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Abstract

Many real world applicationsneedto modela smoothsurfacefrom a noisypoint sample In order to eliminate
unnecessaryndulationson the outputsurface it is necessaryo projectthe pointson a nearbysmoothsurface
and thenapproximatethe smoothsurfacewith a surfacereconstructioralgorithm. Moving LeastSquae (MLS)
surfacesin the family of extremal surfaceshavebeenshownto be usefulas projection targets. However; it is
unknowrif theextremalsurfacebasedprojectionprocedue corvemgesandif thetarget extremalsurfaceis isotopic
to theoriginal sampledsurface We prove thesetwo facts. Thesucces®f theentire projectionmethoddependsn
the quality of the estimatechormalsat the samplepoints.We suggestan algorithmto estimatethe normalsfrom
the noisysamplesvhich canbe of independeninterestfor otherapplications e also presentsomeexperimental

results.

Catagyoriesand SubjectDescriptorgaccordingto ACM CCS) 1.3.3[ComputerGraphics]:Line andCurve Genera-

tion

1. Intr oduction

The importanceof computinga surfacefrom a setof unor
ganizedpoints cannotbe over emphasizedn a numberof
applicationsof computergraphicsyision, geometrionodel-
ing andothers.Thepointsets,oftenderivedwith ascanning
processarelikely to be“noisy". A reconstructegurfacein-
terpolatingtheseor a subsebdf thesepointsmaybeunneces-
sarily undulatedeven thoughcomputedwith a provableal-
gorithm[DGO04 or aneffective practicalalgorithm[KSO04
(Figure5). A solutionto this problemis to de ne a smooth
surfacebasedn thegivenpointsetandthengeneratgoints
onthatsmoothsurfacefor reconstructionThisis adominant
approachn computergraphicsandvision.

1.1. Background and results

Differenttypesof smoothsurfaceshave beenproposedor
reconstructiofABCO 01, JCCCM 01, OBA 03]. Among
themthe Moving LeastSquaregMLS) surfaces,originally
proposeddy Levin [Lev98] andadoptedby Alexa et al. for
reconstructiofABCO 01] have beenwidely usedfor mod-
elingandrendering AA03,MVF03,PKKGO03. Thissurface
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is the basisfor the popularopensourcesoftware PointShop
3D [ZPKGO03. Theeffectivenesof theseMLS surfacesand

theirvariantsonrealworld scannedlatahasmadethempop-

ular. Thesesurfacedendto anelegantprojectionmethodby

which pointscanbe projectedontothe surface.

Recentlytwo signi cant progresseweremadeto broaden
the understandingf the MLS surfaces.First, Amentaand
Kil [AKO4] pointedout that the MLS surfacesbelongto
a specialclassof surfacescalled extremal surfaces They
shaved that the points on theseextremal surfacescanalso
be computedby an elegant projection methodthoughthe
corvergenceof the methodremainedunresoled. Second,
Kolluri [Kol05] shavedanapproactto prove geometricand
topologicalguaranteefor reconstructionvith aspeci c type
of implicit surface.This implicit surfacedoesnot belongto
the classof MLS surfaceswe are consideringWe usethe
insightsfrom thesetwo sourcedo prove thatthe projection
procedureof AmentaandKil [AK04] indeedcorvergesto
anextremalsurfacethatis isotopicandgeometricallyclose
to the surfacefrom whichtheinput pointsaresampled.

The projectionprocedurerequiresa normal eld which
can be derived from the estimatednormals at the input
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points.We derive a methodfrom anearlierwork [DG04] to
estimatethe normalswith certainguaranteesandusethem
for projectingpointsontothe extremalsurface.

1.2. Extremal surface

Levin [Lev98] pioneeredhe MLS surfacewhich is de ned
as the stationaryset of a map f, i.e., the points x with

f x  x For a given point setP 3, the map f is de-
ned via anenegy functione asfollows. Givena direction
m % andarealt , emt isthesumof theweighted
distanceof all pointsin P from a planewith normalm and
passingthroughthe pointy  x tm. The nearesipoint to
x wheree is minimized over all directionsandall realsis
f x . AmentaandKil [AKO4] obsered thatthe minimiza-
tion procedurecan be decomposednto two stepsby rst

estimatingthe optimumdirectionat x andthencarryingout
a secondptimizationalongthatdirectionto reachthe min-
imum. This interpretationallows the rst optimizationstep
to bereplacedby otherpre-computediormalvector eld n
over 3. Then,the MLS surfacebecomegreciselythe set
of points x wherethe normalvectorn x is orthogonalto
thegradientof theenepy functione. Thesetypeof surfaces
are called extremal Below we review this constructionin

details.

Let vp denotethe normal vector assignedo a point in
P. De ne anormalvector eld asthe normalizedweighted
averageof the normalsatthe samplepoints,i.e.,

ép pWp X Vp

n x A
ap pWp X Vp

wherewp is a Gaussiarwith width hp
2
X p

e M . Theline passinghroughxin thedirectionof n x

isdenoted y , -

0, i.e., wp X

Let pp x u be the projectionof a vectorx p on the
vectoru, i.e.,pp X u X p Tu. In addition,let pp x
ppXnx .

De ne anenegy function
pointy 2 andanormalm

wherefor ary

ym & psymapy
p P
Thefunctionq is aweightingfunction.Similarto thenormal

eld constructiontheweightingfunctionq p y istakenas
y p?

aGaussiang py e ™ wherehe

let xm be the extremumof

i.e.,

0. Forapointx

ynx overthesety .y,

ST 1 ynx 0

Ty %im

Thepointx is a stationarypointif x  xm. Onecanobsere
thatthe setof stationarypointsis actuallythe O-level setof

(1.1

theimplicit function

T 1 ynx
v x

Thesetg 1 0 is anextremalsurfacesincethe normalvec-
tors of n areorthogonalto the gradient eld of the enegy
function preciselyat the pointsof g 1 0. Amentaand
Kil [AKO4] proposedhe following procedureto projecta
point x ontothe surfaceg * 0 . Startingfrom x searchfor
the nearesextremumxm of overthesety 4 .Once
Xm is found, take it asa new x andsearchfor its xm until a
stationarypointis reachedThe questionof the convergence
of this iterative projectionremainedunresoled. For recon-
structionof S, thepointsof P areprojectedontog 10.So,
it is importantto shav thatthe subsepfg * 0 lying close
to Sis topologicallyequialentto S. If theassignechormal
vectorsto the samplepointsapproximatehetruenormalsof
S closelywe canshaw thefollowing.

gx nx

(i) The projectionprocedurandeedconvergesto a point of
g 1o whenthe pointsetP is sufciently denseandthe
initial pointx is chosersufciently closeto S.

