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Abstract

Many applications seek to identify features like "handisd “tunnels' in a shape bordered by a
surface embedded in three dimensions. To this end we de ndleéand tunnel loops on surfaces which
can help identifying these features. We show that a closddcaiof genug always hag handle and
tunnel loops induced by the embedding. For a class of shhpesetract to graphs, we characterize these
loops by a linking condition with these graphs. These charaations lead to algorithms for detection
and generation of these loops. We provide an implementatittnapplications to feature detection and
topology simpli cation to show the effectiveness of the hnad.

1 Introduction

Many applications need to identify features such as "handles' and I8imaiced by the embedding of a
connected closed surface in three dimensions. We de ne a class of dodds called handle and tunnel
loops, that help identifying these handles and tunnels respectively. Vatyjta loop is a handle if it spans a
disk (surface) in the bounded space bordered/byif one cutsM along such a loop and lIs the boundary
with that disk, one eliminates a handle. Similarly, a tunnel loop spans a didadeyin the unbounded
space bordered byl and its removal eliminates a tunnel. Figure 1 shows three handle and threx tunn
loops on a CAD surface. In this paper we provide a formal de nition ofdia and tunnel loops in terms
of homology groups and provide topological analyses that lead to theithlgsrfor their detection and
generation. Our algorithm can be a basis for applications that requiredgmrize features such as handles
in a shape and tunnels in its complement or to simplify a shape topologically by elinginasigni cant
handles and tunnels [BK05, ESV97, GW01, WHDS04, ZJHO07].

Researchers have looked into the problem of computing nontrivial loogsiidaces with various con-
ditions. Vegter and Yap [VY90] and Dey and Schipper [DS95] gave tinigae algorithms to compute
polygonal schemas whose removal cuts the surface into a disk. ErieksbHar-Peled [EHP04] showed
that computing graphs of shortest length whose removal cut the sunfaca disk is NP-hard. Verdre
and Lazarus [ECdVLO05] gave an algorithm for computing a system ofsleopa surface which is shortest
among the homotopy class of a given system. Erickson and Whittlesey [Eys08]a greedy algorithm to
compute the shortest system of loops, among all systems of loops, relagihgrtiotopy condition.

The above works were mainly concerned with computing a set of non tlaeals while optimizing
some metric on the surface. Our goal is different. We seek to compute adycsfoops that are handles
and/or tunnels. One fundamental difference is that the aforementiondd o not take into account
the embeddind/ ! RS2 whereas handle and tunnel loops become meaningful only for embeddades
M RS

We formalize the ideas of handle and tunnel loops and provide an exigteafdor them. We argue that
the notion of handle and tunnel loops loses its intuitive meaning if the surfeca knotted embedding. We
de ne graph retractablesurfaces that avoid these knotted embeddings. These are surfauss mwteriors
and exteriors deformation retract to graphs catleck graphs We present algorithms to detect and generate
handle and tunnel loops on such surfaces. Speci cally, the main cotitriisLof this paper are:
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Figure 1: Cad gadget: the red loops represent tunnels and the greerepnesent handles.

DEFINITION AND EXISTENCE. We provide a formal de nition of handle and tunnel loops and prove their
existence.

DETECTION. We characterize handle and tunnel loops on graph retractableesimfelerms of their linking
with the core graphs. This leads to an algorithm for detecting handle and taops.

GENERATION. We show that there exist a special class of handle and tunnel loogmthadinimally with
the core graphs and present an algorithm to compute them.

IMPLEMENTATION. We present an implementation of our algorithm which incorporates the geoof¢tie
surface more intimately. The results of our implementation show that the methodasweffin practice.
APPLICATION. We apply our algorithm to the problem of computing "handle’ and “tunneituiees in
shapes which can further be used for topology simpli cation. Again, tkalte show the effectiveness of
the method.

2 Preliminaries

We state some standard concepts from topology. For a more detailed intoodltle interested readers
may consult Munkres [Mun93] or Hatcher [Hat02].

Let X be any topological space. A singulasimplex is de ned as a continuous map D¥! X where
Dt is the standard-simplex which is the convex hull dfe gl L. Eache is a vector inR¥*! and its jth
component igh; whered; = 1if i = j and O otherwise. A-chainis a nite linear combination of singular
k-simplices. In this paper we assume the coef cient ring t&Zbéhe set of integers. The set of &lchains
forms a chain grou@x(X) under addition. The boundary operafpof a singulark-simplexs takess to
a collection of maps that are the restrictionsobn the boundary facets &, which form a(k  1)-chain.

