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Abstract

This is a draft only. Please inform me of any errors, points needing clarification,
organizational changes, etc. Particularly important are assumptions I may have forgotten
to state explicitly.
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1 Definition

1.1 Pure form

OFE
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where p and J are total charge density and total current density (bound and free). All
fields are assumed to be functions of space and time.

1.2 Material form

Alternatively, we separate out the material properties by setting

p=py+py J=Jdy+Jy

pp=—-V-P Jb:VXM—i-aal;

D =¢FE+ P B = po(H + M)
so then Maxwell’s equations become

V-D =py V-B=0

VXE:—%I: V><H:Jf+881t)

The set of 10 equations listed thus far contains 12 variables, and hence is not closed. Two
additional constitutive relations must be specified:

P(r,t) = eo/d3r'dtlxe(r,r',t,t';E)E(r’,t')

1

M(r,t) = — /dgr’dt’xm(r,r’,t,t’;B)B(r’,t’)
Ho

It is this form that will be primarily used throughout the rest of this work, since we are most

interested in the effect of material properties.

1.3 Special cases of susceptibilities

Typically, the susceptibilities y. and x,, are spatially localized functions, so that they do not
depend on position. Mathematically,

Xe(r, 7', t,t'; E) = x(t,t'; E)d(r — ')
Xm (P, 7' 1,1 B) = xm(t,t'; B)d(r — 7')

Then the constitutive relations become
P(r,t) = eo/dt’xe(t,t’;E)E(r,t’)

1
M(r,t) = /dt'xm(t,t’;B)B(r,t’)
Ho
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Furthermore, if the material is causal, linear, and time-invariant, we may instead write

P(r,t)= 6[)/ dt' xe(t —t)E(r,t') = eoxe(w)E(r,w)

— 00

t
M(r,t) = :0/_ 'y (t — ) B(r, ) = :Oxm(w)B(r,w)

subject to the Kramer’s-Kronic relations for the real and imaginary parts:

R Dy (w 79/ L RACICOIFW

— W

3 (xw) = —2p [ B0,
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At this point, we arrive at the typically recited linearly dispersive constitutive relations D =
eF and B = pH. If we go further and assume the material has instantaneous response, then

the material is no longer dispersive. Mathematically, the statement becomes

Xe(t,t') = xed(t — 1) X (£ 1) = Xm0 (t — 1)

and so € and p are not frequency dependent.

1.4 Related quantities
1.4.1 Classical force

The Lorentz force for a single charged particle is
F =q(E +v x B)
For a charge and current density, we generalize this to
F:/Qdi”rp(E+J x B)

From these we may derive the maxwell stress tensor [?]
Tyw = €E.E, +pH,H, — 2 [E-E+ H - H]

from which the force an a general body is

F—/ Tyda,
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1.4.2 Poynting vector
The energy density flux carried by the fields is

S=FExH

The generalization to dispersive and lossy cases is below.

1.5 Symmetry relations
1.5.1 Continuity equation
1.5.2 Reciprocity

2 Planewave basis

The utility of the Fourier transform technique suggests planewave solutions, requiring the use
of complex-valued fields. Since all physical fields are purely real, it is assumed that to obtain
a physical field from a complex-valued field, only the real part is taken. Taking the curl of
the source free Faraday’s law,

0B

VXVXE+VXx—=0

ot
The order of differentiation on the right may be interchanged by relativistic invariance. Here
we must assume a linear dispersive medium, so that B = puH, then using the source-free
Ampere-Maxwell law,

2 2

0

E
V(V-E)-— V2E+euaat2 = [VQ

which is a vector wave equation. This suggests that there exist planewave solutions of the
form E = Ege™t~%7 This is the time-harmonic convention used throughout. Substituting
this proposed form of the solution back into Maxwell’s equations, we arrive at

kEx FE =1iwB
kx H=—iwD

The above equations assume a uniform linear dispersive medium (so that D(w) = €(w)E(w),
etc.). Note that the divergence relations are no longer needed since planewaves automatically
satisfy them.
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2.1 Operator theory

Deriving the vector Helmholtz equations from source-free Maxwell’s equations for linear dis-
persive materials in time-harmonic form gives

[1V X <1V><> — wz} E=0 time  har-
€ 7 monic

1 1 9 Helmholtz
[MV X <€VX> e ] H=0 equations

These define eigenvalue equations with operators

1 1 1 1
=2=-V X <V><> 0=-Vx <V><>
€ 1 ,u €
For the straightforward inner product (E1, E3) = [ d®rEqE,, the adjoint operators are
1 1 1 1
E*:VX<VX> @*zVX(VX)

3 Solutions to Maxwell’s equations

Here we assume all media to be causal, linear, and time-invariant unless otherwise specified.
In other words, assume materials are linear dispersive.
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