(i) ThesubseW of g 1 0 ontowhich pointsareprojected
is indeedhomeomorphido S andeven a strongerstate-
mentholds. The surfacesW andS areisotopic,i.e., one
canbe continuouslydeformedto the otheralwaysmain-
taininga homeomorphisnbetweerthem.

As indicatedabore, the succesf the entire projection
proceduredependson the quality of the assignechormals.
We usea Delaunayalgorithmto estimatethe normalsat the
samplepoints.

It is appropriateo mentionthatthe above guaranteesre
proved assumingextremely densesampling.Also, the do-
main of convergenceturns out to be extremely small. We
believe thatthis is only an artifact of our proofs. Perhapsa
morecarefulandmostlikely morecomplicatecanalysiscan
improve theserelevantnumbers.

2. Preliminaries
2.1. Surfaceand thickening

LetS s beasmooth compacturfacewithoutboundary
For simplicity assumethat S hasa single connecteccom-

ponentLet W andWo denotethe boundecandunbounded
component®f S respectrely. Forapointz S, let i

denotethe orientednormalof S atz wherefi; pointslocally

towardtheunbounded:omponeni\p.

Forapointx 2andasetX 3, letd x X denotethe
distanceof xto X, i.e.,d x X infy x x y .Themedial
axisM of Sis the closureof the setY 3 wherefor each
y Y thedistanced y S is realizedby two or morepoints.
In otherwords,M is thelocusof the centersof the maximal
ballswhoseinteriorsareemptyof ary pointfrom S.

3

Letn: S bethemapwheren x istheclosestpoint

submittedto EURDGRAPHICSAbrkshopon ... (200%)



TamalK. Dey & Samat Goswami& Jian Sun/ ExtremalSurfaceBasedProjectionsCorverge and Reconstructvith Isotopy 3

of x 3in S. It isknown thatn is well de nedif its domain
avoidsM whichwill bethecasefor our useof n. DenoteX

n x .Letf x denotethe signeddistanceof a pointx to S,
ie.,f x X X Tﬁg. Forareald 0Oandanintegerk O,
de ne afamily of offsetsurfacesS 4 andS 4 where

S X 2fx kd

S X 2fx  kd
Let kdSbetheregionbetweerS 4 andS 4, i.e.,
kdS x * kd fx kd
Weusek 1 2throughouthepaperseeFigurel.

ST
//—\\\ /ﬂ/——Sf__
[]--ds ~ g ) .
) —
CIUE - - 205 \\ W _—S@a " s |
\ e
) =)
//
7 /
e —

Figure 1: ThesetdSand2dS.

In whatfollows we denotethe 2-normof a vectorv with

v andthespectrahormof amatrixM with M , whichis

the squareroot of the maximumeigervalue of MTM. A ball

with the centerx andradiusr is denotedasB x r . Denote
Sx r tobetheboundaryof B x r .

2.2. Sampling

Thelocalfeaturesizeatapointx Sisde nedasd x M .
Sampling density basedon the local feature size called
e-sampling has beenusedfor proving the correctnesf
several surfacereconstructioralgorithms[AB99, ACDL02,
BCO0(J. For this work we assumauniform samplingdensity
aswas usedby Kolluri [Kol05] for smoothsurfacerecon-
struction.Assumethatthe smallestiocal featuresizeof Sis
1.WesayP 3isauniform e a sampleof thesurface
S if thefollowing samplingconditionshold.

(i) Thedistancefrom eachpointx Sto its closestsample

is lessthane.

(i) Thedistancerom eachsamplep P toits closestpoint
ponSis lessthane?.

(i) Thenumberof thesamplepointsinsideary ball of radius
eis lessthanasmallnumbera.

(iv) Eachpoint p is equippedwvith anormalvp wherethean-
gle betweenvp andthenormalfis atits closesipoint § on
Sis lessthane.

Let x wr betheregionbetweerS x w andSxw r .
One can decomposehe entire spaceoutsideB x r using
x W; r wherew; irfori 12
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If Pisan ea -sampleKolluri [Kol05] proved the fol-
lowing two lemmas.

S, let and

perpendiculato fi; and at a distanceof r—zei e from
z, thenary samplepointinsideB z r shouldbeinsidethe
regionboundedoy theplanes  and

Lemma 1 For a pointz be two planes

Lemma 2 The numberof samplepointsinside xwr is
lessthan

%WZ wr r2

whereC; 288 3pa.

2.3. Normal lemmas

We derive several propertiesof the normal eld which be-
comeusefulfor the corvergenceandisotopy proofs.There-
sults are importantby their own rights. A smoothnormal
vector eld thatinterpolatesa setof given normalvectors
is often usedin graphicsliterature[GM97]. The guarantees
provedheremayalsobeusefulin thesecontexts.

Our samplingconditionimplies that two nearbysample
pointshave similar assignedhormalvectors.

Lemma 3 Let p; and p; be ary two samplepoints inside
Bxr forapointx 2dS.Ifr € 2d 1, then,

r €
1 3r &€ 2
Proof d X fi dxp dpp 2d r €.
So, fig fig ﬁ by a result of Amenta and
Bern [AB99]. By the samplingcondition (iv), figz vp
r & 2d e. Similarly, we could have a sameupper

T3r & 2d
boundfor fig vp,. [J

Vp Vp 2

d X x
r

LetA  vpp p betherow vectorof the equippednor
malsof all samplepointsin Pandw x  wp X g p bethe
columnvectorof weightsof all samplepointsfor x. Thenwe
canwrite

Aw X
Aw X

n x (2.2)

Letd nx bethe3 3Jacobiamatrixof thevector eld
natx i.e.,,Jnx ﬂixinjx ,andw x bethen 3
matrixwherew x  &wp X [ p. Then

T Aw x

Aw X

Aw X  Aw X

Jnx
Av Xx T Aw x

(2.3)

Lemma 4 For ary pointx 3,andary pointp P

@ n" xJnx O,
(i n" xIJnx x p O

Proof Follows from equation®.2and2.3. [
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The proofsof the next threelemmasareplacedin the ap-
pendixfor spaceimitation. The next lemmasaysthatn x
andthenormalto S atthe closestpoint of x arevery similar
whenx is closeto S.

