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Abstract.  We consider the problem of approximating normal and fea-
ture sizesof a surface from point cloud data that may be noisy. These
problems are certral to many applications dealing with point cloud data.
In the noise-freecase,the normals and feature sizescan be approximated
by the centers of a set of unique large Delaunay balls called polar balls. In
presenceof noise, polar balls do not necessarilyremain large and hence
their certers may not be good for normal and feature size approxima-
tions. Earlier works suggestthat somelarge Delaunay balls can play the
role of polar balls. However, these results were short in explaining how
the big Delaunay balls should be chosenfor reliable approximations and
how the approximation error dependson various factors. We provide new
analysesthat Il these gaps.In particular, they lead to new algorithms
for practical and reliable normal and feature approximations.

1 Intro duction

Recerily, a number of algorithms have beendesignedfor processingpoint cloud
data. Often thesealgorithms, as a basic step, estimate the normals and features
of the sampled surface from the given point cloud. For example, some algo-
rithms [1,8,11] need a normal estimation step for surface reconstruction, and
others estimate the scaleof local geometry also called the local feature size to
handle non-uniform samples[9, 14]. In the noise-freecasethe problem of normal
and feature size approximations have beenwell studied [2,4,6]. In the caseof
noise, optimization based techniques [1,13] are known for normal approxima-
tions though they do not have theoretical guararntees. It is known that results
from the noise-freecasecan be extended by using big Delaunay balls that can
help in estimating normals [8] with theoretical guarantees. Howewer, it is not
known how the error of approximation dependson di erent noise componerts,
and more importantly, how the big Delaunay balls should be chosenfor reliable
approximations. The problem for feature approximations in presenceof noiseis
much lessunderstood. No reliable and practical algorithm is known for it. In
this paper we addressthese open issues.
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grant DAAD19-02-1-0347.



Motiv ation and results . Amenta and Bern [2] intro ducedthe conceptof poles.
Theseare the furthest Voronoi verticesfrom the respective siteson the two sides
of the sampled surface. In terms of the Delaunay triangulation, poles are the
centers of the largest Delaunay balls incident to the samplepoints on both sides
of the sampled surface. These balls are also called the polar balls. Amenta and
Bern showed that, in the noise-freecase,the normals can be estimated by the
poles.Further, Amenta, Choi, Kolluri [4] and Boissonnat, Cazals[6] proved that
the polesalso approximate the medial axis and hencelocal feature sizescan be
estimated by distancesto the poles.
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Fig. 1. Top row: Left: noise-free case, poles are approximating the medial axis and
normals well. Middle: A small noise disturbs the poles signi cantly resulting in poor
normal and medial axis approximation with all poles.Right: only a subsetof big Delau-
nay balls are chosen, normals though not medial axis are well approximated. Bottom
row: Left: Delaunay balls of bigger size are chosento exclude unwanted poles, some
signi cant parts of the medial axis are not approximated. Right: Centers of polar balls
chosen with our algorithm approximate the medial axis everywhere. Approximated
feature sizesare indicated in the highlighted boxes.

In the presenceof noise, the above results do not hold since some of the
polar balls can be arbitrarily small with their certers being arbitrarily close
to the surface. Seethe top-middle picture in Figure 1. Nevertheless,Dey and
Goswami [8] obsened that, under a reasonablenoise model, many Delaunay
balls remain big and their certers can help in approximating the normals. The



error in the normal approximation by big Delaunay balls obviously dependson
the sampling density (") and also on the size of the chosenDelaunay balls. A
detailed analysis on these dependenciesis missing in earlier works. First, our
analysis provides an error bound that unies earlier results. Second, it tells
us how to choose big Delaunay balls in practice for reliable normal and, in
particular, feature size approximations for noisy point clouds.

In the noise-freecasethe choice of the Delaunay balls is not an issuein nor-
mal and feature size approximations asthey are approximated from polar balls
which are almost as big as medial balls. Howeer, in the caseof noise,the choice
of Delaunay balls is an issueas all polar balls are not big. To remain scaleinde-
pendert one can chooseDelaunay balls whoseradii are larger than a threshold
determined by somenearestneighbor distancesof the samplepoints incident on
the Delaunay balls. In order to gaugethe viable valuesof the threshold, it is im-
portant to know how the normal and feature size approximation errors depend
on the radii of the Delaunay balls. Our new analysis provides this relation. We
show that normals can be estimated from Delaunay balls that are not necessarily
as big as local feature sizes(f ()). In fact, Delaunay balls with radii as small
as"zf () are also good for normal estimations. Seetop row in Figure 1 for an
illustration.

