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Abstract

We present an algorithm for approximating the Laplace+Beit operator from an arbitrary point
cloud obtained from &-dimensional manifold embedded in thielimensional space. We show that this
PCD Laplace (Point-Cloud Data Laplace) operatoonverges to the Laplace-Beltrami operator on the
underlying manifold as the point cloud becomes denser. kgrthe previous work, we do not assume
that the data samples are independent identically diséribfrom a probability distribution and do not
require a global mesh.

The resulting algorithm is easy to implement. We presenegrpental results indicating that even
for point sets sampled from a uniform distribution, PCD lzaga converges faster than the weighted
graph Laplacian. We also show that certain geometric iamsi such as manifold area, can be estimated
directly from the point cloud using our PCD Laplacian witlgenable accuracy. We make the software
publicly available at the authors’ web pages.
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1 Introduction

The problem of analyzing and inferring underlying structure from ctb@s of data samples is ubiquitous
in various problems of science and engineering. In many cases, thedeputesides or is thought to reside
on or near a low-dimensional submanifold in a higher dimensional ambieo¢ spastandard example of
such data is images of an object taken under fixed lighting conditions with @ngptzamera, where the
dimension of the ambient space is the number of pixels, while the intrinsic dimaifisyarf the manifold

is just two. The problem of recovering the low-dimensional manifold strecftom data samples has
attracted a large amount of attention recently, including the study of manifodehs&ruction in the field of
computational geometry, and of manifold learning in the machine learning community

A popular class of manifold learning methods makes use of the Laplace+Betiperator associated
to the underlying manifold. The Laplace-Beltrami operator is a fundameetaingtric object and has
many properties useful for practical applications. Eigenfunctions of#pdacian form a natural basis for
square integrable functions on the manifold analogous to Fourier harnfoniftsictions on a circle (i.e.
periodic functions). Thus Laplace eigenfunctions allows one to constrioasis reflecting the geometry of
the manifold, which were used to perform various tasks like dimensionalityctieah [4], motion tracking
[15], and intrinsic symmetry detection [18], and other applications in macharaitey, computer graphics
and other areas [14, 23, 24,120, 22] In addition, eigenvalues of thiat@ operator form the spectrum of
the manifold, and can be used to estimate many important quantities of the manifcihdas manifold
surface volumn and total scalar curvature. Many geometric invariantg shémifold can be reconstructed
from its Laplace-Beltrami operator. For example, for a 2-manifol@&# its mean curvature flow can be
computed by applying the Laplace-Beltrami operator to the coordinatez, considered as functions on
the manifold [10]. Finally, the Laplace operator is intimately related to heatsiiffuon manifolds, and is
connected to a large body of classical mathematics, connecting geometnyaofifold to the properties of
its heat flow (see, e.g., [21]).

However, in most of the applications, the underlying manifold is not acdessitstead, we are typically
given a set of points from a manifold obtained through some sampling [oEes example, in computer
graphics, an object may be digitized by using 3-D scanning equipment. Iy machine learning problems
we may reasonably assume that independent identically distributed (iid) saamglelrawn from some
underlying unknown probability distribution. Thus, in order to take adgmtaf the properties of the
Laplace-Beltrami operator, one needs to build a faithful approximationedf éiplace-Beltrami operator on
the underlying object from the (given) point cloud.

In this paper, we propose and implement an algorithm for provably récmtisg the Laplace-Beltrami
operator in arbitrary dimensions from point cloud data. Unlike the prewrg, we do not need to con-
struct a global mesh for the data (which is challenging in high dimensions, wlien the manifold is
low-dimensional) or assume that the data is sampled at random iid from abfitytdistribution (which
may not be the case in many applications, e.g. object scanning, where saimpbiotained by a certain
deterministic physical process and the samples are not independent).

Prior work.  For surfaces irR3, several discretizations of the Laplacian have been proposed from the
approximating meshes [9, 16, 19,/25, 26, 20]. One of the most populaodhéthso-called cotangent
scheme/ [19], which is a form of the finite element method, applied to the Lapjsm@tor on a surface. It

is shown that while convergence can be established from specialctz@sseshes [26], cotangent scheme
does not provide convergent approximaﬁidmgeneral[ﬁﬂﬂS].

1[13] establishes weak convergence of the cotangent scheme. Elowaak convergence does not imply convergence of the



Recently Belkin, et al [6] proposed a new discrete scheme with conveegguarantees for arbitrary
meshes. That scheme can be easily extended to high dimensions. It is eawntbtheir scheme to high
dimensional meshes. However, although there are efficient algorithn3$ f@; converting a point cloud
from surface inR? into a mesh, the mesh construction problem is rather expensive in high dimenshe
best existing such algorithms [7] take time exponential in the dimension of the @mingpiace, which is
potentially much higher than the intrinsic dimension of the manifold. It is desiralderistruct the Laplace
operator directly from the point cloud, with running time depending only mildlyh@nambient dimension.

