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Denoising and Filtering Under the Probability of
Excess Loss Criterion
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Abstract—Subclasses of finite alphabet denoising and filtering
(causal denoising) schemes are compared. Performance is mea-
sured by the normalized cumulative loss (a.k.a. distortion), as
measured by a single-letter loss function. We aim to minimize the
probability that the normalized cumulative loss exceeds a given
threshold. We call this quantity the probability of excess loss.
Specifically, we consider a scheme to be optimal if it attains the
maximal exponential decay rate of the probability of excess loss.
This provides another way of comparing schemes that comple-
ments and contrasts previous work which considered the expected
value of the normalized cumulative loss.

In particular, the question of whether the optimal denoiser is
symbol-by-symbol for an independent and identically distributed
(i.i.d.) source and a discrete memoryless channel (DMC) is inves-
tigated. For Hamming loss, the optimal denoiser is proven to be
symbol-by-symbol. Perhaps somewhat counterintuitively, for a
general single letter loss function, the optimal scheme need not be
symbol-by-symbol.

The optimal denoiser requires unbounded delay and unbounded
look-ahead while symbol-by-symbol schemes mandate zero delay
and look-ahead. It is natural to wonder about the effect of limited
delay and limited look-ahead. Consequently, finite sliding-window
denoisers and finite block denoisers are defined. They are shown to
perform no better than symbol-by-symbol denoisers.

Finally, the effect of causality is investigated. While it is difficult
to characterize the performance of filters with unbounded memory
explicitly, it is shown that finite memory filters perform no better
than symbol-by-symbol filters.

Index Terms—Causality, delay, denoising, filtering, large de-
viations, look-ahead, memory, probability of excess loss, single
letter loss, sliding-block, Stein’s paradox, symbol-by-symbol,
time-invariant schemes.

I. INTRODUCTION

HE denoising and filtering problems have a long history

focussed on the continuous alphabet case. Recently, there
has been work on the discrete alphabet case (cf., [1], [2]). To our
knowledge, only the problem of minimizing expected loss has
been considered. We study the probability that the loss exceeds
a particular threshold, first considered by Marton in [3] in the
context of lossy source codes. This excess loss criterion enables
us to design denoisers and filters that have loss less than some
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target level with high probability. Further, even if a denoiser/
filter has low expected loss, the spread of this loss may be high.
The excess loss criterion provides a handle on the spread of the
loss. Our work was partially inspired by results in lossy source
coding (cf. [3], [4], [5D.

In particular, we analyze the asymptotic excess loss proba-
bility by establishing a large deviations principle (LDP) for de-
noisers and determining the corresponding rate function. Large
deviations characterizations have been used as a performance
metric both in the information theory and statistics literature
(see [3], [6], [4], [7], and [8], respectively).

The LDP for denoising is a special case of the lossy source
coding LDP discussed in [4] and [7]. However, while [4] and
[7] are concerned with characterizing the performance of the
optimal scheme, the basic question we ask in this work is how
different subclasses of schemes compare to the optimal scheme.
In other words, how much, if anything, is lost by restricting the
class of allowable schemes? There is a clear practical motivation
to this question. The subclasses we consider are those that limit
the amount of noisy observations that the denoiser “sees.” In
practice, a denoiser may not have an unbounded horizon so it is
important to ascertain whether/when such practical schemes are
close to the optimal bound. Further, we demonstrate that there
are cases where symbol-by-symbol denoising is stricly subop-
timal. This result is qualitatively similar to Stein’s paradox [9],
[10] where it is shown that an admissible estimate of an indi-
vidual sequence corrupted by independent and identically dis-
tributed (i.i.d.) Gaussian noise (alternately estimating the para-
metric mean of a multivariate) under mean-square error loss re-
quires that the estimate for each sequence component be based
on the entire observation sequence. Note, however, that in our
problem we are estimating an i.i.d. source (as opposed to an in-
dividual sequence or parametric estimation) and optimizing the
exponent of the probability of the excess loss (as opposed to the
minimum mean-square error).

We further note that, while the derivations of [4] and [7] are
information-theoretic, our results have more of a large devia-
tions flavor. That is, while the characterizations in [4] and [7] are
given in terms of minimum Kullback-Leibler divergences, in
this work we emphasize the Fenchel-Legendre transform repre-
sentation of the exponents. This representation makes the com-
parison of the rate functions for different subclasses more trans-
parent and helps us to establish cases of strict suboptimality of
symbol-by-symbol and other classes of schemes.

II. SETUP

The setup (see Fig. 1) is as follows: a source generates n
i.i.d. symbols, { X;}7_,, that take values in a discrete alphabet
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X" P(Z|X;) zn X"
Fig. 1. Denoising/filtering setup.
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X, = &(2")
Fig. 2. Denoiser.
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Xi = #(Z)
Fig. 3. Symbol-by-symbol denoiser/filter.
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Xi=a(21"h)

Fig. 4. k-finite sliding-window denoiser.

X offinite cardinality. These source symbols X; pass through a
discrete memoryless channel (DMC) II(z | z) to produce Z; that
take values in a discrete alphabet Z of finite cardinality. Denote
the distribution of the Z; by Q.

A. Denoising

The goal of a denoiser is to estimate X" =
(Xl,Xg,...,Xn) from Z" = (Zl,ZQ,...,Zn). The
vector Z" is denoised to produce the symbol X; = Z;(Z™),
for each i, where the denoising functions &;(-) are general,
deterministic functions of the random vector Z" with
range X = {1,2,...,|X]|}, |X| < oo. We note that while
#;(-) is a deterministic function, X; is a random variable.
The denoiser is the collection of denoising functions
(Z1(-),Z2("),...,Zn(-)) and is denoted by z™(-). We
illustrate a general denoiser in Fig. 2. If the denoising functions
satisfy 2;(Z™) = #(Z™, Z;), 1 < i < n for some deterministic
functionz : 2" x Z — X , we call the denoiser time invariant.

We refer to a denoiser with denoising functions that de-
pend only on Z; as a symbol-by-symbol denoiser, so that
X; = #:(Z™) = #(Z;) for a symbol-by-symbol denoiser. A
symbol-by-symbol denoiser is shown in Fig. 3. Note that the
#;(-) may vary with time (hence the subscript i). Applying
the above definition and the definition of a symbol-by-symbol
denoiser, we can see that a symbol-by-symbol denoiser is time
invariant if #;(z;) = #(z;) for some function z : Z — X.

We define the k-finite sliding-window denoiser to allow X;
to depend on Zi*F (e, X; = :i(Z/1F)) (see Fig. 4). As
above, a time-invariant k-finite sliding-window denoiser satis-
fies #;(Z1F) = #(Zi1F, Z;) for i : 2241 x Z — X. We can
view k-blocks of symbols as supersymbols to be denoised. We

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 53, NO. 4, APRIL 2007

Ck _ k(ok

X{ =zi(Zy) \
o Mk _ Mk Mk
Xl—1)+1 = Ta1(—1)+1(Za1(k-1)<1)

Fig. 5. k-finite block denoiser.
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Fig. 6. Filter.
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Fig. 7. k-finite memory filter.

thus define the k-finite block denoiser to divide the output se-
quence Z" sequentially into | ] blocks of k& symbols and up
to one remainder block of less than & symbols: Z zjtf(kkq) 1
M =1,2,...,|%] and Z?;—?Jkﬂ' A block of reconstruction

symbols is produced after observing each output block, so that

N Ny n
Xz%(kkq)ﬂ = *'Elzkvﬁk71)+1(zz%(kk71)+1)a M=12..., LEJ
and

Xl k1 = 5 e (L3 e

(see Fig. 5). It is straightforward to deduce the form of a time-
invariant k-finite block filter from the above definition.

B. Filtering

The basic idea in filtering is to reconstruct X" causally. That
is, the filtering function &;(-) at time 7 may depend only on
Zi so that X; = #;(Z") as in Fig. 6. So, the most general fil-
tering functions can make use of all of Z? when deciding on
output Z;. The memory of a general filter is unbounded in that
the number of observation symbols Z; used to make the decision
on Z; grows arbitrarily large with 7. We call this most general
class of filters the class of infinite filters. It turns out to be dif-
ficult to analyze such filters so we now define some classes of
filters with finite memory (i.e., their output at time ¢ depends on
a fixed number of past output symbols) which are interesting in
their own right. In particular, we consider the symbol-by-symbol
filter, which is the same as the symbol-by-symbol denoiser (i.e.,
X; = 2;(Z;)) of Fig. 3, and the k-finite memory filter, which
allows )A(Z to depend on Zf_k (.e., Xz = ii(Zf_k)) as shown
in Fig. 7. Similar to the above, a time-invariant k-finite memory
filter satisfies &;(Z!_,) = #(Z}_,, Z;) fori : ZM1x Z — X.