The casefor feature estimations in presenceof noise is far more di cult.
This is because unlike normal approximations, not all certers of Delaunay balls
chosenwith a reasonablethreshold approximate the medial axis. Choosing the
right onesis hard. If the threshold is relatively small, a number of certers remain
which do not approximate the medial axis. Seetop-right picture in Figure 1. On
the other hand if the threshold is large, the medial axis for some parts of the
modelsmay not be approximated at all; seebottom-left picture in Figure 1. As a
result no threshold may exist for which large Delaunay balls' certers approximate
the medial axis, the Dog data in Figure 1 and the Horse data in Figure 6 are
two such examplesin two and three dimensionsrespectively.

We proposea dierent algorithm to choosethe Delaunay balls for approx-
imating the medial axis. We consider k-nearest neighbors for somek and take
the largest polar ball's certer amongtheseneighbors to approximate the medial
axis. Our analysis leads to this algorithm which frees us from the burden of
choosing a size threshold. Our experimerts suggestthat k can be chosenfairly
easily, generally in the range of 5 to 10. The most important thing is that a k
can be found for which the medial axis is well approximated where no suc size
threshold may exist. The bottom row of Figure 1 illustrates this point.

Previous results . Amenta, Bern and Eppstein [3] intro duced the "-sampling
for noise-freecase.This requiresead point on the surfaceto have a samplepoint
within a distance of " times the local feature size. When noise is allowed, the
sample points need not lie exactly on the surface and may scatter around it.
Therefore, the sampling model needsto specify both a tangential satter, i.e.,
the sparsenes®f the sampling along tangent directions of the surfaceand also
a normal satter, i.e., the sparsenesof sampling along the normal directions.



Dey and Goswami [8] introduced a noise model that usesthe same sampling
parameter " for both scatters. Kolluri [11] and later Dey and Sun [9] modi ed
the normal scatter to have "2 dependence.The errors of normal and feature
approximations depend on both tangential and normal scatters. Therefore, we
intro duce two independert parameters” and for thesetwo scattersto reveal
the dependenceof the approximation errors on thesetwo parametersseparately

Normal approximation: Dey and Goswami [8] and Mederoset al. [12] showved that
when both tangential and normal scatters areéﬁ)(") times the local feature size,
the normals can be approximated with an O(" ™) error if the chosenDelaunay
balls have radius almost as big asthe local feature size.Dey and Sun [9] showved
that the error is O(") if the normal scatter is only O("?) times the local feature
size. None of these results specify how the error depends on the radii of the

chosenDelaunay balls.

In this paperyve provide a simple elegart analysiswhich shows that the error
is2(X+1)O("+ ) where isthe radius of the Delaunay ball. Previous results
under di erent noise models can be derived from this uni ed result. One impli-
cation of this result is that Delaunay balls assmall asO("z + #)f () can help
in estimating the normals. This relaxesthe burden on setting the parameter for
the normal estimation algorithm.

Feature approximation: Amenta, Bern and Eppstein [3] de ned the local feature
sizeof a point x on the surfaceasthe distance of x to the medial axis. Obviously,
the local feature size can be estimated if the medial axis can be approximated.
An algorithm for approximating the medial axis from noisy point clouds ex-
ists [7]. This algorithm approximates the medial axis with Voronoi facesunder a
stringent uniform sampling condition. SelectingVoronoi facesto approximate the
medial axis is not a simple task in practice evenfor noise-freecase[5,10]and it is
not clear how this algorithm works in practice when noiseis presen. Moreover,
for estimating the local feature size a corntinuous approximation with Voronoi
facesis an overkill. A discrete approximation of the medial axis with a set of
Voronoi vertices servesthe purposeequally well. For the noise-freecase,such an
approximation wasproposedby Amenta et al. [4] and Boissonnatand Cazals[6].
Recerily, Mederoset al. [12] derived someresults for noisy point cloudsthat have
some connectionsto the local feature size approximations though the approx-
imation factor dependson a surfacerelated constart which can be potentially
huge.

Our analysis is free of any surface dependert constart and it relates the
approximation error to the tangerntial and normal scatters separately Most im-
portantly, the analysisjusti es our choice of polar balls basedon nearestneigh-
bors to approximate the medial axis. Figure 1 and 6 shaw that this choice is
far more superior than the big Delaunay ball strategy. Experiments with our
implementation [15] of the algorithm con rm this claim for other models.



2 Preliminaries

2.1 De nitions

ForasetY RS2 andapoint x 2 R3, let d(x; Y) denotethe Euclidean distance
of x from Y; that is,

dix; Y) = yig\l‘(fky xKkg:

The setB., = fyjy2 R%ky ¢k rgisahball with radius r and certer c.
Voronoi and Delaunay diagram. For a nite point setP  R3, we will denotethe
Voronoi diagram and its dual Delaunay triangulation of P by Vor P and Del P
respectively. The Voronoi cell for a point p is denoted as V.