A boundary operatof] : C(X) ! Cy 1(X) can be de ned by the linear extension. kAchain is called a
k-cycle if its boundary is empty andkaboundary if it is the boundary of g+ 1)-chain. Ak-boundary
must be &-cycle. LetZ, andBy denote the set of ak-cycles and-boundaries respectively. Bofy andBy

are subgroups dfy(X). Thekth homology groupmf X, denotedH(X), is the quotient grougy=By. Since
Ck(X) is abelian, so islk(X). If X is a simplicial complex, one could de ne the simplicial homology group
for X where eaclk-simplex plays role of a singul&rsimplex. It turns out that these two homology groups
are the same up to isomorphism.

In this paper, we are interested in the rst homology graétygX) which is a set of equivalent classes
of loops de ned as continuous maps from circles io Each such class calldtbmology classan be
represented by a loop X if X is path connected. We I¢f] denote the homology class represented by
a loopl. The topological spaces we consider in this paper are all compactamgsspfR3. Their rst
homology groups are free abelian groups and hence have a basis evieey element of the group can be
written uniquely as a nite linear combination of elements in the basis. The elemeatbasis are also
referred agenerators

A topological spac&X deformation retractto its subspacA if there is a continuous map: X [0;1]!



X satisfying the following conditions
F(x;0)= xforanyx2 X
F(x 1) 2 Aforanyx2 X
F(a;t)= aforanya2 Aand anyt 2 [0;1].

X andA are of the same homotopy typexdfdeformation retracts t8. We also use the concepts of cohomol-
ogy, Mayer-Vietoris sequences, and others whose excellent expasitam be found in Hatcher [Hat02].

3 De nition and existence

Let M be a connected, closed (compact and without boundary), and oflestatface. The genus of

M is the maximum number of disjoint simple loops whose removal does not disciddneTwo closed,
connected and orientable surfaces are homeomorphic if and only if teytfiisame genus. To make our
argument simple, leM sit inside a three sphe@®, which is the compacti cation oR3. Being embedded
in S8, the surfacéM has to be orientable. It separa@sinto two parts. Given an orientation bf, we may
designate a connected component, Isaf S°nM asinsideand the other, sa@, asoutside Let

[=1[ MandO = O[ M:

Notice that botH andO haveM on their boundary. As a compact orientable surfac&%nM admits an
open tubular neighborhood B, denoteds.

De nition 1 A loop on M is atunnel loopif the homology class carried by it is trivial in fiO) and non
trivial in H1(1).

De nition 2 A loop on M is ahandle loopif the homology class carried by it is trivial in #l) and non
trivial in H1(O).

By de nition, set of tunnel loops are disjoint from set of handle looanely no loop oM can be both
handle and tunnel. In addition, a tunnel loop or a handle loop must be @i imi H1(M). This is because
the inclusion map fronM to | induces a homomorphism frokty (M) to Hi(l). Similarly the inclusion map
from M to O induces a homomorphism frohty (M) to H1(O). Hence a loop oM that represents the trivial
element inH1(M) remains representing the trivial element bottHi(l) andH;(O). However, not every
non trivial loop onM is either handle or tunnel. For example, the loop shown in Figure 2 is neittaerdien
nor a tunnel since it is non trivial in botH,(1) andH;(0).

Figure 2: The loop on the torus is neither a handle nor a tunnel.

Itis notimmediately obvious if a connected closed surface of ggadsnitsg handle andy tunnel loops.
In particular, “knotted' embedding of surfaces makes it a non trividldacstandard surface classi cation
theorem cannot be applied to derive it.



Theorem 1 For any connected closed surface MS? of genus g, there exist g handle Iodpimg?: 1 forming
a basis for H(O) and g tunnel loop$étig. , forming a basis for ki(l). Furthermoref [h]g , andf [t]]g ,
form a basis for H(M).

Proof 1 The tubular neighborhoo8 of M in S® satis es

s?
S

(I S[ (O S)and
(1] 9\ (O] 9):

Since botH [ SandO[ Sare open, we have the following Mayer-Vietors sequence, which is exact.

| Hy(S) P Hy(S) ! Hi(I] S) Hy(O[ 9)
19 Hy(S9) !

