
Integral Estimation from Point Cloud inRd: a Geometric View

Chuanjiang Luo� Jian Suny Yusu Wang�

Abstract

Integration over a domain, such as a Euclidean space or a Riemannian manifold, is a fundamental
problem across scienti�c �elds. Many times, the underlyingdomain is only accessible through a discrete
approximation, such as a set of points sampled from it, and itis crucial to be able to estimate integral
in such discrete settings. In this paper, we study the problem of estimating the integral of a function
over ak-submanifold embedding inIRd, from its function values over a set of sample points. Previously,
such estimation is usually obtained in a statistical setting, where input data is usually assumed to be
drawn from certain probabilistic distribution. Our paper is the �rst to consider this important problem
for arbitrary point clouds data (PCD), and provide theoretical guarantees. We approaches the problem
from a geometric point of view. Speci�cally, we model the integral as a weighted sum, and propose two
weighting schemes: theVoronoi and thePrincipal Eigenvectorweighting schemes. The running time
of both methods depend mostly on the intrinsic dimension of the underlying manifold, instead of on the
ambient dimensions. We show that the estimation based on theVoronoi scheme converges to the true
integral (explicit error bound is given). This is the �rst result of this sort for estimating integral from
general PCDs. For the Principal Eigenvector scheme, we present its connection to the Heat diffusion
operator, and illustrate several justi�cations behind itsconstruction. Experiments show that both new
methods consistently out-perform common statistical methods under various sampling conditions.

1 Introduction

Integration over a domain, such as a Euclidean space or a Riemannian manifold, is a fundamental problem
across a broad range of scienti�c areas. Its importance is perhaps best re�ected by the fact that it is one of
the most intensively investigated topics in numerical analysis. Indeed, data analysis routinely boils down to
collecting certain properties over a domain of interest. For example, in Bayesian net, integration is one of
the main components behind information inference. In graphics and visualization, histograms are widely
used to characterize input shapes.

In many applications, the underlying domains are only accessible through some discrete approximations,
mostly through a set of sampled points; and the function to be integrated is only given by values at these
points. For example, in computer graphics, a physical object may be digitizedby using 3-D scanning
equipments. In computational biology, to study the folding process of a biomolecule, one often samples
its conformational space via molecular dynamics. In sensor networks, quantities such as temperatures or
humidity are usually collected at each individual sensor. To address the integration problem arisen in these
common scenarios, in this paper, we study the problem of estimating the integralof an input function from
a point clouds data (PCD). We assume that the input data reside on a low-dimensional manifold (while
the dimension of its embedded space may be high), which is believed to largely hold for many practical
applications. One standard example of such data is the space of images of anobject taken under �xed
lighting conditions with a rotating camera. While the dimension of the ambient space isproportional to the
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number of pixels which can be millions, the intrinsic dimension of the image space is only two (i.e, rotation
angles of the camera).

Integral estimation from point clouds also falls into the broad category of information recovery and
data analysis over low-dimensional manifold structure from point clouds, which has recently received great
attention from many research areas, including machine learning and computational geometry [3, 17, 1,
8]. Reconstructing manifold structure is typically costly for high dimensional data, and many times not
necessary. Our goal in this paper is to reconstruct integral informationfaithfully from the point clouds data
withoutreconstructing the underlying manifold structure explicitly.

Prior Work. Previously, integral estimation from point clouds is usually conducted in a statistical setting,
where the input point samples are assumed to be drawn from certain probability distribution. The most
popular method to estimate integral in such case is the Monte Carlo integration [15]. In its simplest form,
this method simply estimates the integral as the average of the function values at sample points under the
assumption that the samples are uniformly distributed. In the case where the uniform assumption is not
valid, one can use density estimation technique to obtain statistically guaranteed results. The theoretical
guarantee (i.e, closeness to the ground truth) of the Monte Carlo integrationmethod is usually derived based
on theLaw of Large Numbers. Note that the Monto Carlo scheme only estimates the integral up to a scaling
factor, which is the volume (surface volume) of the manifold. Volume estimation (which can be considered
as the integral of the constant function) is itself a hard problem in high dimensions [13].