Sampla surface. Let R® be a compactsmooth surfacewithout boundary

from which the input sampleis derived possibly with noise. Also, assumethat
is connected.The boundedand unbounded componerts of R®n  are denoted
| and o respectively. The normal at any point x 2  is denoted ny which is
directed locally inward, i.e., toward .

The medial axisM of isthe locusof the certers of the maximal balls whose
interiors are empty of points in . Theseballs meet only tangentially . We call
ead suc ball By, a medial ball wherer = d(m; ). Barring somepathological
caseswecanassumeM \ isempty if is smooth. The subsetsof M in | and

o are called inner and outer medial axis respectively. For ead point x 2,
there are two medial balls, one certering a point in the inner medial axis and the
other in the outer medial axis. The local feature sizeat a point x 2  is de ned
asf (x) = d(x; M). The function f () satis es the following Lipschitz property [2].

Lipschitz property. For any two points x;y 2 , f(x) f(y)+ kx yk.

2.2 Sampling

A nite set of points P is called an "-sampleof if d(x;P) "d(x;M)
for eah x 2 . To accommalate the tangertial and normal scatters of points
around in the noisy case,we put two conditions on the sampling. The rst

condition says that the projection of the point set P on the surface makes a
densesampleand the secondone says that P is closeto the surface.We alsouse
a third condition to make the sampling locally uniform. To make the sampling
de nition general,we usea separateparameter for eath sampling condition. For
any point x 2 R®nM let x denoteits closestpoint on . Clearly, the segmen
xx is parallel to the normal n.

Wesay P RPisa("; ; )-sampleof if the following conditions hold.

(i) P = fpgy2p is an"-sampleof
(i) kp pk  f(p),
(i) kp ok "f (p) for any two points p;qin P whereqisthe th nearestsample
point to p.



Figure 2 illustrates why we put the third condition. In the gure the same
point sample satis es the rst two conditions for two dierent curves;C and
also C [ C° Our analysesfor normal and medial axis approximations apply to
both of thesecurves;albeit with di erent scalesof local feature sizes.Therefore,
the analysesdo not need the third condition in the sampling. Howewver, our
approximation algorithms determine a particular scaleby looking at the nearest
neighbor distances. This implies that the sampling cannot allow the ambiguity
which is forced by assuminga local uniformity constraint in the third one.
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Fig. 2. A point sample satisfying sampling conditions (i) and (ii) for a single component
curve C (left) and also the curve C [ CP° (right).

In the analysiswe concertrate only in the bounded componert | together
with the inward normals and inner medial axis. It should be clearthat the results
alsohold for unboundedcomponert, outward normals and outer medial axis. For
apoint x 2 , let my denotethe certer of the inner medial ball meeting at
x and  its radius.

It follows almost immediately from our sampling conditions that ead point
of anda point not far away from  hasa samplepoint nearby. Lemma 1 and
Corollary 1 formalize this idea.

Lemma 1. Any point x 2  has a sample point within "1f (x) distance where
"= ( + "+ ").

Proof. >Fom the sampling condition (i), we must have a samplepoint p sothat
kx pk "f (x). Also,kp pk f(p) a2+ ")f (x). Thus,

kx pk kx pk+kp pk
)+ 3+ )E(X)
(+"+ 0

Sincef (x) x for any point x 2, the following corollary is immediate.

Corollary 1. Any point y 2 R® with ky yk =y hasa samplepoint within
", y distance where"; = (2 + "+ ).

3 Empty balls

A ball is empty if its interior is empty of points from P. A main ingredient in
our analysis will be the existence of large empty balls. They in turn lead to



the existenceof large Delaunay balls that circumscribe Delaunay tetrahedra in
DelP. The certers of such Delaunay balls which are also Voronoi vertices in
VorP play crucial roles in the algorithms for normal and feature estimations.
In this section, we presen two lemmasthat assurethe existenceof large empty
balls with certain conditions.

Lemma 2 below assuresthat for ead point x 2 there is a large empty ball
of radius almost as large as (i) f (x) and (ii) . Notice the di erences between
the distancesof theseballs from x. Also, seeFigure 3a.

Lemma 2. A ball By is empty of samplepoints from P if either
) m=x,km xk=f(x)andr=(1 3)f(x), or
(i) m=my andr=(1 ) .

Proof. Let p be any point in P (Figure 3a). For (i) we have

f(p) f(X)+kx pk f(xX)+ k< mk+km pk
2f (x) + km  pk:

Then,

km pk km pk kp pk km pk f(p)
km pk  (2f (x)+ km pk)
=1 )km pk 2f(x)
1 3)fX

askm pk km xk= f(x). Therefore, p cannot be in the interior of B. Now
consider (ii). We get

kmy pk kmy pk kp pk

kmy pk  f(p)

kmy pk kmy pk
=@ )kmy pk

1T )«

askmy pk kmy xk= .