Another line of work, originating in machine learning, studies the behavithefveighted adjacency
graph corresponding to the input points. Such graphs are of indepeimderest and appear in a variety
of machine learning problems, including dimensionality reduction, spectrstiecing and semi-supervised
learning. Belkin and Niyogi [5] showed that by choosing Gaussian weiglth proper bandwidth,the
corresponding graph Laplacian converges to the Laplace-Beltramatopeon the manifold if the point
cloud is drawn from the uniform distribution. For point clouds from arlpjtrarobability distribution, it
converges to a weighted Laplacian [5] or to manifold Laplacian up to a multiplecétctor [14].

Contributions.  We present a construction of point cloud data (PCD) Laplace operatordnarbitrary
point cloudP sampled from &-dimensional manifold// in IR?, wherek is typically much smaller thau.

1. We present the first algorithm for provable reconstruction of théglcapperator from arbitrary point
cloud data. The convergence result for the PCD Laplacian is establgtiemlit assuming that the
data is sampled iid from a probability distribution, and holds for any sufficiatghse point cloud.

2. Unlike the previous work [6], we do not need a global mesh for the (@aiah is difficult to obtain
in high dimensions and requires complexity exponential in the dimension of thie@insbace) using
instead a certain local meshing procedure in the tangent space. Theofimglexity is linear in the
ambient dimension and exponential in the intrinsic dimension.

3. We provide encouraging experimental results, showing good apewee on several test data sets. In
fact, in three dimensions the results of our algorithm come close to those intf6awglobal mesh.
Interestingly, we show that reasonably accurate approximations of geomegariants, specifically
the surface area, can be made directly from point clouds by recotistrtice so-calledheat trace

The main idea behind our approach is to construct the PCD Laplace apeydtailding a local patch
around each data point and estimating the heat kernel on each patchughiteoch local patches do not
form a global mesh, theoretical results of this paper show that they ffigent to approximate the manifold
Laplacian. Indeed, the experimental results show that our PCD Laplacsess well for various point
clouds, and converges faster than the graph Laplacian even for pamgded from a uniform distribution.
We also demonstrate the use of our PCD Laplace operator by providingist@resting preliminary results
in manifold area estimation.

2 The Algorithm

2.1 Problem Definition

Consider a smooth manifold/ of dimensionk isometrically embedded in some Euclidean sphix®e
equipped with a natural metric induced from the Euclidean metric. We assumé/th& connected —

Laplacian for a fixed function or for Laplacian eigenfunctions, two sageich are of most interest in practical applications.



manifolds with multiple components can be handled by applying our results in aor@mpwise manner.
Themedial axis of\/ is the closure of the set of pointsiR? that have at least two closest pointslii For
anyw € M, thelocal feature size aty, denoted byifs(w), is the distance fronw to the medial axis. The
reach(also known as the condition numbex))/ ) of M is the infinum of the local feature size at any point
in M. In this paper, we assume that the manifdfdhas a positive reach.

Given a twice continuously differentiable functighe C2(M), let V,, f denote the gradient vector
field of f on M. ThelLaplace-Beltrami operato 5, of f is defined as the divergence of the gradient; that
is, AMf = div(VMf). For example, ifM is a domain inR?, then the Laplacian has the familiar form
Apef =25+ 51

Given a set of point® ¢ IR?, we say thaiP is ane-sampling ofM if p € M for anyp € P, and for any
pointz € M, there existg € P such that|z — ¢|| < e. The goal of this paper is to computgaint-cloud
Laplace (PCD Laplace) operatdt}, from ane-samplingP of M which “approximates’;,;. Note that
in this discrete setting, the input is a functign P — IR. The PCD-Laplace operator performs frand
produces another functidii, f : P — IR. The construction o, will be described shortly in Section 2.2.
The main result of this paper is that as the sampling becomes déhseonverges ta\ ;. Note that in the
theorem belows goes ta) implies thatt(¢) also goes td).

Theorem 2.1 Let the point seP. be ans-sampling of the:-dimensional submanifoldl/ of R?. Sett(c) =
1
e2+¢ for an arbitrary fixed numbeg¢ > 0. Then for any functiorf € C?(M) we have that

limsupHL%s)f—AMfH =
e—0 P € 00
where the supremum is taken overaampling ofM.

In the remainder of the paper, [Ef denote the tangent space/dfat pointg. For a fixed poinp, denote
by = andII the projection fronR? onto7, and its approximatioffp (to be introduced shortly), respectively.
Theanglebetween two subspacésandY in R? is defined as/ (X, Y) = max,cx min,cy Z(u, v), where
u andv range over all unit vectors of andY'.