It is often much easier to sample the ambient spaceRd according to some distribution than sampling a
submanifold of it, even if the submanifold is explicitly. Li et al. [18] convert the estimation of the area of a
surface inR3 to the estimation of the number of the intersections of lines inR3 with this surface, based on
the the so-called Cauchy-Crofton formula [20]. Since a line inR3 has four independent parameters, one can
uniformly sample the space of lines inR3 by a uniform sampling of this4-dimensional line space. Liu et
al. [19] adapt this idea to estimate the surface area directly from sample points. However, it is not clear how
to extend this strategy to the high dimensional case since the co-dimension of thesubmanifold inRd may
be much bigger than1, whence the probability of a line intersecting the submanifold is0.

From a geometric point of view, the most natural way to estimate integral from PCDs is perhaps to �rst
reconstruct a mesh from the sample points which approximates the (metric of the) underlying submanifold.
Indeed, once a mesh approximation is given, it is shown in [6] that one canthen use the area of the mesh
elements incident to each point as the weight for this point, and compute the integral as such a weighted
sum. However, although ef�cient algorithms for converting a point cloud from surface inR3 into a mesh
have been developed [1, 2], the mesh construction problem is rather expensive in high dimensions. The best
existing such algorithm [8] takes time exponential in the dimension of the ambient space, which, in most of
the applications, is much higher than the intrinsic dimension of the manifold. Henceit is highly desirable to
have an scheme that directly operates on the sample points, with running time depending only mildly on the
ambient dimension, which our paper aims at developing.

Our contribution. In this paper, we consider the problem of integral estimation from PCDs in a general,
non-statistical setting. We approach this problem from a geometric point view, and develop two new algo-
rithms that operate on the PCDs directly, with running time mostly depending on the intrinsic dimension
of the underlying manifold. Speci�cally, given a point cloudsP sampled from ak-dimensional manifold
M embedded inIRd, we approximate the integral off over M by a weighted sum

P
p2 P w(p)f (p), and

propose two novel weighting schemes. Both new schemes rely on local information from each input point,
and can be implemented in time exponential only in the intrinsic dimension ofM , which is the best one
can hope for in the deterministic setting [13, 12]. These are the �rst resultsof this sort for this important
problem in a general setting.

Our �rst scheme is called theVoronoi weighting scheme. It reconstructs a local patch around each
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input point, and computes the weight of this point from the local patch. Although these local patches are not
consistent and can not be stitched together to form a global mesh approximating the underlying manifold, we
show that they approximate the volume measure of the underlying manifold, andthus produce a convergent
estimation under some mild assumption on the sample points and the integrand. (In fact, explicit error bound
of our estimation is given.) This is the �rst result with theoretical guaranteesfor general PCDs. The second
scheme is called thePrincipal Eigenvector weighting scheme. It is based on the recent development of
constructing convergent Laplace operator from PCDs. Although we are not able to establish the convergent
result for this scheme, the method falls into the same framework as the recent development in constructing
Laplace and Heat operators from PCDs. We show that it preserves theglobal property that Heat diffusion
on manifolds is an integral invariant process in the discrete setting, which is an important property given
that the Heat diffusion has been widely used to smooth functions in many application areas. We implement
both weighting schemes, and perform a series of experiments, comparing our methods with Monte Carlo
integration based methods, under various sampling conditions. Our results show that both new schemes
consistentlyprovide better estimations for input testing functions. We discuss these two schemes and future
work at the end of this paper.

2 Preliminaries and Algorithm Setup

Consider a smooth orientable manifoldM of dimensionk isometrically embedded in some Euclidean space
IRd, equipped with a natural metric induced from the Euclidean metric. Themedial axisof M is the closure
of the set of points inIRd that have at least two closest points inM . For anyp 2 M , thelocal feature size
at p, denoted bylfs(p), is the distance fromp to the medial axis. Thereach(also known as the condition
number)� (M ) of M is the in�num of the local feature size at any point inM . In this paper, we assume that
the manifoldM has a positive reach.

Let P denote a set of given sample points onM . We say thatP is an"-samplingof M if p 2 M for any
p 2 P, and for any pointx 2 M , there existsq 2 P such thatkx � qk � " , andP is an("; � )-samplingof
M if P is an"-samplingof M and that any two points inP are at least� away from each other.

