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1. Introduction

In this paper, we consider the task of inferring the initial condition xq to a linear time-
invariant dynamical system from measured data, which we formulate as the optimization

problem
1 ) 1 T
min = [Cx(t) — ya(t)|5 dt + =x¢ Rxg + ®(x0) (1a)
x(t),x0 2 0 2
Ex(t) = Ax(t) + f(t) forte (0,t
subject to ) (&) +£(2) (0.4/] . (1b)

x(0) = xg

Here, t; > 0 denotes the final time, E and A are m-by-m matrices, f(t) € R™ is
a load or force, C is an S-by-m rectangular matrix that produces measurements of
the state x € R™, yq(t) € R® is observed data, R is a symmetric m-by-m matrix
representing a quadratic regularization function, and @ is an extended real-valued, convex
function that encapsulates auxiliary convex constraints and nonsmooth regularization
terms. We interpret each row of C to be a sensor. In an attempt to reduce the recovery
error for the initial condition, we develop an efficient numerical method to select sensors
from a finite set of possible sensors. As a byproduct of our algorithm, we produce a
good preconditioner to accelerate the iterative solution of the optimization problem
(1). Optimization problems similar to (1) arise in numerous applications including data
assimilation for weather forecasting and climate modeling [1,2], detecting sources of
contaminants such as pollution, radiation or contagions [3,4], and calibrating financial
models [5] and experimental facilities [6].

A common statistical approach for selecting sensors, and more generally designing
experiments, is based on the Fisher information matrix or the covariance matrix of the
estimated initial condition x¢ [7,8]. In design of experiments, it is common to maximize
some metric of the Fisher information matrix such as the determinant, the minimum
eigenvalue, or the trace. In the context of (1), [9,10] choose sensors using the determinant
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of the Fisher information matrix. A related approach is based on frame potential, which
measures the orthogonality of the rows of the Fisher information matrix [11,12].

Our approach is closely related to these statistical approaches. However, instead of
using the Fisher information matrix, we select sensors using the observability Gramian
of the dynamical system. As with design of experiments, several scalarized version of the
observability Gramian have been investigated including the minimum eigenvalue [13], the
trace [14], and the determinant [15]. This approach attempts to maximize the output
energy of the dynamical system and thereby minimize the worst-case recovery error for
any initial condition xq. In the context of (1), this approach assumes an infinite time
horizon t§ = +00 and consequently only provides an approximation when ¢y is finite—an
approximation that must be accounted for to guarantee that the computed sensors are
near optimal for (1).

Traditional Gramian-based sensor selection has been successfully applied to stable lin-
ear time-invariant dynamical systems with the form (1b). However, the typical stability
assumptions are too restrictive for many practical applications [16]. To circumvent this
issue, the Gramian-based approach has been generalized to handle nonlinear dynamical
systems [14,17], unstable dynamics [18], infinite-dimensional systems of partial differ-
ential equations (PDEs) [19,20], differential algebraic equations [21], and closed-loop
control systems [22].

In general, we formulate sensor selection as the binary optimization problem

S S
max ¥ <R + Z wSQS> subject to Z ws <5, ws e {0,1}, (2)

s=1 s=1

where Q, is the observability Gramian for sensor s, S is the sensor budget, S is the
number of possible sensors and the functional ¥ acts on square matrices to measure the
quality of the selected sensors. For example, ¥ is the determinant, minimum eigenvalue,
or trace. The solution of (2) is NP-hard. Even evaluating the objective function for a
given set of sensors can scale with the cube of the problem dimension.

To address these challenges, we develop a greedy sensor placement algorithm that
offers guaranteed solution quality. To ensure that our approach is computationally
tractable, we employ a Galerkin projection of the observability Gramian to reduce the
overall dimensionality of the problem. Although we consider the finite time horizon case
ty < oo, we employ the infinite time horizon observability Gramian, which introduces
an error. We quantify this error, showing that the observability Gramian produces a
sufficiently accurate approximation of the reduced Hessian matrix from (1). As a con-
sequence, we can employ the observability Gramian to place sensors. Moreover, we can
use the observability Gramian as a preconditioner for the reduced Hessian to accelerate
the iterative solution of (1).

The paper is organized as follows. In Section 2, we introduce the notation and standing
assumptions used throughout. In Section 3, we review the optimality conditions for (1)
and derive a bound on the recovery error. We use this bound to motivate our sensor
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selection algorithm. In Section 4, we prove that the observability Gramian provides an
accurate approximation to the reduced Hessian matrix from (1) and therefore it serves
well as a preconditioner and as a proxy for selecting sensors. In Section 5, we introduce
our Galerkin approximation to the observability Gramian and demonstrate that this
approximation is exact under certain assumptions. Finally, in Section 6 we describe our
greedy sensory selection algorithm and demonstrate its performance on various PDE
examples in Section 7.

2. Notation and standing assumptions

Given a symmetric positive definite matrix M € R™*™ we denote the M-inner prod-
uct by

(X,¥)p i=x' My

and the associated norm by Hx||i/I = (x,x)p;- Given another symmetric positive definite
matrix N € R"™*™_ we denote the induced matrix norm associated with M and N by

IBx\
B = su .
MNT 0 Ixly
When M = N, we denote the norm [-|y; ny = ||y and when M = N = I, where I is the

appropriately sized identity matrix, the induced matrix norm is the usual matrix 2-norm,
ie, ||t =1"]2. If either M =T or N = I, we replace the associated subscript with the
number 2. In addition, for any square matrices B and M of the same size, we denote the
maximum and minimum generalized eigenvalues of the pair (B, M) by Apax(B, M) and
Amin (B, M), respectively. Recall that X is a generalized eigenvalue of the pair (B, M) if
there exists a generalized eigenvector v satisfying

Bv = \Mv.

When M = I, we simplify this notation to Ayax(B) and Apnin(B). Finally, for an arbitrary
square matrix B, we denote the maximum real part of the eigenvalues of B by «(B) and
refer to this quantity as the spectral abscissa.

Throughout, E, A and R denote m-by-m matrices with real entries, f : (0,t¢] — R™,
and ® : R™ — (—oo,+00]. We assume that E is symmetric positive definite, R is
symmetric positive semidefinite, and @ is given by

Dy(x) if xeF,
[6)) =
(x) { +00 otherwise, (3)

where &g : R™ — (—o0, +0] is convex and Lipschitz continuous with respect to the
E-norm on a neighborhood of the nonempty, closed and convex set F <€ R™. We denote
the Lipschitz modulus of ®; by L = 0. As (3) suggests, (1) includes the constraints
Xpo € F.
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We denote by X the vector space R™ endowed with the inner product (-, ). We
associate with X the dual space X’, which is the vector space R™ endowed with the
inner product ¢-, )g-1. We recall that for x € X and y € A, the usual continuity bound
holds, i.e.,

"yl < Ixlg |yl - (4)

We further note that for each x € X/, the vector x = E~!'x € X is the Riesz representer
of x. We view the matrices E, A and R as linear operators from X to X’ and the vector
f(t) as an element in X’ for ¢+ > 0. In particular, E7'A and exp(E~!At) for ¢t > 0 are
linear operators from X to X. We make the following assumption on E~'A to ensure
stability of the dynamical system (1Db).