2.2 Construction of PCD Laplace Operator

We now describe our reconstruction of the Laplace operator from & goid P sampled from\/. Specif-
ically, given a point cloud? and a parametet our PCD Laplace operator takes a functipn P — IR as
input and produces another functidf, f : P — IR asoutput. Let NV be the size of*. A function f can be
represented as aN-dimensional vectoff (p1), ..., f(px)]*. The outputll, f is anotherNV-vector. Since
the Laplace operator is a linear operator, the PCD Laplace operatoecapiesented by aM x N matrix.
Given two sets of points{ andY’, let dy(X,Y) = sup,cx infyey ||z — y|| denote the (one-sided)

Hausdorff distancdrom X to Y. We assume that we know the intrinsic dimensioof the underlying
manifold A/. To construct the matrix.’,, we first describe how to compuié, f(p) for eachp € P.

Algorithm PCDLaplace(P, t, p, f)

S1: TANGENT SPACE APPROXIMATION Setr = 10t>*¢ for any positive numbeg¢. Consider the set
of points P, C P within distancer away fromp, i.e., P, = P N B(p,r) whereB(p,r) is thed-
dimensional ball centered awith radiusr. Let Q* be the best fitting:-plane passing throughsuch
thatdg (P, Q") is minimized. Using the algorithm in Har-Peled and Varadaraq—ah [12], weteants
a2- apprOX|mat|orfT of Q*, i.e., T is ank-plane passing through andd(Pr,T ) < 2d(P,, Q).
We returr(T as an approximation of the tangent spdgef M atp.
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S2: LOCAL MESH CONSTRUCTION Fix a constant. Consider the set of point8; that are withing
away fromp, i.e., Ps = P N B(p, ). Build the Delaunay triangulatio’s of II(Ps) onT(p). Note
that K5 is ank-dimensional triangulati@n

S3: INTEGRAL APPROXIMATION. For a sufficiently smal, the restriction ofl to Ps — fp is injective.
Let ® : II(Ps) — P;s be its inverse. Lef{; be the subcomplex aKs containing simplices whose
2

vertices are withir‘% away fromp. ComputeL, f(p) as:

1

Lpf(p) = e XK: ?fi 3 R "

qeV (o)

whereo is ak-dimensional face itk(s, A(o) is its volume, and/ (o) is the set of vertices aof.

Construction of the PCD Laplace operator. Note that Eqn(1) is linear irf. Thus forp; € P, it can be
written asLt f(p;) = R;f, whereR; is anN x 1 row vector, and = [f(p1), f(p2), ..., f(pn)]T is the

Ap;,  Ipj=pil”

N-vector representing the input functigh Specifically, forj # i, R;[j] = —m T
whereA,, . is the volume of alk-dimensional simplices i&s incident torr (p;); while R;[7] is the (negation
of the) summation of all other elementsit). On the other hand, observe thatis simply theith row of
the matrixL%,. Hence performing the above proceduyetimes for every point inP, we obtain the PCD
Laplace operatok’,. We remark that the resulting matrix is positive semi-definite. Since each mow sp
to zero, the operator is an averaging operator, and the maximum princlgiefoothe harmonic functions
of L, (i.e, functions such thdt, f = 0).

Finally, straightforward implementation tak€$ N'd + | P,|/*/21) time to compute each, f(p), where
O(Nd) is the time to comput®,.. Performing it for every point i leads to an algorithm that construtfs
in O(N2d + N|P,|[*/21) time, depending exponentially on the intrinsic, instead of the extrinsic dimension.

3 Convergence of PCD Laplace Operator

In this section, we prove our main theoretical result (Theorem 2.1).ifg@dy, given a point cloudP that
e-samples &-dimensional submanifold/ in R¢, we fix a pointp € P, and show thak’, f (p) as computed
by Algorithm PCDLaplace converges ta\ f(p) for any functionf € C?(M). Let p be the reach of/.
Recall thatr andIT are the projection fronfiR? to 7, andT},, respectively.

3.1 Approximate Tangent Space

In the first step (S1) of AlgorithrRCDLaplace, we compute an approximate best—fittilngplanefp of the

set of pointsP, = P N B(p, ), wherer = 10¢2+¢. We now show thal), is close to the tangent spaj of

M atp. This approach to approximate the tangent space locally was previoeslynufl 1] for dimension
detection from point clouds, and the following result was shown themnha 6).

Lemma 3.1 ([11]) For any pointg € M with |[p — ¢|| < p, we have thatin Z(pq, T},) < ||q2*pp||, and that
2
the distance from to 7, is bounded bﬂ%.

2In fact, any triangulation iﬁA“p works for our theoretical result, as long as longest edge in the triangulatimunded by (¢).
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Theorem 3.2 Computel}, as in AlgorithmPCDLaplace. Z(T},T},) = O(r/p) for r < p/2 andr > 10e.