C. Criterion for Optimality

We assume a given single-letter loss function A(z,2)
X x X — RT such that there exists a maximum loss

Amax = max A(z,2). Note that what we call loss is also
reX ZEX
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referred to as distortion, particularly in the context of source
coding. An example of such a single letter loss function is
Hamming loss, where A(z, %) = 0if 2 = & and A(z, %) = 1 if
x # &. We denote the maximum value of the single-letter loss
function by A ax.

We consider the normalized cumulative loss

l — .
Ln =~ ;A(Xi,X,-). (1)

For the general denoising setup
@

The cumulative loss for the other denoisers and for the filters
is defined analogously, with the appropriate restrictions on the
functions ;. Note that L,, depends on the particular denoiser/
filter as well as on X™ and Z™. We omit these from the notation
for readability.

The normalized cumulative loss is a random variable. The
performance of a denoiser is usually characterized by the ex-
pected value of the normalized cumulative loss. We take a dif-
ferent approach and examine the probability that the normal-
ized cumulative loss exceeds some threshold D. For D less
than or equal to the minimum achievable expected loss, this
probability goes to 1 when using the optimal scheme, by the
law of large numbers. Thus, we consider values of D that ex-
ceed the minimum achievable expected loss. In the sequel, a
denoiser (i.e., the collection of denoising functions Z"™(-) =
(Z1(+),.-.,%n()) as described in Section II-A) will be said
to be optimal if it achieves the best exponential rate of decay of
P(L,, > D). Similarly, the optimal symbol-by-symbol, k-finite
block, k-finite sliding window and k-finite memory denoisers/
filters maximize the exponential rate of decay of P(L,, > D)
among all symbol-by-symbol, k-finite sliding window, k-finite
block, and k-finite memory schemes, respectively (i.e., among
the schemes where the denoising/filtering functions Z;( - ) are
chosen so that the denoiser/filter Z"( - ) is symbol-by-symbol,
k-finite sliding window, k-finite block or k-finite memory, re-
spectively, as in Sections II-A and II-B).

III. MAIN RESULTS
In Section IV, we prove the following.

Theorem 1:

R(C,D) £ lim —llog min P(L,>D) ()

n— oo mn [En(.)e

exists for C equal to

e (y, the class of all denoisers;

* (o, the class of symbol-by-symbol denoisers;

* C3(k), the set of k-finite block denoisers;

* C4(k), the class of k-finite sliding window denoisers;

* C5(k), the class of k-finite memory filters;
noting that C;(k), ¢ = 3,4, or 5 defines a class of denoisers/
filters for each value of k. We call R(C, D) the optimal rate
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function for class C. Furthermore, lim,, .o —% log P(L,, > D)
exists for any symbol-by-symbol denoiser (i.e., 2" € Cs) and
we call it the rate function for symbol-by-symbol denoisers.

Theorem 2: There exist sources, channels, and distortion
criteria for which R(C1, D) > R(Cs, D). That is, in general,
symbol-by-symbol denoisers are suboptimal. Furthermore, the
optimal denoiser and the optimal symbol-by-symbol denoiser
are time invariant.

Theorem 3: Under Hamming loss, R(Cy, D) = R(C3, D),
i.e., symbol-by-symbol denoising is optimal for all sources and
channels.

Theorem 4: For any k
R(Ca, D) = R(Ca(k), D) = R(Ca(k), D) = R(C5(k), D).

That is, in general, finite block denoisers, finite sliding-
window denoisers, and finite memory filters do no better than
symbol-by-symbol denoisers/filters. Since Co C C;(k) for
1 > 2, Theorem 2 implies that the optimal rate functions for
Ci(k), i > 2 are achieved by time-invariant symbol-by-symbol
denoisers.

Remark 1: Establishing the LDP for the best denoiser in C;
in Theorem 1 is nontrivial because (as we elaborate upon in
Section IV-Al), L,, is a sum of dependent random variables.

Remark 2: We give concrete examples where the inequality
of Theorem 2 is strict.

Remark 3: Theorem 2 seems somewhat counterintuitive
since the source is i.i.d., the channel is memoryless, and the
distortion is single-letter.

Remark 4: To obtain Theorem 4, we first compute
R(C3(k), D) and show that R(Cy,D) = R(Cs(k),D). We

?

use these two results to obtain R(Co, D) = R(Cy(k),D)

by an approximation argument. Finally, we show that
R(C2, D) = R(C5(k), D) by observing that C4(k) D Cs(k).

IV. OPTIMAL RATE FUNCTIONS AND OPTIMALITY OF

DENOISERS/FILTERS

We prove the first two parts of Theorem 1 in Section IV-A.
We establish the last part of Theorem 1 and the time-invari-
ance of the optimal symbol-by-symbol denoiser of Theorem 2
in Section IV-B. In Section IV-C, we show that the optimal de-
noisers in C; and C, are time invariant and find a set of exam-
ples where symbol-by-symbol denoising is strictly suboptimal
thereby showing Theorem 2. Section IV-D characterizes the per-
formance of k-finite block denoisers and shows it to be equiva-
lent to the that of symbol-by-symbol denoisers, thus establishing
the third part of Theorem 1 and part of Theorem 4. Section I[V-E
does the same for k-finite sliding-window denoisers. Finally,
Section IV-F discusses filtering, explaining why it is difficult
to analyze the performance of filters with unbounded memory
and then characterizing finite memory filters in order to estab-
lish the remainders of Theorems 1 and 4.
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A. R(Cl, D) and R(CQ, D)

1) An Overview of Optimal Denoisers: We present upper and
lower bounds on P(L,, > D) for an optimal denoiser, preceded
by some notation. First, however, we explain why obtaining the
LDP for L,, is nontrivial. We note that L,, is a sum of random
variables, A(X;,%;(Z™)), that are not in general independent
of each other. This is because the estimate Z; is based on Z"
and Z" is correlated to each of the X;, ¢ = 1,2,...,n by the
channel so that &;(Z") is correlated to each of the Xj;. It is thus
nontrivial to show whether and when the sum L,, concentrates
for general denoising functions.

If we restrict ourselves to symbol-by-symbol denoisers
(as defined in Section II-A), we have that A(X;, 2;(Z™)) =
A(X;,2:(Z;)) and are independent but not identically dis-
tributed. It is reasonable to expect a sum of such random
variables to concentrate, but the proof uses a key lemma from
[5] which is a recent result. We show how to apply their arbi-
trarily varying source lemma directly to L,, in Section IV-B.
Also, we will elaborate upon this lemma shortly.

For the case of a general denoiser, where the th estimate
X; = x;(Z"), we will show in Section IV-A3 that the sum
concentrates for the optimal denoiser. We obtain the concen-
tration result by conditioning on Z™ and expressing P(L,, >
D|Z™) as a sum of conditionally independent but not iden-
tically distributed random variables. We can then use the ar-
bitrarily varying source lemma of [5] to show that P(L, >
D|Z™) concentrates. However, to get P(L,, > D) we must sum
P(L, > D|Z™) over an exponential set so that it is not clear
that P(L,, > D) concentrates. We will argue that the best de-
noiser depends only on the empirical type of Z™ and so the sum-
mation can be taken over the (polynomial) number of types of
Z™ rather than the exponential number of Z". This will yield a
concentration of P(L,, > D) but only for the optimal denoiser.

Having established the difficulty of the problem and having
summarized our approach, we now summarize and state for-
mally an important lemma that we will use repeatedly in this
paper.

2) Arbitrarily Varying Sources: Basically, the arbitrarily
varying source lemma establishes an LDP for sums of n in-
dependent but not identically distributed random variables. It
requires that the random variables take on a finite number of
discrete values, have bounded support, and have probability dis-
tributions that lie in some finite set of distributions. In addition
to establishing the LDP, the error of the LDP approximation is
given and holds for sufficiently large but finite n. We now state
the lemma formally.