Assumption 1 (Stability). The logarithmic norm, with respect to the E-norm, of the
matrix E71A satisfies

:U’E(EilA) < 07

where the logarithmic norm of a square matrix B with respect to the E-norm is defined
as

pe(B) = lim —HI +hBlg — 1

_ (LT -1
i . =a(;(B' +EBE™)).

One consequence of Assumption 1 is that
lexp(E"At)|, < exp(up(E7'A)) <1 Vi>0.
Another consequence is that the spectral abscissa of E™' A is negative and therefore the
linear time-invariant system

{E)’((t) = Ax(t) + f(¢) -

y(t) = Cx(t)

is stable. Owing to a similarity transformation, we have that ug(E~'A) is the maximal
eigenvalue of %E_l(A + AT), or equivalently the maximal generalized eigenvalue of the
matrix pair (%(A + AT),E). In addition, we denote the logarithmic norm, with respect
to the matrix 2-norm, of a square matrix B by po(B) and note that this quantity is
the spectral abscissa of %(B + BT). For more information on the logarithmic norm, see
[23-25].

Finally, we denote the set of possible sensors by {cs}

S

>_1, where ¢ € X’. We construct

the observation matrix C, using a subset o < {1, ..., S} of possible sensors. In particular,
the observation matrix C, € R®*™ with S = |o|, has rows given by {c/}.c,. We
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interpret C, as a linear operator from X to R®, where the range space is endowed with
the Euclidean inner product. We recall that the matrix-matrix product C! C, satisfies

C,C, = > csc! (6)

SEC

for all subsets o < {1,.. S }. For notational convenience, we often denote C = C,,
where o is a fixed subset of {1,...,S}. We further denote the data associated with the
observations {Cs}sco by ya : (0,t5] — RS.

3. Optimality conditions and recovery error

In this section, we review some basic results regarding the optimization problem (1).
First, we recall that the solution x(t) = [S(x0)](¢) to the linear dynamical system (1b)
is affine in the initial condition x¢ and is given by

¢
x(t) = exp(E" At)xq + eXp(EflAt)J‘ exp(—E"TAT)ETH(7) dT.
0

We denote by ¥ : [0,t;] — R the function

y(t) :=yaq(t) — C exp(ElAt)J0 exp(~E7'AT)ET M (1) dr,

which allows us to rewrite the optimization problem (1) in reduced form as

1% 1
min — f |Cexp(E~ At)xo — y(t)|3 dt + =xg Rxo + ®(x0). (7)
xo€ER™ 2 0 2

Any solution to (7) satisfies the first-order necessary and sufficient optimality condition

T

[ L " exp(BETADTCTy() dt — (HY + R)xo| (%) —x0) < B(x) — B(xo)  (8)

for all x{, € X, where the Hessian matrix Hgf is given by

t
H = f ' exp(E7'At)TCT Cexp(E7'At) dt. 9)
0
Note that the sub and superscript on the Hessian matrix refer to the initial and final
times. Consequently, Hg’ is the Hessian matrix for the infinite time horizon problem (i.e.,
ty = +00) and is the so-called observability Gramian. We also note that Héf is a linear
operator from X into X’ and the Hessian of the objective function in (7) with respect
to the E-inner product, omitting the regularization terms, is E_lHtOf . In particular,
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E_lHéf is self-adjoint with respect to the E-inner product, i.e., for all u,v € X, we have
that

(WEH{v)g =u'EE'H{v =u'H{v =v Hyu = (v,E"'Hy u)g.

By Assumption 1, the spectral abscissa of E71 A is negative and consequently HF solves
the Lyapunov equation

(E7'A)'HY + HY(E"'A)+ CTC =0. (10)

When HY is positive definite, the system (5) is observable. Additionally, making the sub-
stitution H = EﬁgO E in (10), demonstrates that ﬁgo solves the generalized Lyapunov
equation

ATH E+EH,A+C'C=0. (11)

Solving (11) can have computational advantages over solving (10) because it does not
require the inverse matrix E~L.

Owing to (9) and the linearity of the integral, we can write the finite-time Hessian
Hf)f in terms of the observability Gramian H. In particular,

Héf =HY —exp(E7'At;) THY exp(E"Aty).
From this, we see that Héf solves the Lyapunov equation
(E"'A)'H{ +H{ (E"'A) + CTC — exp(E"'At;) " CTCexp(E"'Ats) = 0

(cf. [26,27] for additional details). In particular, we can compute H(t)f by solving the
generalized Lyapunov equation

ATH/E + EH; A + CTC — exp(E'At;)TCT Cexp(E'Aty) = 0,

and setting H(t)f = Eﬁng. Notice that the computation of Héf requires multiple ap-
plications of the matrix exponential exp(E~*At), which can be performed with O(m?)
complexity using, e.g., the scaling-and-squaring method [28].

To conclude this discussion, suppose that the target data y, is given by the additive
noise relationship

ya(t) = C[S(x)](t) + ne,

where 7; is an S-dimensional random vector of measurement noise, C is the true obser-
vation operator, S is the true state map, and x; € R™ is the unknown initial condition.
The true observation operator C and state map S may differ from C and S, respectively,
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because of incorrectly specified parameters, inaccurate modeling assumptions, and un-
known environmental conditions. These true operators may even be nonlinear. Let pg
denote the metric projection in X of x;; onto the feasible set F. Substituting the assumed
form of y4 into the bracketed term on the left-hand side of the optimality conditions (8),
adding and subtracting CS(p}) to y4, and adding and subtracting Rp{ yields

ty
J exp(E1A)TCTy(t)dt — (Hf + R)xo
0

ty
= (Hy + R)(pj — x0) + J exp(E7'At)"CTn; dt — Rp;
0

+ | exn(® AN TCT(CIS(0)] - CISRED ()

A consequence of this equation, the optimality conditions (8), the Lipschitz continuity
of @y, and the triangle inequality is that the error committed between the solution xq
to (7) and the unknown xj is bounded by

M
Amin(Hy' + R, E)’

Ix0 = x5lle < [P5 — x5/ + (12)

where M > 0 is bounded above by the error associated with the measurement noise 7
as well as the model error and regularization biases, i.e.,

M <[ exp(B1 A0 TCT(@[8(xi)] - CISED() de

0

BE-1
' + IRpj |- + L.

ty
J exp(E71TAt)TC Ty, dt
E-1

0

In general, the noise and biases that make up M are difficult or impossible to reduce.
Motivated by this, our goal is to choose the observation matrix C so that /\min(Héf +
R, E) is large. By increasing )xmin(H(t)f +R,E), we reduce the second term in the recovery
error bound (12).

