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Abstract

Many real world applicationsneedto modela smoothsurfacefroma noisypoint sample. In order to eliminate
unnecessaryundulationson theoutputsurface, it is necessaryto project thepointson a nearbysmoothsurface
and thenapproximatethesmoothsurfacewith a surfacereconstructionalgorithm.Moving LeastSquare (MLS)
surfacesin the family of extremal surfaceshavebeenshownto be usefulas projection targets.However, it is
unknownif theextremalsurfacebasedprojectionprocedureconvergesandif thetargetextremalsurfaceis isotopic
to theoriginal sampledsurface. We provethesetwo facts.Thesuccessof theentire projectionmethoddependson
thequality of theestimatednormalsat thesamplepoints.We suggestan algorithmto estimatethenormalsfrom
thenoisysampleswhich canbeof independentinterestfor otherapplications.We alsopresentsomeexperimental
results.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.3 [ComputerGraphics]:Line andCurve Genera-
tion

1. Intr oduction

The importanceof computinga surfacefrom a setof unor-
ganizedpoints cannotbe over emphasizedin a numberof
applicationsof computergraphics,vision,geometricmodel-
ing andothers.Thepointsets,oftenderivedwith a scanning
process,arelikely to be“noisy". A reconstructedsurfacein-
terpolatingtheseor asubsetof thesepointsmaybeunneces-
sarily undulatedeven thoughcomputedwith a provableal-
gorithm[DG04] or aneffectivepracticalalgorithm[KSO04]
(Figure5). A solutionto this problemis to de�ne a smooth
surfacebasedonthegivenpointsetandthengeneratepoints
onthatsmoothsurfacefor reconstruction.This is adominant
approachin computergraphicsandvision.

1.1. Background and results

Different typesof smoothsurfaceshave beenproposedfor
reconstruction[ABCO

�

01, JCCCM
�

01, OBA
�

03]. Among
themtheMoving LeastSquares(MLS) surfaces,originally
proposedby Levin [Lev98] andadoptedby Alexa et al. for
reconstruction[ABCO

�

01] have beenwidely usedfor mod-
elingandrendering[AA03,MVF03,PKKG03]. Thissurface

is thebasisfor thepopularopensourcesoftwarePointShop
3D [ZPKG02]. Theeffectivenessof theseMLS surfacesand
theirvariantsonrealworld scanneddatahasmadethempop-
ular. Thesesurfaceslendto anelegantprojectionmethodby
whichpointscanbeprojectedontothesurface.

Recentlytwo signi�cant progressesweremadeto broaden
the understandingof the MLS surfaces.First, Amentaand
Kil [AK04] pointed out that the MLS surfacesbelong to
a specialclassof surfacescalled extremal surfaces. They
showed that the pointson theseextremalsurfacescanalso
be computedby an elegant projectionmethodthoughthe
convergenceof the methodremainedunresolved. Second,
Kolluri [Kol05] showedanapproachto provegeometricand
topologicalguaranteesfor reconstructionwith aspeci�c type
of implicit surface.This implicit surfacedoesnot belongto
the classof MLS surfaceswe areconsidering.We usethe
insightsfrom thesetwo sourcesto prove that theprojection
procedureof AmentaandKil [AK04] indeedconvergesto
anextremalsurfacethat is isotopicandgeometricallyclose
to thesurfacefrom which theinputpointsaresampled.

The projectionprocedurerequiresa normal �eld which
can be derived from the estimatednormals at the input
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points.We derive a methodfrom anearlierwork [DG04] to
estimatethe normalswith certainguaranteesandusethem
for projectingpointsontotheextremalsurface.

1.2. Extr emal surface

Levin [Lev98] pioneeredtheMLS surfacewhich is de�ned
as the stationaryset of a map f , i.e., the points x with
f

�

x��� x. For a given point set P ���

3, the map f is de-
�ned via anenergy functione asfollows. Givena direction
m �	�

3 anda realt �
� , e
�

m� t � is thesumof theweighted
distancesof all pointsin P from a planewith normalm and
passingthroughthe point y � x � tm. The nearestpoint to
x wheree is minimized over all directionsandall realsis
f

�

x� . AmentaandKil [AK04] observed that the minimiza-
tion procedurecan be decomposedinto two stepsby �rst
estimatingtheoptimumdirectionat x andthencarryingout
a secondoptimizationalongthatdirectionto reachthemin-
imum. This interpretationallows the �rst optimizationstep
to be replacedby otherpre-computednormalvector�eld n
over �

3. Then,the MLS surfacebecomespreciselythe set
of points x wherethe normal vector n

�

x� is orthogonalto
thegradientof theenergy functione. Thesetypeof surfaces
are called extremal. Below we review this constructionin
details.

Let vp denotethe normal vector assignedto a point in
P. De�ne a normalvector�eld asthenormalizedweighted
averageof thenormalsat thesamplepoints,i.e.,

n
�

x�
�

å p � P wp
�

x� vp
�

å p � P wp
�

x� vp
�

wherewp is a Gaussianwith width hn �

0, i.e., wp
�

x���

e�

�

x � p
� 2

h2
n . Theline passingthroughx in thedirectionof n

�

x�

is denoted� x � n � x�

.

Let pp
�

x � u� be the projectionof a vector x � p on the
vectoru, i.e., pp

�

x � u���

�

x � p�

Tu. In addition,let pp
�

x���

pp
�

x � n
�

x��� .

De�ne anenergy function � : �

3 �

�

3 �

� wherefor any
point y �	�

3 anda normalm ���

3

�

�

y� m� � å
p � P

p2
p

�

y� m� q
�

p � y�"!

Thefunctionq is aweightingfunction.Similarto thenormal
�eld construction,theweightingfunctionq

�

p � y� is takenas

a Gaussian:q
�

p � y�#� e�

�

y � p
� 2

h2
e wherehe �

0. For a point x
let xm betheextremumof �

�

y� n
�

x��� over thesety ��� x � n � x�

,
i.e.,

n
�

x�

T $

¶�

�

y� n
�

x���

¶y

%

%

xm &

� 0 ! (1.1)

Thepoint x is a stationarypoint if x � xm. Onecanobserve
that thesetof stationarypointsis actuallythe0-level setof

theimplicit function

g
�

x�
� n
�

x�

T $

¶�

�

y� n
�

x���

¶y

%

%

x
&

!

Thesetg
�

1 �

0� is anextremalsurfacesincethenormalvec-
tors of n areorthogonalto the gradient�eld of the energy
function � preciselyat the points of g

�

1 �

0� . Amentaand
Kil [AK04] proposedthe following procedureto project a
point x onto the surfaceg

�

1 �

0� . Startingfrom x searchfor
thenearestextremumxm of � over thesety �'� x � n � x�

. Once
xm is found, take it asa new x andsearchfor its xm until a
stationarypoint is reached.Thequestionof theconvergence
of this iterative projectionremainedunresolved.For recon-
structionof S, thepointsof P areprojectedontog

�

1 �

0� . So,
it is importantto show that thesubsetof g

�

1 �

0� lying close
to S is topologicallyequivalentto S. If theassignednormal
vectorsto thesamplepointsapproximatethetruenormalsof
S closelywe canshow thefollowing.

(i) Theprojectionprocedureindeedconvergesto a point of
g

�

1 �

0� whenthepoint setP is suf�ciently denseandthe
initial point x is chosensuf�ciently closeto S.

(ii) ThesubsetW of g
�

1 �

0� ontowhich pointsareprojected
is indeedhomeomorphicto S andeven a strongerstate-
mentholds.ThesurfacesW andS areisotopic,i.e., one
canbecontinuouslydeformedto theotheralwaysmain-
taininga homeomorphismbetweenthem.

As indicatedabove, the successof the entire projection
proceduredependson the quality of the assignednormals.
We usea Delaunayalgorithmto estimatethenormalsat the
samplepoints.

It is appropriateto mentionthat theabove guaranteesare
proved assumingextremely densesampling.Also, the do-
main of convergenceturns out to be extremely small. We
believe that this is only an artifactof our proofs.Perhapsa
morecarefulandmostlikely morecomplicatedanalysiscan
improve theserelevantnumbers.

2. Preliminaries

2.1. Surfaceand thickening

Let S �(�

3 beasmooth,compactsurfacewithoutboundary.
For simplicity assumethat S hasa single connectedcom-
ponent.Let WI andWO denotetheboundedandunbounded
componentsof �

3 ) S respectively. For a point z � S, let ñz
denotetheorientednormalof S at z whereñz pointslocally
towardtheunboundedcomponentWO.

For apointx �*�

3 andasetX �+�

3, let d
�

x � X � denotethe
distanceof x to X, i.e.,d

�

x � X �,� infy � X
�

x � y
�

. Themedial
axisM of S is theclosureof thesetY �-�

3 wherefor each
y � Y thedistanced

�

y� S� is realizedby two or morepoints.
In otherwords,M is thelocusof thecentersof themaximal
ballswhoseinteriorsareemptyof any point from S.

Let n : �

3 � S bethemapwheren
�

x� is theclosestpoint
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of x �*�

3 in S. It is known thatn is well de�ned if its domain
avoidsM whichwill bethecasefor ouruseof n. Denotex̃ �

n
�

x� . Let f
�

x� denotethesigneddistanceof a point x to S,
i.e.,f

�

x�,�

�

x � x̃ �

T ñx̃. For areald
�

0 andanintegerk
�

0,
de�ne a family of offsetsurfacesS. kd andS

�

kd where

S. kd �0/ x �1�

3 2 f
�

x�#� kd3

S
�

kd �0/ x �	�

3 2 f
�

x�#�4� kd35!

Let kdSbetheregionbetweenS
�

kd andS. kd, i.e.,

kdS �0/ x �	�

3 2

� kd 6 f
�

x��6 kd37!

