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Abstract

In recent years a considerable amount of work in graphicsgaanetric optimization used tools
based on the Laplace-Beltrami operator on a surface. Thiicappns of the Laplacian include mesh
editing, surface smoothing, and shape interpolations grotmers. However, it has been shown/[12, 23,
125] that the popular cotangent approximation schemes dpmwide convergent point-wise (or even
L ;) estimates, while many applications rely on point-wisenestion. Existence of such schemes has
been an open questian [12].

In this paper we propose the rst algorithm for approximgtthe Laplace operator of a surface from
a mesh with point-wise convergence guarantees applicatdebitrary meshed surfaces. We show that
for a suf ciently ne mesh over an arbitrary surface, our rhasaplacian is close to the Laplace-Beltrami
operator on the surface at every point of the surface.

Moreover, the proposed algorithm is simple and easily imigletable. Experimental evidence shows
that our algorithm exhibits convergence empirically antpetforms cotangent-based methods in pro-
viding accurate approximation of the Laplace operator &fous meshes.
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1 Introduction

A broad range of topics in geometric modeling and computer graphics is re@ttwith processing two-
dimensional surfaces in a three-dimensional space. These surfacgpiaally represented by a mesh,
which is given by the coordinates of its vertices and the connectivity infioma Thus, manipulating,
deforming and analyzing meshed surfaces is a crucial area within thegetsy with the usual implicit
assumption that processing of a mesh corresponds to analogoussprgadshe underlying surface.

In recent years a class of methods based on discrete differential ggaihsurfaces [1] and the discrete
Laplace operator has been used for various tasks of geometric girareSor example, the state-of-the-art
report on Laplacian Mesh Processing [20] discusses surfacesteaotion, mesh editing, shape representa-
tion and shape interpolation among other applications of Laplacian-basédpmueessing methods. Such
applications of the Laplacian can be found in [2, 9, 11, 21, 22, 26] arotm&ys.

The Laplace-Beltrami operator (manifold Laplacian) is a fundamental geenodject associated to
a Riemannian manifold and has many desirable properties. The Laplacidreassed as a smoothness
penalty to choose functions varying smoothly along the manifold [22] or to #mtbe surface itself via
themean curvature ow9], which is determined by applying the Laplace operator to coordinatetifurs
X;y;z considered as functions on the surface. Moreover, eigenfunctiothe d.aplacian form a natural
basis for square integrable functions on the manifold analogous to Fdwaieronics for functions on a
circle (i.e. periodic functions). Therefore, computing eigenfunctiores lcdiplacian allows one to construct
a basis re ecting the geometry of the surface [11]. Finally, the Lapla@ratpr is intimately related to
diffusion and the heat equation on the surface, and is connected toegblady of classical mathematics,
relating geometry of a manifold to the properties of the heat ow (see, e$j).[1

Several discretizations of the Laplacian for an arbitrary mesh havegrepnsed [8, 9, 13, 18, 22, 24].
Most of the proposed methods are variants of ¢beangent schemf8], which is a form of the nite
element method, applied to the Laplace operator on a surface. Suppbseeva surface with a ne mesh.
We expect that the discretization computed from such a mesh would be ammt&cepresentation of the
underlying surface Laplacian. However, a detailed theoretical analf/sigsting discretizations in [24, 25]
shows that while point-wise convergence can be established for spksaes of meshes, such as certain
meshes with valenc® or for linear functions over a sphereﬁﬁ, none of these methods can be expected
to converge for surface meshes in general, a nding, which is borhbyexperimental results in Sectioh 5
and [25]. A notable recent work is [12, 23], where the authors aeratgmvergence of various geometric
invariants, including Laplace-Beltrami operators. They apply their aisalyshe popular cotangent scheme
showingweak convergencg@n the distribution sense) for the solution of the Dirichlet's problem, assuming
the aspect ratio of mesh elements is bounded. The authors also demonatnaelér the cotangent scheme,
convergence i » (which is weaker than point-wise convergence) does not generally hold

The results presented in our paper provide the rst discretization schigamhguarantees convergence
at each point (i.el.1 and thus alsd.» convergence). We note that while such convergence is required in
many applications, where various quantities, such as mean curvatudetonee estimated at each node of
the mesh, the construction of such a scheme is not thivTade contributions of the paper are as follows:

1. We propose a simple method for approximating integrals over a surfaggausiesh and analyze the
quality of the resulting approximation in terms of the parameters of the sunfactha mesh.

2. Combining the result above with the idea of approximating the heat ow onshywee present and
analyze the rst algorithm for approximating Laplace-Beltrami operatoa snrface with point-wise
convergence guarantees for arbitrary meshes (no bound on &stiedt required).

3. The resulting algorithm is simple and experimental results show that it seymiy outperforms the
cotangent scheme Laplace approximation in approximation quality and reksstnoise.