4. Theoretical results

In this section, we discuss the main theoretical results used to demonstrate that
choosing the observation matrix C based on HF provides a good proxy for increasing
the minimum eigenvalue of Hy'. A fortuitous consequence of this analysis is that HY +
R is a good preconditioner for Héf + R and can be used to accelerate the iterative
solution of (7). We begin with a technical lemma regarding the eigenvalues of perturbed
matrices.
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Lemma 1. Suppose H € R™*™ 4s symmetric positive definite, D € R™*™ 4s symmetric
positive semidefinite, and define P = H + D. We consider H, P, and D to be linear
operators from X into X'. Then the eigenvalues of P~YH lie in the interval

)\min (H7 E) )\maX(Ha E)
)\min (H7 E) + )\maX(Da E) ’ )\maX(H; E) + )\min (D7 E)

] < (0,1].
Moreover, the minimum eigenvalues of H and P satisfy
/\min(D7 E) < )\min (P7 E) - )\min (H7 E) < )\max(Da E)

Proof. First, recall that the eigenvalues of P~'H are the generalized eigenvalues of
(H,P). Suppose u is a generalized eigenvalue of (H,P) with associated eigenvector v,
i.e., Hv = pPv. Then we have that

(1 —p)Hv = uDv.

If £ > 1, then (1 — u)v Hv < 0 and pv'Dv > 0, which cannot happen. On the other
hand, if 4 < 0, then (1 — p)v Hv > 0 and uv'Dv < 0, which again cannot happen.
Consequently, u € (0,1] and we have that

(1= 1) Amin(HE)|[vV[E < (1 = p)v HY = pv DV < phinax(D, E) | v
Rearranging this inequality gives the bound

M > )\min (H’ E)
- )\min (H7 E) + )\max(Da E) '

Analogously, we have that
(1= 1 Amax(HE)|[vV[§ = (1 = p)v HY = pv DV > pduain (D, E) v,
which produces the stated upper bound. To conclude the proof, we note that
Amin (P, E) = Anin (H, E) + Anin(D, E).
In addition, we have that
Amin(H, E) = Apin (P, E) 4+ Ain (=D, E) = Apin (P, E) — Anax(D, E),
which concludes the proof. []

Our intention is to use P = HF + R as a surrogate and preconditioner for the Hessian
of the quadratic objective function in (7), H = Hf)f + R. As suggested by Lemma 1, we
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must demonstrate that the eigenvalues of D = H® — H(t)f are sufficiently small to ensure
that P is a good approximation to H. In the next result, we use Assumption 1 to bound
the eigenvalues of D.

Proposition 1. The matriz D = Hgongf s symmetric positive semidefinite and satisfies
the bound

2
IClze

m eXp(2ME(E_1A)tf)

)\max(DuE) = HDHE*HE <
In particular, Amax(D, E) decays exponentially as ty increases. Furthermore, the follow-
ing bound holds

0 < Amin(HY + R,E) < Amax(Hy + R, E)

2
ICl2 e

2Jus(EA)

<|Hy +Rlg-1 g + exp(2ue(E"1Aty).

Proof. First, we note that the matrix D can be rewritten as
o0
D= | exp(E'At)'CTCexp(E~'At)dt.
ty

Clearly, D is symmetric since Hf® and Hgf are. To show that D is positive semidefinite,
we set My, := exp(E~'Aty) and rewrite D as

o0]

D =M,/ t exp(ETTA(t —t5))'CTCexp(E™"A(t —t5)) dtM,,
f
a0
= M;rf . exp(E_lAt)TCTC exp(E_lAt) dt My,
=M/ HF M, .

Since My, is invertible and Hg’ is positive semidefinite, D is also positive semidefinite.
We now show that |D|g-1 g = Amax(D, E). For any x € X’ with x # 0, we have that

x'DE"'Dx |E":DE :zy|3
x"Ex Iy 3 ’

where y = Ezx and E2 is the square root of the symmetric positive definite matrix E. By
taking y to be the eigenvector corresponding to the maximum eigenvalue of E_%DE_%,
we see that |D|g-. g = Amax(E"2DE™2). Moreover, we have that

TE-:DE 3 ™D
Amax(BPDE2) =¥ = = VX X\ (D.E),
y'y xTEx
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where y is again the eigenvector associated with the maximum eigenvalue of E :DE":
and x = E_%y. Now, using this x and the properties of the logarithmic norm, we arrive
at the following bound

o0
howe(D.B) = [l | [Cexp(B At)x3ar
ty

o0
<ICls [ elum(E At
f

Evaluating the integral on the right-hand side gives the desired bound. The final bound
is a consequence of the previous bound and the triangle inequality,

t
HY R <Dl [HE 4 Rl
= HHOm + RHE*HE + Amax(D, E),
which yields the desired result. []

Using Proposition 1, the following result is a direct corollary of Lemma 1 and demon-
strates that the observability Gramian H{ is an increasingly accurate approximation of
the Hessian matrix Hé‘f as ty increases.

Corollary 1. Suppose HF + R is positive definite. In addition, let the assumptions of
Proposition 1 hold and define

Bi=2up(ET'A)  and =87 |Clyg.
Then the eigenvalues of (HE + R)™ (Hy + R) lie in the interval

Amin(Hy + R, E)
Amin(Hf + R,E) + cexp(Bt)’

and the minimum eigenvalues of HP + R and Héf + R satisfy
0 < Anin(HE + R, E) — Apin (HY + R, E) < cexp(St). (13)

As a consequence of Corollary 1, the spectral diameter of the preconditioned Hessian
is bounded above by

Amax (HE +R) ™ (HY + R)) = A (HF + R) ™ (Hy' +R)

3 cexp(Bty)
)\min(Hgf + R, E) + cexp(Bty)
cexp(Bty)

/\min(HBO + Ra E)
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and therefore approaches zero as ty increases. Moreover, let 0 < ¢ < Anin(HF + R, E)
be arbitrary. Then for all ¢; > 87 log(c'e), we have that cexp(Btf) < ¢ and

0 < Amin(HZ + R,E) — £ < Apin(H{ + R, E)

by (13). Consequently, the condition number of (HZ® +R)~*(H{ + R) is bounded above
by

Amax (HE + R)"(Hy' + R))
Amin(HP + R)~1(H{ +R))

Amin(HY + R, E) + cexp(Bty)
)\min(Hgf + Ra E)

- Amin(HY + R, E) + cexp(5ty)

= >\min (Hgo + Ra E) — €

<

and approaches one as ty increases since € is arbitrary.