Consider a set of r probability mass functions on the real
line which we denote by { Py, P, ... P.}, 7 < oo. Denote the
support of distribution P, by S(P,), a = 1,2,...,r. Suppose
that for each a, there are a finite number of elements in S(P,)
and that every element of S(P,), is upper-bounded by A, € R
and that 0 < P,({A.}) < 1 (where the inequalities are strict).
Now, let W; be independent random variables with distribution
in { P, }._,. Then, following the terminology of [5], we call W;
an arbitrarily varying source (AVS). Define

1 n
Sn:ﬁ;m.
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Denote the fraction of W; in W™ with distribution P, by Q7.
For example, if n = 9 and only five of the nine W; have dis-
tribution P;, then Qsl’ = %. We now see the reason for using
both a and 7 in the notation for Q7. The « indexes the distribu-
tion P, and the n is relevant because ()7’ can only take values
in {0,1,2 ... 1}. (In fact, we will want to optimize a func-
tion of the {Q7}, a = 1,2,...,r for a particular n and we
will argue that as n — oo, we can equivalently solve the opti-
mization over the continuous parameter space [0, 1]" instead of
over the discrete valued parameter space {0, 1,2 ... 1}" of
the {Q7}.) Let U, (- ) be the moment generating function of a
random variable with distribution P, i.e.,

Vo(N) = Ep, (M) = > eMPy(w)
weS(Py)

where we can write the expectation as a finite sum since S(P,)
is a finite set.
Let Ui,y (A) = >0, Qlog(¥, (X)) and let

Wi,y (z) = sup [Az — Wy (N)]
A>0

=sup | \z — "log U, (A)] .
sup {;Qa g Wa(A)

Then, we have the following.

Lemma 1 (Large Deviations for AVS): For D > 0 and for n
finite but sufficiently large,

P(Sn > D) < e_n\ljk*yl)<D),
and
P(Sn > D) > e_"[‘I’E,,)(D)-I—o(n)]

where o(n) can be characterized explicitly as a function of n.
Proof: Although the proof is given in [5], for the conve-
nience of the reader, we include in Appendix I of this paper a
proof of the arbitrarily varying source lemma which includes
more details than the proof in [5]. The precise expression for
o(n) can also be found in Appendix 1. d

3) Optimal Denoisers: With Lemma 1, we can compute
P(L,, > D) for a general denoiser.

Consider an arbitrary denoiser 2" ( -)
amine the relation

: 2" — X" We ex-

P(L, > D|Z" = z")

17’7.
P =SCAX;, #:(2™) > D|Z2" = 2" .
(33 ez > vz =)

Now, since £™( - ) is deterministic, there is no randomness in
#(Z™) given Z™ = 2". Given Z" = 2", consider the set
I; . = {i: (&;,2:) = (&,2)}. Wesuppress the dependence of
I; . on n for simplicity. I; . is the set of all noisy observations
z; (which are deterministic given Z™) that are denoised to the
estimate &; = Z. We index these pairs (&;, z; ) by their time index
i. One can see that foralli € I; ., A(X;, Z;) are conditionally
independent given Z™ = 2" and have the same distribution as
A(X, z) given Z = z, where X has the source distribution and Z
has the distribution induced by the channel and by the distribution
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of X. So, A(X;,&;) given Z™ = z™ is an AVS, where the finite
set of possible distributions of this random variable is indexed
by the possible values of (i, z;) and has magnitude | X'|| Z]. We
can thus use Lemma 1 with  and the collection of distributions
{P,}-_, from the statement of the lemma corresponding to
|X||Z| and the distributions associated with A(X, &) given
7 = z.Note that we have shown that, conditioned on Z™ = 2",
L,, is a sum of independent random variables.

Let 7 be the fraction of occurrences of z; = z in 2", and let
Q7. be the fraction of occurrences of (&, z;) = (&,2) among
the nQ? pairs (Z;, z;) with z; = z. Given Z™ = 2™, the denoiser
Z™(+) induces a particular Q7 Also, the magnitude of the set
I; . defined above is nQ7Q%, . To simplify notation, we will

2|z
not show the dependence of Q7. on &"(-) and Z". We have

nQI QL.
P(Ly>D|Z"==2")=P Y > Y V" >nD
2€Z 5k i=1

where {Y"*} are independent with ;" distributed as A(X, 7)
given Z = z. A

We now apply Lemma 1 to the random variables Y;"*. We
will omit the explicit specification of the alphabets of z and
z, for simplicity. Also, we use {Q7} to denote the empirical
distribution of z, i.e., {QT,Q%,. .. |Z‘} Similarly, {Q" }
denotes the collection of conditional empirical dlstrlbutlons of
% given z € {1,2,...]2|}. Then, using Lemma 1, we have that

P(L, > D|Z" = z") < e7 TP AQER{@QE.D @)
and

P(L, > D|Z" = z") > e U (DAQTIAQZ . })+o(n)) )

where o(n) is independent of Z™ (and again, is given in Ap-
pendix I) and where, for probability distributions (using similar
notation to that of the empirical distributions) {Q).} on Z and

{Qaﬂz} on X

(D {Q.}.{Qs-}) ©)
— AA(z, T)
=sup |AD ;QZQZ|Zlog (Z |>> (7

where p(z|z) is the given conditional distribution of the channel
input given the channel output.
We now restrict our attention to the schemes that maximize
the exponential rate of decay of
P(Ly, > D)= P(L, > D|Z" =z")P(Z" = z") (8)

Zn

i.e., those that achieve (3). Notice that the probabilities in (4)
and (5) depend on 2" and the denoiser only through the joint
empirical type of (2™, 2™). We claim that the best (in the sense
of maximizing the exponential rate of decay of P(L,, > D)),
joint empirical type, (Z™,2™), is constant for z" of the same
type. The reason is that the set of possible joint types of (2", 2™)
is identical for 2™ of the same type. This is easily seen by con-
sidering z™! and z™?2 to be of the same type and noting that,
because they are of the same type, there is a bijection (- )
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and z™'. So, if a particular de-
n, 1

from Z" — Z" between 22
noiser 2" ( -) produces joint type {Q% .} when used on z
the denoiser resulting from the composition of &"( - ) and 7 ( - )
on z™?2 produces the same joint type {ng} The opposite is
clearly true since 7 ( -) is a bijection.

Since the set of joint types is the same, the best exponent is
the same (since it depends only on the joint type). So, rather than
summing over all 2™ in (8), a set with magnitude exponential in
n, we can group the z™ according to their type and sum over
the different types, {Q7} (a set with magnitude polynomial in
n), and we may restrict our attention to denoising functions that
depend only on {Q7}. These facts will help us to express the
desired probability as asymptotically equal to an exponential in
n, that is, establish the LDP.

We will omit explicit dependence of the notation of the de-
noiser on { Q7 } for brevity. Further, we can use the classical typ-
ical sequence bounds on the probability that Z™ has type {Q”}
(c.f. [11]-[13]). Thus, for a particular choice of the denoising
functions chosen among the set of optimal denoising functions,
i.e., where Qg‘z induced by the denoiser depends on z™ only
through its type Q7

P(L, > D)
= P(L, > D|Z" =z")P(Z" = 2")
Z e—nI(Dy{QL’}a{QZ\:})p(
Zn=zn
— Z e—nI(D7{Q?}7{Q2|Z})P(Zn has type {Q"})
{Qz}
< Z e
{Qz}

where () denotes the distribution of the channel output, D(-||-)
is standard Kullback-Leibler divergence, and

P(L, > D)
> Z e*n(I(D:{Q’Z}»{QZh})+0(n))p(zn has type {Q"})
Q)

>3 o~ I(DAQYAQE  D+o(n)+D({Q1} Q)+ 1 eslztlly

Z" =z")

I(DAQI}H{Q: . H+D{QIHIQ)) 9)

{Qr}
(10)
Note that the summations in (9) and (10) are over the set of
possible empirical distributions, which is of polynomial size.
The optimal denoiser chooses the best denoising functions
given the type of z". Denoting the loss of the optimal denoiser
by LSPY, we have
P (L' > D|Z™ = 2")
—nmax;or 3 I(D{Q7}{QF.})

<e 21z (11
and
P (LY > D|Z™ = 2")
> ¢ e 1 TOAQUM@R Do) o

Therefore

P (LyP* > D)

L Tnminger) maxay ) ((DAQIHQED+PUQIIIR) (o
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where we use the notation a, = b, to denote that

lim,,_ o + ~log = =

4) Optimal Symbol by-Symbol Denoisers: Now we derive
the best performance among the class of symbol-by-symbol
denoisers. As stated in Section IV-A1, one option is to use the
AVS lemma immediately. We will do this in Section IV-B.
Here, however, we will show how to derive the rate function
in a manner similar to that of Section IV-A3. The optimal
symbol-by-symbol denoiser must choose the denoising func-
tions before observing the realized type so that {Q%z} is a
deterministic mapping (i.e., it is the same for all types {Q”}).
It thus picks a set of denoising functions that maximize the
exponent (or minimize P(L, > D|Z™ has type {Q7})) over
all types {Q7}. Denoting the loss of the symbol-by-symbol
scheme by L$°, we have from (9) and (10) the inequalities (14)
and (15) shown at the bottom of the page, so that

P(Ly > D)
—nmax(gn ) mingor) (I(D.{Q1}.{Q2. D+DUQIHIQ)

(16)

5) Optimal Rate Functions: We compute (3) by showing that
we can move the limit inside the optimizations and then op-
timizing over a continuum of distributions instead of over the
discrete sets {Q7} and {QZ‘Z} which take values in

1 2 |Z] 1 2 |X|
0,—,—,...,1 and 0,—,—,...,1
n'n n'n

respectively. We thus define a new domain of optimization vari-
ables, {Q.} and {Q;.}, that are continuous valued in [0, 1]/
and [0, 1]!*1, respectively. We will show that optimizing the rate
function in terms of {Q.} and {Q;.} instead of {Q7} and
{Q%,.} is equivalent in the limit of large 7. Specifically, we have
the following statement.

