seclx——iln<+ :z) lz| > 1
T
3ln -
2 x4+
sinhflm:1n<a?—|— 372—1—1)
cosh_llen(m+\/:v—1\/x—|—1) z>1

cot ™ la =

1. 1
tanh ™z = = In —~ lz| <1
2 1—x
sech’lx:1n<x*1+\/a:—l—l\/x—1+1> 0<z<1
csch™'z =1n (:L'_l +V1+ x*Q)
1 1
coth 'z = = In 2" lz] <1

2 x-—1



Simplifications of root products are not made since we assume principal roots (this is irrelevant
for real 2). Note that csch™' 2 =In 1‘*'2—‘/5

1.17 Inverse sum formulas

This is derivable from the tangent sum formula.

tan_lw—l—tan_ly = tan ! Ty
1—2zy
2 Calculus
2.1 Series
3 5 7 & n,.2n+1
) x x T B (=1)"x
2 4 6 a n,.2n
x*  xt oz (—=1)"x
3 5 7 o0 n+1
x 2x 17z Usni1w
t = —_t 4+ —+... = _
e R T 2 20 1 1)
00 -1 n—122n 22n —~1)B xZn—l
-y T ) B o<
n=1 ( n)
1z 72 3l 2 (=12 (22771 — 1) Bypa?n !
=4+ 4 . = 0< |z| <
ST =36 360 T 15120 nzo (2n)! ol <
2 4 6 o0 o 0 2
x 5z 61z Uspx (=1)"Egpx T
=14+—+—4+—+4+... = = <z
ST =ty T T T (2n)] 2 (2n)! el <3
n=0 n=0
1z 2% 220 2. (—=1)"2%" By, g2 1
ter=———=-———-———... = 0< <
e RV YT ; (2n)! ol <

where U, is the nth up/down number, B, is the nth Bernoulli number, and F,, is the nth
Euler number.



2.2 Inverse series

2.4-67
1-3-527

4 +1x3 1-32° 1-3-527
S1n r =2 - -
23 245
cos! T +1$3+1'3x5+
xr = — — —_ J—
2 23 45
. _1 $3<+ 5 x7<+
an r=Tr — — —_ ..
3 5 7
1 ,1+1x—3+1.3x—5
csC Tx =1 -t ——
23 245
1y T [y te? 13270
sec $-—-2 T 93 5
cot Lz = x £3+£5 i—i—
2 3 5 1 7

A more efficient series for inverse tangent:

tan

2.3 Hyperbolic series

2 2> 2

sinhx =z —i-g—i—g-f—?—%

z2 2t S

cosh:czl—l—g—i-f—i-a-&-

tanh  — m3+2x5 1727
AT = T s T 315

1z 723 3120
csche = — — -4+ — —
r 6 360 15120

h 1 x2 n 5zt 6125
sechr=1— —+ — —
v 2 T4 T 720

th 1+x+z3+2x5+
cothz = — — + —
3 45 945

-1

S ( 2n+1
_2022” n! 22n—i—1

T 0 2n+l
-67+"} 57222”71'2271—%1
Z n2n+1
= 2n—|—1
1-3.527 > o—(2n+1)
+ AR _yo e
-4-6 7 nOQ”n‘ 2n + 1
3-5z277 T = (2n) g~—@ntl)
2] -
4.6 7 2 = 2”(n') 2n+1
n2n+1

:*_Z 2n+1
n=>0

& 22n(n!)2 m2n+1

- | 2\n+1
= Cn+ DA +22)"

O<|z|<m
(2n)!
n=1
> Ea ol <

_ 2l < X
= (2n)! 2

oo
0<|z|<m

where B, is the nth Bernoulli number, and F,, is the nth Euler number.

lz] <1

2] <1
2l <1
x Fi,—i
2l > 1
2] > 1

|z <1

T £ i, —1



2.4 Inverse hyperbolic series

Guhlg o L@ 1-32° 1-3-547 :§3@1wmmx%ﬂ
23 245 2467 2 22n(nl)2 2n 4 1
la=? 1.307% 1.3.527° X (~1)™(2n) 220
—1 _ B
cosh™" z = In(2z) — §T+ﬁ 1 +2-4~6 5 +] —ln2x—z 2 ()2
n=1
3 5 7 ®©  2n+1
x
tanh 'z =2+ — + — + — _
R T T A 2 2t
csch™ g = 21 — lﬁ 1-3x _ 1-3-527 N :i (_1)“(2n)!x—(2n+1)
2 3 2-4 5 2:4-6 7 B ~ 22n(nl)2  2n+ 1
2 [122 1-32% 1-3.54° 2 o= (—1)"(2n)! 22"
N x z° 2 (1" (2n)! 2
sech =ty Y e T a6 +] 7 ; 2n(nl2 21
-3 -5 -7 > .—(2n+1)
R A e
n=0
Expanding about oo,
[e.e]
Gnh—1 . -1 n—1 (271—1)” —on
sinh™ 2z =In2—-Inz +;(—1) Ww
[e.e]
cosh™xz=In2—-Inxz —ZWQU n
n=1
o
_ P,—1(0) _
hlp=N 222V —n
csch™ " x Z —

n=1

o0
sech 'z =In2—Inz+ Z (=
n=1

where n!l = n-(n—2)-(n—4) ... down to 1 or 2if n is odd or even (so (2n+1)!! = (2n+1)!127"/nl,

nrtien — DI,

n

2n(2n)!!

(2n — D!l = (2n)!127"/n!, and (2n)!! = 2"n!). P,(z) is a Legendre polynomial.

2.5 Derivatives

—sinz = cosx

dx
d

— CSCX = —cscxrcotx

dzx

2.6 Inverse derivatives

d L1 1
%Sln xr = ﬁ

_1 1
N

— cosx = —sinx
dx
d
—secx = secxrtanx
dzx
1 ].
—cCcos = ————
T V1—2z2
1 1
—sec Tx =

— tanx = sec?

dx

T

2

—cotor = —cscx
dx

d tan~! !
—tan “x =

dx 14 22
d (1 1
— CO xr=—

dx 1+ 22

2n

x| <1

r>1

x| <1

lz| <1

O0<ax<1

|x| > 1



2.7 Hyperbolic derivatives

d d
— sinhx = cosh z — coshz = sinhx — tanh z = sech?® z
dzx dx dzx
— cschz = — cschx coth x — sechz = —sech z tanh x — cothz = —csch® z
dx dx dzx

2.8 Inverse hyperbolic derivatives

1 1 1
— sinh ™ty = —— —coshlg= —n—— — tanh 'x =
dx V1 + 22 dx Vr—1yz +1 dx 1—2
d 1 d 1 d 1
—csch™tr=— —sech ™z =— — coth™tz =

dx 221+ 272 dx x($+1) /% dx 1— 22
2.9 Integrals

/sina:: —cosw /cosm:sinm /tanwz —In |cos x|

/csc:c: —In|cscz + cot z| /secx:1n|secx+tanx] /cotlen|sin:1;|

2.10 Inverse integrals

Compute by integration by parts using the derivative of the function.

2.11 Hyperbolic integrals

/sinh:z: = coshz /coshx = sinhz /tanha} = In| cosh z|

/cschx =1In ’tanhg’ /secha: = 2tan" ! tanhg /Cotha: = In|sinh z|

2.12 Inverse hyperbolic integrals

Compute by integration by parts using the derivative of the function.
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