Proof: Recall tha@ 2-approximates the best fittiigplaneQ* of P, throughp, implying thatd (P, Tp) <
2dy (P, Q") < 2dy(P,,T,). This, combined with Lemma 3.1, implies that for any pairg P,, the dis-
tance fromg to fp satisfiesi(q, fp) < r?/p. To show that/ (T}, fp) = O(r/p), we will show that any unit
vector from7), forms a small angle with thk—planefp.

First, let M, denote the intersection between the manifdldand the ballB(p,r — ¢). ThatP is an
e-sampling ofM implies thatP, is anz-approximation of\/,.; that is, for any point’ € M,., there is a point
q € P, such thati(q,¢') <e.

Let B(x,a) denote a ball inZ,, centered at:, with radiusa. We claim thatB(p, r/2) C w(M,).
Indeed, consider any poigton dM,; d(p,q) = r — . By Lemma 3.1d(q,T},) < (r — €)?/2p, implying
thatd(p, 7(q)) > d(p,q) — d(q,T,) > r/2 whenr < p/2 andr > 10e. Since the projection map is
continuoussr(M,) contains the balB(p, r/2). Note that since projection can only decrease lengths,)
is anes-approximation ofr (1, ), and thus am-approximation of (any subset cB)(p, r/2) as well.

Now consider the balB; = B(p, /4) C B(p,r/2). For any unltJ
directionu € T, letg, be the intersection point between the boundary
of B, and the ray originated fromin directionu. See the right figure
for an illustration. LetBy = B(qq, 2¢); Bo C B(p,r/2) for r > 10e.
Collect the set of point§/ = 7(P,) N B. We now show that, is
contained inside the convex hudll, of U.

More specifically, suppose tha; ¢ C,. Then there exists a hy-
perplaneH in T, passing througly,, such thatd cuts B; into two
halves, where one half contai@§, and the other half does not contain
any point fromU and thus nor fromr (P, ). This implies that there is a ball of radia$n B, empty of points
from = (P,), which impossible, as(P,) is ane-approximation ofB,. Henceg,, € C,,.

Suppose that point®, ¢1, . . ., g € U span thek-simplexo € C,, containingg,. Letg; € P, be some
pre- image ofg; under the projection map, for each: € [0,k]. By Lemma 3.14d(¢;,q;) = d(gi,Tp) <
lp — qill?/20 < |lp — ql|| /p, forr < p/2. On the other hand, we have stated at the beginning of the proof
thatd(q;, I(q;)) = d(qz, ») < 1?/2p. It then follows that

d(G,T,) < d(G, )+ da,Ty) < llp—a@l*/p+1%/p < 2r%/p.

The lastinequality follows from the fact théte B(p, r/2) for each. Slnced(qu, ) < max;ep k) d(Gi, T, T, )
by the convexity of the projection distance function, we have dat, Tp) < 2r2/p. It then follows from
this and thati(p, ¢,) = r/4 (asq, € 0B:), that the angle betweenandT,,, which is the same as the angle

betweerpq, andfp, iS arcsin dég;’ip)) = O(r/p). Since this holds for any unit directianin 7, it implies

that /(T, T,) = maxyer, Z(u, T)) = O(r/p). Thus proves the lemma. E

Corollary 3.3 Forany pointg € M with ||p—q|| < p/4, and forr < p/4, Ietfp be the approximate tangent
space afp computed fromP, = P N B(p,r) as in AlgorithmPCDLaplace. We have thatp — 7(q)|| <

lp = qll < 2[lp = =(g)]-

3.2 Approximate M Locally

We now turn our attention to the second step of AlgoritR@DLaplace. Here we consider the local patch
of M aroundp, Ms = M N B(p, ) for some fixed constarit The projectionlI : M; — T, is injective

5



for a sufficiently smalb and recalkd : TI(Ms) — Mj is its inverse. The main result in this section bounds
the Jacobian of the map. First, we need the following two results: the first one bounds the anglesbatw
tangent spaces at close by pointsidnsee Appendix for its proof), and the second one provides an explicit
form for a certain projection map between tialimensional planes ifR?.

Lemma 3.4 For any two point®, ¢ € M with ||p — ¢|| < p/2, we have thatos£T,,, T, > 1 — 2”%‘1”2.
Lemma 3.5 Let X andY be twom-dimensional subspaces Rf' with Z/X,Y < 7/2 (i.e., X andY are

not orthogonal). Let, : X — Y be the orthogonal projection map froRf' ontoY” restricted onX. Then
h is bijective and there exist orthonormal bases #omlandY’, in whichh has the following matrix form:

Cos aq

h) = cosay @

0 I(mfs)x(mfs)
wherem — s =dim(X NY)and0 < as < ... < ay < a; < 7/2. Inparticular, ZX,Y = a;.

Proof: Firsth is a bijective map, as otherwise there would be a vecto¥ iperpendicular t&@” and hence
/ZX,Y = m/2. Observe that without a loss of generality we can assumeXhatY” = {0}. Indeed, if
the intersection is not zero, take any orthogonal basis in the intersecti@nprdjection matrix is identity
in that basis. One proceeds by restrictiigandY to the orthogonal complement to the intersection. Set
s =m —dim(X NY). We now assume tha andY” ares-dimensional.