Definition 1: For z € Z and # € X, let Q. € [0,1] and
Q|- € [0,1], such that 7 Q. = 1, and Z.ﬂz Qz). = 1 for
each z. We can think of @), as the frequency of Z = z in Z"
as n — oo and, likewise, for sz. We denote the collection of
such frequencies by

{Qz} = {Q17Q27 o 7Q|Z\}

and

{Qi|Z}:{Q1|17Q2|17"'7Q 7Q‘/w||z|}

pue

We now claim that we can move the limit inside the optimiza-
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where Y #* is distributed as A(X, &) given Z = z, and
A= zz: Z QzQi\z %%?A(a:’ :E)
Then, we get the following.
Lemma 2: For A < D < A,
lim max min (I (D, i ,{ J Z}) +D n )
Jm s win (1 (D,1@2) {5 {Q2}1Q)

= {Hlj)z(} {Hllﬂ( (Dv {Qz}v {Qi|z}) + D({QZ}HQ))

a7)

and

lim min max
n—o0 {Q?

e}

(r(p- @y {ez.}) + D@y @)

D({@Q:}|@))- (18)

We first need the following claims.

Claim 1: 1(D,{Q-},{Q3|-}) is convex in {Q. } and also in

Proof: For two different values of {Q7,,} which we will
denote {QI|7}(1) and {Q2|z}(2)’ and for some o € [0,1], @ =
1 — «, consider the linear combination

OLI(D, {Qz}v {Q%\z}(l)) + @I(Dv {Qz}7 {Qﬂz}@))

We have that

ol (D,{Q:}1.{Q:-}V) +al (D.{Q-}, {Qaz}(”)

<Z AA(z, T(z :|
ta {Sup AD — ZQZQﬁi log <Z M), )

—a[supAD ZQzQ( log

A>0

A>0

=sup |aAD — ZQzalezlog

A>0

(Z e)\A(T T(Z))p ZU|Z

Z’I‘

+sup [@AD — SO lo
/\>% ZQ QT‘Z &

<Z e/\A(a:,i(z))p(x|z>>
>Ol/\ D— Z Qzan|z IOg (Z e)\'A(x,i(Z))p(x|z))
+a\"D=3 " Q.aQj ! log (Z e”“zﬂzﬁp(ﬂz)) :

tion. We let
A= Q:Qal EY™*
ZZ | YA N (19)
P> D) < {g%n} e~I(D{QIIAQE. N+D(HQI Q) (14)
ey
and
P(I=> D) > min e—n(f(D,{Q:},{Q;z})+o<n>+D<{Q’;}HQ>+M>) (15)
" o)

{Qz}
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Thus, since A’ and \" are arbitrary, they can be chosen to be the
A that achieves

sup [AD = 3 Q. (@4 +aQS))

A>0

x log (Z eAA(x’i(z))p(a:|z)>] (20)

which exists since the objective is continuous in A. Thus,
(19) > (20). Notice that (20) is simply I(D, {Q.}, a{Qz.} +
a{Qz-}). So we have that I(D,{Q.},{Qz-}) is convex in
{Qz)-}. A similar argument holds for {Q.}. Thus, we have

Claim 1. O
Claim 2: I(D,{Q.},{Qz-}) + D({Q:}]|Q) is convex in
{Q.} and also in {Qj.}.

Proof: The claim follows from the previous claim and the
fact that D({Q.}||Q) is convex in {Q.} and independent of

Claim 3: For A < D < A, and M satisfying 0 < M < oo,

I(D,{Q.},{Qz-}) + D({Q-}||Q) is uniformly continuous
in {Q3)- } and uniformly continuous in {{Q.}: D({Q.}||Q) <
Proof: The set of allowable {Q;|. } is closed and bounded
and thus compact. Since I(D,{Q.},{Qz).}) + D({Q-}[|Q) is
convex in {Q;|. }, it is uniformly continuous in {Q5|. }.

Since D({Q.}||Q) is continuous where finite, the set
{{Q.} : D{Q.}||Q) < M} is closed. Clearly, this set is
also bounded since the range of {Q.} is bounded. Uniform
continuity follows from the compactness of this set and the
convexity of I(D,{Q.},{Qz-}) + D({Q:}]|Q). It is also
clear that the types {Q.} such that D({Q.}||Q) = oo cannot
minimize the rate function, so we may assume the existence
of some M > 0 such that the optimization is equivalent to
optimizing over {{Q.} : D({Q.}||Q) < M}. To simplify
the notation, we will not state this restricted range of values of
{Q.} explicitly in the following. O

We are now ready to prove Lemma 2.

Proof of Lemma 2: For all ; > 0, there exists an /N such

that n > N implies
max | min 71 —{Q:}||2, min 2ot —{Qsz-
i Q2= (@:H s i 1{ @z } ~{Qar-Hl:

<m

forall {Q.}, {Qz-} since we can approximate a point in [0, 1]

arbitrarily well by a point in {0, %, %, ..., 1} asn — oo.
Since 1(D,{Q-},{Qz|-}) + D({Q-}||Q) is uniformly con-

tinuous in {Q;). }, for all n; > 0, there is an 3 > 0 such that
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implies

((I(D,{Q:},{Qs:}) + DHQ-}HIQ))
—(I(D:{Q-},{Q5.}) + DHQ:}HIQ))| < n2-

The same is true using {@.} and {Q7}. So, there is an N such
that forall n > N

| (1(D,{Q-},1Qs1:}) + PUQ-1Q))
~ (1(DAQ:}. Q1Y) + DHQHIQ)] < ma

and
| (I(D7 {Qz}7 {Qzlz}) + D({Qz}”Q))
—(I(D,{Q%} {Qz-}) + DUQLHIQ)) | < ma-

Thus, forn > N

< gmar, pin ! (D.@zy {@z.}) +PUQI} Q) +ne

and

2 e, min 10, Q) {@z. )+ D@0

> max min 1(D,{Q2},{Qi. )+ D ({Q1} Q) — .
{Qg‘z} {Q}
Since 7y is arbitrary, we have the first part of the lemma. The

second part follows analogously. O

Thus, combining Lemma 2 with (13) and (16) shows that
R(Cy, D) and R(Co, D) are well defined and that

R(Cy, D) = min max (I(D,{Q.},{Qz:}) + D{Q:}|Q))

{Q:}{Qs:}
(21)
and
(22)

B. Alternate Derivation of R(Cy, D) and Rate Function for
Symbol-by-Symbol Denoisers

We can find the rate function for a symbol-by-symbol de-
noiser by noting that A(X;,Z;(7Z;)) is an AVS with distribu-
tion depending only on the denoising function Z;( - ). There are
a finite number, |X||Z, of different denoising functions (- )
which we will now label () (-), 5 = 1,...,|X|IZ]. Let 0;"’) be
the fraction of times 20/ )( - ) appears (there is a dependence on
n since there are n total observations being denoised). Then, we
can apply Lemma 1 to conclude that, for any symbol-by-symbol
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denoiser, we have (23) which is shown at the bottom of the page,
thus establishing the last part of Theorem 1.

We get an alternate derivation of the optimal rate function
by optimizing over the {9;")} to get (24), which is also shown
at the bottom of the page. Equation (24) follows from the fact
that the optimal denoising function, Z( - ), depends only on the
distribution of (X, Z) for all j and is therefore the same function
for all j. In other words, the optimal symbol-by-symbol scheme
is time-invariant, establishing part of Theorem 2. We now have
another expression for R(Cz, D), namely

R(Cy, D) = rp(a))(sup[)\D —log Ex, 7z exp(AA(X, £(Z)))].
&) A>0
(25)

C. Optimal Denoising and Theorem 2

1) Theory: Our goal is to investigate whether P(LSPY >
D) = P(L*® > D), ie., whether R(C1,D) = R(C2,D). We
can see the following from (21).