Lemma5Iifhy, 001,10e hn, 100Gk anda
for ary pointx 2dSwithd 008e,

10,then

2
nx fix C, 216e 36%

6h, € 2d
T36m & 20 ©
Notice therequiremenbf hp in termsof e. It cannotbe too
big or too smallcomparedo e.

Lemma6lif h, 001,10e hn 100G anda
for ary pointx 2dSwithd 008e,
24C3

hn

whereCy

10,then

Jnx

where
2
1 108, Be 3
1 4c3 % 108 e 36

Cs

Intuitively, J n x measuresherateof variationof n x .
Becauseof the Gaussiarweights,biggerhn makesthe nor
mal vector eld atter. Thisis re ectedin Lemma6 which
saysthattheorderof Jnx ishy™.

Thefollowing lemmaaccountdor thevariationof thenor
mal eld along , x , theline throughx alongn x .

Lemma7I1f 0001 h, 001,10e hn, 100anda
10, thenfor ary two pointsxy dSandy ,,x Where
X y 2dandd 008e wehave

75Xy
hn

Obsere that the variation of the normalvector eld along
the normaldirectionof a pointinside 2dS is of the orderof

nx ny

1
hn 2 insteadof h, 1, which meanghe normalvector eld is
atter alongthenormaldirection.

3. Convergence

We prove the corvergenceof the projection procedureby
shawing thateachtime we getto anew pointx, theabsolute
value g x is decreasetly aconstanfactor

3.1. Obsewations

First, we malke someobsenationswhoseproofs are given

in the appendix Figure2 aidsunderstandinghe statements
of the obserations.ThepointxisonsS g; and are

the planeswith normalfig and r d 2 € distanceaway

from X. All the samplepointsinsideB x r arealsoinside

B Xr d andbetweertheplanes and fromLemma
1

A 1\ =
S T —
—— \\ A [ ] B
X 7 P
T\ X

/d+r a

Figure 2: Observation

Obsewation 1 For ary pointx dSandary samplepoints
2

pi, pj insideB x r if ! rd 5 ? for aunit

vectorm, then

mfg 5 asin

mTp,- pi 2r d? € r d mig

Obsewation 2 For ary pointx dS andary samplepoint

2
p Bxr,if mfig g asin%foraunitvector
m, then

d2 2

pp X m d r € dp g Mg

A similar upperboundfor pp x m whenx 2dS canbe

obtainedby simply replacingd with 2d.
Obsewation 3 Forary p P insideB xr

2
W for aunit vectorm, then

2dsS dS Wo
2ds ds W

if  m g
atan

pp Xm E whenx

E whenx
where

E d r d?2 &€ 1 mfg dp gs Mg
The proof for corvergenceas well as the proof for the
isotopy in the next sectionusethe following setting:a 5
ande 10 ° h, 100e he 16eandd 0O08e Notice
thatthesevaluessatisfytheconditionsof thenormallemmas
in the previous section.The proofs can also accommodate
othervaluesaslongastheconditionsfor thenormallemmas

aresatis edwith sufciently smalle.

With thechoservalueswehave nx Ag 65 10 3
for x 2dS from Lemmab. HenceObsenation 2 and Ob-
senation 3 give thefollowing results:

(i) ppx 0 135, for ary pointx 2dSandary sample

pointp B x 5he .

(i) pp x 0 085 for ary pointx dS andary sample
pointp B x 5he .

(i) pp x 0 for ary point x
samplepointp B x 5he .

(iv) pp x 0045 for ary pointx
ary samplepointp B Xe.

2dS dS Wp andary

2dS dS Wp and
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3.2. Function

To prove the corvergenceof the projectionprocedurewe
de ne afunction where

T T ym
m m
y Ty

for ary pointy 3 andavectorm
extremumof ynx overthesety
tion 1.1we have

3. If xm is alocal
xn x » from equa-

Xm N X 0 3.4
In addition,

X N x gx (3.5)
Wewrite ym &, p pym where
y p? 2vym
e Fppym 1 P
hé
Herewe drop a factorof 2 sinceit doesnot affect the sign
of ym andthe direction of its partial derivatives. Let
y pym and m pym be the partial derivatives of
p ¥ m with respectoy andmrespectiely. Onecanverify

(3.6)

pym

2 2
y pym e R S’pp%
PPym ppym G
2 phé ph% y p
and
>xp® o 3pdym
mpym e ® 1 Ty p (3.8)

The proof for corvergenceusesthe obsenration that the
samplepointsoutsideB y She have little effecton y m

sincethe weight of a samplepoint outsideB y 5She is less
25

thane 138 10 ! averysmallvalue.Thisobsera-
tion leadsusto decompose y m as
ym a pym a opym
p By5he p Byb5he

We usethis decompositiornin the proofsto follow.

3.3. Monotonicity of

Letx beary pointin dS. Leta andb betheclosespointsto X
where x5, intersectsS gandS g respectiely. Let and
bethe planeswith thenormaln x andpassinghrough
aandb respectiely, seeFigure3. Furtherlet ,,  intersect
and atx andx respectrely. Onecanverify that
y X  dfor ary pointy onthesegmentfromx tox ,
whichmeansyy dSand x X 2d.

The implication of the next two lemmasis that the func-
tion is monotonicandcrossegzeroonly oncealong , p, x
within a smallneighborhoodf S. The proofsof theselem-
masappeaiin theappendix.
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er,n(r)

Figure3: Theplanes and  andthepointsx andx .

Lemma 8 For ary pointy onthesggmentfromx  2dn x

to x 2dn x ,
nx' y ynx 0

Lemma9 Xx nx Oand x nx 0.

Lemma8 and9 give the following resultwhich saysthat
the point xm generatediteratively) in the projectionproce-
dureremainwithin a smallthickeningof S.

Lemma 10 For apointx dS, if xm is its nearestocal ex-
tremumof ynx overthesety ,,,thenxm dS
and x xm  2d.

Proof We know from Lemma8that y n x is monotonic
along the sggmentfrom x 2dnx tox 2dnx. By
Lemma9, thereis a unique0-crossingooint on the segment
from x to x , which actuallyis a local minimum point
of ynx overthesety 4. seeFigure3. TheO-
crossingpoint is the nearestiocal extremumof yn x
overthesety ,,x toxsince x X 2d. We know
ary pointonthesegmentfromx tox isinsidedsS, sois
xm. We have X Xm 2d sincex is alsoon the sggment
fromx tox . [J

Now we have all ingredientgto prove the convergenceof
theprojectionprocedure.