We useTp to denote the tangent space ofM at p, andB (p; r) denote thed-dimensional ball centered at
p with radiusr . In what follows, we used(x; y) or kx � yk to denote the Euclidean distance between two
pointsx andy, anddM (x; y) denote the geodesic distance between them onM for x; y 2 M . For a pointx
and a setY , the distance between themd(x; Y ) = inf y2 Y kx � yk.

Integral estimation. Given a PCDP = f p1; : : : ; png, a functionf : M ! IR is represented as a vector
f = [ f1; : : : ; fn ], wheref i = f (pi ) is its value at pointpi . We approximate the integral

R
M f in a standard

way by using a weighted sum:
P

i ! i f i , which can be rewritten as the vector inner producth!; f i for ! =
h! 1; : : : ; ! n i . Hence to develop an integral estimation simply means to construct a weighting scheme! . We
remark that one can consider the integral

R
M fd� as the inner product between the functionf and the volume

measured� . From this point of view, it is natural to approximate integral as inner product between vectors
in the discrete setting, and the weighting vector! should describe the volume measure at each sample point.
This also implies that the weighting vector should be able to be constructed by local information, which we
collect by constructing alocal patcharound each input point.

Local patches. Speci�cally, we build an approximation of the local manifold patchM � = M \ B (p; � ) for
eachp 2 P with � � �= 2 as follows. We assume that bothk andd are known a prior. Note many algorithms
have been developed to estimate the intrinsic dimension from PCD with guarantees [9, 10, 14, 11].

(1) Approximate the tangent spaceTp atp by ak-dimensional subspace~Tp using the algorithm in [7].
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(2) Project the set of pointsP� = P \ B (p; � ) onto this approximated tangent space~Tp.

(3) Let � denote the projection fromM � onto ~Tp. Build the Delaunay triangulationK � of �( Pr ) on ~Tp.

K � is a k-dimensional triangulation. The projection map� : M � ! ~Tp is injective for � � �= 2. Let
� : �( M � ) ! M � be its inverse. Below we cite some known results relatingTp, ~Tp andM . In particular,
Lemma 2.1 (3) guarantees that the volume measure onK � is indeed close to the measure onM � as the
Jacobian of this projection map is close to1. Hence we can useK � as a faithful approximation ofM � and
estimate weights for integral fromK � .

Lemma 2.1 ([6, 7]) If the input PCDP is an"-sampling ofM , then we have:

(1) Given two pointsp; q 2 M , let d = kp � qk < �= 2. Then we have thatd � dM (p; q) � d + O(d3).

(2) The approximate tangent space is close toTp by \ (Tp; ~Tp) = O(").

(3) The Jacobian of the map� and its inverse� at any pointx 2 M � are bounded respectively by:

1 � O
�

kx � pk2

� 2 + "
�

� J (�) jx � 1; and 1 � J (�) j �( x) � 1 + O
�

kx � pk2

� 2 + "
�

:

Furthermore, the smallest eigenvalue ofJ (�) jx is lower-bounded by1 � O(kx � pk2=� 2 + "), while
the largest eigenvalue ofJ (�) jx is upper-bounded by1 + O(kx � pk2=� 2 + ").

3 Weighting Schemes

In this section, we describe two somewhat dual weighting schemes for integral estimation: the Voronoi
weighting scheme and the Principal Eigenvector weighting scheme.

3.1 Voronoi Weighting Scheme

For each pointp 2 P, construct the local patch and its triangulationK � as described before, and consider
the dual Voronoi diagram ofK � in ~Tp. Let ~V(p) denote the Voronoi cell ofp in ~Tp. Take the area of~V(p) as
the weight ofp, denoted by~A p. TheVoronoiweighting scheme is simply setting! i = ~A pi , and we compute
the integral ash!; f i =

P
i

~A pi f (pi ).
Now letV or(P) be the geodesic Voronoi diagram ofP onM . Let V (p) denote the Voronoi cell ofp in

V or(P) andAp its area.Ap serves as good weight aroundp and can be used to approximate the integral.
Hence to show the theoretical guarantee of our weighting scheme, the goalis to bound the relation between
Ap (which cannot be computed) with the area~A p in the approximate tangent space~Tp. Note that the Voronoi
neighbors ofp on M and in ~Tp are not necessarily the same, and one can in fact construct examples where
they induce arbitrarily different areas for some"-sampled point sets. Hence we need to consider a sampling
condition which is more restricted than the"-sampling condition — speci�cally, we assume thatP is an
("; � )-sampling ofM , and the convergence result will be achieved as long as� = o("3=2). Below we choose
� = c" for a some constantc.