Lemma 3: For Hamming loss, symbol-by-symbol denoising
is optimal.

Proof: Forall types {Qz}7 I(D {Qz}v {Qi|z}) (see (6))is
maximized over {Qz.} by Q. = I({Z = arg max, p(z|z)}),
i.e., the deterministic conditional distribution that sets Z as the
most likely x given z. O

We thus have Theorem 3. Using (21) and (22), we now show
the following.

Lemma 4: The best denoisers and the best symbol-by-symbol
denoisers are time invariant.

Proof: The best denoiser picks a conditional distribution
Q3| based on @).. It is easy to extend Claim 1 to continuous
distributions. Thus, for a fixed {Q.}, I(D,{Q.},{Qz-}) +
D({Q:}||Q) is convex in Q.. Thus, for each z € Z, the best
choice of ;). sets 1 for some & and 0 otherwise, i.e., the best
denoiser is time invariant. The best symbol-by-symbol denoiser
chooses {Q;.} to maximize mingg (I(D,{Q.},{Qz-}) +
D({Q.}]|@Q))- It is easy to see that this expression is convex
in {Qz.}. So, for each z € Z, the best symbol-by-symbol
denoiser has Q.. equal to 1 for some Z and equal to 0 otherwise.
Thus, it is time invariant. O
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2) Concrete Examples of Suboptimality: We now show that
there are cases for which symbol-by-symbol denoising is strictly
suboptimal, i.e., the inequality between (21) and (22) is strict.

We will consider a binary-symmetric channel (BSC) with
crossover probability §. We use the notation BSC(4) to refer
to such a channel. Consider a Bernoulli(p), p = 0.5, source that
passes through a BSC(¢) with § < 0.5. We define an asym-
metric loss function where a loss of 1 is incurred when we de-
code 0 as 1 and a loss of 2 is incurred when we decode 1 as 0.

By Lemma 4, it is clear that the best denoiser has Q). = 0
or 1 for z = 0,1. So, for a given {Q.}, there is no need to
time-share; the best denoiser makes the same decision at each
time for the same output symbol z. Thus, there are only four pos-
sible optimal denoising schemes: say-what-you see (SWYS),
say-the-opposite (SWYS), decode all ones (ONES), and decode
all zeros (ZEROS). We represent the denoising decision by z( - )
which takes a single symbol z as an argument. So, for the SWYS
denoiser, Z:(z) = z and for the ONES denoiser, Z(z) = 1.

Since we are in the binary setting, we can simplify the no-
tation for the frequency/distribution vectors. Instead of writing
{Q.} or @, we specify the frequency/distribution, respec-
tively, by Qo or Q(0). In our setting, the objective function,
I(D,{Q"}, {Q;‘lz}) + D({Q7}]|Q), for a particular denoiser,
(), 1s

Ol AA(0,5(0)) (0, 0) AA(L@UU)p(1:0)>
sup D - Quto (¢ Qo) T° Q)
_ A1) PO, 1) 3@y P(L 1)
s o Q)
Q1
+ Q1 10gm

M(X,2(2))

Qo
Q(0)
=supAD —log Ex ze

A>0
Zx p(:l?, O)e/\A(X,ﬁz(O))
+ Db (QO EA\:ZB)‘A(X’i(Z))

+ Qo log (26)

27)

where D;, denotes binary divergence. That is

(0) p(1)

P
Dy (p(0)]|¢(0)) = p(0) log 4(0) + p(1) log o

where p and ¢ are probability distributions on {0, 1}.
We can now make the following claim.

Claim 4: SWYS and ZEROS are suboptimal.

P(L,>D)=¢

vilZl (., (i
—nsupysg [AszLi‘l 9;_ ) log Ex z exp()\A(X_,m(J)(Z)))i|

(23)

P(LY > D) = mine
{67}

=e
_ | x1Z1
~e nmaxgen Zj:l

- M maxs(.) supy 5 o[AD—log Ex,z exp(AA(X,#(Z)))] )

&1 21
—n maX{g;}} SUPyso Z]‘:

vilZl (i
—nsupyyg [Asz‘j_i‘l 9;. ) logEx, z exp()\A(X,z(])(Z)))]

J

6" (\D~log Ex 7 exp()\A(X,i(j)(Z))))]

0;71) supy g [AD—log Ex,z exp()\A(X,.f:(j)(Z)))]

(24)
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Fig. 8. Region of symbol-by-symbol suboptimality.

Proof: For SWYS, the quantity inside the supremum of
(26) is

AD — Qolog(d + €**6) — Q1 log(e*6 +8).  (28)
For SWYS, it is
AD — Qqlog(6 + €**8) — Qolog(e*8 +6).  (29)

Since § < 0.5, (28) for Qg = Q} is greater than or equal to (29)
forQo=1- Q(lj, for each A > 0. So, for any fixed denoiser and
Qo = Q}, (26) for SWYS is better than for SWYS for that same
denoiser and Qg = 1 — Q}. Thus, the performance of SWYS is
better than that of SWYS.

Since p = 0.5, we are as likely to incorrectly decode a 1 as we
are to incorrectly decode a 0. Since it is more costly to mistake
a 1, the ONES denoiser is better than the ZEROS denoiser. [

We also have the following claim.
Claim 5:

A(X,2(2))

AD —log Ex ze*

AA(X,&(0
+D, <Q ‘E 2 p(z,0)*N ())) (30)
Ex. zeM(X#(2)
is concave in .
Proof: Since log convexity is preserved under sums and
e a € R is log convex in ), the terms inside the logarithm of
(26) are log convex. Hence, the log terms are convex and so (30)

is concave in A. O

Now, (17) can be expressed as follows:
max minsup AD — A(X.2(2))

lo ‘EXZe
z(-) Qo A>0 BEX.

Z p . 0) AA(X,2(0))
EX ZekA(X 2(2)) >

+ Dy <Q ‘ (31)

0.09 01

0.14

0.1 0.12 0.13 0.15
)

= maxsup min AD — log Ex Ze’\A(X’f”(Z))

(-) A>0 Qo ’
S p(a, 0)MAEO)

+ D, <Q ' LOA(X(2) (32)

= maxsup AD — log EX7Ze)‘A(X 2(2)) (33)
#(+) A>0

where we can switch the min and sup in (31) to get (32) since the
objective is convex in the minimization variable ()¢ and concave
in A, the variable over which the supremum is taken. Equality
(33) follows by setting

Z p(x 0) AA(X,2(0))

Qo = eM(X,3(7))

Ex z
so that the binary divergence term is minimized. We could have
obtained (33) directly from (23) but we re-derived it here be-
cause we use the form of (32) in the following.

Since only the SWYS and ONES denoisers can be optimal,
the problem reduces to comparing the exponents of these two
denoisers. That is, we use (33) and substitute either the SWYS or
ONES function for Z( - ). We use a Matlab program to search the
space of channels in terms of § and the range of thresholds, D, to
determine for which channels and threshold values symbol-by-
symbol denoising is strictly suboptimal. Although the region of
such (6, D) pairs is computed numerically, each point in the
region can be verified analytically to show the suboptimality
of symbol-by-symbol denoising. The details of our method and
an explanation of why each point in the region can be verified
analytically can be found in Appendix II. Fig. 8 shows a plot of
the region of (8, D) for which symbol-by-symbol denoising is
suboptimal. This concludes the proof of Theorem 2.

D. R(Cs(k), D)

We derive an expression for the exponent of the probability of
excess loss for the k-finite block denoiser and show that the best
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k-finite block denoiser does no better than the best symbol-by-
symbol denoiser.