'For example, in [12] the authors conjecture that such discretizationsotaxist.



We note that the algorithm for computing the surface Laplacian is related teettu# algorithms for
computing Laplacian of point clouds in data analysis and machine learnidgljg,using the heat equation.
We observe that in machine learning, the samples are usually believed tavibeiddependentlyfrom a
probability distribution and the convergence occurs in probability. On ther dthnd, in surface modeling,
the nodes of a mesh are typically not sampled independently from a probalistitypution but are gener-
ated by some deterministic process, e.g. scanning. Hence in the case ofapéestian, approximation
guarantees need to be madedtrsuf ciently ne meshes, and probabilistic techniques based on the law of
large numbers (usually used in the case of randomly sampled point clamds)tde applied.

2 Algorithm and Overview of the Results

2.1 Mesh Laplacian Algorithm

We start by describing our algorithm for computing the Laplace operatarraeshed surface. L&t be a
mesh inR 3. Given a face, a mesh, or a surfacelet Area(X ) denote the area of . Forafacd 2 K, the
number of vertices in is denoted by# t, andV (t) is the set of vertices df
Our algorithm takes a functioh : V ! R asinput and produces another functimﬁf V! Ras
output. LQ , themesh Laplace operator is computed, for anw 2 V, as follows:
X X 2
L= oy A0 T i) ) ®

4h?2 #1
12K p2V (t)

The parameter h is a positive quantity, which intuitively corresponds to the size of the neigiuoal
considered at each point. In many applications and for the theoretidgkenia this papeh is taken to be
independent of the point. However, in generah can be taken to be a function wf which will allow the
algorithm to adapt to the local mesh size.

The theoretical results in this paper show that wKeis a suf ciently ne mesh of a smooth underlying
surfaces, L[; is close to the surface Laplaciars (the formal de nition will be introduced shortly). Indeed,
our preliminary experimental results demonstrate the converging beh&tis operator, and show that our
algorithm greatly outperforms currently available discrete Laplace opsriatthe approximation quality.

In the remaining of this section, after introducing necessary notationsive@ug outline of the theoret-
ical results, which also explains the derivation of this algorithm.

2.2 Objects and Notations

Surface Laplace operator s. In this paper, we consider a smooth comp&atanifold S isometrically
embedded in some Euclidean spdRé with geometry induced by the embedding. The corresponding
volume form denoted by , determines the area of a surface element. We assum8 isatonnected —
surfaces with multiple components can be handled by applying our result®m@ooent-wise manner.
Given a twice continuously differentiable functibr2 C?(S), letr sf denote the gradient vector eld
of f onS. The Laplace-Beltrami operators of f is de ned as the divergence of the gradient; that is,
sf =div(r sf). If Sis a domain inR?, the Laplacian has the familiar formgef = % + %.
Functional Laplacian Fg. To connect the mesh Laplace operamﬂr, as de ned in Eqn[ (1), with the
surface Laplacian s, we need an intermediate object, called fimectional Laplace operatong. Given a

pointw 2 S and a functiorf : S! R, it iszde ned as follows:

1 kx  wk?2

an? ¢ " (fFx) fw)d (x): )

FRf (w) =



De nition of (; )-approximation. We also need a quantitative measure of how well a mesh approxi-
mates the underlying surface. Let timedial axisM of S be the closure of the set of pointsR? that have
at least two closest points 8. For anyw 2 S, thelocal feature size alv, denoted byfs(w), is the distance
from w to the medial axid/ . Thereach(also known as the condition numbel)S) of S is the in num of
the local feature size at any point$ At each poinp 2 S, n, denotes thenit outward normal ofs atp
and for each face2 K, n; is the unit outward normal of the plane passing throtigh
A meshK approximates the surfa&eif the vertices oK are inS. Let be the reach 06. We say that
K isan(; )-approximationof S, if the following conditions hold:

1. For afacd 2 K, its diameter (maximum distance between any two point§ @at most .
2. Forafacda 2 K and a vertep 2 t, the angle between vectang andnp, \ (n¢; np), is at most .

Intuitively, the rst condition ensures that the mesh is suf ciently ne. Ortbther hand, a very ne mesh
can still provide a poor approximation to the underlying surface, as,xample, is seen in the Schwartz
lantern. Thus the second condition is also necessary to ensure theesl®dmtweelK andS. Note that
many surface reconstruction algorithms (see [10]) produce meshesatlsdy these conditions.

Finally, we introducethe map : K ! S. Foranyp 2 K, (p) is de ned as the closest point foon
the surfaces. is well-de ned whenK avoids the medial axis &, which will be the case in our setting.
The map connects the medk with the surfaces, and is widely used in analyzing surface reconstruction
algorithms [3, 10], as well as in approximating various quantities for smootacas [12, 15].