Lemma 3.1 AssumeP is an ("; � )-sampling ofM with suf�ciently small" < �= 20. Consider the point
p 2 P and any pointq 2 P� = P \ B (p; � ). Let ~S be the bisector betweenp and �( q) on ~Tp. For any
x 2 M � = M \ B (p; � ) with dM (x; p) = dM (x; q), we have thatd(�( x); ~S) = O("3=� ).
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Proof: Denote~y = �( y) for anyy 2 M � (note that~p = p). Now take an arbitrary pointx 2 M � that is on
the geodesic bisector betweenp andq on M . SetL = dM (x; p) = dM (x; q). SinceM � = M

T
B (p; � ),

L = O(") by Lemma 2.1 (1). First, we show thatkp � ~xk = L(1 � c1" ) andk~q � ~xk = L(1 � c2" ) for
some constantc1; c2. We show the inequality forkp � ~xk. That fork~q � ~xk is symmetric.

Speci�cally, let 
 (x1; x2) denote a minimizing geodesic path betweenx1 andx2 2 M . Now, for any
point y 2 
 (x; p) or y 2 
 (x; q), it follows from L = O(") and Lemma 2.1 (1) thatky � xk = O(").
Consider the projection of
 (x; p) onto ~Tp through the projection map� , and letlen(�( 
 (x; p))) denote its
length. We have that :

� min � dM (x; p) � len(�( 
 (x; p))) � dM (x; p) = L;

where� min is the smallest eigenvalue of the Jacobian of� at any pointy 2 
 (x; p). It then follows from
Lemma 2.1 (3) andky� xk = O(") for y 2 
 (x; p), that� min = 1 � O("), implying thatlen(�( 
 (x; p))) =
(1 � a")L for some constanta. Sincek~x � pk � len(�( 
 (x; p))) , it then follows thatk~x � pk � (1 � a")L .

On the other hand, consider the image of the line segment~xp under the inverse map� = � � 1. Let L 0

denote the length of this curve onM . It is bounded by the following inequality:

L = dM (x; p) � L 0 � � max � k~x � pk;

where� max is the largest eigenvalue of the Jacobian of� at any pointy 2 
 (x; p). Hence its length is
k~x � pk(1+ b") for some constantbby Lemma 2.1(3), which implies thatL � k ~x � pk(1+ b"). Combining
this with the earlier inequalityk~x � pk � (1 � a")L , we have thatk~x � pk = (1 � c1" )L for some constant
c1. By a similar argument, we can showk~q � ~xk = (1 � c2" )L for some constantc2.

p~q
~S

~x~z
~TpWe now show thatd(~x; ~S) = O("3=� ). Let ~z be the projection of~x in the bisector

~S, which is a (k � 1)-hyperplane. Note that~x ~y is parallel top~q in thek-dimensional
space~Tp. See the right �gure — by elementary calculations, we have that:

k~x � ~qk2 � k ~x � ~pk2 = 2kp� ~qk � k~x � ~zk ) dM (~x; ~S) =
k~x � ~qk2 � k ~x � ~pk2

2kp � ~qk
:

It then follows from earlier results thatdM (~x; ~S) = O(L 2" )=kp � ~qk = O("3=� ). The second equality is
becauseP is � -sparse and thuskp � ~qk = 
( � ).

Lemma 3.2 Given an("; � )-samplingP of M with suf�cient small" , and for anyp 2 P, we have that:

(1 � O(" +
"3

� 2 ))Ap � ~A p � (1 + O(" +
"3

� 2 ))Ap:

Proof: Let Q � P be the set of Voronoi neighbors ofp in V or(P) on M andR � P the set of points
such that�( R) is the set of Voronoi neighbors ofp in ~Tp. SinceP is an("; � )-sampling ofM and the
projection map� has a Jacobian close to1, by choosing� = c" for somec big enough, we have that both
Q; R � P� = P \ M � . Hence�( R) is also the set of neighbors ofp in the dual Voronoi diagram ofK � .
Due to the sampling conditions ofP, observe thatkx � pk = O(") for anyx 2 V(p), or x 2 ~V(p), and
kx � pk = 
( � ) for anyx 2 @V(p) or x 2 @~V(p).