For simplicity, assume that n = mk, for integer m. Since
we take lim,, o —% log P(L,, > D), it will be clear that this
does not affect the validity of the derivation. We index

the set of denoising functions Z¥(-) zZF —  X* by
k

i€ I = {1,2,...,|X] K| } to get #%()(.). Note that

for fixed k, this set is finite. Now, given n = mk, the

most general deterministic scheme will use a certain frac-
tion of each type of denoising function. Denote the fraction

of time denoiser i is used by 6™ € {0, L L2 ...,1}
Since the (X(jk l)k—l—l’Z(]k 1)k+1) are iid., for a par-
ticular 4, A(X/F ), @R O(Z0F L)) are iid. So,

A(XF*, 2% (Z*)) is an AVS. Thus

P(Ly > D) ZAX X;)>nD
7=1
=r ZA x(r x7r >nD
(G=Dk+1 2 (i-Dk+1
j=1
1 — . .
_ ; ;
=r E E:IA (X(j—l)k+17X(]‘_1)k+1) > kD
=
|Tp| moi™
-r _Z > A(XRED GOZNED)) > kD
=1 j=1

where for each (i, j), (X*(%3), Z¥:(:7)) has the same distribu-
tion as (X*, Z*). We can therefore use Lemma 1 on the AVS
A(XF, 2@ (Z%)) to compute

1
— —log P(L, > D)
n

——kmgp(

(m)

|Zk| mb;

> X
A (ka(i,j),iukv(i) (Zk,(i,j))) > kD)

Zx|
1 . T
= —sup | AD =3 0™ log Eyu M (EHE)
k x>0 P '
+ o(m)
where o(m) — 0 as m — oo. Since we are concerned about

the behavior for fixed k as n — oo, we have m — oo. So, we
can neglect the o(m) term and optimize over {6;}, 6; € [0, 1]
instead of over the {6£m)}. We can rewrite this as

|Z |
1
—sup |AkD — 0;lo
k A>I(; ; 8
K [ 3 (ptat, e 2 e))

ok 2k
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|74 |
= ls,up [)\kD - Zf) log ( >

) P (1)
A>0 P ok ok

% em(#‘,ﬁ;’“r(”(zk))) )]

|Zk|
= 55 )\kD—;&- log IZ p(2")
k k 25,80 (2"
% [T (0l zy)) e2ims 2 (5557 )
=1
1 ) k
= 75 )\kD—;Gilog Ikzk p(z")
k oo
H( (z;12) M(wﬁ-)(zw))
1 |k |
— —_ . k
= s kD ;0 log Z: p(2%)
I ()
j=1 z;
1 |Zx|
X k
:Eigpo )\kD—;qulog ZZ p(2")
XHZ< (z|z))e A .)(Zk))>
j=1 =z

To maximize this expression, we should set §; = 1 for

i:;i)(zk) = argmin, Zp(x|zj)e)‘/\(m’i)

. . C .ok
and 0 else, since this minimizes p(m|z]-)e’\‘\(‘”’zf =) for
each j. So, the best denoiser uses the time-invariant, symbol-by-
symbol function

Z(z) = argmin,, Zp

where A achieves the above supremum. Since the function is
continuous in A, starts at 0 for A\ = 0 and tends to —oo as
A — 00, the supremum is achieved and so our definition of
the optimal function is valid. Letting Z( - ) denote this choice of
denoising function, we thus have

)\A(m z)

k
1 .
—su MkD —lo xk k eAA(mjrzr(Zj))
k /\>I(; & zgk M )11;[1 ( )
= —sup |AkD —lo k=1 k-1
k )‘ZIO . mkflzzk—l p( / )
k—1

x (ew\(zj,z(zj-») S Pk, 21)e? A @G

Tk, 2k
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Fig. 9. Illustration for sliding-window denoiser proof.

[ k
1 ~
= —su MeD — log T2 e)\./\(mj,w(zj))
k AZI()) g jl;[lgg;p( ir %)
1 [ k
= —sup | MD — log 2. 2)e M (@:2(2))
e 3 (;p( %)
=sup |AD —1lo 7. 2)eM(@:2(2))
A [ 8 (; plw, 2)

Clearly, the value of A that maximizes this expression coincides
with the value of A that maximizes the symbol-by-symbol
denoiser rate function (25). Therefore, finite block denoisers
have the same performance as symbol-by-symbol denoisers,
ie., R(Cy, D) = R(C3(k), D), giving the third part of Theorem
1 and the first part of Theorem 4.

E. R(Cy(k),D)

?

We show that, given a k-finite sliding-window denoiser, we
can find a sequence of finite block denoisers of increasing order
whose performance is a lower bound on P(L,, > D) for the
k-finite sliding-window denoiser. Consider a p-finite block de-
noiser, where n = mp, p = lk, and [ > 1 and m, [ are integers.
It is straightforward to extend the argument to general m, [. We
now show that

[

P(L,>D)=P ( A(Xi, 3 (Z777)) > nD)

1

K2

>P

NE

Jp ~JP Jp
A (X<j—1>p+1v$(j—1>p+1 (Z<j—1>p+1))
1

>n<D+M>>.
p

This latter expression is the probability of excess loss of a p-fi-
nite block denoiser with threshold D+ 2/\#,(1@ and uses the nota-
tion for block denoisers defined in Section II-A. Fig. 9 illustrates
the reason for the inequality. The inequality follows from the
fact that the p-finite block denoiser has more information than
the k-finite sliding-window denoiser for all indices except those
of the form jp—k+1,jp—k+2,...,jp+ k. So the best block

<.
Il

denoiser does at least as well as the sliding-window denoiser for
indices that are not of this form. Furthermore, the loss for indices
that are of this form cannot exceed Ap,.. Since there are 2km
such indices, increasing n.D by 2kmA .5 to get n(D+ QA“I‘)“"’“)
gives the lower bound. We know the p-finite block denoiser can
do no better than the optimal symbol-by-symbol denoiser with
the same threshold, i.e., D + M Since the exponent is con-
tinuous in the threshold parameter and p was arbitrary, taking
p — oo gives us a tighter lower bound on the exponent asso-
ciated with the probability of excess loss of a sliding-window
denoiser. This lower bound is the probability of excess loss for
an optimal symbol-by-symbol denoiser with parameter D.

It is obvious that the best finite sliding-window denoiser is no
worse than a symbol-by-symbol denoiser of the same threshold.
Thus, the performance of the best finite sliding-window de-
noiser is the same as the performance of the best symbol-by-
symbol denoiser, i.e., R(Cs(k),D) = R(Cz, D). So we have

another part of Theorem 1 and of Theorem 4.

F. Filtering

1) Infinite Memory Filters: Explicit characterization of the
performance of the infinite memory filter appears to be difficult.
This characterization shares some intricacies with the charac-
terization of the exponent of zero-delay, infinite memory source
codes, which is mentioned but left open in [5]. It is not clear how
to use the AVS lemma (Lemma 1) since the single-letter losses at
different times are dependent on the infinite memory filter. This
was also the case with the finite sliding-window denoiser, but
because the memory and look-ahead were finite, we could get a
handle on the rate function by using a series of finite block de-
noisers to upper-bound it. We are, however, able to characterize
the performance of the finite memory filter, by sandwiching its
performance between schemes whose performance we already
know.

2) R(Cs(k),D): The analysis of finite memory filters is
greatly simplified by the preceding results for denoisers. We
observe that the set of k-finite sliding-window denoising func-
tions includes the set of k-finite memory filtering functions
which includes the set of symbol-by-symbol denoising/filtering
functions. The equivalence of the best k-finite sliding-window
filter and the best symbol-by-symbol denoiser/filter thus implies
the performance of finite memory filters is the same as that of
symbol-by-symbol filters, i.e., R(C5(k), D) = R(Cs, D). This

gives the remaining parts of Theorems 1 and 4.
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V. CONCLUSION AND FUTURE WORK

We have studied the effect of limiting the domain of denoising
and filtering functions under the probability of excess loss cri-
terion. We established Theorems 1-4, which we now rephrase.

Symbol-by-symbol denoising of a DMC-corrupted memory-
less source is found to be suboptimal using a general single-
letter loss function, under the probability of excess loss crite-
rion. In the case of Hamming loss, symbol-by-symbol denoising
is optimal. In general, the best denoising and symbol-by-symbol
denoising schemes are time invariant.

A region of suboptimality for a Bern(%) source passing
through a BSC($) under an asymmetric loss function was
found numerically. Each point of the region can be verified
analytically, but an analytical characterization of the region of
suboptimality is yet to be found and may be of interest.

We have shown that finite memory filters, finite sliding-
window denoisers, and finite block denoisers all do no better
than time-invariant symbol-by-symbol denoisers/filters.

We note that the case where the filter has unbounded memory
is also of interest. An open question is how to characterize the
performance of these infinite memory filters, or even to deter-
mine whether/when the performance is strictly better or worse
than that of symbol-by-symbol filters and optimal denoisers, re-
spectively.

APPENDIX |
PROOF OF THE AVS LEMMA

We use the notation given in the statement of Lemma 1. We
also define the following quantities which are used in the proof.
We let w,, = 22:1 QUEp, W, Apax = max, Ay, A(n)
Sy QA and Wi(2) = supyso [Nz — W, (V).

We start by showing the following.