2.3 Overview of Main Results

Our main result is Theorem 2.1. Intuitively, as the mesh approximating thace8fbecomes denser, the
mesh Laplace operator ¢ converges to the Laplace-Beltrami operatoBof

Theorem 2.1 Let the mesiK+ be an(; )-approximation ofS. Puth(; ) = 7s— + T for an
arbitrary xed positive number > 0. Then for anyf 2 C3(S)

lim sup LR F sf =0 3)
oK. ; 1

where the supremum is taken over(gjl ) approximations oS.

The proof of Theorem 2|1 relies on the following two results, connectingh Laplacian operator to
the functional Laplace operator and the functional Laplacian to the LeyiBBattrami operator, respectively.

Theorem 2.2 LetK be an(; )-approximation of the surfacg, and"; < 0:1. Given a functiorf 2
CL(S), letkf k1 = supy,sjf (X)j, kr ki =sup,,skr f(x)k and denote the reach of surfa& We
have that for any poinv 2 S,

Area(S)

FSPw)  LR(w) =5

1+|§kh "+6" +2 2 kfky + "kr fkg

Theorem 2.3 (See [7])For a functionf 2 C2(S), we have thaimp, ¢ Fgf (w) sf(w) , =0:

It is easy to see that Theorem 2.1 follows from the two theorems aboverdme2.3 was shown in [7],
and provides an approximation to the Laplace operator based on heatahtf To make it more transparent
we give a brief outline of the ideas involved in Appendix A. In what follows focus on the proof of
Theorem 2.2. The proof relies on the following result, which is of indepahihterest. Letls(x;y) denote
the geodesic distance between two poigts 2 S.



Theorem 2.4 Given a Lipschitz functiog : S! R, letL = Lip( g) be the Lipschitz congtant of function

g, i.e.,jo(x) g(y){'D Lip(g)dslgx;y). Setkgki = supy,sjg(x)j. We can approximateg gd by the
discrete sunik g = t2£< Are#iat(t) V2V (t) g(v), so that the following inequality holds:
gd Ikg 3 L" +kgky 2"+ )? Area(S): (4)
s
Moreover, suppose that the mesh is triangular gnd twice differentiable, with the norm of the Hessian of

g bounded byH . Then, for some consta@t, depending only o, the following inequality holds:
z

gd  Ikg CH 2+3kgk; (2 + )? Area(S) (5)
s

Note that in the second part of the above theorem provides a higheraggdroximation, while the rst
part only requires the functiogto be Lipschitz.

Finally, we remark that Theorem 2.2 and Theorem 2.4 still hold for a rHesipproximatingS in an
adaptive manner. Roughly speaking, this means that the length of anynedtgnt to a vertex 2 K is at
most" times the local feature size at We describe the non-adaptive version in this paper, as it is not yet
clear how to prove the adaptive version of Theorem 2.3, thus of Thedrg.

3 Properties of Meshed Surfaces

In this section, we present several results on the relations between dhsswtaceS and an("; )-

approximationK of S. For simplicity of the exposition, we assume from now on tats a triangular
mesh. However the same analysis works verbatim for arbi{fary)-approximation meshes. Letbe the
reach ofS,and : K ! Sisthe closest-point map introduced in Section 2.2.

3.1 Closeness Betweet and K

Given any poinp 2 R3, letd(p; X) denote the smallest distance frgnto any point in the seX RS2,
andn, the unit normal oS atp. The following result from [5] bounds the surface normal variation leetw
nearby points.

Lemma 3.1 ([5]) Given two pointp; q2 Swithkp ok =3, the angle betweem, andng satis es that

. kp gk
\ (np’nq) < % p gk’

We will later need the following result bounding the geodesic distakge; q) between two points
p; g2 S, in terms of the Euclidean distankp  gk. Note the the differencds(p;d) k p gkis of order
3inkp gk, which signi cantly improves the quadratic bound from [16].

Lemma 3.2 Given two pointp; q2 S, letd= kp gk < = 2. Thenwe have that ds(p;q d+ ‘3‘12:

Proof: Let be the shortest geodesic curve betwpaandq and set = dg(p;q). By Proposition6:3
in [16] we have that 2d. Foranyx 2 , letty =t 4( ) be theunit tangent vector of atx, and [p;Xx]
the portion of from ptox. Setly = ds(p;X).

Since is a geodesic, the unit normal ofat a pointx 2 S is the same as the unit surface normal
ny at x, and the curvature of is upper bounded bg= . It then follows from the Frenet Formulas that
kdty=dlyk k ny= k. Hence we have that

z z I \ (tp;tx) I
Kty tok = k  diyk KVkal, X ) sin R X
[p;x] [p:x]

2 2



Furthermore, leti v denote the dot-product between vector@ndv. Then we have that
z z Z z 2 3

t tpdik= o8\ (titp) dlk= 1 ZSiﬁw dlx 155 dk=1 o5

R
On the other hand,lgbserve thatty, t, dlx measures the length of the (signed) projection along the
directiont,. Thatis, ty tpdlx=(q p) tp. Hence we have that

B I3 13 403
d=kp ok (g p tp | F) I d+ﬁ d+ﬁ'

The last inequality follows from the fact thiat 2d. This proves the lemma. [

Lemma 3.3 IfameshK (; )-approximatess with ; < 0:1then the following conditions hold:

() Forany pointk 2 K,d(k;S) (2+ ).
(i) Foranypointx 2 S,d(x;K) (2+ ).
(i) :K ! Sisahomeomorphism.