3.4. Convergencetheorem

dSandgx O, if xmisits
ynx overthesety .y,

Theorem 1 For a point x
nearestocal extremumof

then
g Xm 1
g X 2
Proof Dueto equations3.4and3.5it is sufcient to prove
Xm N Xm Xm N X 1
X N x Xm N X 2

Letu =2, whichiseithern x or nx sincexm is
m

on ynhx.Lett 0 xm x andvg beaunitvectorbe-
tweenn x andn xm forminganangleqwith n x . wehave
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dvg Vv qdqg,wherev (¢ isaunitvectorperpendicu-
lartov q . Basedontheabove notationsgquation3.7 gives

p Xm N X pXnX
Xm X T
y pX tunx udt
0
Xm X xw p? 2% tunx (3.9)
e n2 1 5%72
0 hs
pp X tunx
he

If u nx, we have the positive sign. Otherwise we have
thenggative sign.In addition,equation3.8 gives

p Xm N Xm p Xm N X
nXx NXm T
0 mpXmVQg 'V qdq
o o p2 3 (3.10)
X N Xm R i 1 3pp Xm V q
0 hg
T
Xn P 'V qdq
Also, xm X  2dandthe sggmentfrom x to xm is inside
dSfrom Lemmal0. Hence nx nx tu 75+T from
Lemmay?. In particular
nx nxm 7520 X (3.11)

whichis lessthan380 10 3.
Firstconsiderary samplepoints p outsideB xm 5he . Since

Xm P 2d 4he, the absolutevalue of the integral in
equation3.9 reachesnaximumwhen x tu p reaches
its minimum xm p 2dand pp X tunx reaches
itsmaximum xn p  2d. Hence

Xm P 2d 2
p Xm N X p XN X e ng
2 4
m p 2 Xm p 2
15 2 Xm X
hé hd
which is a decreasingunctionof xm p when xm

p 5he. Decomposehe spaceoutsideB xm 5he using

xn Wi Bhe | qwithw; Sihe.If p x, W 5he , then
p Xm N X pXNnX
w 2d2
R *gf'hjd 1 5 w 2d 2 5 Wi 2d 4 Yon
ha hd

>From Lemma 2, the number of the sample points is

boundedn each x, w; 5he . Hencewe have

o
a p Xm N X
p B Xm5he

Cig
2¢? ial
w; 2d 2 w 2d 4

15h% zhé Xm X

p X N X

Wi 2d 2

\Ni2 5w;he 25h§ e R

w; 2d2

W, 5wihe 25h2e 1%

(3.12)

RO

1 ,;Wl 2d2 2W1 2d4
hé hd

he, St 5he 2d?
e hZ
5he 2d *

whichis lessthan0 07 xm X .
Similarly, the absolutevalueof theintegral in equation3.10

Xm

75C,

reachesmaximumwhen pp Xm v q Xm p since
Pp Xm V Q Xm p and Xm p  5She. Wehave
Xm P 2
p Xm N Xm p Xm N X e R
2
Xm P
3—— 1 nx nx
h% Xm P m
whichis alsoadecreasingunctionof xm p when xm
p  5he. Hence
a p Xm N Xm p Xm N X
P B Xm 5he
w2
Ci o W2 2 & w?
e ¢ Bwihe 25hge ™ 3L w nx nx
22 ial i i Ne e 2 i m
3
2775@C; e 25&75Xm7h_x
n

(3.13)

whichislessthan30 10 4 xm x .
Seconcaonsideasamplepoint pinsideB xm 5he . Wehave

pp X tunx
Pp Xm

whichis lessthan0 25he. Lett
Equation3.9gives

Pp Xm N X Xm
Xm P NXm NX Xm

(3.14)

to maximizes x tu p .

Xm X
(3.15)

p Xm N X p XN X 05 e ng

Furthermore, p Xm n X p X n X hasthe samesign
for all thesamplepointsinsideB Xm 5he .
Equation3.1Q 3.11andthefact pp xm v q Pp Xm
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Xm P NXm nx 015he give
p Xm N Xm p Xm N X
xn_p 2 75 X (3.16)
e "M% xm pxmi_
hn
Hence,
m_p 2
p Xm N Xm p Xm N X 1508 % Xm P
p X N X p Xm N X X p?  h
e "%

Also, sincethepointsx tou andxm areon , y wehave

X tou p2 xm p?2 p%x tou n x

whichis lessthan0 0625 from inequality3.14 Hence

p Xm N Xm p Xm N X % p XNnX p Xm N X
(3.17)

In particular thereexists a samplepoint pg insideB Xm e

basedon the samplingcondition (i) We have xm po

e dand x tou pp e 3d.Hence3.15and3.16give

po Xm N X po X N X 027 Xm X (3.18)

po Xm N Xm po Xm N X 0017 xn x (3.19)

By triangleinequality inequalities3.12and3.18give

o}

a p Xm N X p X NX 02 xm X
P Po B XnbBhe ©
In addition 8, p, Bxnshe ¢ p Xm NX p XN X

hasthesamesignas p, Xm n x po X N X . Similarly
frominequalities3.13and3.19we have

a p Xm N Xm p Xm N X
p Ppo Bxmbhe ©
002 xm X
Hence,
é. p Xm N Xm p Xm N X
P Po BXm5he ©
1 o
TO a p Xm N X pXnX
P po BXm5he ©
(3.20)

Thetheorenfollows from theinequalities3.17, 3.20andthe
factthat p Xm n x p X n x hasthesamesignfor all
samplepointsinsideB xm 5he . [

4. Isotopy

We have seenthatthe projectionproceduretakesary point
within dSto a point onthe extremalsurfacein dS. LetW

g 10 dS thesubsetof g * 0 insidedS Lemma13
shavs that g cannotvanishin dS andhence0 is a regu-
lar value.So, by implicit functiontheorem\W is a compact,
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smoothsurface.Recallthatn: 3  Stakesa point to its

closestpointon S. Let n betherestrictionof n to W. We
prove thatn yy is ahomeomorphismSinceW is includedin
atopologicalthickeningdS of S andW separateshe sides
of dS, wealsohave W andS isotopicin 3 dueto aresultof
Chazaland Cohen-SteinefCCS04. This meansthatthere
is acontinuousmapF: 3 01 3 sothatF 0 is
theidentityof 3,F W1 Sandforeact O01F t
is ahomeomorphismSo,to prove isotopy we only needto
prove thatW andS arehomeomorphic.

Theorem2 ny is ahomeomorphism.