Since both K(S®) and Hy(S®) are trivial, b is an isomorphism induced by the inclusion map. Sice
I] S, andO[ S deformation retract to MJ, andO respectively, there is an isomorphism from(M) to
Hi(1) H1(O), which is also induced by inclusion. It follows that

rank(Hy(1)) + rank(H1(0)) = rank(Hi(M)) = 2g: 1)
Also, it is known that (Theored®in [Moi77] p. 172)
rank(Hi(1)) gandrankH;(O)) g 2

Equations 1 and 2 force both the ranks of(H and H,(O) equal g. Now one can choose g elemént0),
i=1;:;9,fromabasisin k(1) H1(O) whose preimage by the inclusion isomorphism provides g elements
in H1(M). These g elements, by de nition, are classes of g tunnel loops formiagia bf H(I). Similar
arguments show existence of g handle loops.

4 Graph retractable surface

Although Theorem 1 assures the existencg dfandle loops ang tunnel loops on all connected closed
surfaces inS3, they do not bear intuitive meaning of handles and tunnels in “knottedisesf Figure 3
shows such a surface. It is obtained by thickening a trefoil knot, naMa$/the boundary of the product,
K D, of atrefoilK and a 2-diskD. The red loop in Figure 3(a) is obtained by projecting the trefoil knot
on the surfacé. In contrary to the natural intuition this loop is not a tunnel loop. It is notatiin H1(O)
though it generated;(1). Actually one can derive that its homology clas$(O) is 3 times the generator
(the green loop in Figure 3(a)), which explains why the tunnel loop showkigure 3(b) contains three
windings.

We want to avoid such "knotted” surfaces by considering the propeatyahleast one of the spackes
andO does not deformation retract to a graph. For example, take the aboverthitkrefoil which can be
considered as a knotted torus. The fundamental group of the complefiéntd in S° has the presentation
ha;bj a® = b%. On the other hand, the fundamental group of any graph is of the fofme@fproduct of
Z's. These two can not be the same. @aan not be homotopy equivalent to a graph and hence can not
deformation retract to a graph. There is another embedding of the knotiesdabere the tunnel is knotted,
e.g., a solid with a knotted tunnel as shown in Figure 4a. In this kdses not have the same homotopy
type as a graph. Figure 4b is a combination of these two cases whetegyat® do not deformation retract
to a graph.
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Figure 3: A thickened trefoil: (a) The red loop obtained by projecting tHeitdenot on the surface is not a
tunnel. (b) The red loop with three windings is a tunnel.

(@) (b)

Figure 4: Surfaces that are not graph retractable : (a) a solid with tsekhtmunnel; it does not have the
homotopy type of any graph. (b) a knotty cup; both inside and outsidectiteomotopy equivalent to any
graph.

We consider connected closed surfaceS3iior which | andO deformation retract to graphs. We call
themgraph retractablesurfaces. Since tunnel and handle loops on non graph retractafdeesumay not
have natural meaning as we explained, this is not a serious restrictioncticpraA large class of surfaces
in practice are graph retractable.

LetP and® denote the two core graphs to whichndO deformation retract respectively. Bdland®
are connected. SindeandO deformation retract tl nS) and(OnS) respectively, we can assuand®
lie inside(l nS) and(O nS) respectively.

We state two related lemmas here which are used later in the proofs.

Lemma 1l Letf‘jg’j‘=1 be a set of loops on a topological space X such ﬂ{é;]grj‘zl form a basis for
H1(X). Let A be a path connected subspace of X an@li X be the inclusion map. If the induced map
i tHi(A)! Hi(X) is an isomorphism, there exists a set of Iobh;ag’f:1 in A such that i([h;]) =[ *;] for

1 j n. Hencd [hj]gT: , form a basis for H(A) and if we consider eachjtas a loop in X f [hj]g'j‘: , form

a basis for H(X) too.

Proof 2 Since i is an isomorphism, there exists an element iA&), sayt, such tha{ ] = i (t) for each
j, 1L ] n.Since Ais path connected, there exists a loop, $aguth thatt =[ h;]. The lemma follows.

Lemma?2 Let X S3 be closed. If X deformation retracts to another closed subset 3, then the
inclusionmap i S$nX ! S®nA induces an isomorphismiH(S*nX) ! Hi(S°nA).