Weusek � 1 � 2 throughoutthepaper, seeFigure1.

U

dS

S2d

S-2d

S+2d
S+d

S-d
S

Figure1: ThesetdSand2dS.

In what follows we denotethe2-normof a vectorv with
�

v
�

andthespectralnormof amatrixM with
�

M
�

, which is
thesquareroot of themaximumeigenvalueof MTM. A ball
with thecenterx andradiusr is denotedasB

�

x � r � . Denote
S

�

x � r � to betheboundaryof B
�

x � r � .

2.2. Sampling

Thelocal featuresizeat a point x � S is de�ned asd
�

x � M � .
Sampling density basedon the local feature size called
e-samplinghas beenusedfor proving the correctnessof
several surfacereconstructionalgorithms[AB99,ACDL02,
BC00]. For this work we assumeuniform samplingdensity
aswas usedby Kolluri [Kol05] for smoothsurfacerecon-
struction.Assumethatthesmallestlocal featuresizeof S is
1. WesayP �8�

3 is auniform
�

e� a �9� sampleof thesurface
S if thefollowing samplingconditionshold.

(i) Thedistancefrom eachpoint x � S to its closestsample
is lessthane.

(ii) Thedistancefrom eachsamplep � P to its closestpoint
p̃ onS is lessthane2.

(iii) Thenumberof thesamplepointsinsideany ball of radius
e is lessthanasmallnumbera.

(iv) Eachpoint p is equippedwith a normalvp wherethean-
glebetweenvp andthenormalñp̃ at its closestpoint p̃ on
S is lessthane.

Let : x
�

w� r � betheregionbetweenS
�

x � w� andS
�

x � w � r � .
One can decomposethe entire spaceoutsideB

�

x � r � using
: x

�

wi � r � wherewi � ir for i � 1 � 2 !;!;!

If P is an
�

e� a � -sample,Kolluri [Kol05] proved the fol-
lowing two lemmas.

Lemma 1 For a point z � S, let <

. and <

�

be two planes

perpendicularto ñz and at a distanceof � r . e2
�

2

2 � e2 from
z, thenany samplepoint insideB

�

z� r � shouldbe insidethe
regionboundedby theplanes<

. and <

�

.

Lemma 2 The numberof samplepoints inside : x
�

w� r � is
lessthan

C1

2e2

�

w2
� wr � r2

�

whereC1 � 288= 3pa.

2.3. Normal lemmas

We derive several propertiesof the normal �eld which be-
comeusefulfor theconvergenceandisotopy proofs.There-
sults are importantby their own rights. A smoothnormal
vector �eld that interpolatesa setof given normal vectors
is oftenusedin graphicsliterature[GM97]. Theguarantees
provedheremayalsobeusefulin thesecontexts.

Our samplingcondition implies that two nearbysample
pointshave similarassignednormalvectors.

Lemma 3 Let pi and p j be any two samplepoints inside
B

�

x � r � for a point x � 2dS. If r � e2
� 2d >

1
3 , then,

?

vpi � vpj 6 2
� r � e2

� 2d
1 � 3

�

r � e2
� 2d�

� e�

Proof d
�

x̃ � p̃i ��6 d
�

x̃ � x�7� d
�

x � pi �7� d
�

pi � p̃i ��6 2d � r � e2.

So,
?

ñx̃ � ñp̃i 6

r . e2
. 2d

1
�

3 � r . e2 . 2d�

by a result of Amenta and
Bern [AB99]. By the samplingcondition (iv),

?

ñx̃ � vpi 6

r . e2
. 2d

1
�

3 � r . e2 . 2d�

� e. Similarly, we could have a sameupper
boundfor

?

ñx̃ � vpj .

Let A �A@ vp B p � P be the row vectorof the equippednor-
malsof all samplepointsin P andw

�

x�,�C@ wp
�

x�

B

T
p � P bethe

columnvectorof weightsof all samplepointsfor x. Thenwe
canwrite

n
�

x�#�

Aw
�

x�

�

Aw
�

x�

�

! (2.2)

Let J
�

n
�

x��� bethe3 � 3Jacobianmatrixof thevector�eld
n at x, i.e., J

�

n
�

x���D�E/

¶
¶xi

n j
�

x�F3 , and wG

�

x� be the n � 3

matrixwherewG

�

x�#�H@

d
dxwp

�

x�

B

T
p � P. Then

J
�

n
�

x�����

$ 1 �

�

Aw
�

x���

�

Aw
�

x���

T
�

Aw
�

x���

T
�

Aw
�

x���

&

AwG

�

x�

�

Aw
�

x�

� (2.3)

Lemma 4 For any point x �1�

3, andany point p � P

(i) nT �

x� J
�

n
�

x����� 0,
(ii) nT �

x� J
�

n
�

x���

�

x � p��� 0.

Proof Follows from equations2.2and2.3.
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Theproofsof thenext threelemmasareplacedin theap-
pendixfor spacelimitation. Thenext lemmasaysthat n

�

x�

andthenormalto S at theclosestpoint of x arevery similar
whenx is closeto S.

Lemma 5 If hn 6 0 ! 01,10e 6 hn 6 1000e anda 6 10, then
for any point x � 2dSwith d � 0 ! 08e,

?

n
�

x�"� ñx̃ 6 C2 � 216C1e
�

36h2
n

e2 !

whereC2 �

6hn
. e2

. 2d
1

�

3 � 6hn
. e2 . 2d�

� e.

Notice therequirementof hn in termsof e. It cannotbetoo
big or toosmallcomparedto e.

Lemma 6 If hn 6 0 ! 01,10e 6 hn 6 1000e anda 6 10, then
for any point x � 2dSwith d � 0 ! 08e,

�

J
�

n
�

x���

�

6

24C3

hn

where

C3 �

$ 1 � 108C1
h2

n
e2 e

�

36
&

$

�

1 � 4C2
2 �

1
4

� 108C1
h2

n
e2 e

�

36
&

!

Intuitively,
�

J
�

n
�

x�

�

measuresthe rateof variationof n
�

x� .
Becauseof theGaussianweights,biggerhn makesthenor-
mal vector�eld �atter. This is re�ected in Lemma6 which
saysthattheorderof

�

J
�

n
�

x���

�

is h
�

1
n .

Thefollowing lemmaaccountsfor thevariationof thenor-
mal �eld along � x � n � x�

, theline throughx alongn
�

x� .

Lemma 7 If 0 ! 001 6 hn 6 0 ! 01, 10e 6 hn 6 100e anda 6

10, thenfor any two pointsx � y � dS andy �I� x � n � x�

where
�

x � y
�

6 2d andd � 0 ! 08e, we have

?

n
�

x�9� n
�

y�J6

75
�

x � y
�

=

hn
!

Observe that the variationof the normalvector �eld along
thenormaldirectionof a point inside2dS is of theorderof

h
�

1
2

n insteadof h
�

1
n , which meansthenormalvector�eld is

�atter alongthenormaldirection.

3. Convergence

We prove the convergenceof the projectionprocedureby
showing thateachtimewe getto a new point x, theabsolute
value 2 g

�

x�

2 is decreasedby a constantfactor.

3.1. Observations

First, we make someobservationswhoseproofs aregiven
in theappendix.Figure2 aidsunderstandingthestatements
of theobservations.Thepoint x is on S

. d; <

�

and <

. are
the planeswith normal ñx̃ and

�

r � d�

2
� e2 distanceaway

from x̃. All the samplepoints insideB
�

x � r � arealso inside
B

�

x̃ � r � d� andbetweentheplanes<

�

and <

. from Lemma
1.

S+d

S- d

S+2  d

S-2  d

p
i

p
j

x~

d+r

S

x

m~
xn~

P+

P-

r

Figure 2: Observation

Observation 1 For any point x � dS andany samplepoints

pi , p j insideB
�

x � r � if
?

m� ñx̃ >

p
2 � asin � r . d�

2
. e2

r . d for a unit
vectorm, then

2 mT �

p j � pi �

2

6 2
���

r � d�

2
� e2

�

�

r � d�

?

m� ñx̃ �"!

Observation 2 For any point x � dS andany samplepoint

p � B
�

x � r � , if
?

m� ñx̃ >

p
2 � asind.

� r . d�

2
. e2

r . d for aunit vector
m, then

2 pp
�

x � m�

2

6 d �

�

r � d�

2
� e2

� d
�

p �K� x̃ � ñx̃ �

?

m� ñx̃ !

A similar upperboundfor 2 pp
�

x � m�

2 whenx � 2dS canbe
obtainedby simply replacingd with 2d.

Observation 3 For any p � P inside B
�

x � r � if
?

m� ñx̃ >

atand
�

� r . d�

2

�

e2

r . d for a unit vectorm, then

pp
�

x � m�ML E whenx �

�

2dS � dS�7N WO

6 E whenx �

�

2dS � dS�7N WI

where

E �

�

d �

�

r � d�

2
� e2

�

�

1 �

?

m� ñx̃ �O� d
�

p �K� x̃� ñx̃ �

?

m� ñx̃ !

The proof for convergenceas well as the proof for the
isotopy in thenext sectionusethe following setting:a � 5
ande � 10

�

5, hn � 100e, he � 1 ! 6e andd � 0 ! 08e. Notice
thatthesevaluessatisfytheconditionsof thenormallemmas
in the previous section.The proofscanalsoaccommodate
othervaluesaslongastheconditionsfor thenormallemmas
aresatis�edwith suf�ciently smalle.