For eachw 2 P, let ~Sw be the bisector betweenp and ~w on ~Tp, which is a (k � 1)-dimensional
hyperplane. Now set� = c0"3=� 2 for some constantc0big enough. Let~S+

w be the parallel hyperplane to~Sw

but further away fromp by � k ~w � pk, and ~S�
w the parallel hyperplane to~Sw but closer top by � k ~w � pk.

Let H +
w andH �

w be the halfspaces in~Tp containingp bounded by~S+
w and ~S�

w respectively. It is important to
note that\ w2 P� H �

w = \ w2 RH �
w and\ w2 P� H +

w = \ w2 RH +
w , as every hyperplane is moved via the same

ratio w.r.t its distance top. Hence we have that

(\ w2 RH �
w ) � ~V(p) � (\ w2 RH +

w ): (1)
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p

See the right �gure, where the thick polygon is the boundary of~V(p), and the
shaded region is\ w2 RH +

w � \ w2 RH �
w . The volume of\ w2 RH �

w (resp. of\ w2 RH +
w )

can be bounded by~A(p)(1 � k� ) = ~A(p)(1 � O("3=� 2)) (resp. by ~A(p)(1 +
O("3=� 2)) . Next, we claim that the following is also true, implying that~V(p) and
�( V (p)) are sandwiched within the same region.

(\ w2 RH �
w ) � �( V (p)) � (\ w2 RH +

w ): (2)

Indeed, for anyw 2 P� , note that the distance betweenH �
w or H +

w to Hw is � k ~w � pk, which is lower-
bounded by
( "3=� ). By Lemma 3.1, each geodesic bisector, say the one betweenw andp, is projected to
the slab betweenH �

w andH +
w . Since the map� is locally homeomorphic, one can show that the projection

of the boundary ofV (p) is contained within the sandwich region\ w2 P� H +
w � \ w2 P� H �

w which is the
same as\ w2 RH +

w � \ w2 RH �
w . Eqn(2) thus holds. Combined with the bounds on the volume of these

intersections, we have that

~A p(1 � "3=� 2) � Area(�( V (p))) � ~A p(1 + "3=� 2): (3)

Furthermore, sincekx � pk = O(") for anyx 2 V(p), by Lemma 2.1 (3) we have that

Area(�( V (p))) � Ap = Area(V (p)) � (1 + O("))Area(�( V (p))) : (4)

The lemma then follows.

Theorem 3.3 Given an("; � )-samplingP of M with " suf�ciently small, compute~A p for eachp 2 P as
described above. Then for any Lipschitz functionf we have that

k
Z

M
f �

X

p2 P

~A pf (p)k = O(" + "3=� 2);

implying that for� = o("1:5), we havelim " ! 0 k
R

M f �
P

p2 P
~A pf (p)k = 0 :

Proof: Let L be the Lipschitz constant off . SincedM (x; p) = O(") for anyp 2 P andx 2 V (p), we have

j
Z

M
f (x) �

X

p2 P

f (p)Apj = O("L ) = O("): (5)

On the other hand, by Lemma 3.2, we have

j
X

p2 P

f (p)Ap �
X

p2 P

f (p) ~A pj = kf k1

X

p2 P

(ApO(" + "3=� 2)) = O(" + "3=� 2): (6)

The theorem then follows from Eqn(5, 6).

3.2 Principal Eigenvector Weighting Scheme

It is well-known that given a smooth manifoldM , the integral of any function on it is preserved under
heat diffusion. In other words, letH t denote the Heat operator w.r.t. timet. For anyf : M ! IR and
any t, we have that

R
M f =

R
M H t f . We call this theheat-preservation property. This is a fundamental

property of Heat operator, and a useful one in practice. For example,heat diffusion has been widely used to
smooth functions on a manifold, or even smooth the manifold itself (by treating the embedding coordinates
as functions). The heat-preservation property means that the function will not keep decreasing to zero during
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the smoothing process. Now, given an"-samplingP of M , we wish to develop a discrete integral estimation
scheme so that some discrete Heat diffusion is still an integral invariant.