Proof 3 We have
H1(S3nX) w HY(X) w H1(A) w H1(S°nA)

5



where H(X) and H'(A) are the rst cohomology groups of X and A respectively. The left anditfine
isomorphisms follow from the Alexander duality. The middle one follows as Xnukfon retracts to A. In
addition, all three isomorphisms are natural with respect to inclusion. [€hena follows.

5 Graph complement basis through linking

Since we assume bothand O deformation retract to core graphs, we study the rst homology grofips o
graphs and their complements3A. Consider a knot K S°. SinceK is homeomorphic to a circl8!, one
can assign an orientation to it. It is known th&t{K) = Z and[K] is the generator far1(K). We also know
thatH;(S®nK) = Z. LetJ be another knot 83 that is disjoint fromK. The unionJ[ K is alink. Consider

a regular projection of link[ K to a plane. Each point at whichcrosses undef locally projects to one

of the crossings in Figure 5. We countl for the crossing on the left andl for the one on the right. The
linking number, denoted bik(K; J), is de ned to be the sum of these crossings countedasr 1.

Figure 5: The two types of crossings.

Lemma 3 (Rolfsen [Rol76]) The homology class carried by J equals nr for some generator kBHK)
if and only if IKK;J) = n.

It follows from the above lemma thatlik(K;J) = 1, then[J] is a generator foH;(S2nK).

Let G be a nite, possibly disconnected, graph$A. Let T be a spanning forest @. Letfegl, be
the set of edges @b that are not ifilr. Adding any edge; to T form a simple loopK;, see Figure 6a. Each
loopK; is free of self intersections and hence can be considered as a knatefldfeknots KigiL ; may not
be disjoint but generatd4;(G).

Let dj denote the Kronecker delta, thatés,= 1if i = j and O otherwise. L&} be a knot disjoint from
all Ki's andlk(Kj;J) = dj, see Figure 6b. It follows from Lemma 3 thdf] is a generator oH1(S®nK;)
and is trivial inHy (S nK;) for j 6 i.

"h 2 % Eay
@94 63 @>J4 J3
Figure 6: A graph with two components. The bold edges and the black haseshe spanning forest.

Theorem 2 f[J]giL , form a basis for H(S*nG).

Proof 4 Let | = K[ T. By Lemma 2, the inclusion map fréAnL; to S*nK; induces an isomorphism
between H(S®nL;) and H(S®nK;). Since Javoids G[J] is the generator foB®nL; butis trivial in S*nL;
forany j6 i.

1we only consider tame knots



We prove the theorem by induction on n. Let=G[ | 11Li. Consider G and T as union and intersection
of G; and L, respectively. Then,

$£nG
SnT

(S$*nGy)\ (S3nL,) and
(S°nGy)[ (S’nLy):

By induction hypothesi$[J]gL { form a basis for H(S*nG;) and are all trivial in H(S*nLy). Clearly,
[Jn] is the generator for H(S®nLy) and is trivial in Hi(S*nGy). Hencef [J]glL ; form a basis for H(S®n
G1) Hi(S®nL,). Consider the following Mayer-Vietoris sequence.

I Hy(SBnT) 1P Hy(S*nG)
® Hi(SPNGy)  Hi(SPnLn) 19 Hy(SPnT)!

Since H(S3nT) = 0and H(S*nT) = 0, b is an isomorphism, which is induced by the inclusion map. The
theorem follows aé[J]gl , form a basis for H(S®nG;) Hi(S®nLy).

The proof of Theorem 2 implies thét; (S*nG) \lN i 1H1(S3 nkK;), which with Lemma 3 leads to the
following corollary.

Corollary 4 Let" be aloop inS*nG. One hag’]= &L, a[J]if and only if Ik; K;) = & for each i where
g is an integer.

6 Minimally linked loops

In this section, we give more constructive statements about the handle ramel taops for a graph re-
tractable surface. These statements relate the linking numbers of the loopbevithre graphs to their
characterization and existence. Theorem 3 characterizes the haddienae! loops in terms of linking
numbers. Theorem 4 provides the existence of a special class of lmamtitennel loops which link min-
imally with the core graphs. This leads to an algorithm to compute a seg loiops forming a minimally
linked basis foH;(M) whereg of them are handle and the otlgeare tunnel.
Consider the union of two core graﬁ% O asa single graph with two connected components. From

the previous discussion, we can compute a set of knots, deh&tgifl, which generaté—ll(lp[ @). Let

fKlg_ , denote the loops froandf KPgl_ ; denote the loops fror.