Claim 6: Az — log ¥, () is concave in A.
Proof: Since e is log convex in A and log convexity is
preserved under sums, ¥, () is a log-convex function of \. This
implies that log ¥, () is convex in A. Claim 6 follows. O

Clearly, Az — log ¥, (A\) isOwhen A = 0. If 2 < A,

)\lim [Ax — log ¥, ()]

lim 1 e

= lim log ”

A—00 Z'mes(f’a) Pﬂr(w)e)‘
eA(z—Aa)

= log /\lim

—oo Pa(Aq) + EweS(Pa),w;éAa Py(w)er(w=2a)

= —0Q0,
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since P,(A,) > 0. Also,

_d ‘
lim — [Az — log Wa(A)]

. Ywes(p,) Wha(w)e”
= lim |z — o
A—0 ZweS(Pa) P,(w)e
=T — EpaW

So, if Ep W < x < A,, the derivative is nonnegative for \
near zero and the function goes to —oo as A — oo. Thus, since
the function is concave by Claim 6, the sup is achieved for A in
[0, 00). Conversely, < Ep, W, then the supremum is achieved
by A = 0 and has value 0.

Thus, we have the following lemma:

Lemma 5: The supy > of Az — W, () is always achieved for
x < A, and is the solution of

% [Az —log T, (A)] =0

when z > Ep W. It is 0 otherwise.

We note that we will be using the variable § in what follows.
This ¢ is not the same as the parameter of the BSC mentioned
in the body of this paper. We reuse the variable here to simplify
the notation. There should be no ambiguity since this appendix
is self-contained.

Lemma 5 implies the existence of

Aa(6) = arg mfmx()\(A(, —6) =T, (N)

the achiever of U (A, — §), for0 < § < A,.
Define \p(6) = max, A.(6). Now, we have the following
claim.

Claim7: Az — Y. _, Q% log U, ()) is concave in \.
Proof: This follows easily since Az — log ¥, () is con-
cave. |
Now, Az — Y./ _, Q" log U, (\)isOat A = 0 and, if z <
Ay, we get the expression at the bottom of the page. Also

lim i

A—0 d)\

a=

. w /wPa(w)eAw
xr — Z QZ Z GS(PG) Aw
a=1 EwGS(Pa) Pa(w)e ’

lim
A—0

xr — ZT: QZEPaW
v oy,

lim log
g log

Jim Az — ; Q" log U, (N)

Az

[Tomy Wa(N)9

—0Q.

li 1 eA(z_A(n))
im log - _ _
Ao Toci (Pa(Ba) + Xuesp,) wea, La(w)ermda))@i
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So, ifw, <z < A(n), the derivative is nonnegative near zero
and the sup is achieved for A in [0, c0). Conversely, if < @,
the supremum is zero and is achieved by A = 0.

Thus, we have the following lemma.

Lemma 6: The achiever A(,,)(9) = arg maxy(Az — W,y (X))
always exists for z < A, and is the solution of

d

o |- ; Q" log U, (N)| =0 (34)

when x > w,. It is 0 otherwise.

We thus have the existence of A(,)(0), the achiever of
\If’("n)(A(n) — ), for 0 < 6 < A¢yy. We are now ready to prove
the upper bound of Lemma 1.

Proof: We first assume that w,, < D < A(,). Then, using
[ to denote the indicator function, for all A > 0

P(S, > D)=E((S,— D >0))
<E (enA(SnfD))
r nQ;
— o—nAD H H Ep, (")
a=1 i=1
o—"AD H Ep, (W nQ"
_ e—n[AD—ZZZI Q" log Ep, (X))
— onAD=) T QuTa (]
Thus
P(S. > D) < e[—nsupxzo(AD—E::IQZ‘I’a()\))]
= ¢ ¥ (D),
IfD > Agy
nQm

P(S, > D) <ZP =0

nQ ZW“>A

where we use the notation W', W/, i # j to denote indepen-
dent random variables dlstrlbuted accordmg to P, P,, respec-
tively. Thus, P(S, > D) = 0for D > A,.
Since W,y (D) = oo for D > Ay, the upper bound holds.
Finally, for 0 < D < 1, ¥(,,)(D) = 0 and since P(S,, >
D) < 1, the upper bound holds. This concludes the proof of the
upper bound. O

We prove the lower bound of Lemma 1 by first showing a
restricted version of the lemma. B

Lemma 7: Fix 6 > 0 such that § < M . Choose D so
that w,, S D < A¢ny — 26. Choose an € such that 0 < € < 6.

Forn > Smaxlossr
P(S, > D)
Ao(8) A maxr+/21og(8
> exp [—n <\I/?n)(D) + 0(6) \/Tﬁ og(8r)
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Proof: Define the events

()

t=1
and

= {zn:Wt Sn(D—i—Ze)}.

t=1

Define a new set of probablhty measures, {P
Aw
Pry(w) = Po(w) gy
Since w, < D+¢< D+ 6 < Ay — 6, by Lemma 6, the
achiever of W, (D + ¢) exists. We denote it by A. By Lemma
6, A, satisfies

A}a 1> by

4 [A(D +¢) —

X P (A

)] =0 (35)

so that

d
d)\‘lf(n)( )

_ ZQ n) Z'mes(f’ )’lUP ( )6 n®

wGS(P )P ( )eAnm

2 wPy(w)e
_ n) wGS(P )

ZZQ )EP w).

Now

(36)

P (EZWt >D)
n
t=1
>P(ENF)

I

wreENF t=1
r "QZ

> I Pe(vnse o)

wreENF a=1 t=1

(37)

Letting h(a,t,n) = n) i, QF + t, and substituting in the
modified probability measure, (37) becomes

r nQy

> T w0

wreENF a=1 t=1

— Z H exp (nQZ log(¥, (M)

wreEENF a=1
n
* n
- /\n Z Qa Wh(a,t,n)

t=1

) €xp [=Anwh(a,t,n)] Paxs (Whiat,n))

I8 "QZ

X 1:[ 1:[ Pax;, (Wh(atm))
>e [ (Z Q" log U, (N5) — NE(D + 2@)] (38)
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r "QZ
S T Pors (whaem) (39)
wr€ENF a=1 t=1
= exp[—n(As(D +2€¢) = Y Qulog Uu(A}))] (40)
a=1
r nQZ
< > T T Pers (whiautmy) (41)
wreEENF a=1 t=1
where (38) follows from the fact that w™ € F'.
Now
exp [ <)\* (D + 2¢) Z Qn log ¥, ( )] (42)
> exp [—n (2/\ne ¥ q/;‘n)(D))} 43)

since A7 D — W(n)(A}) < W, (D). To proceed, we need the
following.

Lemma 8: For all z,y > 0, if Ay achieves W7, )( x) and A9
achieves \I/’{n)(a: +y), then Ay < Ao,

Proof:
Ui (@ +y) =z +y) — Uu(A2) (44)
= M(z+y) = ¥n(M)
=My + U, (2)
> My + Aoz — U,(Ao) (45)
and (44) > (45) implies A > A1.

Similarly, if A; achieves W*(z) and Ay achieves V¥ (x + y),
then A1 < As. O

It is straightforward to see that A\, (6) is continuous, and that,
as & — 0, Aq(6) — oo, for all a. For a fixed § > 0, \,(6) < oo
and is independent of n. Thus, A\g(§) = max, A, (6) achieves
all U*(A, — ¢,) for some collection {¢,}-_; such that, for
each a, ¢, < 6. We thus have that

37 Q2 sup A(A, = ) — T, (V)]
a=1 A20
= @i oo

= sup [Z Qn Aa - (z)a) - \Ila()‘))

- ¢a) - \I/a(/\O((S))]

(46)
A>0

where the last equality follows by the choice of the {¢, }, which
implies that Ag(6) achieves (46).
Now, by (46)

“om S -en] v}
= ili% (A(n) ZQ (;ba) \I/(n ( )‘|

and Y _, Q"¢, < 6. Thus

Ay =D Qida > Ay = 6.
a=1
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And so, by Lemma 8, we have

Am)(6) < Ao(8) = max A, (8) < oo.
Also,e < §and D < A(n) — 26, s0

D+e<Apm) —20+e< Ay — 0.
Thus

X, < My (8) < Aol8) < oo.
We use this in (42) to get
exp [—n (2)\;6 + \Pz‘n)(D))]
> exp [ (20(8)e + ¥1,(D))], @)

which is a lower bound on the first part of (40). We now bound
the second part of (40)

r nQy
Z Z H Pa,A; (wh(a,t,n)) (48)
wreEENF a=1 t=1
[d nQ”
= > I II Peri (Whaamy) 49
wnreEC a=1 t=1
T ‘ﬂQZ
S T ey (i) - (50)

wnreFC a=1 t=1

Also, note that n(D +¢) = Y. _

L QuEp, . (W) from (36).
Thus, we have n

r '”QZ

> T 1T Peox; (wncamy)

wneFC a=1 t=1
T nQ

ZZWW

a=1 t=1
rnQZ

=P

D+e)>ne)

Z Epa At W) > TLE)
a=1 t=
U

1

Qa a ne
> (s~ Er ) >
t=1

(wZ((L,t,n) -

(S

(52)

(53)
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where (51) follows from the union bound, (52) follows from the
Hoeftding bound, and (53) follows from the facts that Q7 < 1
and A2 < A2 .

