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Goal

Can we develop algorithms that provably solve a problem using
storage controlled by the size of the problem data and the size
of the solution?

Problem data: O(n)

↓

Working memory: O(???)

↓
Solution: O(n)
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Model problem: semidefinite program (SDP)

consider primal SDP with decision variable X ∈ Sn:

minimize tr(CX )
subject to AX = b

X � 0,
(P)

problem data:

I cost matrix C ∈ Sn

I linear map A : Rn×n → Rm

I righthand side b ∈ Rm
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Are desiderata achievable?

suppose (P) has

I compact specification: problem data use O(n) storage

I compact solution: solution X? has constant rank r?
=⇒ solution uses O(n) storage

(P), using any first order method:

Problem data: O(n)

↓
Working memory: O(n2)

↓
Solution: O(n)
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Are desiderata achievable?

(P), using approximate complementarity:

Problem data: O(n)

↓

Working memory: O(n)

↓
Solution: O(n)
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Motivation: large scale SDP

Max-Cut Matrix Completion
[Goemans and Williamson 1995] [Srebro and Shraibman 2005]

minimize tr(−LX )
subject to diag(X ) = 1

X � 0

minimize tr(W1) + tr(W2)
subject to Xij = X̄ij , (i , j) ∈ Ω[

W1 X
X ∗ W2

]
� 0

I Matrix completion:
I 109 users, 109 products
I =⇒ SDP with 1018 variables

I MaxCut:
I 109 people in social network
I =⇒ SDP with 1018 variables

I Phase retrieval:
I 103 × 103 discretization of sample
I =⇒ SDP with 1012 variables
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Optimal Storage

What kind of storage bounds can we hope for?

I Assume black-box implementation of

u 7→ Cu, (u, v) 7→ A(uv∗), and (u, y) 7→ (A∗y)u,

where u, v ∈ Rn, y ∈ Rm.
I Need Ω(m + n) storage to apply problem data.
I Need Θ(rn) storage for a rank-r approximate solution.

Definition. An algorithm to return a rank r (ap-
proximate) solution to (P) has optimal storage
if it uses working storage

Θ(m + rn).
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Related work: convex methods

I Interior point methods: storage Θ(n2 + m2)
I [Nesterov and Nemirovski 1989, Nesterov and Nemirovskii

1994, Alizadeh 1991; 1995]; . . .

I Matrix-free first order methods: storage Θ(n2 + m)
I [O’Donoghue et al. 2016]; . . .

I Storage-efficient first order methods: storage ?
I spectral bundle method [Helmberg and Rendl 2000];

truncated CGM [Rao et al. 2013]; spectral low rank
optimization [Friedlander and Macedo 2016]; . . .

I control storage or guarantee convergence
I not both

I Storage-optimal first order methods: storage Θ(nr +m)
I SketchyCGM [Yurtsever et al. 2017]; . . .
I controls storage and guarantees convergence
I only solves smooth nuclear-norm-constrained SDP
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Related work: non-convex methods

Burer-Monteiro approach: Solve

minimize tr(CFF ∗)
subject to A(FF ∗) = b

(BM)

with variable F ∈ Rn×r

I Advantage: when
r(r + 1)

2
> m,

any second order stationary point is globally optimal
[Burer and Monteiro 2003, Boumal et al. 2016].

I Limitation: [Waldspurger and Waters 2018] show that (for some
A, b,C )) (BM) admits bad local minima when

r(r + 1)

2
+ r ≤ m

=⇒ BM approach is not storage optimal
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Storage optimal methods for SDP

two approaches (so far) to storage-optimal SDP:

I SketchySDP. [Yurtsever et al. 2017]; . . .

1. Use primal-dual solver to solve dual problem
2. Insight: can sketch primal during iteration
3. Recover from sketch

I Complementary slackness. [Ding et al. 2019]

1. Use any dual solver to solve dual problem
2. Insight: optimality conditions identify range of primal
3. Recover primal by solving smaller SDP
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Dual problem

consider dual SDP with decision variable y ∈ Rm:

maximize b∗y
subject to C −A∗y � 0

(D)

for sufficiently large α > 0, equivalent to penalized dual

maximize b∗y + αmin(λmin(C −A∗y), 0)

I any first order method for (D) uses optimal storage

I (just compute minimal eigenvalue with iterative method)
I e.g., subgradient method, AdaGrad [Duchi et al. 2011],

AdaNGD [Levy 2017], AccelGrad [Levy et al. 2018], . . .