Theorem 3 A loop ™ on a graph retractable surface M is a handle if and only if 1K) & 0 for at least
one of K's and Ik(*; Kio) = Ofor all the K™'s. Aloop™ on M is a tunnel if and only if IK; Kio) 6 O for at
least one of K's and Ik("; K!) = O for all the K!"s.

Proof 5 Recall thatS denotes a tubular neighborhood of M$i. We have
H1(0) W Hi(S°n(1 nS)) W Hy(S° nb): 3)
The rst isomorphism holds sinc® n (I nS) deformation retracts t@®. The second isomorphism follows

from Lemma 2 a¢l nS) deformation retracts t8. In addition, both isomorphisms are induced by inclusion
maps. Symmetrically we have

Hy(1) W H1(S*n(OnS)) w Hy(S*nb): @)



By de nition, aloop™ on M is a handle one if and only|[if] is trivial in H1(l) and non trivial in H(O),
which means, by Equation 3 and 4, it is trivial irlq-$3n©) and non trivial in I—h(S?’an). From Corollary
4, the homology class ofin Hl(S3n©) is trivial if and only if Ik("; Kio) = Oforeachl i g, andthe
homology class of in S® nP is non trivial if and only if at least one of (k K/) is non zero. A similar
argument applies to tunnel loops.

Next, we prove the existence of a set gfldops onM which link the core graphs in a minimal sense.
We will prove that these loops generate all the handles and tunnels innidore

De nition 3 A loop” on surface M isninimally linkedif éjz: UIKCK)j= 1.

Intuitively, minimal linking forbids the loops to wind around the surface multiple titheseby produc-
ing more meaningful handle and tunnel loops.

Lemma5 There exists a minimally linked set of Ioopisgizfl on a graph retractable surface M where
f [%]9%, form a basis for H(M).

Proof 6 Itis obvious that there exists a set of Ioop§?’m(b[ @), denoted ° igizzgl, such thaflk("i; Kj)j = dij
foranyl i;j 2g. Forexample;; can be chosen arbitrarily close tg ko loop around it once and avoid
linking any other K, j 6 i. From Theorem 2 ['i]gl., form a basis for H(S*n(P[ ©)). We have

Hy(M) W Hy(S) w Hy(S*n(P[ B)): (5)

The rstisomorphism holds sincgis a tubular neighborhood of M. The second isomorphism follows from
Lemma 2 agl nS)[ (OnS) deformation retracts t@[ ©. In addition both isomorphisms are induced by
inclusion maps. From Lemma 1, there exists a logmdM forl i nsuchthafJ]=["i]. Hence we have
JIK(J; Kj)j = JIK(Ci;Kj)j = dj. Furthermoref [J]giL , form a basis for H(M).

We observe that the above lemma holds even if we regllite pass through a speci c point, say
This is because we assume surfatés connected and hence path connected.J be a loop guaranteed
by Lemma 5. Let be the path fronp to a point onJ; andh be the reverse di. Then the loop formed by
concatenatindp, J andh can be taken as nedythat passes through Furthermore, wheM is a polygonal
mesh, one can restrict eadhto the edges oM. This is because we can perform a nite sequence of
deformation each of which is within a polygon to defor & a general position to the one along the edges
without changing its homology class.

The set of Ioopi;Jjgsz , de ned in Lemma 5 can be classi ed into two grougs}; g?: L with jIk(J};K1)j =
1forl | g, andeJQggj’:1 with jIk(J-O;KJ-O)j =1forl j g The homology classe§K]lg].;,
f[310% 1. f[KP1eP. ; andf [3P10f.; form a basis foHy(P), H1(S*nP), Hy(8) andH,(S°n®), respectively.
Furthermore, due to Corollary 4 eaflj] is trivial in Hy(S°n®) and so is each)?] in Hi(S*nP). Next
theorem formally establishes that there exist minimally linked handle and tunipasl fooming a basis for
andO respectively.