With thechosenvalues,we have
?

n
�

x�"� ñx̃ > 6 ! 5 � 10
�

3

for x � 2dS from Lemma5. HenceObservation 2 andOb-
servation3 give thefollowing results:

(i) 2 pp
�

x�

2

> 0 ! 135he for any point x � 2dS andany sample
point p � B

�

x � 5he � .
(ii) 2 pp

�

x�

2

> 0 ! 085he for any point x � dS andany sample
point p � B

�

x � 5he � .
(iii) pp

�

x�

�

0 for any point x �

�

2dS � dS�PN WO and any
samplepoint p � B

�

x � 5he � .
(iv) pp

�

x�

�

0 ! 045he for any point x �

�

2dS � dS�7N WO and
any samplepoint p � B

�

x̃ � e� .
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3.2. Function Q

To prove the convergenceof the projectionprocedure,we
de�ne a function Q where

Q

�

y� m�#� mT $

¶�

�

y� m�

¶y &

for any point y �'�

3 anda vectorm �'�

3. If xm is a local
extremumof �

�

y� n
�

x��� over the sety �I� x � n � x�

, from equa-
tion 1.1we have

Q

�

xm � n
�

x���#� 0 ! (3.4)

In addition,

Q

�

x � n
�

x���
� g
�

x�"! (3.5)

Wewrite Q

�

y� m�#� å p � P Q p
�

y� m� where

Q p
�

y� m�,� e�

�

y � p
� 2

h2
e pp

�

y� m�

$ 1 �

p2
p

�

y� m�

h2
e &

! (3.6)

Herewe drop a factorof 2 sinceit doesnot affect the sign
of Q

�

y� m� and the direction of its partial derivatives. Let
R

y Q p
�

y� m� and R

mQ p
�

y� m� be the partial derivatives of
Q p

�

y� m� with respectto y andmrespectively. Onecanverify

R

y Q p
�

y� m�,� e�

�

y � p
� 2

h2
e S

$ 1 �

3p2
p

�

y� m�

h2
e &

m

� 2 $

p3
p

�

y� m�

h4
e

�

pp
�

y� m�

h2
e &

�

y � p�UT

(3.7)

and

R

m Q p
�

y� m�,� e�

�

y � p
� 2

h2
e

$ 1 �

3p2
p

�

y� m�

h2
e &

�

y � p�"!

(3.8)

The proof for convergenceusesthe observation that the
samplepointsoutsideB

�

y� 5he � have little effect on Q

�

y� m�

sincethe weight of a samplepoint outsideB
�

y� 5he � is less
thane

�

25 V 1 ! 38 � 10
�

11, averysmallvalue.Thisobserva-
tion leadsusto decomposeQ

�

y� m� as

Q

�

y� m�,� å
p � B � y� 5he �

Q p
�

y� m�7� å
p W� B � y� 5he �

Q p
�

y� m�

Weusethisdecompositionin theproofsto follow.

3.3. Monotonicity of Q

Let x beany point in dS. Let a andb betheclosestpointsto x̃
where� x̃ � ñx̃ intersectsS. d andS

�

d respectively. Let <

. and
<

�

betheplaneswith thenormaln
�

x� andpassingthrough
a andb respectively, seeFigure3. Further, let � x � n � x�

intersect
<

. and <

�

at x. andx
�

respectively. Onecanverify that
�

y � x̃
�

6 d for any point y on thesegmentfrom x
�

to x. ,
whichmeansy � dS, and

�

x.

� x
�

�

6 2d.

The implicationof thenext two lemmasis that the func-
tion Q is monotonicandcrosseszeroonly oncealong � x � n � x�

within a smallneighborhoodof S. Theproofsof theselem-
masappearin theappendix.

x~

x+

x-

S+2d

S-2d

S+d

S-d

P+

P-

a

b

x S

Figure3: Theplanes<

. and <

�

andthepointsx. andx
�

.

Lemma 8 For any point y on thesegmentfrom x
�

� 2dn
�

x�

to x.

� 2dn
�

x� ,

n
�

x�

T R

y Q

�

y� n
�

x���

�

0

Lemma 9 Q

�

x.

� n
�

x�X�

�

0 and Q

�

x
�

� n
�

x�X�J> 0.

Lemma8 and9 give thefollowing resultwhich saysthat
thepoint xm generated(iteratively) in the projectionproce-
dureremainwithin a smallthickeningof S.

Lemma 10 For a point x � dS, if xm is its nearestlocal ex-
tremumof �

�

y� n
�

x��� over the sety �I� x � n � x�

, thenxm � dS
and

�

x � xm
�

6 2d.

Proof Weknow from Lemma8 that Q

�

y� n
�

x��� is monotonic
along the segment from x

�

� 2dn
�

x� to x.

� 2dn
�

x� . By
Lemma9, thereis a unique0-crossingpoint on thesegment
from x

�

to x. , which actually is a local minimum point
of �

�

y� n
�

x��� over the set y �(� x � n � x�

, seeFigure 3. The 0-
crossingpoint is the nearestlocal extremumof �

�

y� n
�

x�X�

over thesety �
� x � n � x�

to x since
�

x.

� x
�

�

> 2d. We know
any point on thesegmentfrom x

�

to x. is insidedS, so is
xm. We have

�

x � xm
�

6 2d sincex is alsoon the segment
from x

�

to x. .

Now we have all ingredientsto prove theconvergenceof
theprojectionprocedure.

3.4. Convergencetheorem

Theorem 1 For a point x � dS and g
�

x�*Y � 0, if xm is its
nearestlocal extremumof �

�

y� n
�

x��� over thesety �
� x � n � x�

,
then

2 g
�

xm �

2

2 g
�

x�

2

>

1
2

!

Proof Dueto equations3.4and3.5 it is suf�cient to prove
2

Q

�

xm � n
�

xm ���O�ZQ

�

xm � n
�

x���

2

2

Q

�

x � n
�

x���O�ZQ

�

xm � n
�

x���

2

>

1
2

!

Let u �

xm
�

x
[

xm
�

x
[ , which is eithern

�

x� or � n
�

x� sincexm is

on � x � n � x�

. Let t �

�

0 �

�

xm � x
�

� andv
�

q � beaunit vectorbe-
tweenn

�

x� andn
�

xm � forminganangleq with n
�

x� . wehave

submittedto EUROGRAPHICSWorkshopon ... (200x)



6 TamalK. Dey & Samrat Goswami& JianSun/ ExtremalSurfaceBasedProjectionsConverge andReconstructwith Isotopy

dv
�

q ��� v\

�

q � dq, wherev\

�

q � is a unit vectorperpendicu-
lar to v

�

q � . Basedon theabove notations,equation3.7gives

Q p
�

xm � n
�

x�X�O�+Q p
�

x � n
�

x���#�

]

[

xm
�

x
[

0

�

R

y Q p
�

x � tu � n
�

x�����

Tudt �

^

]

[

xm
�

x
[

0
e�

�

x_ tu � p
� 2

h2
e

$ 1 � 5
p2

p
�

x � tu � n
�

x���

h2
e

� 2
p4

p
�

x � tu � n
�

x�X�

h4
e &

dt !

(3.9)

If u � n
�

x� , we have the positive sign.Otherwise,we have
thenegative sign.In addition,equation3.8gives

Q p
�

xm � n
�

xm���O�ZQ p
�

xm � n
�

x���#�

]+` n � x�a� n � xm �

0

�

R

m Q p
�

xm � v
�

q ���X�

Tv\

�

q � dq �

]
` n � x�a� n � xm �

0
e�

�

xm � p
� 2

h2
e

$ 1 �

3p3
p

�

xm � v
�

q ���

h2
e &

�

xm � p�

Tv\

�

q � dq !

(3.10)

Also,
�

xm � x
�

6 2d andthesegmentfrom x to xm is inside
dS from Lemma10. Hence

?

n
�

x�"� n
�

x � tu�b> 75 t
c

hn
from

Lemma7. In particular,

?

n
�

x�9� n
�

xm ��> 75
�

xm � x
�

=

hn
(3.11)

which is lessthan3 ! 80 � 10
�

3.
First considerany samplepointsp outsideB

�

xm � 5he � . Since
�

xm � p
�

� 2d
�

4he, the absolutevalueof the integral in
equation3.9 reachesmaximumwhen

�

x � tu � p
�

reaches
its minimum

�

xm � p
�

� 2d and 2 pp
�

x � tu � n
�

x���

2 reaches
its maximum

�

xm � p
�

� 2d. Hence

2

Q p
�

xm � n
�

x���O�ZQ p
�

x � n
�

x�X�

2

6 e�ed

�

xm � p
�

� 2df

2

h2
e

$ 1 � 5
�F�

xm � p
�

� 2d�

2

h2
e

� 2
�F�

xm � p
�

� 2d�

4

h4
e

�

�

xm � x
�

which is a decreasingfunction of
�

xm � p
�

when
�

xm �

p
�

�

5he. Decomposethe spaceoutsideB
�

xm � 5he � using
�

: xm

�

wi � 5he �X��g i h 1 with wi � 5ihe. If p ��: xm

�

wi � 5he � , then

2

Q p
�

xm � n
�

x���O�ZQ p
�

x � n
�

x�X�

2

6 e�

d

wi � 2df

2

h2
e

$ 1 � 5
�

wi � 2d�

2

h2
e

� 2
�

wi � 2d�

4

h4
e

�

�

xm � x
�

>From Lemma 2, the number of the sample points is

boundedin each: xm

�

wi � 5he � . Hencewe have

2 å
p W� B � xm � 5he �

�

Q p
�

xm � n
�

x���O�ZQ p
�

x � n
�

x���X�

2

6

C1

2e2
g

å
i h 1

�

w2
i � 5wihe � 25h2

e � e�

d

wi � 2df

2

h2
e

i

1 � 5
�

wi � 2d�

2

h2
e

� 2
�

wi � 2d�

4

h4
e j

�

xm � x
�

6

C1

e2

�

w2
1 � 5w1he � 25h2

e � e�

d

w1 � 2df

2

h2
e

i

1 � 5
�

w1 � 2d�

2

h2
e

� 2
�

w1 � 2d�

4

h4
e j

�

xm � x
�

6 75C1
h2

e

e2 e� d

5he � 2df

2

h2
e

$ 1 � 5
�

5he � 2d�

2

h2
e

� 2
�

5he � 2d�

4

h4
e &

�

xm � x
�

(3.12)

which is lessthan0 ! 07
�

xm � x
�

.
Similarly, theabsolutevalueof theintegral in equation3.10
reachesmaximum when 2 pp