Proof The function nyy is continuoussincen is. SinceW
is compact,it is sufcient to shaw that ny is surjectve
and injective which are the statementof Lemma 12 and
Lemmal4respectiely. [

4.1. Function g and its gradient

Theimplicit functiong x canbewrittenas

g X égpx
p P

where
X p 2 2
xp* X
Gpx e " ppx 1 pﬁ]z
e

Thegradientof theimplicit functiong x

(4.21)

where

x p (4.22)

Jnx x

3 P
Herewe dropafactorof 2 sinceit doesnot affectthe signof
g x andthedirectionof g x.

Similar to the function in the corvergenceproof, we
decompos¢hefunctiong into two parts.The samplepoints
outsideB x 5he have much smallercontribution to g and
its gradient g at x thanthat of the samplepointsinside
B x 5he . Let

o o
gX a OpX a 9pX
p Bx5he p Bx5he
o o
g X a Op X a gp X
p B x5he p B x5he
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4.2. Surjectivity of ny

To prove thatn y is surjectie we usethe following lemma
which helpsusto aguethatanormalline ;7 foraryz S
alwaysintersectan.

Lemmall

2dS dS Wo
2dS dS W

g X 0 if x
0 ifx

Proof We prove the rst half of thelemma,the secondhalf
canbeprovedsimilarly. Letx 2dS dS Wp. Firstcon-
sider ary samplepoint p outsideB x 5he . Equation4.21
gives

2 2

X p X
gpx e "™ ppx 1 pr;,z
e

Since pp X X p and x p  5She, onecanverify

2
from thegraphof thefunction pp x 1 p_’;ﬁx_ in termsof

pp x thatit reacheshe maximumwhen pp x X p.
It follows that

g x €

which is a decreasindunctionof x p when x p
5he. We decomposeéheentirespaceoutsideB x 5he aswe
did in thecorvergenceproof.If p  x w; 5he , then
LAY
gpx en ﬁ'z Wi
e
Dueto Lemmaz2, we have anupperboundon the numberof
thesamplepointsin each x w; 5She . Hencewe obtain

a ox a gp X
p B x5he p B x5he
w2
Cig > B W
@ialwiz 5wihe 25hg e " h_é Wi

c w
?1 W 5wihe 2502 e M

Rz

900@C; e 25he
v
whichis lessthan26 10 >he.
Now considera samplepoint p B x 5he . We have 0
pp x 0135 andhencegp x O from equation4.21
In particular thereexistsa samplepointpg B X e by the
samplingcondition(i). Since x p e 2dandpp, X

0 045he we have
e 2d? 2
LA X
Opo X © " ppyx 1 iz

ha

whichis greatetthan0 025he.

Thereforefor ary pointx 2dS dS Wp
g x a gx a ox
p B x5he p B x5he
Ipo X a gpx O
p B x5he

O
Lemmal2ny is surjectie.

Proof Let zbeary pointin S. Thenormalline .5, inter

sectsy 1 0 within dS, thanksto Lemmall. By de nition

of W, it intersectsVV. This meansn\y mapsa point of W

to zoranothempointy S ;7,. Wearguethaty zdoes
not exist. For if it doesthedistance y z hasto bemore
thanthe distanceof z to the medial axis, which is at least
1. However, sincebothzandy areindS, y z 2d 1.
Therefore for eachpointz S, thereis apointin W which
ismappedynw toz. [

4.3. Injectivity of ny

The following lemmastatesthat the gradientof g andthe
normalsto the surfaceS cannotbe too far apart(proof ap-
pearsin the appendix).This, in turn, helpsusto prove that
N is injective.

Lemmal3Lletzbeary pointonS, thenforaryx 77, dS
gx fiz Hand gx 0

Lemma 14 ny is injective.

Proof To prove the injectivity of n\y, assumefor contra-
diction that there are two pointsw andw in W so that
nww nww z This means 5, intersectsV atw
andw within dS. Without lossof generalityassumehatw
andw aretwo suchconsecutie intersectionpoints. Then,
zfi, malesatleastg anglewith oneof the normalsto W at
w andw . But, thatis impossiblesinceby Lemmal3

fiz gxg

for ary pointx  ;7,dS. [

5. Normal estimation

The computationof the normalvector eld n requiresas-
signednormalsat the points of P. Theseassignechormals
shouldapproximatethe normalsat the closestpoints of S.

Estimating normalsof a surface from a noisy sampleis

an intriguing problem.We adoptan approachof Dey and
Goswami [DG04 to estimatethe normalsfrom the Delau-
nayballs.Whenthe samplepointsare“noise-free", Amenta
and Bern [AB99] shaved that the poles (furthestVoronoi
vertices) help in estimatingthe normals. In presenceof

noise,the centersof relatively big Delaunayballs play the
rolesof thepoles.We shav thatthevectorsfrom the sample

submittedto EURDGRAPHICSAbrkshopon ... (200%)
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pointsincidentto suchbig Delaunayballstowardstheir cen-
tersindeedapproximatehenormalsof S. Figure4 shavsan
implementatiorof this concept.

‘o

Figure 4: Outwad normalsare estimatedrom big Delau-
nay balls at a subsebf samplepoints(middle); pointsafter
projectionwith thesenormals(right).

Lemmal5 below tells us that normalscanbe estimated
from large Delaunayballs. We prove it in the appendixas-
suminguniform samplingfor P.

Lemmal5Letp P beincidentto aDelaunayballB c r
wherer 1 5andc Wo.Then, pcfis O e forasuf-
ciently smalle 0.

The next lemmais a direct consequencef Lemmabs in
[DG04 which saysthattherearemary big Delaunayballs.

Lemma 16 For eachpointx S, thereis a Delaunayball
containinga medialaxis point insideanda samplepoint on
theboundarywithin O e distancefrom x.

Lemmal6 andLemmal5 togethersuggesanalgorithm
for estimatingthe normalsof S from P. The big Delau-
nay balls whoseradii are of the orderof minimum feature
sizeneedto bedeterminedWe computethemby comparing
theirradii with the nearesheighbordistance®f theincident
samplepoints.For apointp P, let| p denotethe average
nearestistancedo the ve nearesheighborsof pin P. We
determineall Delaunayballs incidentto p whoseradii are
larger thancl , wherek is an userde ned parameterWe
takec 25 in our experimentsNotice thatsomepointsin
P may not satisfy this condition which meansthey do not
contributeary big Delaunayballs.