First, suppose we are given a discrete Heat operatorHt , analog toH t in the smooth case. Being a
linear operator on functions,Ht can be represented as ann � n matrix, wheren is the number of points in
P. Preserving the heat-preservation property means that we have< !; f > = < !; Ht f > for any discrete
function f . That is,! T f = ! T Ht f for anyn-vectorf , where! T is the transpose of vector! . This means
! T = ! T Ht , implying that! is necessarilya left-eigenvector ofHt with eigenvalue1. Hence we now need
a good discrete Heat operator, which indeed has a left-eigenvector corresponding to eigenvalue1.

To this end, we constructHt as follows. Fix a parametert = 
( 1
" 2+ � ) for any constant� > 0. Let L t be

the discrete PCD-Laplace operator w.r.tP as computed in [7]. Now, for every pointpi , consider the local

patch aroundpi as before. LetD be a diagonal matrix withD [i; i ] = � 1
4�t k= 2

P
j e�

kpi � pj k2

4t A i
j , where

A i
j =

(
1

k+1

P
� Area(� ) if �( pj ) is a vertex ofK � (pi )

0 otherwise;
(7)

and the summation is over allk-simplex� incident on�( pj ) in the local patchK � atpi . We then set

Ht = I � tD � 1L t : (8)

This is in fact equivalent to computingHt as Ht [i; j ] =
Gij A i

jP
k Gik A i

k
, whereGij = e�

kpi � pj k2

4t . Namely,

Ht f (p) is a convex combination of allf (pj )s for all pj in the local patch atp. The weight of eachf (pj ) is
based on its area inK � and the distance frompj to pi . Note thatHt is an averaging operator, and thus the
Maximum principle holds. Furthermore, by using an almost identical argumentas in [7], it can be shown
that jHt f � H t f j = O(t="2), implying thatHt approximatesH whent is small. In fact, combined with
results from [5], the set ofright eigenvectors ofHt also converges to eigenfunctions ofH t . To our best
knowledge, this is the only scheme to approximate, with error bound, the heatdiffusion operator from point
clouds data.

Note thatHt is not symmetric, and may have complex number in its eigenvectors and eigenvalues.
However, in our construction, it is easy to check that the smallest eigenvalue ofL t is 0, which in turns shows
that the maximum eigenvalue ofHt is 1.

Lemma 3.4 The maximum eigenvalue ofHt is 1, and the corresponding eigenvector is real-valued.

Since the left-eigenvector� of Ht with eigenvalue1 is real valued, we can now set the weighting vector
! = � . Obviously,h!; f i = h!; Ht f i for any f . Unfortunately, it is not clear whether one can bound the
error betweenh!; f i and

R
M f , as was shown for the case of Voronoi weighting scheme.

Nevertheless, the following result provides further justi�cation of our construction. LetK be a global
mesh from the"-samplingP of M , with the condition that for everyk-simplex ofK , the angle between its
normal space and that ofM at each of its vertex isO("). Let L t

K be the mesh-Laplace constructed fromK
as in [6]. ConstructHt by Eqn (8) using thisL t

K , and set! as its left eigenvector with eigenvalue1. In other
words, instead of using local patches, assume that a consistent global mesh is given. Then we have:

Lemma 3.5 lim " ! 0 jh!; f i �
R

M f j = 0 for any Lipschitz functionf : M ! IR where! is the left
eigenvector ofHt induced by the mesh LaplaceL t

K .

Proof: Straightforward calculation shows that the �rst left eigenvector ofHt is D [A1; A2; : : : ; An ]T where
A i = 1

k+1

P
� Area(� ) is the total volume (divided byk + 1 ) of all k-simplices� incident topi in K . It
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is shown in [6] that the
P

i A i f i approximates
R

M f for any Lipschitz function1. On the other hand, in the
limit, the matrixD converges to the identity matrix [4]. The lemma then follows.

Remarks. Note that each row of our discrete Heat operatorHt is actually constructed exclusively based on
the same local patch information as in the case for Voronoi weighting scheme.Taking the left-eigenvector
of this matrix in some sense connects across different local patches. Such a global connection is intuitively
necessary as we wish to guarantee the heat-preservation property, which is a global behavior. On the other
hand, in the Voronoi weighting scheme, we only wish to locally approximate the metric on the manifold.
Hence no transformation of information across local patches is needed.