�

xm � v
�

q ���

2

�

�

xm � p
�

since
2 pp

�

xm � v
�

q ���

2

6

�

xm � p
�

and
�

xm � p
�

L 5he. Wehave

2

Q p
�

xm � n
�

xm �X�O�+Q p
�

xm � n
�

x�X�

2

6 e�

�

xm � p
� 2

h2
e

$ 3
�F�

xm � p
�

�

2

h2
e

� 1
&

�

xm � p
�

?

n
�

x�"� n
�

xm �

whichis alsoadecreasingfunctionof
�

xm � p
�

when
�

xm �

p
�

�

5he. Hence

2 å
p W� B � xm � 5he �

�

Q p
�

xm � n
�

xm �X�O�+Q p
�

xm � n
�

x�X���

2

6

C1

2e2
g

å
i h 1

�

w2
i � 5wihe � 25h2

e � e�

w2
i

h2
e

$ 3
w3

i

h2
e

� wi
&

?

n
�

x�"� n
�

xm �

6 27750C1e
�

25h3
e

e2
75

�

xm � x
�

=

hn
(3.13)

which is lessthan3 ! 0 � 10
�

4 �

xm � x
�

.
Secondconsiderasamplepoint p insideB

�

xm � 5he � . Wehave

2 pp
�

x � tu � n
�

x���

2

6

2 pp
�

xm � n
�

x���

2

�

�

xm � x
�

6

2 pp
�

xm �

2

�

�

xm � p
�

?

n
�

xm �"� n
�

x�7�

�

xm � x
�

(3.14)

whichis lessthan0 ! 25he. Let t � t0 maximizes
�

x � tu � p
�

.
Equation3.9gives

2

Q p
�

xm � n
�

x�X�O�+Q p
�

x � n
�

x���

2

�

0 ! 5 � e�

�

x_ t0u � p
� 2

h2
e

�

xm � x
�

!

(3.15)

Furthermore,Q p
�

xm � n
�

x���#�(Q p
�

x � n
�

x��� hasthe samesign
for all thesamplepointsinsideB

�

xm � 5he � .
Equation3.10, 3.11andthefact 2 pp

�

xm � v
�

q ���

2

6

2 pp
�

xm �

2

�

submittedto EUROGRAPHICSWorkshopon ... (200x)



TamalK. Dey & Samrat Goswami& JianSun/ ExtremalSurfaceBasedProjectionsConverge andReconstructwith Isotopy 7

�

xm � p
�

?

n
�

xm �"� n
�

x��> 0 ! 15he give
2

Q p
�

xm � n
�

xm ���O�ZQ p
�

xm � n
�

x���

2

> e�

�

xm � p
� 2

h2
e

�

xm � p
� 75

�

xm � x
�

=

hn
!

(3.16)

Hence,

2

Q p
�

xm � n
�

xm ���O�ZQ p
�

xm � n
�

x���

2

2

Q p
�

x � n
�

x���O�ZQ p
�

xm � n
�

x���

2

> 150
e�

�

xm � p
� 2

h2
e

e�

�

x_ t0u � p
� 2

h2
e

xm � p

=

hn
!

Also, sincethepointsx � t0u andxm areon � x � n � x�

we have
�

x � t0u � p
� 2

�

�

xm � p
� 2

6 p2
p

�

x � t0u � n
�

x���

which is lessthan0 ! 0625h2
e from inequality3.14. Hence

2

Q p
�

xm � n
�

xm �X�k��Q p
�

xm � n
�

x���

2

>

1
2

2

Q p
�

x � n
�

x�X�k��Q p
�

xm � n
�

x���

2

(3.17)
In particular, thereexists a samplepoint p0 insideB

�

x̃m � e�

basedon the samplingcondition(i) We have
�

xm � p0
�

>

e � d and
�

x � t0u � p0
�

> e � 3d. Hence3.15and3.16give

2

Q p0

�

xm � n
�

x�X�O�+Q p0

�

x � n
�

x���

2

�

0 ! 27
�

xm � x
�

(3.18)

2

Q p0

�

xm � n
�

xm ���O�ZQ p0

�

xm � n
�

x�X�

2

> 0 ! 017
�

xm � x
�

! (3.19)

By triangleinequality, inequalities3.12and3.18give
2 å
p � p0 l

� B � xm � 5he �m�

c

�

Q p
�

xm � n
�

x���k�	Q p
�

x � n
�

x���X�

2

�

0 ! 2
�

xm � x
�

!

In addition å p � p0 l

� B � xm � 5he �n�

c
�

Q p
�

xm � n
�

x�X�o�pQ p
�

x � n
�

x�����

hasthesamesignas Q p0

�

xm � n
�

x�X�O�+Q p0

�

x � n
�

x��� . Similarly
from inequalities3.13and3.19wehave

2 å
p � p0 l

� B � xm � 5he �n�

c

�

Q p
�

xm � n
�

xm �X�O�+Q p
�

xm � n
�

x�X���

2

> 0 ! 02
�

xm � x
�

!

Hence,
2 å
p � p0 l

� B � xm � 5he �m�

c

�

Q p
�

xm � n
�

xm ���O�ZQ p
�

xm � n
�

x�����

2

>

1
10

2 å
p � p0 l

� B � xm � 5he �m�

c

�

Q p
�

xm � n
�

x���O�ZQ p
�

x � n
�

x���X�

2

!

(3.20)

Thetheoremfollowsfrom theinequalities3.17, 3.20andthe
factthat Q p

�

xm � n
�

x���q�IQ p
�

x � n
�

x��� hasthesamesignfor all
samplepointsinsideB

�

xm � 5he � .

4. Isotopy

We have seenthat theprojectionproceduretakesany point
within dSto a point on theextremalsurfacein dS. Let W �

g
�

1 �

0�kr dS, the subsetof g
�

1 �

0� inside dS. Lemma 13
shows that R g cannotvanishin dS andhence0 is a regu-
lar value.So,by implicit functiontheoremW is a compact,

smoothsurface.Recall that n: �

3 � S takesa point to its
closestpoint on S. Let n 2

W betherestrictionof n to W. We
prove thatn 2

W is a homeomorphism.SinceW is includedin
a topologicalthickeningdS of S andW separatesthesides
of dS, wealsohaveW andS isotopicin �

3 dueto aresultof
ChazalandCohen-Steiner[CCS04]. This meansthat there
is a continuousmapF : �

3 �

@ 0 � 1
B

�

�

3 so that F
�Xs

� 0� is
theidentityof �

3, F
�

W� 1�#� S andfor eacht �8@ 0 � 1
B

F
�Xs

� t �

is a homeomorphism.So,to prove isotopy we only needto
prove thatW andS arehomeomorphic.

Theorem2 n 2

W is a homeomorphism.

Proof The function n 2

W is continuoussincen is. SinceW
is compact,it is suf�cient to show that n 2

W is surjective
and injective which are the statementsof Lemma 12 and
Lemma14 respectively.

4.1. Function g and its gradient

Theimplicit functiong
�

x� canbewritten as

g
�

x�
� å
p � P

gp
�

x�

where

gp
�

x�
� e�

�

x � p
� 2

h2
e pp

�

x�

$ 1 �

p2
p

�

x�

h2
e &

! (4.21)

Thegradientof theimplicit functiong
�

x�

R g
�

x�#� å
p � P

R gp
�

x�

where

R gp
�

x�#� e�

�

x � p
� 2

h2
e S

�

1 �

3p2
p

�

x�

h2
e

� n
�

x�

� 2
� p3

p
�

x�

h4
e

�

pp
�

x�

h2
e

�

�

x � p�

�

�

1 �

3p2
p

�

x�

h2
e

� J
�

n
�

x���

�

x � p�tTu!

(4.22)

Herewedropa factorof 2 sinceit doesnotaffect thesignof
g

�

x� andthedirectionof R g
�

x� .

Similar to the function Q in the convergenceproof, we
decomposethefunctiong into two parts.Thesamplepoints
outsideB

�

x � 5he � have muchsmallercontribution to g and
its gradient R g at x than that of the samplepoints inside
B

�

x � 5he � . Let

g
�

x�
� å
p � B � x � 5he �

gp
�

x�7� å
p W� B � x � 5he �

gp
�

x�

R g
�

x�#� å
p � B � x � 5he �

R gp
�

x�7� å
p W� B � x � 5he �

R gp
�

x�9!
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4.2. Surjectivity of n 2

W

To prove thatn 2

W is surjective we usethefollowing lemma
whichhelpsusto arguethata normalline � z� ñz for any z � S
alwaysintersectsW.

Lemma 11

g
�

x�

�

0 if x �

�

2dS � dS�7N WO

> 0 if x �

�

2dS � dS�7N WI

Proof We prove the�rst half of the lemma,thesecondhalf
canbeprovedsimilarly. Let x �

�

2dS � dS�vN WO. Firstcon-
sider any samplepoint p outsideB

�

x � 5he � . Equation4.21
gives

2 gp
�

x�

2

� e�

�

x � p
� 2

h2
e

%

% pp
�

x�

$ 1 �

p2
p

�

x�

h2
e &

%

%

!