Proof: To show (i), consider the gure on the right. Suppose the péiig B e
contained in the triangle2 K andp is any vertex ot. Let T, denote the tangent 7, %5
plane ap. Assume thaB andB “are the two balls of radiustangentially touching /

S atp on each side of,, and the centers & andBareo andd®, respectively. B o

Recall than, is the normal of the triangleandny, is the unit surface normal of
S atp. Since\ (np;nt) < , the angle between, and the plane passing through
t is smaller than , implying that the angle betweél, and the line passing througdk is at most . Letx
denote the projection &f on T,. We havekx  pk k k  pk andkk xk k p kksin
Furthermore, observe that one of the segmxntandxo0 must intersec6. Assume without loss of
generality that it isxo. SinceB does not contain any point fro®, we have that(x;S) k x yk where
y is the intersection betweetw andB. This implies that

d(x; S) P2 kx  pk2 2

Sinced(k;S) k k xk+ d(x;S) by the triangle inequality, Part (i) then follows.

We now show claim (iii), and claim (i) follows easily from (i) and (iii). Note that §), K does not
intersect the medial axis & Hence the map is well-de ned and actually continuous. Sinkeis compact,
to show (iii), it suf ces to show that is bijective.

First, assume that is not injective, and it maps two poinks k02 K to the same o ™
point, sayx 2 S. In this case, botk andk®are on the liné passing througk in direction S [
ny. Without loss of generality, assume thHatindk® are two consecutive intersection
points betweet andK . Lett andt®be the triangles that contalnandk®, respectively.
See the right gure for an example. By (i), we have that bth xk andkk® xk are
upper-bounded by >+ ) .

Consider any verteg of t. We have thakx pk k x kk+ kk pk ( + 2+ ); bytriangle
inequality. Since botl andp are inS, we have that (nx;np) 2 by Lemma 3.1. It then follows that

\ (ny; n¢) and\ (ny; nio) 2 + (6)



The above equation implies tha6 t° as otherwisel, lies in the plane passing througtand as such

\ (nk;ny) = =2, which is not possible. Sindeandk®are two consecutive intersection points between
andK , ny must point to the inside df at one of these two points, sy If k lies in the interior oft, then
\ (ny;ny) = 2. Otherwisek is on the boundary df, in which casé (ny;n;) =2 2 because it

follows from the de nition of ("; )-approximation that the neighboring triangletoforms an angle of at
most2 with t. Either case contradicts Egn (6). Hence we cannot have two such goamsk®and the
map must be injective.

Finally, note that the image & under the map, (K) S, is acompact surface as well. Singes
connected, by Theorem (7.6) [17](K ) = S. Itthen follows that : K ! Sis ahomeomorphism. =

3.2 Approximating Integrals on the SurfaceS

Lemmal 3.3 implies that the mesh is close to the underlying surfac® both geometrically and topo-
logically. Intuitively, quantities de ned ors are closely related to their analogs de ned Kn(i.e, the
pre-images under). Indeed, consider an arbitrary but xed triangl@ K . Note that although the mapis

not differentiable on the entire domak, its restriction to the interior of is differentiable. The following
result states that(x), the Jacobianof the map at an interior poink 2 t, is close tol. We note that by
differential geometric arguments, Morvan and Thibert [15] and Hildeditret. al.[12] analyze the Jacobian
of when the meshed surfae is close toS under the Hausdorff distance and normal variation. A bound
similar to that in Lemma 34 can be derived by combining Lemma 3.3 with their result€oRpleteness

of the exposition we provide a more elementary geometric proof in Appéndix B.