Remark 1 (Positive definite HF + R). Since HJ and R are positive semidefinite, the
null space of HJ + R satisfies

ker(HY + R) = ker(H) n ker(R).

Consequently, as long as ker(HF) nker(R) = &, the matrix HF +R is positive definite as
required by Proposition 1. This is the case if either H} or R are nonsingular. Recall that
H{ is nonsingular if and only if the system (5) is observable, which by Hautus’ lemma,
is equivalent to the condition: Cv # 0 for all eigenvectors v of E71A [29, Th. 4.26].
As Hautus’ lemma suggests, the system (5) may not be observable if C has a large null
space. When (5) is unobservable, we rely on the regularization matrix R to ensure that
Hf + R is positive definite.

Remark 2 (Stability). Assumption 1 is too strong for many applications. In particular,
it can happen that the spectral abscissa of E"1A is negative (i.e., the dynamical system
(1b) is stable), yet the logarithmic norm ug(E~!A) is positive. If this is the case, then
the bounds in Proposition 1 and Corollary 1 do not decay as t; increases. However, if
the spectral abscissa of E7!A is negative, then we have that

tEI-Poo Hexp(E_lAt)HE =0.

Unfortunately, this property does not provide a convergence rate as in the bounds of
Proposition 1 and Corollary 1. To obtain a convergence rate, we can use the results in
[30], which guarantee the existence of a symmetric positive definite matrix M for which
unm(E7TA) is negative. In fact, M solves the Lyapunov equation

(ET'A) M +META) +I=0
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or equivalently, M = EME, where M solves the generalized Lyapunov equation
A'ME + EMA +1=0.

Moreover, since all norms are equivalent in finite dimensions, there exists a positive
constant C' > 0 such that

| exp(E"Ad)|5 < O exp(E~At) | < C explpna (B A)). (14)

Using these facts, we can replace exp(ug(E~'A)t) in Proposition 1 and Corollary 1
with the upper bound in (14), producing a bound that decays as t; increases. Given
the finite-dimensional nature of this argument, when E and A arise from the spatial
discretization of a system of PDEs, the constant C will generally depend on the problem
size m, leading to a bound that changes as the discretization is refined. We provide a
numerical example in Section 7.2 that confirms this discussion, but also demonstrates
that our results and methods work even when Assumption 1 fails to hold.

5. Galerkin approximation

As the results in Section 4 suggest, Hg + R is a good preconditioner for the finite-
time horizon Hessian Hgf + R. Unfortunately, the Lyapunov equation that defines the
observability Gramian H can be difficult to solve numerically when the problem size
m is large. In this case, we can reduce the computational cost by approximating the
Gramian HY using a Galerkin projection. Let the columns of Y € R™*? be orthonormal
with respect to the E-inner product, i.e., Y'EY = I. We treat Y as a linear operator
from R?, endowed with the Euclidean inner product, into X. We denote by Yg a matrix
whose columns span the orthogonal complement of Y, so that the columns of the square
matrix Y := [Y|Yy] are E-orthonormal, i.e., YTEY( = 0 and Y] EY, = I. Throughout
this section, we assume that the set Fi= {p e RY| Yp € F} is nonempty.

Before introducing the Galerkin approximation, we make the following observations.
First, we have that |[Y|g2 = 1 since Y is E-orthonormal. Second, we have that
[YTog—: = [YTE|2g = 1. To see this, take any x € X with x # 0. We can de-
compose X as X = YV + Ygvg since [Y|Yy] forms a basis of X. From this, we see
that

IYTEx|3=|v[3 and  [x[& = [|vI3+ |vol3-
Consequently, we have that

YTE 2 2
H QXH2 _ 2HVH2 5 < 1 — HYTE|
Ix[ % Ivl3 + [[vol3

2E < 1,

and the upper bound is attained if vo = 0. Combining these facts with the definition of
the norm |Y TE|s g proves that the norm is equal to one.
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The Galerkin approximation of HF is given by EYGPY 'E, where GF € R%*9 solves
the reduced Lyapunov equation

(YTAY) 'GP + GP(Y'TAY) +Y'C'CY =0. (15)

For notational convenience, we denote A = YTAY, C .= CY, and R := Y'RY. We
define Géf analogously to Hf)f ,ie.,

ty ~ PN ~
G{ = L exp(At)TCTCexp(At)dt (16)

One overwhelming benefit of the Galerkin approximation is that if d « m, then
the reduced Lyapunov equation (15) can be solved efficiently using direct or iterative
methods [31]. For example, one possible direct method to compute G, when d is small,
is to solve the linear system of equations

IQAT + A®I)vec(GP) = —vec(CTC)

using a matrix factorization. Here, vec(M) is the vector of stacked columns of M and
® denotes the Kronecker product. For additional information on Galerkin methods for
solving large Lyapunov equations, see [31-33].

To connect the Galerkin approximation G§° to (7), we note that Géf + R is the
Hessian to the Galerkin projected optimization problem

t
min © f ' |C exp(At)Ro — ()| dt + 123 RRo + ®(YRo). (17)
%oeRd 2 0 2

Optimization problem (17) arises by first requiring that solutions to the differential
equation (1b) be in the subspace spanned by the columns of Y. Since the solution to
(1Db) is generally not a linear combination of the columns of Y, we instead require that the
residual of (1b) be orthogonal to the columns of Y. At the expense of this approximation,
we reduce the dimensionality of (1) from m to d. Galerkin projections are commonly used
in model reduction such as proper orthogonal decomposition and reduced basis methods
(cf. [34] and the references therein). In contrast, by replacing the initial condition x in
(1b) with YX, for some Xy € R?, we see that (17) is closely related to the transformed
optimization problem

I 1 —n
min 5 J [Cexp(E*At) YR — y(t)|3dt + §igRi0 + O(YXp). (18)

XpeRd 0

In particular, the error between the optimal solution X for (17) and the optimal solution
X for (18) is controlled by the difference of the matrix functions

h(t) := Cexp(E"'A1)Y and g(t) := éexp(fkt).
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Additionally, the optimal solutions YXg and YX, are generally approximations to the
optimal solution, xg, to (7), unless xo € Range(Y). To quantify the error between YX
and xq, we note that

YR —x0lg < [Y(Xo —%0)lg + [YX0 — x0[g

= %o — Xolly + [YX0 — x0|g -

Consequently, it is important to understand the error between Xy and Xy as well as the
error between YXg and Xg.