Since 2 pp
�

x�

2

6

�

x � p
�

and
�

x � p
�

L 5he, onecanverify

from thegraphof thefunction
%

% pp
�

x�

$ 1 �

p2
p � x�

h2
e &

%

% in termsof

pp
�

x� thatit reachesthemaximumwhen 2 pp
�

x�

2

�

�

x � p
�

.
It follows that

2 gp
�

x�

2

6 e�

�

x � p
� 2

h2
e

�

�

x � p
� 3

h2
e

�

�

x � p
�

�

which is a decreasingfunctionof
�

x � p
�

when
�

x � p
�

L

5he. WedecomposetheentirespaceoutsideB
�

x � 5he � aswe
did in theconvergenceproof. If p �': x

�

wi � 5he � , then

2 gp
�

x�

2

6 e�

w2
i

h2
e

� w3
i

h2
e

� wi �"!

Dueto Lemma2, wehave anupperboundonthenumberof
thesamplepointsin each: x

�

wi � 5he � . Henceweobtain

2 å
p W� B � x � 5he �

gp
�

x�

2

6 å
p W� B � x � 5he �

2 gp
�

x�

2

>

C1

2e2
g

å
i h 1

�

w2
i � 5wihe � 25h2

e � e�

w2
i

h2
e

� w3
i

h2
e

� wi �

>

C1

e2

�

w2
1 � 5w1he � 25h2

e � e�

w2
1

h2
e

� w3
1

h2
e

� w1 �

> 9000C1e
�

25h3
e

e2

which is lessthan2 ! 6 � 10
�

3he.
Now considera samplepoint p � B

�

x � 5he � . We have 0 >

pp
�

x�w> 0 ! 135he andhencegp
�

x�

�

0 from equation4.21.
In particular, thereexistsa samplepoint p0 � B

�

x̃ � e� by the
samplingcondition(i). Since

�

x � p
�

6 e � 2d andpp0

�

x�

�

0 ! 045he we have

gp0

�

x�

�

e�
d

e_ 2df

2

h2
e pp0

�

x�

$ 1 �

p2
p0

�

x�

h2
e &

which is greaterthan0 ! 025he.

Therefore,for any point x �

�

2dS � dS�7N WO

g
�

x�

� å
p � B � x � 5he �

gp
�

x�O�

2 å
p W� B � x � 5he �

gp
�

x�

2

�

gp0

�

x�O�

2 å
p W� B � x � 5he �

gp
�

x�

2

�

0 !

Lemma 12n 2

W is surjective.

Proof Let z beany point in S. Thenormalline � z� ñ � z�

inter-

sectsg
�

1 �

0� within dS, thanksto Lemma11. By de�nition
of W, it intersectsW. This meansn 2

W mapsa point of W
to z or anotherpoint y � S Nx� z� ñz. We arguethaty Y� z does
not exist. For if it does,thedistance

�

y � z
�

hasto bemore
than the distanceof z to the medialaxis, which is at least
1. However, sincebothz andy arein dS,

�

y � z
�

6 2d > 1.
Therefore,for eachpoint z � S, thereis a point in W which
is mappedby n 2

W to z.

4.3. Injecti vity of n 2

W

The following lemmastatesthat the gradientof g and the
normalsto the surfaceS cannotbe too far apart(proof ap-
pearsin the appendix).This, in turn, helpsus to prove that
n 2

W is injective.

Lemma13Letzbeany pointonS, thenfor any x �*� z� ñz N dS
?

R g
�

x�"� ñz >

p
2 and

�

R g
�

x�

�

�

0 !

Lemma 14n 2

W is injective.

Proof To prove the injectivity of n 2

W, assumefor contra-
diction that there are two points w and wG in W so that
n 2

W
�

w�J� n 2

W
�

w
G

�J� z. This means� z� ñz intersectsW at w
andwG within dS. Without lossof generalityassumethatw
andwG aretwo suchconsecutive intersectionpoints.Then,

� z� ñz makesat least p
2 anglewith oneof thenormalsto W at

w andwG . But, thatis impossiblesinceby Lemma13

?

ñz �

R g
�

x�J>

p
2

for any point x ��� z� ñzdS.

5. Normal estimation

The computationof the normal vector �eld n requiresas-
signednormalsat the pointsof P. Theseassignednormals
shouldapproximatethe normalsat the closestpointsof S.
Estimatingnormalsof a surface from a noisy sampleis
an intriguing problem.We adoptan approachof Dey and
Goswami [DG04] to estimatethe normalsfrom the Delau-
nayballs.Whenthesamplepointsare“noise-free",Amenta
and Bern [AB99] showed that the poles(furthestVoronoi
vertices) help in estimatingthe normals. In presenceof
noise,the centersof relatively big Delaunayballs play the
rolesof thepoles.Weshow thatthevectorsfrom thesample

submittedto EUROGRAPHICSWorkshopon ... (200x)
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pointsincidentto suchbig Delaunayballstowardstheircen-
tersindeedapproximatethenormalsof S. Figure4 showsan
implementationof thisconcept.

c
p

pv

Figure 4: Outward normalsare estimatedfrom big Delau-
nayballs at a subsetof samplepoints(middle);pointsafter
projectionwith thesenormals(right).

Lemma15 below tells us that normalscanbe estimated
from large Delaunayballs.We prove it in the appendixas-
suminguniformsamplingfor P.

Lemma 15 Let p � P beincidentto a Delaunayball B
�

c � r �

wherer
�

1y 5 andc � WO. Then,
?-z

pc� ñp̃ � O
�

e� for asuf-
�ciently smalle

�

0.

The next lemmais a direct consequenceof Lemma5 in
[DG04] whichsaysthattherearemany big Delaunayballs.

Lemma 16 For eachpoint x � S, thereis a Delaunayball
containinga medialaxispoint insideanda samplepoint on
theboundarywithin O

�

e� distancefrom x.

Lemma16 andLemma15 togethersuggestanalgorithm
for estimatingthe normalsof S from P. The big Delau-
nay balls whoseradii areof the orderof minimum feature
sizeneedto bedetermined.Wecomputethemby comparing
their radii with thenearestneighbordistancesof theincident
samplepoints.For a point p � P, let l p denotetheaverage
nearestdistancesto the� ve nearestneighborsof p in P. We
determineall Delaunayballs incident to p whoseradii are
larger than cl p wherek is an userde�ned parameter. We
take c � 2 ! 5 in our experiments.Notice thatsomepointsin
P may not satisfy this conditionwhich meansthey do not
contributeany big Delaunayballs.

Thevectorfrom a samplepoint p to thecenterof aninci-
dentbigDelaunayball estimatesthenormalat p̃, but without
any consistentorientation.In orderto orientthenormalswe
determinethe big Delaunayballs whosecenterslie in the
boundedcomponentof �

3 ) S. We follow the algorithmof
Dey andGoswami [DG04] to do so.We call theminnerbig
Delaunayballs.Theestimatednormalat p is thenegatedav-
erageof all directionsfrom p to thecentersof all big inner
Delaunayballs,seeFigure4.

Figure5: ReconstructionwithRobustCocone[10] produces
unnecessaryundulations(left).Reconstructionaftersmooth-
ing with theprojections(right).

6. Results

We implementedtheprojectionmethodafterestimatingthe
normalswith the Delaunayballs. A surface is computed
from the projectedpointswith the Tight Coconealgorithm
for surfacereconstruction[DG03]. Two examplesareshown
in Figure5. Figure6 shows theeffect of differentvaluesof
he andhn onsmoothing.As expected,thelargerthevalueof
he andhn, thesmootherthesurfacebecomes.For computing
the normal �eld andalsofor the projection,not all sample
pointsaretaken asthe actualtheorydictates.Instead,only
a set of nearbypoints are taken to save the cost of com-
putations.Figure7 shows a comparisonbetweenk-nearest
neighborapproach[ABCO

�

01,ZPKG02] andthe points in
ballsof radius6 � max/ hn � he 3 for thesecomputations.
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7. Appendix

Proof of Lemma 8.

Proof Equation3.7gives

n
�

x�

T R

y Q p
�

y� n
�

x���#� e�

�

y � p
� 2

h2
e

$ 1 � 5
p2

p
�

y� n
�

x�X�

h2
e

� 2
p4

p
�

y� n
�

x���

h4
e &

!

(7.23)

Considera samplepoint p outsideB
�

x � 5he � . Since
�

y �

p
�

L

�

x � p
�

� 4d we have

n
�

x�

T R

y Q p
�

y� n
�

x�X�JL��

17
8

e� d

�

x � p
�

� 4df

2

h2
e

which is an increasingfunction of
�

x � p
�

when
�

x �

p
�

�

5he. Decomposethe spaceoutside B
�

x � 5he � using
�

: x
�

wi � 5he ���Xg i h 1 with wi � 5ihe. If p ��: x
�

wi � 5he � , then

n
�

x�

T R

y Q p
�

y� n
�

x����L��

17
8

e�

d

wi � 4df

2

h2
e

!

Using Lemma 2, which boundsthe numberof the sam-
ple points inside : x

�

wi � 5he � , we obtaina lower boundon
the contribution of the samplepoints outsideB

�

x � 5he� to
Q

�

y� n
�

x��� .

å
p W� B � x � 5he �

Q p
�

y� n
�

x���

L

C1

2e2
g

å
i h 1

�

w2
i � 5wihe � 25h2

e �

$

�

17
8

e�

d

wi � 4df

2

h2
e

&

L

C1

e2

�

w2
1 � 5w1he � 25h2

e �

$

�

17
8

e�

d

w1 � 4df

2

h2
e

&

L4�

1275C1

8
h2

e

e2 e�ed

5he � 4df

2

h2
e

which is greaterthan � 3 ! 18 � 10
�

4.
Consider a sample point p inside B

�

x � 5he � . We have
2 pp

�

y� n
�

x���

2

6

2 pp
�

x�

2

�

�

y � x
�

> 0 ! 3he. One can verify
that n

�

x�

T R

y Q p
�

y� n
�

x���

�

0 (equation7.23). In particu-
lar, there exists a samplepoint p0 inside B

�

x̃ � e� so that
�

y � p0
�

6 e � 4d. Hence

n
�

x�

T R

y Q p0

�

y� n
�

x����L 0 ! 5e�xd

e_ 4df

2

h2
e

which is greaterthan0 ! 25.Therefore,

n
�

x�

T R

y Q

�

y� n
�

x���#� n
�

x�

T å
p � B � x � 5he �

R

y � p
�

y� n
�

x���

� n
�

x�

T å
p W� B � x � 5he �

R

y � p
�

y� n
�

x���

�

0 !