Lemma 3.4 LetK be a triangular mesh thdt; )-approximatess with ; < 0:1. For any pointx in the
interior of an arbitrary trianglet 2 K , we have thag(x) 1j 2(2 + )2:In particular, this implies that

the areas ofs andK satis es: ﬁrr:;‘((f)) 1 22+ )=

Broof of Theorem|2.4. Letg:S! R be afunction de ned or8. We wish to approximate the integral

s9(x)d (x) ﬁsing the valueg(v) at verticess of the mestK . Speci cally, we construct a discrete version

of the integral gd by settinglkg= ,« Are#i""t(t) V2V (t) g(v), where# t is the number of vertices in

the facet (3 for a triangulation). Intuitively, each face of the mesh contributes theuatrequal to its area
multiplied by the average value of its vertices.
We prove Theorem 2.4 via the map Since is a homeomorphism, the set of surface mesh faces
f (t);t 2 K gpartitions the surfac8. Therefore from the change of variable formula we have
Z x Z x Z
. g(x)d (x) = o g(x)d (x) = 9( (u;v))J(u;v)dudyv;

t2K t2K

where(u; v) is any orthogonal coordinate system on the plane passing through éte BacLemma 3.4
Z X Z X Z
g(x)d (x) g( (u;v)) dudv g( (u;v)2(2 + )*dudv
S 2kt t2k t (7)
2(2 + )?Area(K )kgky
For any vertexp of t and any poink = (u;Vv) 2 t, we have thakp xk " by de nition of ("; )-

approximation. It then follows from Lemma 3.3 (i) and the triangle inequalitykpat (x)k (" + "2+
") . Since"; < 0:1, we have thats(p; (x)) 2" bylLemma3.2. Hencm( (x)) g(p)j 2L",



whereL = Lip( g) is the Lipschitz constant @, implying that F\I g( (u;v)) g(p)dudv 2L Area(t).
Combining with Eq. 7 and noticing thatis an arbitrary vertex df, we have that
VA
gd Ikg 2L Area(K)+2(2 + )2Area(K)kgk; : (8)
s
From Lemma 3.4, we have thatea(K) 1:5Area(S). This proves the rst part of Theoreém 2.4.

In the case when we have a triangular mesh and the fungtistwice differentiable, this analysis can
be improved to show higher-order convergence. Below we only praviletch of the proof due to lack of
space. First, consider a twice-differentiable functiont ! R on a trianglet 2 K, and letp; g; r be the
vertices oft. As above, lek = (u;v) be an orthonormal coordinate system on the plarte Gonsider the
unique linear functigsh(x) de ned on the plane of the triangle, sltp) = h(p);I(q) = h(q);I(r) = h(r).

It can be shown that, I(u; v)dudv = %(h(p) + h(qg) + h(r))Area(t). Without loss of generality assume
thatp is the originO of the coordinate system and th&fp) = 0 (additive constants will not change the
computation). Leg = (ug;v1);r = (up; Vo). It then follows that

up vi ! h(q) : (9)

[(u;v) =(u v) Us Vo h(r)

Writing the Taylor expansion fdn with a quadratic remainder term, and recalling théd) = 0, we have
jh(u;v)  hy(O)u  hy(0)vj < H (u? + v2), whereH is maximum of the norm of the Hessiantobn the
triangle, anchy (resp.hy) is the partial derivative dfi alongu (resp.v). Now based on the observation that
the function value of a linear function inside a triangle is bounded by the $itn(@bsolute) values on the
vertices, and that the length of each side & at most' , it can be shown that

jlu;v)  hy@u  hy()vj  4H( )?:

Combining this with Eqri (9) leads to thigi(u; v) 1(u;v)j < 5H( )?: Now seth(x) = g( (u;V)). Note

that is in nitely differentiable outside of the medial axis. Then by a standard catmegs argument, the

second derivative of, and thus of( (x;y)) (from the chain rule), is bounded. Henjgéu; v) |(u;Vv)j <

CH 2; whereC is some constant depending on the geomet§.dhtegrating, and using Eqnl(7) we obtain
z

gd Ikg CH 2Area(K)+2(2 + )?Area(K )kgk:
s

SinceArea(K) 1:5Area(S), the second part of Theorém 2.4 then follows.

4 Discrete Laplace Operator

We now show our main result (Theorem 2.1) which states that the mesh laaptgproximates the surface
Laplacian well. We rst prove Theorem 2.2; that is, given a m&slf"; )-approximating a surfac8, for
any pointw 2 S, the difference between the mesh and the functional Laplace opejﬂé@cbr(sm) L[} (W)j

is bounded, and converges to zero"aand go to0. Theorem 2.1 then follows form this theorem and
Theorem 2.3.

wk2

kx
Proof of Theorem(2.2. First, setg(x) = ;4»e ~ @ (f(x) f(w)): Comparing Eqn (2) and Eqn (1),
we obtain that
Z

LRf(w) F2f(w) = (99 kg (10)



By (the rst part of) Theorem 2/4, to bound the above quantity, it se§¢o boundkgk; and the Lipschitz
constantLip(g) of g. Easy to verify thakgk; 2hizkf ky . ForLip(g), sincef, and thusg, is C1-
continuous, it is upper bounded kgk; = sup,,s kgqx)k. Notice thatg{x) is a map from the tangent
spaceTy to R. By de nition, gqx)(v) = r sg(x) Vv forany vectorv 2 Ty and henc&g{x)k = kr sg(x)k.
On the other hand, it is easy to verify that