Madeleine Udell, Cornell. Optimal Storage SDP. 12



Assumptions

Assumption (Genericity)

I primal SDP attains its solution(s)

I dual SDP has a unique solution y?
I primal and dual SDP satisfy strong duality

0 = tr(CX?)− b∗y? = tr(X?(C −A∗y?)) = X?(C −A∗y?)

I (for storage optimality) strict complementary slackness

rank(X?) + rank(C −A∗y?) = n

=⇒ solution X? of primal SDP is unique [Lemon et al. 2016]

Note: these conditions hold generically [Alizadeh et al. 1997]
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Primal recovery via exact complementarity

suppose y? ∈ Rm solves (D)

I define dual slack matrix Z? = C −A∗y?
I strict complementarity holds between X? and Z?

rank(X?) + rank(Z?) = n =⇒ range(X?) ∈ null(Z?)

I let V? be a basis for nullspace of dual slack matrix Z?
I constrain X = V?SV

∗
? in primal SDP for some S ∈ Sr?

? .
=⇒ solution is preserved!
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SDP via exact complementarity: algorithm

Algorithm SDP via exact complementarity

Given: problem data C , A, b

1. compute solution y? ∈ Rm to (D)

2. compute basis V? for nullspace of dual slack matrix
Z? = C −A∗y?

3. solve reduced primal (PV?) with variable S ∈ Sr?
+

minimize tr(CV?SV
∗
? )

subject to A(V?SV
∗
? ) = b

S � 0
(PV?)

to find primal solution X? = V?SV
∗
?

Reduced primal is easy: e.g., when r?=1, (PV?) solves a 1D
problem over S ∈ R+
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SDP via exact complementarity: storage complexity

SDP via exact complementarity uses optimal storage:

1. compute y? with any subgradient method
(O(m + n) storage)

2. compute V? using randomized linear algebra
(e.g., [Halko et al. 2011]) (Θ(nr?) storage)

3. solve (PV?) via a matrix-free method
(e.g., [O’Donoghue et al. 2016]) (Θ(m + n + r2

? ) storage)

= (O(m + nr?) storage

(in practice, use an IPM to solve (PV?); it’s tiny!)
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Primal recovery via exact complementarity: picture
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Approximate complementarity?

Problem: subgradient methods do not (exactly) compute y?

try the obvious fix:

I (y ≈ y?): compute approximate dual solution y

I (V ≈ V?): compute r -dimensional eigenspace V of
C −A∗y with smallest eigenvalues

I (X ≈ X?)? solve reduced SDP (PV ) with variable S ∈ Sr
+

minimize tr(CVSV ∗)
subject to A(VSV ∗) = b

S � 0
(PV )

to find primal solution X = VSV ∗

Status: Infeasible

Optimal value (cvx optval): +Inf
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Primal recovery via approximate complementarity:

picture
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SDP via approximate complementarity

Algorithm SDP via approximate complementarity

Given: problem data C , A, b; target rank r ≥ r?

1. Compute approximate dual solution y .

2. Compute basis V for eigenspace of C −A∗y with
r smallest eigenvalues.

3. To find primal solution X? = V?SV
∗
? , S ∈ S+

r , minimize
infeasibility

minimize 1
2 ‖A(VSV ∗)− b‖2

subject to S � 0
(MinFeasSDP)

or accept infeasibility δ and minimize loss

minimize tr(CVSV ∗)
subject to ‖A(VSV ∗)− b‖ ≤ δ

S � 0.
(MinObjSDP)
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Exact vs approximate complementarity

Exact complementarity Approximate complementarity
Compute dual solution y? Compute approximate dual solution y

Compute basis V? Compute basis V
for null(C −A∗y?) for eigenspace of C −A∗y

with r smallest eigenvalues

Solve PV? Solve MinFeasSDP or MinObjSDP.
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Theoretical guarantees: approximate complementarity

Theorem (Recovery guarantees)

Suppose (P) and (D) satisfy genericity assumptions.
If r = r? (MinFeasSDP) or r ≥ r? (MinObjSDP),
primal recovery via approximate complementarity from an
ε-suboptimal dual solution y produces a