4 Experiments

In this section, we implement the two weighting schemes as described in Section 3 and compare them with
Monte Carlo integration. In Monte Carlo integration, we use kernel density estimation (KDE) Toolbox
developed by Ihler and Mandel [16] to obtain the weights for input sample points and estimate the integral
as weighted sum of the function values at sample points. We also show the integral estimation with equal
weights. The experiment results show that our schemes consistently outperform Monte Carlo integration,
especially when there are noise in either the integrand function or in input sample points.

Experimental setup. We consider two data sets. One is a synthetic data set where samples are drawn from
a �at 2-torusT2 which is de�ned parametrically asT2(�; � ) = (cos �; sin �; cos�; sin � ) with both� and
� ranging from0 to 2� . To sampleT2 uniformly, we only need to uniformly sample the parameter domain
(a square) since the parametrization is isometric. To achieve a non-uniformsampling ofT2, we impose a
distribution of Gaussian mixture on the parameter domain and accept a sample point with higher probability
if the Gaussian mixture has the bigger value at the sample point. We also add noise into sample points by
perturbing their coordinates inR4. The need of such synthetic data is so that ground truth can be computed.
We have also experimented with other synthetic data, such as2-sphere, and3-torus. The results are similar
and thus we only report that forT2 here.

The second data set is a real molecular model as shown in the right
�gure. There are 8000number of sample points (shown as blue dots).
Since we do not know the underlying manifold, we use the underlying
mesh of this model to obtain a “ground truth” — Given the function
values at the vertices, we linearly interpolate the function within each
mesh facet and take the integral of this piecewise linear function over
the mesh as the ground truth. It is shown in [6] that this mesh-integral
is close to the true integral. Again, we have tried other realistic models,
and they present similar behavior.

We also need to choose some test functions. We use two groups of basis functions in our experiments:
trigonometric functions (sinx , cosx, sin2x, cos2x, sin3x, cos3x, sin4x, cos4x) and polynomial functions
(x, x2, x3). Appropriate constants are added to test functions to guarantee that theintegral is not close to0.
We also have noisy versions of these functions by perturbing the values at each sample point randomly.

Note except for Voronoi weight scheme, others generate weights up to ascaling factor, which is the
manifold volume. Hence to compare different schemes, we normalize the weights so that

P
i wi equals

the area of the underlying manifold. To measure the error with the ground truth I , we use relative error
jI � I D j=I , whereI D is the discrete approximation. Due to the space limitation, we average all the relative
errors from the same group of basis functions and report that as the estimation error of a particular method.

1Although the result in [6] is stated for surfaces inR3 , its proof can be straightforwardly extended to any submanifold inRd
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Voronoi Eigen KDE(rot) KDE(msp) Equal
uniform 4 /< 1/< 1 21 / 9 / 1 25 / 12 / 11 19 / 11 / 9 29 / 59 / 35
nonuniform 3 / 1 /< 1 5 / 5 / 3 22 / 4 / 11 25 / 4 / 11 108/ 86 / 64
uniform with noisy vert. 5 / 3 / 2 16 / 1 / 1 26 / 13 / 12 17 / 12 / 10 29 / 59 / 35
nonuniform with noisy vert. 1 / 3 / 1 3 / 3 / 2 23 / 5 / 13 27 / 5 / 12 108/ 86 / 64
uniform with noisy fun. 33 /23 / 24 27 /17/22 54 / 35 / 22 44 / 33 / 19 14 / 50 / 45
nonuniform with noisy fun. 21 /13 / 12 16 /16/13 9 / 14 / 20 12 / 13 / 21 105/ 91 / 68

errors from polynomial functions
uniform 14 / 7 / 2 22 /15/ 6 116/ 67 / 95 143/ 81 /102 474/331/342
nonuniform 21 /27 / 7 64 /52/18 140/302/223 174/334/245 403/677/599
uniform with noisy vert. 20 /22 / 19 87 /29/15 124/ 74 / 89 151/ 85 / 97 474/331/342
nonuniform with noisy vert. 11 /23 / 20 53 /43/28 128/295/213 164/328/237 403/677/599
uniform with noisy fun. 167/95 / 60 182/93/53 150/105/153 195/117/160 534/358/373
nonuniform with noisy fun. 211/91 / 46 237/94/62 226/291/248 256/322/270 495/641/613

errors from trigonometric functions

Table 1: Relative error of integral estimated by various methods for2500=5000=10000points from �at-2 torusT2

embedded inIR4. The last three columns are results based on the Monte Carlo integration, by using density estimation
methods provided by the KDE tool [16], and by equal weight, respectively. All numbers are scaled by10� 4.