X w 2
kr sg(x)k le(ZKf ki krse —a k+ kr sf (X)K):
SinceS is a surface embedded R with the induced Riemannian metric, it holds that

kx  wk?2 kx w 1

x wk?2 2
kr se Ca ok ke rs€ M k=-e i kx wk=(2h) {EFH

where the last inequality holds ysé’z 1 for any real numbey. It then follows that

1 2kfkg
anz PR
Combining with Theorem 2.4, and putting everything together, we concludelvibrem 2.2.

kgks = kr sg(x)k + kf %

Proof of Theorem2.1. Now letK- denote ar("; )-approximation ofS with "; < 0:1, andh("; )
an appropriate constant depending'amd . We have that for any point 2 S,

Lt w) s (w) Lt w) R rw) + FEC R w) sf(w)

By choosinch("; )= =—&— + —=—, where > O0is an arbitrary xed positive number, it can be shown

L& tw)  sfw) O Es )+ O )+ jFeC T (w)  sf (w)]

The big-O notation above hides terms linear in the @eza(S), the reach (S), kf ky andkf %; . The
limit limy ojFel’ f (W) sf (W)j =0 by Theorem 2.3([7]).
By taking the limit, we see thdim-. OLE(,:; )f (w) = sf (w), which proves Theorem 2.1.

5 Experiments

In this section, we apply our algorithm of computing the mesh Laplacian to eliffesurfaces and show its
convergence as the mesh becomes ner. One currently widely used rapite operator is th@tangent
(CoT) schemeoriginally proposed by Pinkall and Polthier [18]. We compare our algaritith its modi-
ed version [14, 24], which produces better results than the original atet®ur experiments show that the
CoT scheme does not produce convergence for functions other than fiimedions, while our method, in
addition to exhibiting convergence behavior, is also much more robust vepfeceto noisy data.

Experimental setup. To analyze the convergence behavior, we need the “ground truth”isthae need
to know the Laplace-Beltrami operator for the underlying surface aqipaded by input meshes. This
somewhat limits the type of surfaces that we can experiment with. In this,pap&onsider two types of
surfaces: planar surfaces and spherical surfaces. For the glariace, we uniformly sample the region
[ ;1] [ 1;1]with different density, and construct the Delaunay triangulation for tkaltiag sample
points. For the spherical surface, we sample a unit sphere, eitherratyifor non-uniformly, with different
density, and then use the COCONE software [4] to generate the triangusiiemeThe goal of the non-
uniform sampling is to create “bad” meshes, such as those with skinny triaagtktriangles of different
sizes. We also produce noisy data from the uniform sampling of the spiygperturbing each sample point
randomly by a small shift. Some examples of these three types of spheridedsraae shown in Figure 1.
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uniform non-uniform uniform with noise

Figure 1: Meshes for spherical surface with 500 sample p@intl 8000 sample points.

Error measure.  Given a mestK approximating a surfac and an input functioi : S! R, we
evaluate the surface Laplacian and the mesh Laplacian at each ofviices ofK , and obtain twmn
dimensional vectors) and B, respectively. To measure the error between the mesh Laplacian and the

surface Laplacian, we consider the commonly used normalizextrorE, = % We remark that our
theoretical result is that our mesh Laplacian converges unddr thaorm (i.e, point-wise convergence),
which is a stronger result than the-convergencdasL 1 -convergence impliek o-convergence). Such
convergence is indeed observed for all types of meshes that we blagiaated experiments on. However,
since the ©T scheme performs poorly under the error metric, we only show results under thg error

metric from now on — our method compares even more favorably undéritherror.

Results for planar surface. Given a functiorf : R?! R on the plane, its surface Laplacian is simply:

r2f (Xy) = % + %: Specically, g2f(x;y) =0 if f isalinear function. It turns out that theo@
scheme produces exacthfor a linear function on a planar mesh. Hence we compare the mesh Laglacian
for two non-linear functionsf (x;y) = x? andf (x;y) = €Y. The results under the normalized error
metric are shown in Table 1. For both functions, for different values®ptirameteh, our method always
presents convergence behavior; while ner mesh does not lead to Epgpximation error by the @r
scheme. Note that we obtain better approximation even when the number dégaonys is small (500).
Since different values df show similar behavior, from now on, we x the parametediat= 0:04.

Method | Param 500 | 2000 | 8000 | 16000| 500 | 2000 | 8000 | 16000

Cort non 0.220| 0.173| 0.197| 0.207 | 0.198 | 0.188 | 0.190 | 0.202
4h=0.01| 0.450 | 0.146 | 0.040| 0.022 | 0.875| 0.128 | 0.055 | 0.027
OUR 4h=0.04 | 0.126 | 0.038 | 0.010| 0.005 | 0.189| 0.037 | 0.022 | 0.016
4h=0.09 | 0.069 | 0.017 | 0.004 | 0.002 | 0.099 | 0.033 | 0.027 | 0.025
f=x2 f = exp(x +y)

Table 1: NormalizedL, error for planar mesh. We show the results of our method wighet different values.