Let e; be the unit vector inX such thak; forms the maximal angle with". Let f; = h(e1)/||h(e1)]-
Setay = Zey, f1 and thush(e1) = f1 cos . By inductively choosing a unit vectey, in X perpendicular
toe; foranyl < i < k with the maximal angle with", and lettingf;, = h(ey)/||h(ex)||, we obtain{e; }7_,
and{f;};_, such thak; - e; = ¢;; andh(e;) = f; cos o;. Obviously{e;};_, is an orthonormal basis fox.

We now show, by induction os, that{ f;};_, is an orthonormal basis far. Assumef; - f; = J;; for
1 <i4,j < k. It suffices to showfy, - f; = 0 foranyl < i < k. Setn; = e; — h(e;) = e; — f; cos q;.
We first showey, - n; = 0 foranyl < i < k. Lete’ = (e - n;)ex + (e; - ny)e;. If € = 0, we are done
sincee;, L e;. Otherwise consider the unit vectar= ¢’/||¢’||, which is in the orthogonal complement of
span(ey,--- ,e;—1) in X. By construction ok;, u forms an angle witty” no bigger thare; does, which
meansu - n;| < |e; - n;|, forcinge - n; = 0. Thusf; - e, = 0 sincef; is the linear combination of; and
n;. We also havef; - n, = 0 sincen;, L Y. Hencef; - fi = 0 asj;, is the linear combination af;, andn,,.

By the definition of the angle between any two subspaceR%na; = ZX,Y < w/2. From the
constructionpy > --- > . The lemma follows sincé(e;) = f;cosa; for1 <i < s. [

Theorem 3.6 For anyx € II(Ms) C fp, there exist orthonormal basesﬁf andTg(,), such that

1
cos aq

D‘I)‘x = COS (g (3)

0 I(m—s)x(m—s)



wherezfp, Top@y=a1>2az > >a; >0 andm — s = dim(fp N T¢(x)). The Jacobian of the map at
any pointz € II(Ms) C fp can be bounded as follows:

1§J(q>)\x§<f) §1+O<W+T>. )
cos(LTp, To(x)) p p

Proof: For eachr € II(Mj), definen(z) = ®(x) — z. Since® is the inverse of a projection map,is a
normal vector field orﬁ,. It then follows that the derivative 6b is D® = I + Dn. Note thatD®|, is a
linear map from the tangent spacef@,fatp, which coincides WichA“p, to the tangent space 6f; at ®(z),
which isTy,). To computeD®|,., we consideD®|, = ;! oI, o D®|,, wherell, : To(z) — T“p is the
restriction of the projection mafd onTy ;). As long as/T (), fp < m/2 (as guaranteed by Lemma 3.4),
I1,, is bijective and its inversB ! is well defined.

We now show thall, o D®|, is in fact the identity map, and thug®|, = I1;'!. Indeed, let{e;} 7, be
an orthonormal basis fdﬁ,. We have thaD® |, (e;) = e; + Dnl,(e;), and thus the projection d®|,(e;)
on the vectoe; is:

(D®|;(ei), e5) = 04 + (Dnlz(ei), €5) = dij — (Dejlz(ei),nlz).

The second equality follows from the fact thate; = 0. Furthermore, sinc@p is a flat spaceDe;(e;) = 0

and henceD®|,(e;) - e, = d;5. This implies thafll, o D®|, is the identity map. It then follows from
Lemmad 3.5 (wheré = II,) that D®,, has the matrix form as claimed. Finally, by Lemma 3.4 and Theo-
remm,éfp,Tq,(x) < O(@ + %). The theorem then follows. ]

3.3 Proof of Theorem 2.1

We start with citing the following result which was shown in [5].

Lemma 3.7 ([5]) There exists a sufficiently small > 0 such that for any fixed neighborhood, of p
contained inMj,

2
AMf(p) — lim 1 _llz=pll

0 Jx;, ()72t J(@) = f(p)dv(x), (5)

Intuitively, the above lemma reduces the approximatiof\gf f(p) to within a local neighborhood/,
aroundp. To show that our PCD Laplace atas computed by Eqn(1) convergesiq, f (p), we first prove
that the integral in Eqn(5) can be approximated by considering only theoxippate tangent spadﬁp.
Recall thatd : TI(M;s) — M; is the inverse of the restricted projection nidp Ms — I1(Ms) C fp. Note
that this definition of® is consistent with its use in Step 3 of AlgorithiACDLaplace (there, since we do
not have the underlying manifolti/, ® is restricted to the set of projected poitii§Fy)). The proof of the
following lemma is in Appendix.