Thevectorfrom a samplepoint p to the centerof aninci-
dentbig Delaunayball estimateshenormalat §, but without
ary consistenbrientation.In orderto orientthenormalswe
determinethe big Delaunayballs whosecenterslie in the
boundedcomponenbf 2 S. We follow the algorithm of
Dey andGoswami[DGO04] to do so.We call theminnerbig
Delaunayballs. Theestimatechormalat p is the negatedav-
erageof all directionsfrom p to the centersof all big inner
Delaunayballs,seeFigure4.

submittedto EURDGRAPHICSAbrkshopon ... (200%

Figure5: Reconstructiomvith RolustCocong10] produces
unnecessaryndulationgleft). Reconstructiomfter smooth-
ing with the projections(right).

6. Results

We implementedhe projectionmethodafter estimatingthe
normalswith the Delaunayballs. A surface is computed
from the projectedpointswith the Tight Coconealgorithm
for surfacereconstructiofiDG03. Two examplesareshavn
in Figure5. Figure 6 shavs the effect of differentvaluesof
he andhn on smoothing As expectedthelargerthevalueof
he andhn, thesmoothethe surfacebecomeskFor computing
the normal eld andalsofor the projection,not all sample
pointsaretaken asthe actualtheory dictates.Instead,only
a setof nearbypoints are taken to save the costof com-
putations.Figure 7 shavs a comparisorbetweenk-nearest
neighborapproacHABCO 01,ZPKG0Z andthe pointsin
ballsof radius6 max hn he for thesecomputations.
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7. Appendix
Proof of Lemma 8.

Proof Equation3.7 gives

YR n x
nx' y pynx e % 1 Sppyhz
. ¢ (7.23)
2pp ynx
hd
Considera samplepoint p outsideB x 5he . Since y
p X p 4dwehave
X p 4d 2
nx' y pynx 1§76 g

which is an increasingfunction of x p when Xx
p 5he. Decomposethe spaceoutside B x 5he using

x W She ; ;withw; 5ihe.If p xw 5he ,then

w_4d?
nx' y pynx e “w
8

Using Lemma 2, which boundsthe numberof the sam-
ple pointsinside x w; 5he , we obtaina lower boundon
the contrikution of the samplepoints outsideB x 5he to

ynx .

a pynx
p B x5he
2
CL o . > 17 A
2ezialw.2 Swhe 250 e
Cy p 17w
1w swihe 2502 e %
e 8
2
1278, ige Sheh:d
8 &

whichis greatethan 318 10 *.
Consider a sample point p inside B x 5he . We have
ppynx pp X y X 0 3he. One can verify
thatn x T y pynx 0 (equation7.23. In particu-
lar, there exists a samplepoint pg inside B X e so that
Yy po € 4d. Hence
e 4d?

nx' y pynx 05e "

whichis greatetthan0 25. Therefore,
T T 2

nx y ynx n x a y pynx
p B x5he
nx' & ypynx 0
p B x5he

O
Proof of Lemma 9.

Proof We shaw the rst half of the lemmaandthe second
half canbe proved symmetrically Considera samplepoint

submittedto EURDGRAPHICSAbrkshopon ... (200%

p outsideB x 5he . Since x p Xx p 2dand
Pp X nNX X p 2dequation3.6gives
x p_ 2d2 3
pX NX e g x p_ 2

h3
X p

which is a decreasindunctionof x p when x p
5he. Hencewe have

a pX NX z%zéw,z 5wihe 25h2
p B x5he i1

. 2
w2 Wi 2d 3

e he T Wi 2d
]
2 5he 2d 2 3
7501%(3 R Lehf“ She 2d
3]

whichis lessthan7 25 10 >he.

Now considera samplepoint p inside B x 5he . One can
verify that p is in betweenthe planes and . So
pp X nx 0 and pp x nx X X 2d,
seeFigure3. Hencewe have p x nx 0 from equa-
tion 3.6. In particular thereexists a samplepoint pg inside
BXe.Wehae x Po e 2dandpp, X nx

Ppo @N X 0045he from Obseration3. Hence
e 22 2
Lz X nx
pX NX e "™ pppx nx 1 ppoT
e

whichis greatetthan2 63 10 %he. Therefore,

X nx
o o
a pX NX a pX NX
p B x5he p B x5he
o
p X NX a pX Nnx 0
p B x5he
]
Proof of Observation 1.
2
Proof Thecondition m iy § asin%dez forcesthat
theline gmintersectheplanes and insideB X r
d . Onecanverify that m' p; pi reacheghemaximum
whenxisonsS g, pj pj ison andthe segment

pipj isadiameterof B X r d . Hence

m' Pi i 2m' p; X
2r dcos fig pj X m fig
2r d cos fig pj X

2r d? & r

sin m fig
d mig
[l

Proof of Observation 2.

2
Proof The condition m fig g— asinw forces

r
r d
that the line xm intersectthe planes and inside
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BXr d.So ppxm reacheshe maximumif x is on
S gandpison . Hence

pp X M d r d? € dp i Mg

O
Proof of Obsewation 3.

Proof We only prove the rst half andthe secondhalf can
beprovedsimilarly. Forx 2dS dS Wp, thecondition

2
m fig atanw forcesthattheintersectiorpoint
betweertheline throughx with normalm andtheplane
beoutsideB X r d .Asaresultpp x m becomesninimal

if XxisonS gandpison .Hence

pp Xm d r d? ezcosmﬁg
dp xm Sin mfg E
O

The proof for the normallemmasbelow is basedon the
obserationthatthesamplepointsoutsideB x 6hn havelit-
tle effectonn x sincetheweightof thesamplepointoutside
B X 6hn islessthane %6 231 10 16 To take adwan-
tageof this factwe decomposéw x asfollows:

AoWo X

whereA is the row vector of the equippednormalsof the
samplesinside B x 6h, andAg is the row vector of nor
malsof the samplesoutsideB x 6hn . w; x is the column
vectorof weightsof the samplesnsideB x 6h, for x and
Wo X isthecolumnvectorof weightsof thesample®utside
B x 6hn for x. In addition,in the following proofsfor the
normallemmaswe decomposehe spaceoutsideB x 6hn
using x W 6hnj qwithw;  Gihn.

Aw x  Aw X

Lemmal7lfe 01andhnp
d 008

8¢, thenforary x  2dSwith

w X 1 2

where v 1 is the 1-normof the vectorv, whichis the sum-
mationof all thecomponentsf v.