The error between YX; and xg is controlled by the approximation quality of the
subspace spanned by the columns of Y. The following proposition provides a bound for
the resulting recovery error. For this result, we require that H(t)f + R is positive definite,
which in turn implies that H§® + R is positive definite since

HY +R = (Hy + R) + (HY — Hy),

where the first matrix in parentheses on the right-hand side is positive definite and the
second is positive semidefinite by Proposition 1.

Proposition 2. Suppose that Hgf + R is positive definite, xo € R™ solves (7) and Xy € R?
solves (18). Then

K .
min | Yp — xolg (19)

x0 — YXo|% <
o = Yxolig Amin(HY + R, E) pe7

where the constant K > 0 s given by

Ly
K:=L+ '(Hgf +R)YX) — f exp(E7'AL)TCTy(¢) dt
0

E-1
In particular, if xo € Range(Y), then |xo — YXo|g = 0. Moreover, if xo is in the interior
of F, then
t _
K <2L+ HHOf + RHE*,E %0 — Yol -

If, in addition, &g = 0, then

HY AR
E-1LE .
min [xp — Yp|g-

X0 — YX, <
o olle Amin(HY + R, E) pe?

Proof. The optimality conditions for (18) are

ty T
[YT J exp(E71AL)TCTy(t) dt— <YTH3fY + YTRY> Xo] (P —Xo) (20)
0

< O(Yp) — @(Y=Xo)
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for all p € R?. Adding (20) to the optimality conditions (8) for (7) with x{, = Y%, results
in the bound

(Yp —xo)" < L N exp(E"'AL)TCTy (1) dt — (H + R)Yi())
+ (%0 — YXo) (HY +R)(x0 — YXo) < ®(Yp) — B(xq).
Rearranging terms, applying the bound
Amin(HY + R, E) [x0 — YXo[3 < (x0 — YX0) T (Hy + R)(x0 — YXo)

on the left-hand side, applying the Cauchy-Schwarz inequality on the right, employing
the Lipschitz continuity of ®g, and passing to the infimum over F yields (19).

Now, suppose that xq is in the interior of F. To obtain the bound on K, we add and
subtract (Héf + R)xg in the norm and apply the triangle inequality to obtain

ty
‘(Hgf +R)YXo— J exp(E71AL)TCTy(t) dt
0

E-1

< |HY + R)(YRo - XO)HE_l
iy

+ J exp(E~'A1)TCTy(t)dt — (H + R)xg
0

E-1

The expression in the second term on the right-hand side of the previous inequality is a
subgradient of ®( at x¢ by the optimality of xg and the assumption that xq is an interior
point. Consequently, this term is bounded above by the Lipschitz constant L. This fact,
combined with the submultiplicativity of the matrix norm, proves the desired bound.
Finally, suppose ®¢ = 0. Then, L = 0 and dividing both sides of (19), using the upper
bound on K, by [xg — YX|g results in the desired bound. [

Remark 3 (Nonsmoothness and the projected problem). As Proposition 2 demonstrates,
the presence of nonsmoothness, via a nonsmooth regularizer ®; and active constraints
xg € JF, results in a larger error between xg and YXg. In this case, the error between
Xo and YXj is on the order of the square root of the best approximation error in the
subspace spanned by the columns on Y. In contrast, the error is proportional to the
best approximation error when the problem is smooth and the constraints are not active
at xg.

The Hessian of the transformed problem (18), omitting f{, is given by
H = Y'H}Y,

which can be expressed in terms of HF as
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H{ = YTHYY — (exp(E"'At;)Y)THZ (exp(E ' At;)Y).

Consequently, the evaluation of ﬁéf in this way requires the solution of an m-dimensional
Lyapunov equation to compute HF and d applications of the matrix exponential
exp(E7'Aty). The Galerkin Gramian G{ is an approximation of PAIBO and plays an
important role in bounding the error between Xg and Xy. We provide this error bound
in the following proposition.

Proposition 3. Suppose that YT (Hf)f +R)Y is positive definite, Xo € R? solves (17) and
X0 € R? solves (18). Then

Amin (YT (Hy + R)Y) [%0 — %o,

¢ Sy R tf B (21)
< |Gy —Hy' |2 [%ol; +L Ih(t) — (@)l [y(©), dt,
where |G — ﬁgf\\g is bounded by
tr ot ts
|Gg" — H |2 <2 HCHQ,EL exp(ue(ETA)) [h(t) — g(t)]2 dt. (22)

Proof. Let J(x)+ 1x Rx+®(Yx) denote the objective function from (17) and let J(x) +
1xTRx + ®(Yx) be the objective function from (18). Both .J and J are continuously
differentiable and convex. Moreover, X and X, satisfy the optimality conditions

(%0 —p) T (VJ(%o) + R%o) < &(YD) — ®(Yo)
and
(%0 —p) " (VI(%0) + ﬁfo) < @(Yp) — ®(YXo)

for all p € R?. Setting p = X in the first variational inequality and p = X in the second
yields

(Ro — %0) TR(R0 — Ko) + (Ro — %0) T (VJ(Ro) — VI (X0)) < 0. (23)

The gradients of J and J are given by
~ : tf ~
VIR = GY %o — f exp(A)TYTCTy(#) dt
0

Ly ~
V(%) = H % — f Y exp(E7'A)TCTy(¢) dt,
0

respectively. Substituting these expressions into (23) and adding and subtracting ﬁé‘f X0
yields
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(R0 —%0) T (Hy + R)(Xo — X0)

~ ty
< ()?0 - fO)T <(Ht0f - Gtof) Xo + j
0

(h(t) ~ (0 5(0)
Consequently, the Cauchy-Schwarz and triangle inequalities produce (21). We now bound

the error HGf)f — ﬁff |2. Using the definition of h and g, we can rewrite the projected
and Galerkin Gramians as

. ty ty
Héf = J h(t)"h(t)dt and Géf = J g(t) " g(t)dt,
o 0

respectively. The submultiplicativity of the matrix 2-norm produces the upper bound

N ts
|Hy — Gy |2 = L (Ih(t)" (h(t) — g(®)) +g(t)" (h(t) — g(t))[2dt
tf
< fo (Im@)]2 + [g®)ll2) () — g(t)]2 dt
and by the arguments in the proof of Proposition 1, we can bound |/h(t)|2 as

[b(t)2 < [Cly g |exp(ET AL [ Vg, < [Clyp exp(pe(BA)).

Similarly, we can bound [g(t)[2 as

&)z < [|Clag | exp(At) 2 < [Clly g exp(ii2(A)t).