Lemma 3.8 Computefp as in AlgorithmPCDLaplace. For a sufficiently smal > 0 and any fixed
neighborhoodV,, of p contained in)M;, we have that:

. 1 _lew—pl?
Ap f(p) = }E}% ) We w (f(2(y) — f(p))dy (6)



Proof of Theorem[2.1. We now show that the integral computed in Egn(1) of Step 3 approximates the
right-hand side of Eqh(6), thereby implying that in the linki}, f (p) converges ta\ ; f (p) for anyp. There
are several parameters involved in the algorithm. To summarize, giversamplingP of M, we choose
t= sﬁ. The size of the neighborhood used to approximate the tangentfpd{ce = 10t>*<. The size
of the neighborhood to construct the triangulation is a fixed constantp/4 independent of. Easy to
verify that where goes ta0, all the conditions in previous lemma and theorems can be sﬁisfied

'Recall that/s is the Delaunay triangulation of the set of projected polit#s) = II(P N B(p,?))
in T We claim that each simplex < K(s has diameter at mo&kt. This is because that sinde is an
e-sampling ofM, it can be verified that the Voronoi cell of any vertex K5 is contained in thé&-ball in

T centered af with radiuse. As such, the length of any edgedrnis at most25. Now consider a simplex
o € K;, and letg be a vertex ofr. We claim that for any poing € o, ||®(q) — ®(y)| = O(e).
2

Indeed, let : [0,1] — gy parametrize the segmeaqy, andfy = <I>(qy) the image (curve) ofiy on

M. The length ofgy is bounded byes. The length ofy is ||v|| = fo ||d ))||dt. On the other hand, it
foIIows from Theorem 36 that the largest eigenvalyg,, of D®|, is - wherea1 L(Tp, Ty(z), and
a; = O(||®(x) — p||/p + r/p) by Lemma 3.1 and Theorem 3.2. Since all pointse consider are inside

I1(Ms), we have that®(z) — p|| < é. This implies thatyy = O(6/p+1/p) and thush,,. = 1/ cosay =
1+ 0(0/p+1/p) = O(1) by Taylor expansions. Finally, observe thia{®(I(t)))|| = || D®[yd(I(t))| <
Amaz||d(L(t))]|. 1t then follows that:

1
[®(q) =2yl < [l = / D@ < /O Amaz|ldL(#)[| = Amazllg —yll = O(e).

Thus||®(q) — p||®> — [|2(y) — pl|? |= O(e) and f(®(q) = f(®(y)) + O(e). Putting everything together:
lim | Lbf(p) — RES(6)|

() —p|>

. 1 _lle@-p|? _lle@)-pl*
~ lim 2}; / Gyl U@@) - S e (@) - 7)) Jdy |

t—0

) 1 _ lwli? O(e) 0(e)
< lm ) / G " S@) = J@) e =1+ [e 5 0E) ) dy
U€K§
= 2 1+€ 2+€
< lim 2| flloole™ = 1]+ O(e )/ 1 -l 4y < lim Ot %) +0(t ):0
-0 t Ks (47rt)m/2 t—0 t

Theorem 2.1 then follows from the above inequality and Lemma 3.8.
4 Experiments and Applications

In this section, we compute the PCD Laplacian for different data, showicgiigrgence as the point cloud
becomes denser, and comparing its performance with the weight grafdcizapand mesh Laplacian. We
also present some preliminary results on manifold area estimation using theugpet PCD Laplacian.
Note in the implementation, we estimate tangent spaces using the Principal Compoiadysis PCA.
Although PCA does not provide theoretical guarantees due to the possibilitghly skewed sampling, it
a standard method, easy to implement and is more robust to outliers.

1
3In practice it may be hard to know One can chooskconservatively. All results hold as long &% «2+¢ andt goes t0.



Experimental setup. To analyze the convergence behavior, we need the “ground truth’isthae need
to know the Laplace operator for the underlying manifold from which thetpdioud is sampled. This
somewhat limits the type of surfaces that we can experiment with. In this,pap@onsideR-spheres?,
flat 2-torus7™? and flat 3-torug™, see Appendix for detailed description of these manifolds. We obtain the
point clouds that sampl&? both uniformly and non-uniformly. See Appendix C.2 for a description am ho
we achieve the sampled data.

Given an input functiory : M — IR defined on a manifold/, and a point cloud® samplingM, we
evaluate the manifold Laplacian and the PCD Laplacian at each paihtand obtain two vector§ andU,
respectively. To measure the error of the PCD Laplacian, we consideotnmonly used normalized,

error By, = lW-Ull2 ~Notice that our theoretical result is that our PCD Laplacian convemgésruhel ..