Theorem 4 There exist a set of minimally linked handle loops on a graph retractabfaciwhich form a
basis for H(O). Similarly, there is a set of minimally linked tunnel loops which form a basis {¢h)H

Proof 7 Consider the loop$[J;1gf_ andejog?zl. By Equation 3f [J}]g?_ , form a basis for H(S® nP)
and hence for i{O) whilef [JJQ]g?: , are trivial in Hy(S® nIP) and hence are trivial in F{O). Symmetrically

by Equation 4, we have tha{Jj]g}_ , are trivial in Hy(1) while f [Jjo]g?:1 form a basis for H(l). The
theorem follows from the de nitions of tunnel loop and handle loop.



7 Topological algorithms

In this section, we present algorithmsdetectandgeneratehandle and tunnel loops for a graph retractable
surface.

Assumd? and® are given. In a preprocessing step we compute a set of kKa_ﬁl fromP and® using
their spanning trees as indicated in section 5. Assumind)thati@ havet edges altogether, computation
of Kjs takeO(t) time.

DETECTION: Let" be any given loop witls edges oM. By Theorem 3, if linksPand not, it is a handle
loop. If " links O and noﬂP, it is a tunnel loop. If none of these conditions holdss neither a handle nor a
tunnel. The time complexity of this detection is dominated by the linking number computate linking
numbers can be determined by computing the intersections between edgesl&fs projected on a plane.
It can be done in tim®©(t + s+ x)log(t + s+ xX) wherex is the number of total intersections.

GENERATION: Here we compute a set of minimally linkeghandle and tunnel loops whose homology
classes form a basis fét; (O) andH1 (1) respectively. Because of minimal linking property, the handle and
tunnel loops cannot wind around the surface arbitrarily, a propertygites with the intuitive meaning of
handles and tunnels. Assume tihé&thasn edges. We use any of th@(n) algorithms [DS95, VY90] to
compute a system offdoops onM, f ‘igizfl, through a xed pointp. The homology classes carried by these
loops form a basis foH1(M). For each loop;, we compute the linking numbék("i; K;) for eachK;. Let

ijgfgl be the loops guaranteed by Theorem 4. It follows from Corollary 4 that

i
[il= a IkCiKp;l:
=1

Let A be the matrixf Ik("i;Kj)g, L™ be the vectof [ 1]; ;[ 2¢] I' andJ~ be the vectof [J1];  ;[Jzg] I".
We have
L~ =AJ":

Since bothf ['i]g%, andf [J]g%, are bases foHi(M), Ais invertible. LetA 1= fa;g. Forl i 2g,J
can be uniquely expressed as

29

[31= & a;[jl:

j=1
Observe thal}] is some linear combination §f;]'s with integer coef cients. So the entries & ! must be
integers.

Since all’ j's have the same base point, we can concatenate any two of them,aay j, into a new

loop, denoted; + "j. For an integer, let z; denote the loop formed by concatenatjagcopies of'; if
z> 0 orjZz copies of the reverse of if z< 0. Then we can také aséjzgla,-j‘j foreachl i 2g. From

Theorem 3, we knowj; is a handle loop iK; is in P oris a tunnel loop iKj is in 0.
The time complexity of the generation algorithm is dominated by the linking number datigruand
the matrix inversion which tak®((gn+ t + x) log(gn+ t+ X) + g°) time since each; hasO(n) edges.

8 Incorporating geometry

In this section, we give an implementation of the algorithm assumingMhist presented as a piecewise
linear surface. The algorithm described in section 7 computes topologicatlyot handle and tunnel loops



without considering any geometric information. Hence the computed loops atdervery good geomet-
rically. The implementation presented in this section incorporates geometry in&dgibrthm, namely it
computes two sets of loops with small size. Although it does not guarantethéhedmputed set of handle
or tunnel loops is the shortest, the experiments show that they are geoityetneaningful.

8.1 Computing core graphs and Kigizfl

We use Voronoi diagrams for computilﬁgand@. LetV be the set of vertices iNM and VoV denote the
Voronoi diagram ol. Letl andO denote the bounded and unbounded spaces respectively borgeved b
as de ned earlier. Consider the 2-complexformed by the Voronoi facets and its lower dimensional faces
that lie completely in. Similarly de ne ng corresponding t@. It is known that ifV samplesM densely,

m andnp are homotopy equivalent foandO respectively [CLO4, GRSO06].