Spherical surfaces. Given a functiorf : S?! R de ned on the unit spherg?, wheref is parametrized
by the spherical coordinatesand , its spherical surface Laplacian is:

. _ 1 @ . of 1 @f
f(; ) = sn @ sin @ +F@'

Xu [24] proved that his modi cation of the €T scheme can produce convergent result for linear function
de ned on spheres. Indeed, this is observed in our experimentdtgesushown in Table|2, where we also
compare the mesh Laplacians for two non-linear functibsy;z) = x? andf (x;y;z) = € for a
uniformly sampled spherical mesh. However, while our method conveayes|fthe three functions, the
CoTt scheme only converges under the linear function. In Table 2, we alsotSlecapproximation error of



Method | 500 | 2000 | 8000 | 16000 | 500 2000 | 8000 | 16000 | 500 2000 | 8000 | 16000
Cot 0.058 | 0.030| 0.015| 0.011 | 0.1271| 0.157| 0.158 | 0.155 | 0.124 | 0.101 | 0.102 | 0.099
OuUR 0.606 | 0.142| 0.034| 0.017 | 0.488 | 0.115| 0.013 | 0.005 | 0.613 | 0.140| 0.028 | 0.015
L» f=x f=x2 f = exp(x)

Method | 500 | 2000 | 8000 | 16000 | 500 | 2000 | 8000 | 16000 | 500 | 2000 | 8000 | 16000
Cot 0.229| 0.185| 0.083 | 0.062 | 1.147 | 1.577| 1.478 | 1.375| 0.798 | 0.887 | 0.928 | 0.849
OuUR 2.097 | 0.492| 0.081| 0.037 | 2.915| 0.838 | 0.062 | 0.025 | 4.000| 0.873| 0.112| 0.054
Ly f=x f=x7 f =exp(x)

Table 2: NormalizedL, error (top table) andl; error (bottom table) for spherical meshes with uniform skmgp

the two mesh Laplacians under the error metric. Note that compared to the case of normalizedrror,
the numerical values df; error can be big, as it is the absolute error and not normalized.

We also test the Gt scheme and our mesh Laplacian for meshes constructed from pointsifiomaly
sampled from the unit sphere. The error obtained for both methodsidyesfanilar to that on the regular
mesh (as reported in Table 2). We omit the detailed results due to lack of space

Finally, in Table 3, we show how our method and thetGcheme perform for noisy data. Note that even
though the ©T scheme has been proven to converge for linear functions on a spheeghe mesh becomes
noisy, such convergence behavior is lost; while the approximation eyroubalgorithm stays almost the
same as before. This is not too surprising as our scheme considers damgermeighborhood thandad
scheme when evaluating the mesh Laplacian at a point, which has the “smoctfietd’ However, it is not
clear how to extend GT scheme to incorporate larger neighborhood than its current one-rigighoehood.

Method | 500 | 2000 | 8000 | 16000 | 500 2000 | 8000 | 16000 | 500 2000 | 8000 | 16000
Cot 0.398| 1.532| 3.015| 0.936 | 0.267 | 0.914| 1.840| 0.545| 0.308 | 1.271 | 2.631| 0.817
OUR 0.599| 0.155| 0.051| 0.022 | 0.484 | 0.128 | 0.028 | 0.006 | 0.612 | 0.153 | 0.043 | 0.018

f=x f=x° f =exp(x)

Table 3: Normalized., error for the experiments on the sphere with noise.

Remark. Finally, we remark that we have also compared our mesh Laplacian with thh begplacian.
Graph Laplacian has been shown to convergg@@nts randomly sampled from the uniform distribution on
the underlying manifoldi7], which is also observed in our experiments when points are randomigled.
However, our mesh Laplacian produces consistently smaller errorsndfsuniformly sampled meshes,
graph Laplacian is not expected to converge to the surface Laplacian.

6 Conclusions

In this paper, we have developed the rst algorithm for approximating thyeldce operator on a meshed
surface with point-wise convergence guarantee. Such convergeraguired in many applications, where
guantities, such as mean curvature, need to be estimated at each nodmesktherhe convergence result
does not require the aspect ratio of mesh elements to be bounded. Exgalirasults show that our algo-
rithm indeed exhibits convergence empirically, and outperforms cur@milar methods both in accuracy
and in its robustness with respect to noisy data. To provide theoretidgisenaf our algorithm, we also
established a general result to compare integrals over a smooth surthtteea discretization on a mesh.

Future directions include extending current algorithm to adapt the locah sies, establishing con-
vergence results for high dimension meshes, as well as developing thmetite@dramework for analyzing
noisy data.
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A Functional approximation of the Laplace-Beltrami operator

In this appendix we attempt to demystify Theorem 2.3 by explaining the undegrigizn for the func-
tional approximation of the Laplacian. The core of the approximation thebesnm the connection of the
Laplace-Beltrami operator to the heat equation.