. U2 | L
norm (i.e, point-wise convergence), which is a stronger result thar.theonvergence So we also show
the normalized., error F,, = ”%[}m*.

Results on fixed functions. We experiment three different functiong: = z, f = 2 and f = €.
Their manifold Laplacian can be computed explicitly (see Appendix for themditas). We compare the
PCD Laplacian and the weighted graph Laplacian [14] with the manifold LeplacTable 1 shows the
comparisons for uniform point clouds of tResphereS?. As we can see, both discrete Laplace operators
show convergence behavior in this case. However, the PCD Laplaciarerges much faster than the
weighted graph Laplacian. The approximation error of PCD Laplacian ie than one magnitude smaller.
Note that the approximation error of PCD Laplacian is in fact comparable vatirofrmesh Laplacian (the
error of the mesh Laplacian for spheres is reported in [6]). Similar reardt®bserved for non-uniformly
sampled points as shown in Table 2, our PCD Laplacian converges mueh tfzaan the weight graph
Laplacian. On flat torug? and7, we observe the similar convergence results. Due to the space limit, we
only show the normalized error for the non-uniform sampling; see Table 3.

function 1000 2000 4000 8000 16000
f=x | 0.425/1.116| 0.158/0.419 0.070/0.171 0.033/0.086 0.022/0.034
f=2% |0.276/0.566/ 0.092/0.210 0.039/0.089 0.017/0.030| 0.008/0.015
f=¢€" |0.415/0.578 0.138/0.220 0.062/0.089 0.028/0.034| 0.020/0.020
PCD Laplacian
f=x |0.794/1.191] 0.641/1.147 0.527/1.014| 0.406/1.059| 0.285/0.780
f=2% ]0.590/0.917| 0.426/0.825 0.350/0.761] 0.251/0.483| 0.179/0.308
f=¢€" | 0.746/0.748 0.603/0.661 0.483/0.632| 0.333/0.389| 0.237/0.328
weighted graph Laplacian

Table 1: Normalized., / L. error for uniform sampling o$2.

Results on manifold area estimation. Our estimation of the manifold area is based on the so called heat
trace [8]. The heat trace of a manifaltit) = >°. e~*i! is a spectral invariant whers is the ith eigenvalue

of its Laplace-Beltrami operator. It has an asymptotic expansian-ag)® : Z(t) = (4rt)~*/23°5° | a;t’
wherea;’s are integrals oveM of polynomial in curvature and its covariant derivatives. In particwie,
haveay = Area(M) anda; = ¢ [,, S whereS is the scalar curvature. We can taldert)“/22(t) as zero
order approximation ofiy = Area(M). Table 4 shows the manifold area estimation via the heat trace

estimated by the firs200 smallest eigenvalues.



function

1000

2000

4000

8000

16000

0.466/1.780

0.174/0.722

0.079/0.260

0.041/0.125

0.037/0.077

0.268/0.517

0.104/0.274

0.046/0.117

0.020/0.072

0.013/0.019

0.398/0.544

0.136/0.224

0.058/0.095

0.036/0.087

0.031/0.028

PCD

Laplacian

0.931/2.697

0.720/1.753

0.478/0.968

0.362/0.950

0.269/0.631

0.550/0.922

0.429/0.869

0.305/0.521

0.205/0.376

0.146/0.241

0.820/0.989

0.613/0.826

0.389/0.566

0.308/0.381

0.210/0.243

weighted graph Laplacian

Table 2: Normalized., /L. error for non-uniform sampling of2.

2500 | 7500 | 10000| 15000
T2

0.156
0.078 | 0.046
0.142 | 0.084

PCD Laplac
0.743 | 0.658
0.357 | 0.314 | 0.525
0.646 | 0.571 | 0.847
weighted graph Laplacian

2500 | 7500 | 15000] 20000
T3
0.100
0.083
0.101

function

0.065
0.061
0.074

0.736
0.468
0.670
ian
1.015

0.145
0.110
0.139

0.927 0.090
0.437

0.800

0.225
0.115
0.208

=T

1‘2

ew

0.420
0.223
0.335

0.370
0.198
0.296

0.602
0.312
0.467

1.546
0.739
1.339

0.858
0.415
0.728

T

1.2

| R ||

:em

Table 3: Normalized., error for non-uniform sampling ofi? and7.

73(10000)
277.71248.1

Genus3(26620
1.9771/2.023

Model(|P])
EST./ TRU.

52(8000)
13.10/12.57

72(10000)
40.41/39.49

Eight(3070)
0.990/0.998

Table 4: Manifold area ESTimation. For the mesh model Eiglt @enus3, their TRUe manifold areas are estimated
by summing the areas of all the triangles .