Voronoi Eigen KDE(rot) KDE(msp) Equal
original 8 50 79 103 221

noisy vert. 8 60 80 103 221
noisy fun. 43 43 98 122 202

errors from polynomial functions
original 58 199 452 465 366

noisy vert. 119 179 462 470 366
noisy fun. 219 190 432 439 425

errors from trigonometric functions

Table 2: Relative error of integral estimated by various methods for molecular data. All numbers are scaled by10� 4.

Accuracy and convergence.Table 1 shows the results for the synthetic dataT2, embedded in4-dimensional
space. The KDE toolkit provides �ve variants for density estimation. We present the two that produce best
results for our test data sets. Both of our schemes show convergent estimation when more sample points
are drawn from the underlying manifold, while all methods of Monte Carlo integration do not yet. It is
interesting to note that Monte Carlo integration is known to be statistical convergent, and our input PCD
data are in fact drawn from Gaussian distribution. Table 1 means that the convergent rate for Monte Carlo
integration is much slower than our schemes. Furthermore, note that both ourschemes give numerically
much better estimation. We also remark that as the dimension of the ambient space increases, our methods
return exactly same results, while the performances of KDE-based methodsfurther deteriorate. This is partly
due to the fact that our algorithm assumes that the input dimension is given. However, it is unclear how to
use this information for KDE-based methods. Table 2 shows the results for the real molecular data, and
similar behavior are presented. We also note that although Voronoi weighting scheme usually outperform
the Principal Eigenvector weighting scheme, the latter is more stable with respect to noise.
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(a) (b)

Figure 1: (a) Estimated Integral for functionf = sinx + 1 under heat diffusion. (b) Estimated Integral for function
f = cosx+ 1 under heat diffusion.

Stability. To test the stability of these methods under heat diffusion smoothing, we use heat diffusion
operator (as constructed by our algorithm) to smooth a function for a few times. At each iteration, we
compute the integral and see how the results change. Figure 1 shows the trend for two functions. The
experiments are conducted on the molecular data. By de�nition, the integral under the Principal Eigenvector
scheme is invariant; while obviously, no other method preserves integrals during this smoothing.

5 Conclusion and Discussion

In this paper, we considered the problem of estimating the integral of a function over a submanifold em-
bedded in the high dimensional space from a set of sample points. We approached the problem from a
geometric point of view and developed two schemes based on the local geometric approximation of the
manifold. Both schemes are ef�cient and their running time depends only linearly on the dimension of the
ambient space. We proved Voronoi scheme converges under mild assumption on input sample points and
the integrand function. The Principal Eigenvector scheme is constructed w.r.t a discrete Heat operator, and
preserves heat under the diffusion process as guided by that operator. These are the �rst results of this sort
for integral estimation from general PCDs. Our experiments show both schemes give convergent result, and
produce numerically much better estimations than Monte Carlo integration. The Voronoi scheme usually
produces more accurate results, while the Principal Eigenvector scheme has the additional property that it
has an accompanying Heat operator which is an integral invariant underthis scheme.

We believe that ideas behind the Principal Eigenvector scheme presents aninteresting step towards
obtaining global behavior from local, inconsistent patches. Sometimes it is enough to approximate the local
measure on the manifold. However, many times certain stitching across local patches is unavoidable. The
general question is how to achieve that without going to the extreme of constructing a global mesh. In our
case, the global connection is made by taking the left eigenvector of the Heat operator. It will be interesting
to quantify precisely what this left eigenvector captures. We conjecture that it in fact encodes a consistent
set of area weights for sample points, and the Principal Eigenvector scheme converges to the true integral.

Finally, we remark that the Principal Eigenvector scheme can be considered as a by-product of com-
puting the Laplace / Heat operator. All three are based on the same framework to discretize differential
geometry information from point clouds data. It will be interesting to explore what other differential geom-
etry quantities can be discretized within the same framework.
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