Proof Thereexists a samplepoint insideB X e from the
samplingcondition(i). In addition,S X 2e andS X 4e in-
tersectS sincethe local featuresize of S at ary point is
greateror equalto 1. Hence thereexists a samplepointin-
side ze2e and i 3e 2e respectiely from thesampling
conditionsHence

de? d 3e? d se?

hZ e 2 e hZ 2

w X 1 €
O
Lemmal8Iif h 001,10e h, 100Gkanda 10,then
for ary pointx 2dSwithd 008e,
2

AW X 1 4c% i 1083129 3 W x 1 (7.24)

and

h2

wx 1 1 lOSClg“e %% wx i (7.25)

Proof
First, we could have an upperboundof the weightsfor the
samplepointsoutsideB x 6hn sincethenumberof thesam-
ple pointsinside each x w; 6h, canbe boundeddueto
Lemma2.
c 2
WoX 1 ~——~ & w 6éwmh, 363e "%
22 7
2
10&1%e 3%
Wehave w; x 1 2fromLemmal?, hence
36
Wo X 1 108:1?% W X 1 (7.26)

Secondwe nd thelowerboundfor Ajw, X

Aw X Aw x T Aw x

-] T
a Wp; X Wp; X Vi Vp
pi pj B x6hy

>FromLemma3, v, Vp,
gives

COS Vp Vp, 1 4C3 which

1
Aw X 14C§4w|x1

We obtain inequality 7.24 from Aw X
Wo X 1 andinequality7.25from w x 1
Wo X 1 O

Aw X
W X 1

Proof of Lemma 5.

Proof

Aw X Aowp X
Aw X Aw X

We have shavn figx vp  Cp for ary samplepoint p
B x 6hy in the proof of Lemma3. Hence fig AW X

AW X
alsolessthanor equalto C,.
Equation7.26gives

is

2

108C, hn 36 W X 1

Aowo X ge

Wo X 1

2
In additionCy 0075and1083123e 3 4 10 “*under
thegivenconditionsHence,

Aw X Aowp X

Aw X AgWo X

21 ha 36
1 4c5 % 10&10e ¥ wix

submittedto EURDGRAPHICSAbrkshopon ... (200%)
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Onecanverify that
Aw X Aowo X
AW X T AW X Aowo X
2
_ 108, e 3
asin 51 =
1 4C5 3 108 e 36

2
whichis IessthanZlGClgge

36

The lemma follows from the fact nx fig
Aw X ~ AW X
nx Awlx Nz A\I/v O
Proof of Lemma 6.

Proof We have

AVX AWX T Aw X

Jnx

Aw x T Aw x AW X
It can be shawn that Awx Awx '
Avx T Awx .So,

Aw X
Jn T
X Aw X
Wehave Aw x Aw X Aowg X . Firstwe nd
anupperboundfor Ajw; x
AW X 2 & wpx vpx p'
h” p B x6h,
Sincevp is aunit vector onecanprovethat vp x p "
X p ,whichislessthan6h, forary p B x 6hn . There-
fore,
Aw X 1—2 W X 1
hn

Similarly we have

Aowp X

& wpx x p

hn p B x6h,

Usingthedecompositiorstrateyy for theproofof thenormal

lemmaswe have

2C .
rg2e &

12 h2 36
108:
12°

Aowo X

Undertheglvenconditions W X 1

12

Aw X — 1 108221ez

hn
Equation7.24gives

Aw X
Aw X

O

Proof of Lemma 7.

submittedto EURDGRAPHICSAbrkshopon ...

WP 6wihn 36h2 e

2.So,we have

h2 36
W X 1

c 12

= (7.27)

(2003

Proof Letu 5 i i n x sincey
iSon . Wecanexpressny as
X
ny nx Jnx tu udt (7.28)

from which we get

y X

nxTny 1 nx'Jnx tu ud

v x (7.29)
1 n x
0

We needto nd anupperboundfor

Jnx tu dt

1
Aw X tu 2

nx Jnx tu
Aw X

Avx T Awx tu T Awx tu

Avx T AWx tu Awx tu ' M

Aw x tu
(7.30)
Sincex tu dS, equation7.27gives
Aw x tu C 12 (7.31)

AW X tu %o

Similar to theboundsfor w; x 1, Awx and wXx 1,
we can have boundsfor w; x tu 3, Awx tu and

wXx tu qwitht 2di.e.,
w X tu g 2 (7.32)
and
)1 h2 6hy 2d 2
Aw x tu 1 4C5 % 108,42 e2 [
w X tu
(7.33)
and
h2 6hy 2d 2
wXx tu 1 1 108221ez ha w X tu q
(7.34)

Noticethat w; x tu 1 is the summationof the weights
for the samplepoints inside B x 6hn ratherthan B x
tu 6hn .

Now we computean upperboundfor the following term
withO t y x.

Avx T Awx tu T Awx tu

Avx T Awx tu Awx tu |

o
a  Wp XWp X tuwp X tu

pi pj P P
T T
Wp X tUWp XWp X tU  VpVp, Vp
u’ Pj pit
o}
WX tu 1 @ WpXWp X tul e “ﬁ

pipj P
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u pj pit
Partition &, p, pWp XWp; X tu 1 e h into
four partsdependingon whetherp; or p;j isinsideB x 6hp
or not.
In caseboth p; and p; are inside B x 6hn , we have
nx fiyx 812h, from Lemma5 underthe given con-
dition. Hence u™ p; pi  17Ch3 from Obseration 1.

Therefore,

o pj pit
o
a Wy XWp X tu 1l e &
Pi Pj B x 6h,

WX 1 WX tu 1e34(1 1

whichislessthan37% wx 1 wx tu qsincet 2d
16 10 “ande®® 1 375.
In casep; is inside B x 6hn  while p; is not, we have

u" pj P W 12mifpj x W 6hn . SO

u’ Pj pit

hg

a Wwpxwpyx tul e

pi Bxé6hp
pj B x 6hn

i 2d? QW12

Celzé W 6wihn 36h2e % e " 1

2
2 6hy  2d -

1082, 22 R e 1

which is lessthant sinceﬁ— 0016andhencee% 1

60W Similarly, the sameupperboundholdswhen pj is in-
sideB x 6hn andp; is not.
When both p; and p; are not inside B x 6hn , we have

u"pp P W ow; 12hif g xw 6hy andp;
x Wj 6hn . Hence,
u’ Pj pit
a Wwpxwpyx tul e M
pj B x6hpy
] B x 6hp
CJZ_ o 2
zei, @ w2 ewh, 363 WS 6wjhn 36MA

l l
w2 wj 2d 2 2W| Wi lzhnt
e F%_e‘ hfi e ] 1

6hn 2d 2

1082ng g "W em 1

whichis lessthan10 3t sinceht—n OOlGandhencee%
1 75%.