To estimate the logarithmic norm ,ug(ﬁ), we note that

~ I hA — 1 YT(E+hA)Y]|s -1
(R) g IRl =1 YTB AV
hw h ~ hio h
2 —
o IY[g B+ hA|g- g —1 ~im |T+hE'A[L -
= hio h hi0 h
= ue(E7'A)

and consequently, we have that
lg®)ll2 < ICl, 5 exp(uu(E~" A)t).
Combining these results, produces the desired error bound (22). [

The bound in (22) demonstrates that Gy’ is typically a good preconditioner for ﬁf)f
and can be used for sensor selection. Owing to (16), we can write Géf in terms of G§° as
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G =G¥ - exp(Atf)TGgo exp(Atf)
or by solving the reduced Lyapunov equation
ATGgf + Ggf;& +C’C- exp(Atf)TéTe exp(@tf) =0.

Consequently, the computation of Géf requires roughly min{d, S} applications of the
matrix exponential exp(At;)T (i.e., either to the left and right of G or to Y ¢ for
s=1,...,5). When it is not E(gssible to apply Gf)f , one can instead employ G§ to select
sensors and to precondition Hy'. Similar to the discussion in Section 4, we can use G

as a preconditioner for ﬁéf . In order to gauge the quality of this preconditioner, we must
bound the eigenvalues of the matrix D = G¥ — Hy/ .

Proposition 4. Let the assumptions of Proposition 1 hold. Then
~ N
IGS" = Hy'[2 < |G — H'[l2 + cexp(Bty),
where |GF — ﬁgc |2 is bounded above by (22) with t; replaced by +co.

Proof. This result follows directly from the triangle inequality and Proposition 1. In
particular, we note that

Gy - Hy = (G —HY) + (HY — H)
- (GP —HP)+ Y (HP —H/)Y.

Using the triangle inequality, we obtain
ot 200 t
IGE —Hy |2 < |GE —HY |2 + Y5 HY — Hy |51 8
and Proposition 1 yields the desired bound. [

As a consequence of Proposition 4, if Gf© — ﬁéf is symmetric positive semidefinite and
)\min(Héf + R) > 0, then the condition number of the preconditioned Hessian (G +
R)_l(Héf + R) is bounded above by

Amax((GE + R)~(HY + R))
Amin((GF + R)~1(Hy' +R))

Amin(HY + R) + |GE — HP |2 + cexp(Btf)
Amin(H +R)

<

and its spectral diameter is bounded above by

Amax((GE + R) T (HY + R)) = Anin(GF + R) L (H + R))

|GE — HT |2 + cexp(Bty)

< = = —~ .
Amin(Hy + R) + |GP — HY |2 + cexp(Bty)
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Therefore, the quality of the preconditioner is controlled by ¢y and the Galerkin approx-
imation error, which is bounded as in (22).

Remark 4 (Petrov-Galerkin approzimation). In principal, it is possible to employ
a Petrov-Galerkin approximation to reduce the dimensionality of the observability
Gramian. That is, given a d-by-m matrix X such that the columns of X and Y are
biorthogonal with respect to the E-inner product, i.e., XTEY = I, we can approximate
the Gramian HY by EXGXXTE, where G solves the reduced Lyapunov equation

(XTAY)'G¥ + GP(XTAY)+Y'C'CY =0.

Petrov-Galerkin approximations are common in control theory where one can perform a
balanced reduction to reduce the dimensionality of the underlying control system [29].
Unfortunately, it is unclear how to produce a bound of the form

12(XTAY) < kps(EA), k>0,
as required by the proof of Proposition 3.

Remark 5 (Polynomial approxzimation). In many applications, the differential equation
(1b) arises from the discretization of a system of PDEs, in which case the initial condition
is a function defined on some domain 2. For this class of problems, it is often practical
to approximate the initial condition using a set of orthogonal polynomials. For example,
if @ =(0,1)%, d = 1,2,3, and the E-inner product is a discretization of the L2(Q) inner
product, then we can define the columns of Y as the values of the Legendre polynomials at
predefined mesh vertices (reorthogonalized with respect to the E-inner product). When
d > 1, this set of polynomials could consist of polynomials with total or maximum degree
less than a prescribed order p. Since the polynomials are dense in L?(2), we would expect
to reduce the recovery error by increasing p.

Example 1 (Spectral approzimation for symmetric A ). In the following results, we assume
that A is symmetric. Under this assumption, we can show that the Galerkin error is zero
when using eigenvectors as the columns of Y.

Proposition 5. Suppose A is symmetric and let the columns of Y be d eigenvectors of
E~'A. Then the Galerkin error is zero, i.e., |h(t) — g(t)], = 0.

Proof. We first note that E7' A is the similarity transformation of a symmetric matrix.
In particular, let E: denote the square root of the symmetric positive definite matrix E,
then

N=
N
N

E A -—E :E :AE :E: — E ZAE

9
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where A = E-2AE~2. We denote the eigenvectors of ET'A as the columns of the
matrix Y, and the eigenvectors of A as the columns of U. Since they are related by
a similarity transformation, the eigenvalues of E"'A and A coincide and are negative
by Assumption 1. We denote the diagonal matrix of eigenvalues by L and employ the
decompositions

_ , _ |L o
Y = [Y|Y,], U =[U|Uy], L=[O Lo]'

We note that U = E2Y and U = E2Y. By definition, we have that
A=YTAY =Y'E*AE’Y =UTAU =L

and exp(i&t) = exp(Lt). To bound the Galerkin error, we must bound the quantity
|h(¢) — g(t)|2. To this end, we notice that

I
@
o]

=
“
=
g
=
\%)—‘
..<

|
<
0
»

=8
£

exp(E"TAL)Y — Yexp(;‘;t)
—E 2Uexp(Ly UTE2Y — Y exp(Lt)

U'U - Yexp(Lt)

—Yexp(Lt) = 0.

Lt)
exp(Lt)

Here, we have used the fact that the columns of U are orthonormal. Consequently,
h(t) = g(t) for all t = 0 as desired. [

In the setting of Proposition 5, the state trajectory satisfies

t
x(t) = exp(E" At) YR + exp(E_lAt)J exp(—ET*AT)ET (1) dr
0
— — t — —
=Y exp(Lt)Xo + Y exp(Lt) J exp(—L7)Y "f(7)dr.
0

Consequently, if f(t) = EY’f(t) for some function f : (0,¢7] — R, then
t ~
x(t) = Y exp(Lt)Xo + Yexp(Lt)J exp(—L7)f(¢)(7)dr.