The basic idea to compu?eand@ is to collapsen and ny respectively from their boundaries. A basic
collapse operation deletes a pair of faces preserving a homotopy leqaeiedetween the spaces before and
after the collapse. At the end of all possible collapses, we obtain two githphare homotopy equivalent
to | andO. These two graphs can be takefPasnd®.

Although any collapse order is permissible, we use a specic one prdpasBey and Sun [DS06]
for computing the so called curve-skeletons. These curve-skeletergraphs that reside roughly in the
‘middle’ of | andO thereby capturing shape geometry better. A real valued function cakielifl geodesic
de ned on the faces of and ng guides the collapse. For each Voronoi faéethe value is the shortest
geodesic distance dvl between the end points of the Delaunay edge duél fthe Voronoi edges and ver-
tices get a value which is maximal among all values of the Voronoi facets midid¢hem. After collapsing
m and np ordered with increasing medial geodesic values, one obtains the edtes afrve-skeletons.
Each such edge gets associated with an additional value called geodesidiibh indicates the local size
of M. We use the curve-skeletons and this additional value to compute handtararad loops of small
size.

In our implementation, the geodesic distance between two poirsismpproximated by the Dijkstra’'s
shortest path over the graph consisting of the edghkk @&ach skeleton edge on the resulting curve skeletons
is a Voronoi edge whose dual Delaunay triangle has three verticesfaseM. The geodesic paths between
each pair of them together form a “circle’, called the geodesic circle.ritghds the geodesic size associated
with the corresponding skeleton edge, which indicates how big the shapmallylo

We obtainP and® by imposing a graph structure on both curve-skeletons, namely, takingttiees
of degree more than two as the graph nodes and forming a graph edgegyence of connected skeleton
edges in between two such nodes.

There are surfaces for which one can not compute gfiphs® by collapsingm andmy respectively
even when bott andO deformation retract to graphs. As mentioned in [DS06], one such exaraplbec
derived from the famous “house with two rooms” [Hat02]. Compui?raagﬂd@ for such pathological cases
remains an open question.

De ne the geodesic size for a graph edge IP[ O as the smallest geodesic size among the skeleton
edges contained in that graph edge, i.e.,

g(E) = minfg(e) : e is a skeleton edge inge

whereg(e) is the geodesic size associated with the skeleton ed@gfe obtain maximal spanning trees for
and®, which form a spanning forest ff ©. We haveg edges left i andg edges left ir®. Letf Eigizzg1
denote these edges. As discussed in Section 5, aéigling 1,:::; 29, back to the spanning forest form a set
of knotsK;, i = 1;:::;2g.
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8.2 Computing handle and tunnel loopd J; gizzg1

All J's computed by the algorithm in Section 7 pass through an arbitrarily chasemon point. Hence
their sizes are usually not small. Of course, one can use the algorithnzafusaand Verdire [ECdVLO05]

to compute a set of shortest loops with the same homotopy type of the loops teohipyuthe algorithm in
Section 7. However, the restriction that they have to pass through a siaggepoint make them usually
long. In our implementation, we compute eaktat different places corresponding to the skeleton edges
with small geodesic size. As a result these loops tend to be small. To codpaeconsideE;. Lete be

the skeleton edge iB; having the smallest geodesic size. The eglggea Voronoi edge. Lep be one of the
vertices of the dual Delaunay triangle @f Use the method proposed by Erickson and Whittlesey [EWO05]
to compute a system of loops througtand follow the algorithm stated in Section 7 to obtadinHence for
eachi,1 i 2g, we compute d with Ik(J;;K;)= d;. By Theorem 4, we have computed a sejblandle
loops andj tunnel loops.

Erickson and Whittlesey present two methods to obtain a system of loopgthaoned point. One of
these methods computes thegddbps one by one in the following way. It runs the Dijkstra's shortest-path
algorithm with starting poinp. Whenever the wave front of equi-distant vertices touches itself asi¢jgsv
across the surface, a loop is formed by the two paths fpamthe touching point. The algorithm checks
whether this loop is contractible. If not, it continues to propagate the wawve fmtil a non contractible
loop is found. This loop, denoted, is actually the shortest non contractible loop throypghThe surface
is cut along’' 1 and then the algorithm computes another non contractible loop, dehgtEdm one copy
of p to the other orM n"1. This process of nding and cutting is repeated to nd Bops, which form a
system of loops througp. In our implementation, we compuli(" j;K;) for1 i 2gimmediately after
we obtain’j. In most practical cases, somgitself satis es the condition to b&, namelylk("j;Kj) = 1
andlk(" j;Km) = 0 withm# i. In such case, we do not need to continue to compute the remaifsng