Proof of Lemma 9.

Proof We show the �rst half of the lemmaandthe second
half canbe proved symmetrically. Considera samplepoint

p outsideB
�

x � 5he � . Since
�

x.

� p
�

L

�

x � p
�

� 2d and
pp

�

x.

� n
�

x����6

�

x � p
�

� 2d equation3.6gives

2

Q p
�

x.

� n
�

x���

2

6 e� d

�

x � p
�

� 2df

2

h2
e

$

���

x � p
�

� 2d�

3

h2
e

�

�F�

x � p
�

� 2d�

&

which is a decreasingfunctionof
�

x � p
�

when
�

x � p
�

�

5he. Hencewe have

2 å
p W� B � x � 5he �

Q p
�

x.

� n
�

x�X�

2

6

C1

2e2
g

å
i h 1

�

w2
i � 5wihe � 25h2

e �

e�

d

wi � 2df

2

h2
e

$

�

wi � 2d�

3

h2
e

�

�

wi � 2d�

&

6 75C1
h2

e

e2 e�ed

5he � 2df

2

h2
e

$

�

5he � 2d�

3

h2
e

�

�

5he � 2d�

&

which is lessthan7 ! 25 � 10
�

3he.
Now considera samplepoint p inside B

�

x � 5he � . One can
verify that p is in betweenthe planes <

. and <

�

. So
pp

�

x.

� n
�

x���

�

0 and 2 pp
�

x.

� n
�

x���

2

>

�

x.

� x
�

�

6 2d,
seeFigure3. Hencewe have Q p

�

x.

� n
�

x���

�

0 from equa-
tion 3.6. In particular, thereexists a samplepoint p0 inside
B

�

x̃ � e� . We have
�

x.

� p0
�

6 e � 2d andpp0

�

x.

� n
�

x�X���

pp0

�

a � n
�

x���

�

0 ! 045he from Observation3. Hence

Q p0

�

x.

� n
�

x���

�

e�ed

e_ 2df

2

h2
e pp0

�

x.

� n
�

x���

�

1 �

p2
p0

�

x.

� n
�

x�

h2
e

�

which is greaterthan2 ! 63 � 10
�

2he. Therefore,

Q

�

x.

� n
�

x���

L

2 å
p � B � x � 5he �

Q p
�

x.

� n
�

x���

2

�

2 å
p W� B � x � 5he �

Q p
�

x.

� n
�

x���

2

�

Q p0

�

x.

� n
�

x���O�

2 å
p W� B � x � 5he �

Q p
�

x.

� n
�

x���

2

�

0 !

Proof of Observation 1.

Proof Thecondition
?

m� ñx̃ >

p
2 � asin � r . d�

2
. e2

r . d forcesthat
theline � x̃ � m intersecttheplanes<

�

and <

. insideB
�

x̃ � r �

d� . Onecanverify that 2 mT �

p j � pi �

2 reachesthemaximum
whenx is on S. d, pi

�

p j � is on <

�

�

<

.

� and the segment
pi p j is a diameterof B

�

x̃ � r � d� . Hence

2 mT �

p j � pi �

2

6 2 2 mT �

p j � x̃�

2

6 2
�

r � d� cos
�

?

ñx̃ �

�

p j � x̃�O�

?

m� ñx̃ �

6 2
�

r � d�

�

cos
?

ñx̃ �

�

p j � x̃�7� sin
?

m� ñx̃ �

6 2
�X�

r � d�

2
� e2

�

�

r � d�

?

m� ñx̃ !

Proof of Observation 2.

Proof The condition
?

m� ñx̃ >

p
2 � asind.

� r . d�

2
. e2

r . d forces
that the line � x � m intersectthe planes <

�

and <

. inside
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B
�

x̃ � r � d� . So 2 pp
�

x � m�

2 reachesthe maximumif x is on
S. d andp is on <

�

. Hence

2 pp
�

x � m�

2

6

�

d �

�

r � d�

2
� e2

�7� d
�

p �K� x̃� ñx̃ �

?

m� ñx̃ !

Proof of Observation 3.

Proof We only prove the �rst half andthe secondhalf can
beprovedsimilarly. For x �

�

2dS � dS�5N WO, thecondition
?

m� ñx̃ > atand
�

� r . d�

2

�

e2

r . d forcesthattheintersectionpoint
betweentheline throughx with normalm andtheplane<

.

beoutsideB
�

x̃ � r � d� . As aresult,pp
�

x � m� becomesminimal
if x is onS

. d andp is on <

. . Hence

pp
�

x � m��L

�

d �

�

r � d�

2
� e2

� cos
?

m� ñx̃

� d
�

p �K� x̃ � ñx̃ � sin
?

m� ñx̃ L E !

The proof for the normal lemmasbelow is basedon the
observationthatthesamplepointsoutsideB

�

x � 6hn � havelit-
tle effectonn

�

x� sincetheweightof thesamplepointoutside
B

�

x � 6hn � is lessthane
�

36 V 2 ! 31 � 10
�

16. To take advan-
tageof this factwedecomposeAw

�

x� asfollows:

Aw
�

x�#� AI wI
�

x�7� AOwO
�

x�

whereAI is the row vectorof the equippednormalsof the
samplesinside B

�

x � 6hn � andAO is the row vector of nor-
malsof the samplesoutsideB

�

x � 6hn � . wI
�

x� is the column
vectorof weightsof the samplesinsideB

�

x � 6hn � for x and
wO

�

x� is thecolumnvectorof weightsof thesamplesoutside
B

�

x � 6hn � for x. In addition,in the following proofsfor the
normal lemmaswe decomposethe spaceoutsideB

�

x � 6hn �

using
�

: x
�

wi � 6hn �Xg i h 1 with wi � 6ihn.

Lemma 17If e > 0 ! 1 andhn L 8e, thenfor any x � 2dSwith
d � 0 ! 08e

�

wI
�

x�

�

1 �

2

where
�

v
�

1 is the1-normof thevectorv, which is thesum-
mationof all thecomponentsof v.

Proof Thereexists a samplepoint inside B
�

x̃ � e� from the
samplingcondition(i). In addition,S

�

x̃ � 2e� andS
�

x̃ � 4e� in-
tersectS since the local featuresize of S at any point is
greateror equalto 1. Hence,thereexistsa samplepoint in-
side : x̃

�

e� 2e� and : x̃
�

3e� 2e� respectively from thesampling
conditions.Hence

�

wI
�

x�

�

1 �

e�
d

d_ ef

2

h2
n

� e�
d

d_ 3ef

2

h2
n

� e�
d

d_ 5ef

2

h2
n

�

2 !

Lemma 18If hn 6 0 ! 01,10e 6 hn 6 1000eanda 6 10,then
for any point x � 2dSwith d � 0 ! 08e,

�

Aw
�

x�

�

L

$

�

1 � 4C2
2 �

1
4

� 108C1
h2

n

e2 e
�

36
&

�

wI
�

x�

�

1 (7.24)

and

�

w
�

x�

�

1 6

$ 1 � 108C1
h2

n

e2 e
�

36
&

�

wI
�

x�

�

1 ! (7.25)

Proof
First, we couldhave an upperboundof the weightsfor the
samplepointsoutsideB

�

x � 6hn � sincethenumberof thesam-
ple points inside each : x

�

wi � 6hn � can be boundeddue to
Lemma2.

�

wO
�

x�

�

1 6

C1

2e2
g

å
i h 1

�

w2
i � 6wihn � 36h2

n � e�

w2
i

h2
n

6 108C1
h2

n

e2 e
�

36
!

Wehave
�

wI
�

x�

�

1 �

2 from Lemma17, hence

�

wO
�

x�

�

1 6 108C1
h2

n

e2 e
�

36 �

wI
�
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�

1 ! (7.26)

Second,we �nd thelower boundfor
�

AI wI
�

x�

�

.
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�C{

2
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AI wI
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>FromLemma3, vT
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?
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AI wI
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We obtain inequality 7.24 from
�

Aw
�

x�

�

L

�

AI wI
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wO
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x�
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w
�

x�

�

1 �

�

wI
�

x�

�

1 �

�

wO
�

x�

�

1

Proof of Lemma 5.

Proof

n
�

x�
�

AI wI
�

x�

�

Aw
�

x�

�

�

AOwO
�

x�

�

Aw
�

x�

�

We have shown
?

ñx̃ � vp 6 C2 for any samplepoint p �

B
�

x � 6hn � in the proof of Lemma3. Hence
?

ñx̃ �

AI wI � x�

[

Aw � x�

[ is
alsolessthanor equalto C2.
Equation7.26gives

�

AOwO
�

x�

�

6

�

wO
�

x�

�

1 6 108C1
h2

n

e2 e
�

36 �

wI
�

x�

�

1 !