Since w x 1 2and wx tu 1 2,wehae
Avx TAvx tu T Awx tu
Avx T AWX tu Awx tu | (7.35)

400 wXx 1 WX tu %

We obtainfrom inequalities7.3Q 7.31and7.35
2

t wx g wx tu g
nx Jnx tu 4800C3 —
hn Awx Awx tu 2
asodc .t
hn
where
5 6hy 2d 2
1 108,%e 7
Cs .
6hy  2d

1 4c2i 108%e W
Integratingtheintegralin 7.29we obtain
y x?2

n

1 240@C3C3

nx n y
Hence,
Tann y
4800C3Cy 2=

n
whereC3z andC,4 arecloseto 1 underthe given conditions
andhence n x ny issmall.Onecanverify that
75y X
hn

sin nx ny

nx ny

O
Proof of Lemma 13.

Proof Sincen x andJ nx x p areperpendiculafor
ary p P (Lemmad), equatiord.22gives

X

th . p% X Pp X
e 2

X e X
% g * P
3p3 x
1 v 1 Jnx 2 x p 2
e
Considerasamplepoint p outsideB x 5he . Since pp x

p 3p2 x
x pandx p She " p%he—andl e

reachesnaximumwhenpp x X p

x p? 4 2
Tz X p X p
Op X e " 2 a 2 2
2
?’XT'O 1 1 Jnx 2x p2
e

which is a decreasindunctionof x p when x p
5he. Hencewe have

o} o

a Op X a gp X
p Bx5he p B Xx5he
V\/2 @ W-4 W2
[ R B
—3"‘"2 1 1 Jnx 2w
2 !

2 - ===
75C,e 25% 1200 74 1 25Jnx 2h3
(7.36)
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which is lessthan 0 03 sincewe hate Jnx he 04
from Lemmas.

Now considera samplepoint pinsideB x 5he andevaluate
theanglebetween gp x andn x .

X p 2 2 X 4 X
nx' gox e % 1 5'%2 2pp4 (7.37)
hé he
X p 2
whichis greatethan0 96e %  since pp X 0 085he

forary x dS. In addition,

x p? p3x Pp X
n2 10 P p he

g x €

hé ha
3Wx T
1 X1 259nx 21
hg
X p 2
whichis lessthan31e "% . Hence
T
nx gpX acos NX_ %X 45 (7.38)
9p X
In particular thereexists a samplepoint pg B X e from
thesamplingcondition(i) sothat x py d e Wehave
X Po 2 3
Ppo X Ppo X
X e "% 2 d e
9po hAé h%
3p3, X
1 PRX g gnx 24 e2
hé
X p 2
whichis lessthan124e "™ . So
T
n
nx gpx acos X ImWX  ggg
9po X
In addition,equation7.37gives
O X NX' gpXx 06 (7.39)
Inequalities7.36and7.39give
Opo X Ono X é. Op X
p B x5he
a X
asin pB X?he % 006
Ono X ap Bxshe IpX
Hence,
n x O X a gpx 075 (7.40)
p B x5he

The rst part of the lemmafollows from inequalities7.38

and7.40andthefact nx fg 65 10 3.
T

>From inequality 7.37, we have n x gp X  Ofor all
samplepointp B x 5She . Hence
gx  nx' gp X & gpx 0
p B x5he

O

Thefollowing lemmais usedto prove theguaranteabout
normalestimationin Lemmals.

submittedto EURDGRAPHICSAbrkshopon ... (200%

Lemma 19 Let D andD be two paralleldiskswithin dis-
tanceof dr in aball B B cr haing the centerc on
the sameside. Let the anglebetweenD andthe boundary
of B be morethan2q. Furtherletqg D be a point where
dgfD krandq 9B beapointwhereqq is perpen-
dicularto D. Then,wehave (i) q q kr tang and (ii)

dgqiD k&

tang*

Proof We assumethat D is larger than D and prove the
lemma.The othercasewhereD is smallerthanD canbe
handledsimilarly achiezing even a betterbound. Referto
Figure 7 for all referencesf labels.Let p be the closest
pointof g on D. We aregiventhat p q  kr. We have

a t 1 cos2qrand p a rsin2g. Considetthe
similartrianglespat andpqu We have

t kr 1 cos2qr

p a
a rsin2q

q
u
q p

kr tang

Since q q g u,we havetheclaim (i). To prove
claim(ii), considetthesimilartrianglespquandwsuanduse

thefactsd q D S W, q S drand s u
g u dr krtang dr. [
B
B
[ g |
PAL ] ]

Figure 8: lllustration for Lemmal9 on theleft. lllustration
for Lemmal5 ontheright.

Proof of Lemma 15.

Proof Let B B cr . Assumethat pc makes an angleq
with the normalfis. We claim that,if g  600g, the ball B
containsa point of P insidecontradictingthefactthatB is a
Delaunayball.

ConsidettheslabL p with width 2 101€? for thepoint p de-
limitedbytwoplanes and asstatednLemmal. The
ballB p 10e containsS andpointsfrom P only within Lp
duetoLemmal. Since p f € theballB B p %

is containedvithin B p 10e andthuscontainsS andpoints
from P only within Lp.

Let Np denotethe plane passingthrough p and with the
normalfis. Considerthe disk D in which B intersectsNp.
Let g be a point on the diameterof D passingthrough p
where p q  4efor sufciently smalle. By Lemmal9
dqfB detan] 400

Thedistanceof g from theboundingplanesof L is atmost
202¢%. This meansboth of theseboundingplanesintersect
B.LetD andD bethedisksin which and inter
sectB. By Lemmal9 the boundariesof D andD areat
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leastde % 3e distanceaway from q whene is suf-

ciently small. This meangheball B B g 3e intersects
the slabLp within B. Theball B cannothave ary sample
pointfrom Lp asB doesnothave ary. Also, B cannothave

ary samplepoints from other slabsasB is containedin

B p 9e thathasall samplepointswithin Lp. A line passing
throughqg andperpendiculato Np mustintersecthesurface
Swithin Lp sinceS separatethesetwo planeswithin B . Let

this pointbex. Then,x S doesnot have ary samplepoint

within 3e  202% e distanceviolating the samplingcon-
dition (i). Therefore the angleq cannotbelargerthan600e

asweassumed. []

submittedto EURDGRAPHICSAbrkshopon ... (200%)