0

In particular, x(¢) = YX(t), where X(¢) solves the reduced system of differential equations
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which is equal to the Galerkin approximation of the differential equation (1b). However,
if £ does not have this form, then the Galerkin projection of the dynamical system (1b)
is no longer exact and is given by
w=Lw+Y'f in (0,tf]
~ . O

w(0) = X

6. Greedy sensor placement

As the results in Sections 4 and 5 suggest, GJ + R provides a good surrogate for
Htof + R when selecting sensors to improve the recovery error (12). Owing to (6) and the
linearity of the Lyapunov equation, we have that for any set of sensors o < {1,..., S},

the Galerkin Gramian associated with C = C, can be written as a sum over the sensors,

Gy =>. Q.
SECT
where the Gramian Qg for sensor s € {1,..., S } solves the reduced Lyapunov equation
ATQ, + QA + Y c,e] Y =0. (24)

As a consequence, we formulate the objective function for our optimal sensor placement
problem as

g(o) :=logdet (Z Qs + ﬁ) .

We employ the following greedy algorithm to determine a sensor set o that approximately
maximizes g.

Algorithm 1 Greedy sensor placement.

Require: The desired number of sensors Sg € N.

1: Set S=0,G =0and o = .

2: Compute Q; for each s € {1,...,S} by solving the Lyapunov equation (24).
3: while S < S do N

4: Compute 75 = logdet(GYF + Qs + R) for s € {1,...,S}\o.

5: Choose s* = argmaxg 7s.

6: Update S «— S+ 1,0 — o u{s*}, and GF° — G + Qgx.

7: end while

The main computational effort required by Algorithm 1 is the computation of the
single measurement Gramians Qg, which is performed offline—a computation that can
easily be done in parallel. If S and d are small, then this step can be performed efficiently
using direct or iterative solvers. Once these are computed, one only needs to compute
the determinants of G¥ + Q. + R for s € {1,...,S}\o at each iteration of the algorithm.
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This cost decreases at each iteration because the set of remaining sensors, {1,..., S No,
decreases in size. One interesting direction for future work would identify safe selection
rules that can reject sensors that will not be used without computing the determinant.
To analyze Algorithm 1, we note that the objective function g is submodular as a
function of the set o: for any sets 7 < o < {1,..., S} and any sensor s € {1,...,S}\o,

g(r v {s}) —g(1) = glo v {s}) — g(0).

In words, the improvement from adding an additional sensor is always larger when the
sensor is added to the smaller set 7 € ¢. For a submodular objective, the greedy algo-
rithm, Algorithm 1, provably yields a solution within 1 — 1/e of the optimum [35] (and
often even better [36]). Formally, let o be the set of sensors returned by Algorithm 1.
Then the submodularity of g ensures that

(& |T|<S0

g(o) = (1 - 5) max g(7).

Consequently, the greedy algorithm is inexpensive to run and produces a solution that
is nearly optimal.

In comparison, we can reformulate the problem of maximizing g over the sets o
{1,...,S} as the binary optimization problem

S S
max log det (Z wsQs + ﬁ) subject to Z ws < Sy,  ws € {0,1}. (25)

s=1 s=1

Given an optimal binary vector w, the associated measurement set is o = {s|wy = 1}.
Although the objective function for the binary program (25) is concave for w € [0, 1]5 ,
its numerical solution can be quite expensive. For example, a branch-and-bound method
[16] might require exponentially many evaluations of the determinant.

7. Numerical results

In this section, we investigate the performance of Algorithm 1 for a two-dimensional
advection-diffusion-reaction example and a one-dimensional wave example. We discretize
the PDEs in space using continuous piecewise (bi)linear finite elements on a uniform mesh
(quadrilateral elements in 2d) and the backward Euler method in time (500 time steps
for t; = 5). Upon discretizing in space, we arrive at an optimization problem with the
form (18). We set the measurement vectors to be point measurements collocated at the
mesh vertices, i.e., cs = e5, where e, has the value one as its s-th component and zero
for all other components, and the desired number of sensors to Sg = 16. We further
generate the data y4 by solving the discretized PDE to obtain the “true” signal ugye,
applying the current observation matrix C, and adding normally distributed noise of
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zero mean and standard deviation o chosen so that the resulting data has signal-to-noise
ratio equal to a prescribed value. We define the signal-to-noise ratio to be the quantity

o2 (U
SNR = —f J [Utrue|? dQdE.
tr Jo Ja

For each example, we set the regularization matrix R to be the associated discretization
of the squared H'-norm scaled by § = 1072 and set the nonsmooth term ® to zero.
Finally, for the Galerkin approximation, we choose the columns of Y to be the Legendre
polynomials of degree less than or equal to six, {po,...,ps}, evaluated at the mesh
vertices in 1d. In 2d, we employ the total degree Legendre polynomials

pij(x,y) = pi(x)pjly)  for  i+j<6, i, je{0,...,6}.

The subspace dimension is d = 7 in 1d and d = 21 in 2d.

To describe the discretization, we restrict the presentation to the advection-diffusion-
reaction equation and then repurpose the notation for the wave equation. Let = (0, 1)?,
p = 1,2, with boundary I' = 092 and consider the parabolic PDE

u—V-(kVu)+v-Vu+ru=0 in (0,t5) x Q
kVu-n=Pu on (0,ty) xT' (26)
w(0,) =wup in Q.

Let U, = span{e1,...,pm} denote a linear subspace of the Sobolev space H'(Q2). We
approximate the PDE solution u in space as

u(t, ) & um(t,x) ==y x;(t)pi(z)

s

I
—_

(3

and discretize the PDE (26) by enforcing that the PDE residual at w,, is orthogonal
to U, resulting in a problem of the form (1b). We will use the following finite-element
matrix notation in the upcoming sections:

Ky = | 106900 - Vs + (v- Voo, +rig} 424 8 | gupyal ()
M;; = i df2 (27b)
R;; =0 L{wi Vi, + pip;} dQ (27¢)
To solve the resulting reduced, discretized optimization problem (18), we employ the

preconditioned conjugate gradient (CG) method. We use the same algorithm applied to
(17) to generate the initial guess for (18).



D.P. Kouri et al. / Linear Algebra and its Applications 679 (2023) 275-30/4 299

Table 1

First Row: Logarithmic norm for the two-dimensional advection-diffusion-reaction
example with varying diffusivities k € {10_3, 1072,1071, 100}. Second Row: Average
number of conjugate gradient iterations using G§ + Rasa preconditioner. Third
Row: Average number of unpreconditioned conjugate gradient iterations.