In additionC2 > 0 ! 075and108C1
h2

n
e2 e

�

36
> 4 � 10

�

4 under
thegivenconditions.Hence,

2

�

AI wI
�

x�

�

�

�

AOwO
�

x�

�

2

�

�

AI wI
�

x�

�

�

�

A0wO
�

x�

�

L

$

�

1 � 4C2
2 �

1
4

� 108C1
h2

n

e2 e
�

36
&

�

wI
�

x�

�

1 !
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Onecanverify that

?

n
�

x�"�

AI wI
�

x�

�

Aw
�

x�

�

6 asin
�

AOwO
�

x�

�

2

�

AI wI
�

x�

�

�

�

AOwO
�

x�

�

2

6 asin
108C1

h2
n

e2 e
�

36

�

1 � 4C2
2 �

1
4

� 108C1
h2

n
e2 e

�

36

which is lessthan216C1
h2

n
e2 e

�

36.
The lemma follows from the fact

?

n
�

x�"� ñx̃ 6

?

n
�

x�"�

AI wI � x�

[

Aw � x�

[

�

?

ñx̃ �

AI wI � x�

[

Aw
[

!

Proof of Lemma 6.

Proof We have

�

J
�

n
�

x���

�

6

$ 1 �

�}�

Aw
�

x���

�

Aw
�

x���

T �

�

Aw
�

x���

T
�

Aw
�

x���

&

�

AwG

�

x�

�

�

Aw
�

x�

�

!

It can be shown that
�}�

Aw
�

x�X�

�

Aw
�

x�X�

T �

�

�

Aw
�

x���

T �

Aw
�

x��� . So,

�

J
�

n
�

x���

�

6 2
�

AwG

�

x�

�

�

Aw
�

x�

�

!

Wehave
�

AwG

�

x�

�

6

�

AI wGI
�

x�

�

�

�

AOwGO
�

x�

�

. Firstwe�nd
anupperboundfor

�

AI wGI
�

x�

�

.

�

AI wGI
�

x�

�

6

2
h2

n
å

p � B � x � 6hn �

wp
�

x�

�

vp
�

x � p�

T �

!

Sincevp is aunit vector, onecanprove that
�

vp
�

x � p�

T �

�

�

x � p
�

, which is lessthan6hn for any p � B
�

x � 6hn � . There-
fore,

�

AI wGI
�

x�

�

6

12
hn

�

wI
�

x�

�

1 !

Similarly we have

�

AOwGO
�

x�

�

6

2
h2

n
å

p W� B � x � 6hn �

wp
�

x�

�

x � p
�

!

Usingthedecompositionstrategy for theproofof thenormal
lemmas,we have

�

AOwGO
�

x�

�

6

2
h2

n

C1

2e2
g

å
i h 1

�

w2
i � 6wihn � 36h2

n � e�

w2
i

h2
n wi

6

12
hn

108C1
h2

n

e2 e
�

36
!

Underthegivenconditions
�

wI
�

x�

�

1 �

2. So,we have

�

AwG

�

x�

�

6

12
hn

$ 1 � 108C1
h2

n

e2 e
�

36
&

�

wI
�

x�

�

1 !

Equation7.24gives
�

AwG

�

x�

�

�

Aw
�

x�

�

6 C3
12
hn

! (7.27)

Proof of Lemma 7.

Proof Let u �

y
�

x
[

y
�

x
[ , which is eithern

�

x� or � n
�

x� sincey

is on � x � n � x�

. We canexpressn
�

y� as

n
�

y�
� n
�

x�7�

]

[

y
�

x
[

0
J

�

n
�

x � tu��� udt (7.28)

from which we get

n
�

x�

Tn
�

y�
� 1 �

]

[

y
�

x
[

0
n

�

x�

T J
�

n
�

x � tu�X� udt

L 1 �

]

[

y
�

x
[

0

�

n
�

x�

�k�

J
�

n
�

x � tu���

�

dt !

(7.29)

Weneedto �nd anupperboundfor

�

n
�

x�

�k�

J
�

n
�

x � tu�X�

�

6

1
�

Aw
�

x�

�v�

Aw
�

x � tu�

�

2

�k�

Aw
�

x���

T �

Aw
�

x � tu�X�

T �

Aw
�

x � tu�X�

�

�

Aw
�

x���

T �

Aw
�

x � tu���

�

Aw
�

x � tu���

T �

�

Aw
G

�

x � tu�

�

�

Aw
�

x � tu�

�

!

(7.30)

Sincex � tu � dS, equation7.27gives
�

AwG

�

x � tu�

�

�

Aw
�

x � tu�

�

6 C3
12
hn

! (7.31)

Similar to the boundsfor
�

wI
�

x�

�

1,
�

Aw
�

x�

�

and
�

w
�

x�

�

1,
we can have boundsfor

�

wI
�

x � tu�

�

1,
�

Aw
�

x � tu�

�

and
�

w
�

x � tu�

�

1 with t 6 2d, i.e.,
�

wI
�

x � tu�

�

1 �

2 (7.32)

and

�

Aw
�

x � tu�

�

L

$

�

1 � 4C2
2 �

1
4

� 108C1
h2

n

e2 e�
d

6hn � 2df

2

h2
n

&

�

wI
�

x � tu�

�

1

(7.33)

and

�

w
�

x � tu�

�

1 6

$ 1 � 108C1
h2

n

e2 e�ed

6hn � 2df

2

h2
n

&

�

wI
�

x � tu�

�

1 !

(7.34)

Notice that
�

wI
�

x � tu�

�

1 is the summationof the weights
for the samplepoints inside B

�

x � 6hn � rather than B
�

x �

tu � 6hn � .
Now we computean upperboundfor the following term
with 0 6 t 6

�

y � x
�

.
�}�

Aw
�

x�X�

T �

Aw
�

x � tu���

T �

Aw
�

x � tu���

�

�

Aw
�

x���

T �

Aw
�

x � tu���

�

Aw
�

x � tu���

T �

�

�

å
pi � pj � pk � P

S wpi

�

x� wpj

�

x � tu� wpk

�

x � tu�

� wpi

�

x � tu� wpj

�

x� wpk

�

x � tu�tT

�

vT
pj vpk � vT

pi

�

6

�

w
�

x � tu�

�

1 å
pi � pj � P

wpi

�

x� wpj

�

x � tu�

%

% 1 � e�

2
uT

d

pj � pi f t

h2
n

%

%

!
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Partition å pi � pj � P wpi

�

x� wpj

�

x � tu�

%

% 1 � e�

2
uT

d

pj � pi f t

h2
n

%

% into
four partsdependingon whetherpi or p j is insideB

�

x � 6hn �

or not.
In case both pi and p j are inside B

�

x � 6hn � , we have
?

n
�

x�"� ñx̃ > 8 ! 12hn from Lemma 5 under the given con-
dition. Hence 2 uT �

p j � pi �

2

> 170h2
n from Observation 1.

Therefore,

å
pi � pj � B � x � 6hn �

wpi

�

x� wpj

�

x � tu�

%

% 1 � e�

2
uT

d

pj � pi f t

h2
n

%

%

6

�

w
�

x�

�

1
�

w
�

x � tu�

�

1
�

e340t
� 1�

which is lessthan375t
�

w
�

x�

�

1
�

w
�

x � tu�

�

1 sincet 6 2d 6

1 ! 6 � 10
�

4 ande340t
� 1 > 375t.

In case pi is inside B
�

x � 6hn � while p j is not, we have
2 uT �

p j � pi �

2

6 wi � 12hn if p j �
: x
�

wi � 6hn � . So,

å
pi ~

B

d

x• 6hn f

pj €
~

B

d

x• 6hn f

wpi

�

x� wpj

�

x � tu�

%

% 1 � e�

2
uT

d

pj � pi f t

h2
n

%

%

6

C1

2e2
g

å
i h 1

�

w2
i � 6wihn � 36h2

n � e�

d

wi � 2df

2

h2
n

$ e
2wi _ 12hn

h2
n

t
� 1

&

6 108C1
h2

n

e2 e�
d

6hn � 2df

2

h2
n

$ e
36t
hn

� 1
&

which is lessthant since t
hn

> 0 ! 016andhencee
36t
hn

� 1 >

60 t
hn

. Similarly, thesameupperboundholdswhenp j is in-
sideB

�

x � 6hn � andpi is not.
When both pi and p j are not inside B

�

x � 6hn � , we have
2 uT �

p j � pi �

2

6 wi � w j � 12hn if pi �	: x
�

wi � 6hn � andp j �

: x
�

w j � 6hn � . Hence,

å
pi €

~

B

d

x • 6hn f

pj €
~

B

d

x• 6hn f

wpi

�

x� wpj

�

x � tu�

%

% 1 � e�

2
uT

d

pj � pi f t

h2
n

%

%

6

C2
1

4e4 å
1 • i •

g1 • j •

g

�

w2
i � 6wihn � 36h2

n �

�

w2
j � 6w jhn � 36h2

n �

e�

w2
i

h2
n e�

d

wj � 2df

2

h2
n

$ e
2

wi _ wj _ 12hn

h2
n

t
� 1

&

6 1082C2
1

h4
n

e4 e
�

36e�ed

6hn � 2df

2

h2
n

$ e
48t
hn

� 1
&

which is lessthan10
�

3t since t
hn

> 0 ! 016andhencee
48t
hn

�

1 > 75 t
hn

.
Since

�

w
�

x�

�

1 �

2 and
�

w
�

x � tu�

�

1 �

2, wehave

�k�

Aw
�

x���

T �

Aw
�

x � tu���

T �

Aw
�

x � tu���

�

�

Aw
�

x���

T �

Aw
�

x � tu���

�

Aw
�

x � tu���

T �

6 400t
�

w
�

x�

�

1
�

w
�

x � tu�

� 2
1 !

(7.35)

Weobtainfrom inequalities7.30, 7.31and7.35

�

n
�

x�

�v�

J
�

n
�

x � tu���

�

6 4800C3
t

hn

�

w
�

x�

�

1
�

w
�

x � tu�

� 2
1

�

Aw
�

x�

�v�

Aw
�

x � tu�

�

2

6 4800C2
3C2

4
t

hn

where

C4 �

$ 1 � 108C1
h2

n
e2 e� d

6hn � 2df

2

h2
n

&

$

�

1 � 4C2
2 �

1
4

� 108C1
h2

n
e2 e�ed

6hn � 2df

2

h2
n

&

!