5 Discussion

In this paper, we provide the first provable reconstruction of the LapBedtrami operator from an arbitrary
set of points. The time complexity of our algorithm depends exponentially oimttiesic, rather than the
extrinsic dimension of the underlying manifold (as a straightforward gératian of the algorithm in [6]
would). We remark that it appears possible to chabseour algorithm to be! —# for any positive3. This
would imply that the time complexity of our algorithm can be further improve@([ﬁf(é)o(’“)) (thatis, the
dependency on the number of points is linear). This is one of the futurle wor

Based on recent results by Belkin and Niyogi [1], eigenfunctions oRLD Laplacian also converges
to the eigenfunctions of the Laplace operator on the underlying manifdidustmakes it promising to use
our PCD Laplacian to approximate spectral invariant quantities such asatteaita (as demonstrated in
our paper) and total scalar curvature. It will be interesting to futuresiinyate this direction.
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A Proof of Lemma/3.4.

Proof: The proof follows from the proof of Propositidh2 in [17]. Specifically, modify Eqn(3) there by
using the cosine-law to obtain thais(d) > 1 — 2||w||? in that proof. Using the same bound f@p|| from
the proof of Propositios.2, together with Propositiofi.3, our claim follows. [ ]
Note that our modification improves the upper bound®f/ T, T, from linear to quadratic, which is
optimal and necessary for our purpose. In addition, from Theorema&Zan have the following corol-
lary saying that the Euclidean distance approximates the geodesic distaires fclose by points on a
submanifold up to the third order, which improves the linear order approximgti@n in Propositiors.3

in [17].

Corollary A.1 Given two point®,q € M, letd = ||p — ¢|| < p/2. Then we have that < dy(p,q) <
d+ O(d?).

B Proof of Lemmal/3.8.

Proof: Changing variable using the mé&p: fp — Mg for the integral in Eqh 5, we have that

A f(p) = lim L (@) - £(0)T(®)],dy. )

t—0 I(N) (47Tt)m/2t€

Let RHS(I) denote theright-hand sideof Eqn I. To show that Eqgn 6 holds, it suffices to show that
|RHS(6) — RHS(7)] = 0. Letdy(z,2) denote the shortest geodesic distance between two points
x,z € M. It follows from Propositior6.3 in [17] thatdys(x, z) < 2|z — z|| for ||z — z|| < p/2. Hence
given a Lipschitz functiory with Lipschitz constanLip(f), we have that

|f(®(y)) — f(p)| < Lip(f) - dum(®(y),p) < 2Lip(f) - [|®(y) — pl|-

Furthermore|ly — p|| < ||®(y) — p|| < 2|y — p|| by Corollary 3.3. Combined with Theorem 3.6, we have:

[ Rias® — RSO = | i [ e S 0) - o) @), Dy
<t [ G H@W )| @)1y
< [ e o) -1 o2 Dy
< i [ el - -0 Ty
< im [ GOl bl = plbiy = tig o) = o
The last line follows from Claim B.1 and that= O(#2*¢) for a positive¢. |

llv)1? k
2

Claim B.1 For any constant > 0, we have thaff,« e™ 4 |y|°dy = O(t t2).
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Proof: Note thaty is a vector inR¥. Writing iy asy = (1, . .

vitud+otul

[t
IRk

Now use the substitution = y/v/4t. Thatisz = (z1,...

have that the integral in the claim equals to:

| el VD -
]Rk

C Details on Experimental Setup

C.1 Detailed description ofS?, 72 and 7°.

y2) 2 dyydys - - - dyy.

/ e~ =P ) 2)1€ (48) </ 2d (21 VAL - - - d(2V/42)

]Rk

_ c/2+k/2 e~
(at) /IR k

U= 2] dz =

O(tc/2+k/2).

., Yk), the input integral is the same as

2i), andz; = y;/+/4t for eachi € [1,k]. We

Manifold | Parameterization Laplace-Beltrami operator
. 2
sz Je:021P - R Asef = srgdp (5m0GF) + g ot
(a, B) — (sin asinf3, cos acsin 3, cos[3)
T2 ¢ [0,27]2 — R* Apaf = M + 86];
(a, B) — (cos a, sin v, cos 3, cos 3)
2 2 2
T8 | ¢:[0,27] — RS Apsf =35+ 53+ 5
(a, 3,60) — (cos a, sin a, cos 3, sin 3, cos 0, sin )

Table 5: Description 062, T2 and7.

C.2 Description of sampled data

To samples? uniformly, we draw three coordinatés, y, =) independently from the normal distribution and
then normalizing them onto the sphere. To achieve a non-uniform samplistg afe impose a distribution
of Gaussian mixture and accept a sample point with higher probability if thesgaumixture has the

bigger value at the sample point. We also obtain the point clouds that sdr@ad7? uniformly and

non-uniformly. To sampld™or T2 uniformly, we only need to uniformly sample the parameter domain
(square or cube) since the parameterization is isometric. Using the similaggtoditef Gaussian mixture

we obtain the non-uniform sampling @ and7.
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