Similarly, we have
T "Q: )

Z H H Pa)‘}i (wh(a,t,n)) /i \

wreEC a=1 t=1 :
maxmin
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minmax=maxmin

r nQy minmax
a
=P Z Z Wh(a,tm) ~ n(D + 6) < e Fig. 10. Comparing two convex functions. The solid dots represent max-min
a=1t=1 or min-max points. The shaded dots represent the minimum of a function. The
r nQ" vertical lines connect the minimum of a particular function to the corresponding
a point on the other function. We see that when the max-min is strictly less than
=P Z Z (_wh(a,t,n) - (_EPG, A% W) ) > ne the min-max, the difference between each minimum point and the corresponding
a=1 t=1 point on the other function is negative. When this does not hold, the max-min
n and min-max are equal. Of course, this is just an intuitive argument. Rigorous
v | nQu ne reasoning is given in the text.
< P U Z (_w;lL(a,t,n) - (_EPa,,\j‘lW>) > 7:|
a= t=1

concluding the proof of the restricted form of the lemma, with

1
r nQZ n S
5 (5 (e () ) NP

20(8)Amaxry/2log(87)  log(2)

— a n Vn n
a=1 t=1 Qur ‘We thus have the lower bound of Lemma 1 for w,, < D < A(n)
- z’“: . 2nQ" 2 since 6 was arbitrary.
XP | — 75 5 5
et ! (Qn)?r2A2 We now prove the lower bound of Lemma 1.
R 2n€> Proof: Observe that for D > Ay, P(S, > D) = 0.
- Z:l oxp nr2 A2 Since ¥{,, (D) = oo for such D, the lemma is true for all n and
= e with o(n) = 0.
< rexp[ 2 ; } For D < w’rm P(Sn > D) Z P(Sn > lz)n) = e_"("), for
7 Afnax some N, o(n) found in the manner described in the preceding
Thus Q" proof. For such D, W,)(D) = 0, so the lemma is true. This
S TT concludes the proof of the lower bound. O
> ITII P (whiatam)
wreEENF a=1 t=1
2ne? APPENDIX II
21 =2rexp|—-3 AZ DETAILS OF THE METHOD TO COMPUTE THE REGION OF
3 SYMBOL-BY-SYMBOL SUBOPTIMALITY
=- 4
4 54 We have shown that the only candidates for the optimal

log(8r) «:
when ¢ = Bmax , /1986 gince we assumed ¢ < 6, the proof
vn 2

is valid when

denoiser and optimal symbol-by-symbol denoiser are the
SWYS and ONES denoisers. So, in order to determine whether

symbol-by-symbol performance is optimal, we must determine

5> rAmax  [log(8r) when minimizing the rate function over all types Qo and then

N 2 maximizing over the choice of denoiser, SWYS or ONES, is

) equivalent to maximizing the rate function over the choice of

So we require 2A2  1oo(8 denoiser, SYWS or ONES, and then minimizing over the type
>z mazx(szog( ) (55) Qo. We have also demonstrated that the rate function for a

Thus, combining (47) and (54) yields

particular denoiser is a convex function of Q.
So the question, illustrated in Fig. 10, becomes: when is the

. 3
P(E) > exp [_” (2/\0(5)5 + \Il(n) (D))} 1 max (over the two schemes SWYS and ONES) of the min (over

> exp l—n ( (n)(D) +2X0(6)

Qo) of the two convex functions of () strictly less than the min
(over Qp) of the max (over SWYS and ONES)? We need only

v 2 compute the value of the exponents at two points each in order
log (2) ) | to determine when the min-max equals the max-min since the
- " functions are convex in the minimizing variable. We will soon
. show that the only way the min-max is not equal to the max-min
N A0(6) A maxr/2log(8r) is if the value of each function at its minimizing @)y is less than

= exp l—” (‘I/(n) (D) + NG the value of the other function at that same Q) (see Fig. 10).
3\ 7 Although the region of such (6, D) pairs is computed numer-
_ log (Z) ically, each point in the region can be verified analytically to

n show the suboptimality of symbol-by-symbol denoising.
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Specifically, the program is used to compute the () that mini-
mizes the exponent for each denoiser. This is easy to determine
given the expression (32). We find the maximizing A for (33)
and then set (Qy so the divergence term in (32) is zero. At this
point, we need the following simple fact.

Claim 8: The minimizing Q) of the exponent for a particular
denoiser is unique.

Proof: This follows from the fact that the divergence of

two discrete distributions is zero if and only if the distributions

are everywhere equal. O

The minimum value of the exponent for a given denoiser
is compared to the value of the exponent using the same ()
in the other denoiser. If the minimum exponent for each de-
noiser is strictly less than the exponent using that Qg in the
other denoiser, then symbol-by-symbol is strictly suboptimal by
the uniqueness of the minimizers of the exponents of the de-
noisers, the continuity of the exponent, and the mean value the-
orem. These imply that the two exponent functions must cross
for some value of () that lies strictly in between the minimizers
of the two exponent functions. The value of the functions at this
Qo is the min-max and is strictly greater than the max-min since
the minimizers of the exponents of the denoisers are unique.

The value of the supremum over A is computed by taking a
derivative and setting it equal to zero. We solve the resulting
equation numerically by using the roots function in Matlab.
Since the functions are continuous in A, the roots function will
give an accurate value for \. Each point in the region can be ver-
ified by computing the values of A analytically and substituting
into the corresponding rate function expressions.

1) Sample Calculation of Symbol by Symbol Suboptimality:
We now provide an example of a particular channel and
threshold where symbol-by-symbol denoising is suboptimal. In
fact, we compute the max-min and min-max values and show
the strict inequality.

Use the above problem setup and set 6 = 0.1 and D = 0.98.
Fixing the denoiser to be SWYS, (33) becomes
oo Lon 1o
supAD —log | 6 + =de” + =de . (56)
A>0 < 2 2 )
Differentiating with respect to A and setting the result equal to
zero, we get

1) A+ D5=0.  (57)

6(%—1)e”+6<D—_

Now, substituting the values for  and D and scaling, we get

—51e — et +882 = 0. (58)

Thus, the expression is maximized by the nonnegative root of
this equation, so e 2= 4.1488 and A = 1.4228. This yields a
value of 0.7173 for the objective. Now, as described above, (32)
is minimized by setting

5, b, 0)A A

Qo Ex 70 X2(2))
= (0.6659.
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We now compute the value of the objective for this value of Qg
in the ONES denoiser. We use (26) to get

sup AD — Qo log Qo — Qo log (poe™ + pb)

A>0
+Q1log Q1 — Q1log (pse* + pd) .

We take a derivative, set it to zero, set p = 0.5, and simplify to
get

(68) (D—1)e** + (D&% + D> — Q06> —Q167) * + D66 =0.
We substitute the values for §, D, and @ to get

—18¢** + 2609¢™ + 882 = 0. (59)

So that e* 22 145.28, A = 4.9787, and the objective is 0.7754.
This is greater than the value of the objective for the SWYS
denoiser.

Now, we find the optimal value of (33) for the ONES de-
noiser. We have

sup AD — log (p + pe’\) .
A>0

(60)

Differentiating with respect to A and substituting p = 0.5 leads
to
A D

e P a——

“1-D 61

That is, e* = 49 and \ = 3.8918. Then, the objective is 0.5951.
Furthermore, Qg = 0.884. We now compute the value of (32)
for the SWYS denoiser and this value of (). (32) becomes

sup AD + Qo log Qo — Qo log (pg + pée”‘)

AS0
—Q1log (pé + pée*) + Q1 log Q1.

Differentiating with respect to A and substituting p = 0.5 leads
to

(D&% — Qo8 — 8%) €** + (D66 — 2Q066) e**
+ (D66 — Q166) e + D&* = 0.

Substituting the §, D, and Qg values and simplifying yields

—90.4e> — 709.2¢* + 777.6e> + 7938 = 0. (62)

Thus, the objective is maximized by e* = 3.2306, ie., A =
1.1727. The value of the objective is 0.8727, which is greater
than that for the ONES denoiser.

By the results of this appendix, since the minimum value of
the rate function of each denoiser is less than that of the other
denoiser for the minimizing (), the rate functions must cross
and thus max-min < min-max. So, we have a concrete example
of the suboptimality of symbol-by-symbol denoising schemes.
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