Integratingtheintegral in 7.29we obtain

n
�

x�

Tn
�

y�JL 1 � 2400C2
3C2

4

�

y � x
� 2

hn
!

Hence,

sin
?

n
�

x�"� n
�

y�o6

= 4800C3C4

�

y � x
�

=

hn

whereC3 andC4 arecloseto 1 underthe given conditions
andhence

?

n
�

x�"� n
�

y� is small.Onecanverify that

?

n
�

x�"� n
�

y�o6

75
�

y � x
�

=

hn
!

Proof of Lemma 13.

Proof Sincen
�

x� andJ
�

n
�

x���

�

x � p� areperpendicularfor
any p � P (Lemma4), equation4.22gives

�

R gp
�

x�

�

6 e�

�

x � p
� 2

h2
e

$ 2
%

%

p3
p

�

x�

h4
e

�

pp
�

x�

h2
e

%

%

�

x � p
�

�

%

% 1 �

3p2
p

�

x�

h2
e

%

%

{ 1 �

�

J
�

n
�

x���

�

2
�k�

x � p�

�

2
&

!

Considerasamplepoint p outsideB
�

x � 5he � . Since 2 pp
�

x�

2

6

�

x � p
�

and
�

x � p
�

L 5he,
%

%

p3
p � x�

h4
e

�

pp � x�

h2
e

%

% and
%

% 1 �

3p2
p � x�

h2
e

%

%

reachesmaximumwhenpp
�

x�
�

�

x � p
�

�

R gp
�

x�

�

6 e�

�

x � p
� 2

h2
e ‚ 2

�

x � p
� 4

h4
e

� 2
�

x � p
� 2

h2
e

�

$

3
�

x � p
� 2

h2
e

� 1
&

{ 1 �

�

J
�

n
�

x���

�

2
�

x � p
�

2 ƒ

which is a decreasingfunctionof
�

x � p
�

when
�

x � p
�

�

5he. Hencewe have
�

å
p W� B � x � 5he �

R gp
�

x�

�

6 å
p W� B � x � 5he �

�

R gp
�

x�

�

6

C1

2e2
g

å
i h 1

�

w2
i � 5wihe � 25h2

e � e�

w2
i

h2
e ‚ 2

w4
i

h4
e

� 2
w2

i

h2
e

�

$

3w2
i

h2
e

� 1
&

{ 1 �

�

J
�

n
�

x���

�

2w2
i

ƒ

6 75C1e
�

25h2
e

e2
‚ 1200� 74{ 1 � 25

�

J
�

n
�

x���

�

2h2
e ƒ

(7.36)
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which is less than 0 ! 03 sincewe have
�

J
�

n
�

x���

�

he > 0 ! 4
from Lemma6.
Now considerasamplepoint p insideB

�

x � 5he � andevaluate
theanglebetweenR gp

�

x� andn
�

x� .

n
�

x�

T R gp
�

x�P� e�

�

x � p
� 2

h2
e ‚ 1 � 5

p2
p

�

x�

h2
e

� 2
p4

p
�

x�

h4
e

ƒ (7.37)

which is greaterthan0 ! 96e�

�

x � p
� 2

h2
e since 2 pp

�

x�

2

> 0 ! 085he
for any x � dS. In addition,

�

R gp
�

x�

�

6 e�

�

x � p
� 2

h2
e ‚ 10

%

%

p3
p

�

x�

h4
e

�

pp
�

x�

h2
e

%

% he

�

%

% 1 �

3p2
p

�

x�

h2
e

%

%

{ 1 � 25
�

J
�

n
�

x���

�

2h2
e ƒ

which is lessthan3 ! 1e�

�

x � p
� 2

h2
e . Hence

?

n
�

x�"�

R gp
�

x�
� acos$

n
�

x�

T R gp
�

x�

�

R gp
�

x�

�

&

> 1 ! 26!

(7.38)

In particular, thereexists a samplepoint p0 � B
�

x̃ � e� from
thesamplingcondition(i) sothat

�

x � p0
�

6 d � e. Wehave

�

R gp0

�

x�

�

6 e�

�

x � p0
� 2

h2
e ‚ 2

%

%

p3
p0

�

x�

h4
e

�

pp0

�

x�

h2
e

%

%

�

d � e�

�

%

% 1 �

3p2
p0

�

x�

h2
e

%

%

{ 1 �

�

J
�

n
�

x���

�

2
�

d � e�

2 ƒ

which is lessthan1 ! 24e�

�

x � p
� 2

h2
e . So

?

n
�

x�"�

R gp0

�

x�
� acos$

n
�

x�

T R gp0

�

x�

�

R gp0

�

x�

�

&

> 0 ! 69!

In addition,equation7.37gives
�

R gp0

�

x�

�

L n
�

x�

T R gp0

�

x�

�

0 ! 6 ! (7.39)

Inequalities7.36and7.39give
?

R gp0

�

x�"�

$

R gp0

�

x�7� å
p W� B � x � 5he �

R gp
�

x�

&

6

asin

�

å p W� B � x � 5he �

R gp
�

x�

�

%

%

�

R gp0

�

x�

�

�

�

å p W� B � x � 5he �

R gp
�

x�

�

%

%

> 0 ! 06!

Hence,
?

n
�

x�"�

$

R gp0

�

x�7� å
p W� B � x � 5he �

R gp
�

x�

&

> 0 ! 75! (7.40)

The �rst part of the lemmafollows from inequalities7.38
and7.40andthefact

?

n
�

x�"� ñx̃ > 6 ! 5 � 10
�

3.
>From inequality7.37, we have n

�

x�

T R gp
�

x�

�

0 for all
samplepoint p � B

�

x � 5he � . Hence
�

R g
�

x�

�

�

n
�

x�

T R gp0

�

x�O�

�

å
p W� B � x � 5he �

R gp
�

x�

�

�

0

Thefollowing lemmais usedto prove theguaranteeabout
normalestimationin Lemma15.

Lemma 19 Let D andD G be two paralleldiskswithin dis-
tanceof dr in a ball B � B

�

c � r � having the centerc on
the sameside.Let the anglebetweenD and the boundary
of B be morethan2q. Further, let q � D be a point where
d

�

q � ¶D �bL kr andqG � ¶B be a point whereqqG is perpen-
dicular to D. Then,we have (i)

�

q � q
G

�

�

kr tanq and(ii)
d

�

q � ¶D Ga�

�

kr �

dr
tanq .

Proof We assumethat D is larger than D
G

and prove the
lemma.The othercasewhereD is smallerthanD G canbe
handledsimilarly achieving even a betterbound.Refer to
Figure 7 for all referencesof labels.Let p be the closest
point of q on ¶D. We aregiven that

�

p � q
�

L kr. We have
�

a � t
�

�

�

1 � cos2q � r and
�

p � a
�

> r sin2q. Considerthe
similar trianglespat andpqu. We have

�

q � u
�

�

�

p � q
��s„�

a � t
�

�

p � a
�

�

kr
�

1 � cos2q � r
r sin2q

�

kr tanq !

Since
�

q � qG

�

�

�

q � u
�

, we have the claim (i). To prove
claim(ii), considerthesimilar trianglespquandwsuanduse
the factsd

�

q � ¶D Gn�

�

�

s � w
�

,
�

q � s
�

> dr and
�

s � u
�

�

�

q � u
�

� dr
�

kr tanq � dr.

B

t

w
s

a
b

D
D'

q
p

q'

r

>2qc

u q

q
p

B'

B

B''

Figure 8: Illustration for Lemma19 on the left. Illustration
for Lemma15on theright.

Proof of Lemma 15.

Proof Let B � B
�

c � r � . Assumethat
z

pc makes an angleq
with the normal ñp̃. We claim that, if q

�

600e, the ball B
containsa point of P insidecontradictingthefactthatB is a
Delaunayball.
ConsidertheslabLp with width 2 � 101e2 for thepoint p̃ de-
limited by two planes<

. and <

�

asstatedin Lemma1. The
ball B

�

p̃ � 10e� containsS andpointsfrom P only within Lp
dueto Lemma1. Since

�

p � p̃
�

6 e2, theball BG…� B
�

p � 9e�

is containedwithin B
�

p̃ � 10e� andthuscontainsS andpoints
from P only within Lp.
Let Np denotethe plane passingthrough p and with the
normal ñp̃. Considerthe disk D in which B intersectsNp.
Let q be a point on the diameterof D passingthrough p
where

�

p � q
�

� 4e for suf�ciently smalle. By Lemma19
d

�

q � ¶B�

�

4etanq
2 �

400e2.
Thedistanceof q from theboundingplanesof Lp is at most
202e2. This meansboth of theseboundingplanesintersect
B. Let D

G
andD

G G
be the disksin which <

. and <

�

inter-
sectB. By Lemma19 the boundariesof D G andD G G areat
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least4e �

202e2

tan300e �

3e distanceaway from q whene is suf-
�ciently small.This meanstheball BG G � B

�

q � 3e� intersects
the slabLp within B. The ball BG G cannothave any sample
point from Lp asB doesnot have any. Also, B

G G
cannothave

any samplepoints from other slabsas BG G is containedin
B

�

p � 9e� thathasall samplepointswithin Lp. A line passing
throughq andperpendicularto Np mustintersectthesurface
Swithin Lp sinceSseparatesthesetwo planeswithin BG . Let
this point bex. Then,x � S doesnot have any samplepoint
within 3e � 202e2

�

e distanceviolating thesamplingcon-
dition (i). Therefore,theangleq cannotbelarger than600e
aswe assumed.
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