Recall, that given a twice differentiable functibn2 C2(S), letr sf be the gradient vector eld of
onS. The Laplace-Beltrami operators applied tof can be de ned as the divergence of the gradient; that
is, sf =div(r sf). If SisadomainirR?, the Laplacian has the familiar formgef = %f + %

Theheat equatioron the surfacé is the partial differential equation

of (1) = Ggpft(x:t)

The heat equation describes the diffusion of the initial heat distribdit{@n0) at timet. To obtain an in-
tegral approximation for the Laplace operator, we use a functionabajppation technique from [6]. The
approximation is based on the properties of heat propagation with the initidbdi®n f (x) = f (x; 0).
K is well known (e.g., [19]) that the solution to the heat equatig®;t) can be written as (x;t) =

S HEOGY)f (y)d (y), whereH{(x;y) is theheap-ekernebf the surfaces, i.e. the measure of how much
heat propagates fromtoy in timet. The quantity HE(xy)f (y)d (y) can be thought of as the sum of
all heat coming to poirt from every other poiny after timet.

Thus the heat equation can be rewritten as follows:
z

st(x;t) = . H5O6Y)f (V) d (¥)
Taking the imit a0 and recaling that (x; 0) = f (x) and that H Lixy)d (y)=1, yields
St ) =lim - HEGGY) () ()=
Hsey)f () d () f(x) =

SHE(X;V)(f(Y) F(x)) d (y)

For the case whe@is RN the heat kernel can be written explicitlytRz (xy) = pﬁ exp kx 4tyk2 )

yielding the functional approximation in Eq. 2.

For a general manifold, the heat kernel cannot usually be written expligitiywever the heat kernel can
be shown to be close to a Gaussian in the geodesic coordinates (e.g.ByL8Pnsidering the asymptotes
of the heat kernel as! 0, the result in Theorem 2.3 can still be established (see [7]).

B Jacobian of

For any poinix 2 t, lethy be the surface normal afx); thatis,Ax = n (). The following lemma from [5]
says that the rate thag changes ag moves around it is bounded.

Lemma B.1 LetK be a triangular mesh that; )-approximatesS with ; < 0:1. Given any triangle
t 2 K, for anyx in the interior oft, and for any unit vectov in the plane passing throughwe have that

o\ (N v Ny) 1 .
m, @ )
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Proof of Lemma 3.4. Let P be the plane where the triangldies, andT (,) be the tangent plane of
Sat (x). Set denote the angle between the plafesindT (). Note that < 2 + by Eqn (6).
Easy to see that there exists an orthogonal coordinate systerjpon P such that (u; T (,)) = and

\ (v;T ) =0. Let y(x) and (x) be the partial derivatives of at g pointx = ( Uo; Vo) in the interior
of t, respectively. The Jacobialfx) = J( up;Vvo) of atx thenequals EG F?2, whereE = | ,
G= , yvandF = , .

To bound , consider the poiny = (ug + ;Vg), where is a real number. Note ™
that by the choice of the directian the anglé ((y x);T ()) betweery x andthe )y
planeT 4y is . Letz be the projection point of ontoT (), andbbe the projection of

(y) onto the lineyz. See the right gure. Set = \ (fiy; Ay); note that Ty by

LemmaB.1. Sinc& (y) yk ("?+" ) byLemma 3.3, we have that

n2 + "

-]

kK (y) bk=k(y) ykcos < —

Now letB andB °be the two balls of radius that tangentially toucl$ at (x). By B
the de nition of the reach , the surfaces has to lie outside these two balls. It can b )
shown thakb  zk is of order 2. Hence

n2 n
im K2 K im k2 ber kb (y)k +

— 11
1o ] ] ro ] ] 1" (11)

By de nition, pE = lim Ow. Consider the triangle consisting ofx), (y) andz. Since
k (x) zk=ky xk= cos ,itfollows from the triangle inequality and Eqn (11) that

P "2y
i E 1 (3 cos )+ :

Furthermore, let , be the angle between the vectars (x) and , (i.e, (y)  (x)). We have for small
enough that

kz  (y)k "2y r

kz  (x)k (I ")cos -

Similarly, letw = (ug; vo+ ) andz®the projection ofv onto the plang (). Let =\ ((z° (x)); V).
Similar argument can show that

sin

P~ "2 : kz  (y)k et
G 1 and sin v (XK T -

Finally, observe that by the triangle inequality,
Nw v =2 (ut W)
SincejFj = p@j cos\ ( u; v)j, it follows that
pﬁ(l coZ\ ( u: v)) e 2 PEe

and the lemma follows from the bounds derivedEQiG; a,; ay.
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