The way we choose the starting pomimakes sure that the computegs are of small size. Figure 7
shows the tunnel loops and the handle loops togetherhmit‘rd@ computed by the above implementation.
Notice that the models shown in the second row are both double torus. Noticéhk difference in their
embedding makes a difference in the detected tunnel loops. As one carveybisoth tunnel loops for
DoubleTorus 2 manage to link only with one loop frén

Figure 8 and Figure 10 show only the tunnel and the handle loops for somecmmplicated models.
As we can see, the reconstructed Buddha model contains three extrénslasll

9 Application

In this section we apply handle and tunnel loops to compute actual handleral ieatures for shapes
which can further be used for removing insigni cant topologies.

Feature detection.The basic idea is to sweep the handle or tunnel loops over the surfacgepgely. To
compute a tunnel feature, we start with a tunnel loop. We run Dijkstrages$tgath algorithm for multiple
sources where the starting points are the vertices on the tunnel loopy géaaric step Dijkstra's algorithm
maintains a wave front of shortest distant on each side of the tunnel Wegkeep propagating these two
wave fronts until one of the following conditions does not hold.

The wave front links the core graph exactly the same way as the initial tloogeHoes, i.e., if and
t denote the wave front and the tunnel respectively, tké€nkK;) = Ik(t; K;) for eachkK;.

The ratio between the length of the wave front and that of the initial tunnel do@s not exceed a
given threshold.
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Cad gadget Vase

DoubleTorus 1 DoubleTorus 2

Figure 7: The handle loops (green) and the tunnel loops (red) togettieP and®. Those edges i®
connected to the in nite point are routed to a point outside the boundingshafxe objects.

Casting (g=9) Hub (g=33)
Figure 8: The handle loops (green) and the tunnel loops (red).

We take the region swept by these two fronts as the tunnel feature pondiag to the initial tunnel loop.
Similarly one can compute a handle feature by starting from a handle loopreFgshows the resulting
tunnel and handle features. The ratio threshold is set todbfod all the examples.

Topology simpli cation. We observe that our method can be extended further to remove (insigt)i ca
topologies from a shape [BK05, ESV97, GW01, WHDSO04, ZJHO7]. W& identify handle or tunnel
features that need to be removed. For example, one may consider theslefigith handle and tunnel loops
to determine which features to be removed. We assume that the surface lsuadyesubcomplex made
out of Delaunay triangles. Many algorithms in surface reconstructiomaash generation produce such
surfaces. Even non Delaunay surfaces can be converted to a Bglane by resampling and remeshing
techniques. The Delaunay tetrahendra inside the shape representsriie véo Il a small tunnel, we add
those tetrahendra back to the volume that have all four vertices on tlespording tunnel feature. Figure
9 and Figure 10 show that holes get lled by this method for Casting, FuséeBaddha. Similarly we
can cut a handle by deleting those tetrahendra with all four vertices ohdhdte feature from the volume
representation. Figure 9 shows such a removal of handles from Vase.
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Casting Fusee Vase

Figure 9: Top row: the tunnel features for Casting and Fusee and titehfeatures for Vase. Bottom row:
small tunnels are lled for Casting and Fusee ; both handles in Vase arevegino

10 Conclusions and future work

In this work we de ne and prove the existence of loops on surfaceshwiejsresent handles and tunnels for
the shape bordered by the surface. We characterize these loopspbnrgiractable surfaces using linking
with core graphs. These characterizations lead to algorithms for detentirgeaerating handle and tunnel
loops.

Several open questions arise as a result of this research. Our impléoredtes not guarantee that the
computed tunnel or handle loops are the shortest in length. Computing bstetrtest handle and tunnel
loops among all possible such loops remains an open challenge. Anotheal rrpestion is to compute
handle and tunnel loops on non graph retractable surfaces. Oditida of handle and tunnel loops depend
on the fact that the surface has no boundary. Is it possible to extemdithe of this paper to surfaces with
boundaries?
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