K 1073 1072 10—t 10°
pe(E71A) -0.019735 -0.196642 -1.897475 -13.801099
PCG iters 21.0000 16.2500 8.9375 5.4375
CG iters 26.0625 24.5200 26.6250 28.6250

7.1. Advection-diffusion-reaction equation

For this example, we set A = —K, E = M, and f = 0. We discretize in space on
a uniform mesh of 25,600 quadrilateral elements. We choose the coefficients g = 10,
k(z) = 10® for a € {—3,-2,—1,0}, v(z) = (1,1)" and r(z) = 0. In addition, we choose
the true initial condition to be ug(z) = sin(wz;)sin(mxs) and set the signal-to-noise
ratio to SNR = 5. The logarithmic norms of E~'A with respect to the E-norm for the
varying « are listed in the first row of Table 1. In the second and third rows, we list the
average number of (GF + f{)-preconditioned CG iterations and unpreconditioned CG
iterations for solving (1) with C corresponding to the greedy sensor locations depicted in
the left column of Fig. 1. As demonstrated in Section 4, the quality of the preconditioner
improves as |ug(E"'A)| increases, which is confirmed by our numerical results. For
example, when x = 1 the preconditioner (G + ﬁ) reduces the average number of
iterations by a factor of roughly 5.2644 when compared with no preconditioning. In
contrast, when x = 1073, |ug(E~!A)]| is relatively small and CG performs comparably
with and without preconditioning. In particular, the preconditioner (G§° + ﬁ) reduces
the average number of iterations only slightly compared to unpreconditioned CG. When
using (Géf + f{) as a preconditioner, the average number of CG iterations was nearly
identical to the values in the second row of Table 1.

In the right column of Fig. 1, we depict the discretized L2-recovery error. For com-
parison, we solved each instance of (1) with 100 realizations of S randomly selected
sensors for S = 1,...,5p. The solid red lines in the right images are the median of the
error for the random sensors, while the dashed red lines correspond to the 10% and 90%
quantiles of the error. The black line corresponds to the recovery error for the greedy
sensors using G§. As depicted, the greedy sensor selection outperforms the randomly
selected sensors by a considerable margin for all k. We note that more sensors are placed
near the boundary of 2 as k decreases in size, with increasing numbers of sensors in the
direction of the advection. This is expected since for small x the advection dominates
the diffusion, pushing the state towards the boundary at a higher rate. This feature of
the greedy algorithm is impossible to recover with randomly placed sensors, resulting in
poor recovery errors. We note that the greedy sensors selected when using the finite-time
Gramian G(t)f were identical to those selected using G§°.
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Fig. 1. Two-dimensional advection-diffusion-reaction results. Left: The greedy sensor locations. Right: The
recovery error for the greedy and randomly selected sensors measured in the discretized L? norm.

7.2. Wave equation
For our second example, we consider the one-dimensional wave equation

ii+vyi—c2Au=0 in (0,¢) x Q
AVu-n=pfu on (0,t5) x 0Q (28)
u(0,) = ug, u(0,)=wvy in Q.
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Fig. 2. One-dimensional wave equation results. Left: The greedy sensor locations. Right: The recover error
for the greedy and random sensors measured in the discretized L? norm.

We discretize (28) on a uniform mesh of 256 intervals and we choose the wave speed
¢ = 2, the damping factor v = 107!, and the Robin coefficient 5 = 10. We transform
(28) into a first-order equation in time by adding the velocity variable v = 4, producing
the PDE
4=v in (0,tf) x Q
V+qv—ctAu=0 in (0,¢f) x Q (29)
AVu-n=pu on (0,tf) x OS2

In addition, we choose the true initial conditions to be ug(z) = sin(wz) and vo(z) = 0,
and set the signal-to-noise ratio to SNR = 10. Upon discretization, the system matrices

0 M M 0 _
(B M) B L) wa e

2

are

where K is defined as in (27a) with k = ¢, v =0, and r = 0. In addition, we restrict the
set of possible sensors to only measure the u-variable. The logarithmic norm of E~'A,

with respect to the E-norm, is
pe(E7TA) ~ 1,572,898.12.

Clearly, Assumption 1 is violated. However, the spectral abscissa associated with E~1 A
is negative (i.e., o(E7tA) = —3 = —0.05). Consequently, the discussion in Remark 2 ap-
plies to this example. A simple computation shows that the constant C' in (14) decreases
by v/2 as the finite-element mesh size is doubled, confirming that the E and P norms are
not equivalent in the limit of the spatial discretization. However, this does suggest that
our results and method are applicable even though Assumption 1 fails to hold. In Fig. 2,
we depict the greedy sensor locations, using G, in the left image and the discretized
L?-recovery error in the right image. For comparison, we solved (1) with 100 realizations

of S randomly selected sensors for S = 1,...,5y. The solid red line in the right image
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Table 2

Greedy sensor locations for the one-dimensional
wave equation. The first column indicates the or-
der in which each sensor was selected, the second
column are the sensors selected using G and the

third column are the sensors selected using Gf)"

Sensor G Gy

1 1.00000000 1.00000000
2 0.00000000 0.00000000
3 0.99609375 0.99609375
4 0.00390625 0.00390625
5 0.99218750 0.00781250
6 0.00781250 0.99218750
7 0.01171875 0.98828125
8 0.98828125 0.01171875
9 0.01562500 0.98437500
10 0.98437500 0.01562500
11 0.01953125 0.01953125
12 0.98046875 0.98046875
13 0.97656250 0.97656250
14 0.02343750 0.02343750
15 0.97265625 0.97265625
16 0.02734375 0.02734375

is the median of the error for the random sensors, while the dashed red lines correspond
to the 10% and 90% quantiles of the error. The black line corresponds to the recovery
error for the greedy sensors. As seen in this image, greedily selected sensors tend to
outperform the randomly placed sensors. As with the advection-diffusion-reaction exam-
ple, the greedy sensors are all clustered near the boundary of 2—a physically intuitive
feature that cannot be replicated using randomly placed sensors. In Table 2, we list the
greedy sensor locations, in the order that they were selected. The second column lists
the sensor locations selected using G§’, while the third column lists the sensor locations
selected using Gé‘f. In comparison, the sensors selected using Géf and using G differ
only slightly in the order in which they were selected, suggesting that both Ggf and G§°
perform comparably for sensor selection.

8. Conclusion

The quality of the solution recovered by solving an inverse problem depends on the
quality of the data. The location of sensors is one important parameter determining data
quality. We have demonstrated a method to select sensors with guarantees on the quality
of the resulting solution. Choosing the optimal location of sensors is computationally
challenging; our method uses a Galerkin projection to reduce the size of the problem
(which also generates a preconditioner for the inverse problem) and uses a greedy method
to select each subsequent sensor. Empirically, we have seen that our sensor selection
method yields improved accuracy compared to selecting random sensors in most cases.
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The following important questions remain open. For which dynamical systems do ran-
dom sensors perform well, and for which dynamical systems are optimized, not greedy,
sensors important? Can we adapt our Galerkin method for problems with time-varying,
nonlinear, or unstable dynamics? Can we use similar ideas to design a method for actu-
ator placement using the controllability Gramian? We leave these as future work.
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