√
ε-suboptimal primal

solution X :

MinFeasSDP MinObjSDP

suboptimality tr(CX )− tr(CX?) O(κ
√
ε) O(

√
ε)

infeasibility ‖AX − b‖2 O(κ
√
ε) O(

√
ε)

distance to solution ‖X − X?‖F
O(κ
√
ε) O(ε

1
4 )

where the condition number κ = σmax(A)
σmin(A|V? ) .
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Core Lemma

Lemma (Projected solution)

Suppose

I (P) and (D) admit solutions and satisfy strong duality;

I y ∈ Rm is feasible and ε-suboptimal for (D);

I and the threshold T := λn−r (C −A∗y) > 0.

Then for any solution X? of the primal SDP (P),∥∥∥∥∥∥X? − V V ∗X?V︸ ︷︷ ︸
feasible S for MinFeasSDP

V ∗

∥∥∥∥∥∥ ≤ ε

T
+

√
2rε

T
‖X?‖op

where ‖·‖ is either the nuclear or Frobenius norm.
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A practical algorithm for SDP

how to choose parameters?

I infeasibility tolerance δ
I solve MinFeasSDP first, then solve MinObjSDP

I rank target r
I bigger is better
I use spectrum of slack matrix C −A∗y :

need T = λn−r (C −A∗y) > 0

Algorithm Primal recovery via approximate complementarity

Given: approximate dual solution y , rank target r

I compute basis V for eigenspace of C −A∗y with
r smallest eigenvalues

I solve (MinFeasSDP) to obtain a solution Xinfeas,

I then solve (MinObjSDP) with δ = 1.1 ‖AXinfeas − b‖2
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Primal recovery works

dual suboptimality
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Don’t try this at home

Algorithm for plot:

For k = 1, 2, . . .,

I compute k-th dual iterate yk using dual solver
(here, AdaGrad [Duchi et al. 2011], AdaNGD [Levy 2017],
and AccelGrad [Levy et al. 2018])

I recover a primal iterate Xk from yk using
RobustPrimalRecovery

Madeleine Udell, Cornell. Optimal Storage SDP. 27



Approximate complementarity solves primal SDP

iteration
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Conclusion

Approximate complementarity approach provably solves
(generic) SDP with optimal storage

I (+) uses O(m + nr) storage to find rank r solution

I (+) recovers approximate primal from approximate dual

I (+) parameters are easy to choose

I (+/-) relies on any subgradient solver for dual

References:

I L. Ding, A. Yurtsever, V. Cevher., J. A. Tropp, and
M. Udell. An Optimal-Storage Approach to Semidefinite
Programming using Approximate Complementarity.
http://www.arxiv.org/abs/1902.03373

I A. Yurtsever, M. Udell, J. A. Tropp, and V. Cevher.
Sketchy Decisions: Convex Optimization with Optimal
Storage. AISTATS 2017.
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Core Lemma

Lemma (Quadratic Growth)

Suppose genericity assumptions hold. Define the threshold
T = λmin>0(X?). For any dual feasible y with slack matrix
Z (y) := C −A∗y and suboptimality ε = εd(y) = d? − b∗y ,

‖(Z (y), y)− (Z (y?), y?)‖ ≤ 1

σmin(D)

(
ε

T
+

√
2ε

T
‖Z (y)‖

op

)
,

where the linear operator D : Sn × Rm → Sn × Sn is defined by

D(Z , y) := (Z − (U?U?
∗)Z (U?U?

∗),Z +A∗y).

The orthonormal matrix U? is the orthogonal complement of V?.
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Core Lemma

Lemma (Projected solution)

Suppose

I (P) and (D) admit solutions and satisfy strong duality;

I y ∈ Rm is feasible and ε-suboptimal for (D);

I and the threshold T := λn−r (C −A∗y) > 0.

Then for any solution X? of the primal SDP (P),

‖X? − VV ∗X?VV
∗‖ ≤ ε

T
+

√
2
ε

T
‖X?‖op

where ‖·‖ is either the nuclear or Frobenius norm.
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Core Lemma

Lemma
Assume the same as Lemma 4.1. Then null(AV ?) = {0}.
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