Next, we show that, for ead point x of , there is a nearby large ball which
is not only empty but also its boundary passesthrough a sample point close
to x. Eventually these balls will be deformedto Delaunay balls for medial axis
approximations.

Lemma 3. For each point x 2  there is an empty hall B, with c2 | that
enjoys the following properties:

(i) ris at least (1 2p 2) x, My isin Ber and ke myk 2p"5 « wher "5
de ned in Corollary 1is O(" + ),
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Fig. 3. (a): lllustration for Lemma 2. The dotted big balls are not empty of sample
points but their slightly shrunk copies(shown with solid boundaries) are. (b): lllustra-
tion for Lemma 3.

(ii) its boundary contains a samplepoint p within a distance "3 x from x where

"y= 2,5+ and", aresuciently small.

Proof. Consider the empty ball B = By, . whoseboundary passesthrough a
point y wherey= x andky xk= yandR= (1 ) . Sudc aball exists by
Lemma 2 (ii) (seeFigure 3b).

Shrinking : Fora < 1,let B = By,. r bea further shrunk copy of B.
The ball B and henceB are empty.

Rigid motion : TranslateB rigidly by moving the certer alongthe direction
m  x until its boundary hits a samplepoint p 2 P. Let this new ball be denoted
B.., refer to Figure 3b.

Obviously r = R. Letd= kc myk. First we claim

1 JR d @ )HR+"2

The rst half of the inequality holds sinceB is empty of samplesand henceB
has to move out of it to hit a sample point. The secondhalf of the inequality
holds since from Corollary 1, a ball certered at y with radius ", x cannot be
empty of samples.

Next we obtain an upper bound on ky pk. Referto Figure 3b. Sincekp®
gk’ = ke p%® kc gk?=kmy p%® kmy ok?, we have

ke p%® ke ok?=R? (kc gk+ d)?
which gives

RZ r2 d2.

ke gk= d



Hence
ky pk® ky p%?

kp® ok?+ kq yk?
RZ (d+kc go2+ (R (d+kc k)2

2R?> Rd %(RZ r?)

A+ ),
@ )a yrn

Sincewe want both kc  myk and kx pk to besmall, wetake =1 P 2.
Thenr= R (1 2°75) ,.Alsokc mek (@ )5+« 2°75 .,
which is small comparedto r given" and are su cien tly small. Somy stays
inside B, . In addition, from inequality 3.1 we have

S

(3.1)

5, =
2 1 L
ky pk ﬁp% "IR2'F
2
The bound on kp xk followsaskx yk= .

Observation If we choose topbe a suitarple constart betweenbetweenO and 1,
the above proof gives"z = O(" ™2) = O( " + ) though the radius of the empty
ball becomesa constart fraction of . Also, the ertire proof remainsvalid when
we replace , with f (x).

4 Normal appro ximation

We will approximate the normals by the vectors from the sample points toward
the certers of the Delaunay balls incident to them. First, we derive an upper
bound on this normal approximation error in Theorem 1. Then, we describe a
simple algorithm for approximating the normals whosejusti cation is given by
the theorem and Lemma 3.

4.1 Analysis

The ideais to measurehow much onecantilt an empty ball anchored at a point
p with its certer in the direction of n, while keepingit empty. The amourt of
tit dependson how closethe sample points are and also how big the ball is.

Theorem 1. Letp2 P beincident to an empty ball B, wherer = f (p) and
c2 . Then,

sin( peing) 22+ 1+ 20 )+ 0( )+ 0"

for asuciently smal "> 0and > O.



Proof. Let B = B¢, . Assumethat pc makesan angle with the normal n,. Let
Bin and By, betwo balls with radius f (p) and tangertially meeting the surface
at point pras Figure 4 shows. Let m be the center of B,; . We know the surface

is outside thesetwo balls. By Lemma 2 the ball B°= B(m; (1 3 )f (p)), a
shrunk ball of B, , is alsoempty of samples.Therefore no samplepoint is inside
the shadedarea, seeFigure 4.

Fig. 4. lllustration for Theorem 1.

ObservationA. As increasesthe radius of the intersection circle of the bound-
ariesof B and BCincreases,.e. kw gk increases,and vice versa.

ObservationB. Supposethat when kw gk 5 p?"lf (p) the angle has the
claimed bound. Then, if we shov kw gk < = 2":1f (p), we are done following
Obsenation A. 0

Assumekw gk= " 2"if (p). Let z be the intersection point between and
the segmem mc.

Consider the triangle formed by p, m and c. We have

@ )f®m km pk 1+ )f(p);
kc pk=kc wk= f (p

and alsokc mk equals

p p
ke wk?z kw gk2+ km wkZ kw gkZ:

If =\ pc;ng,
ke mk?® kc pk? km pk?
cos =
2kc  pkkm  pk
C 7 2P ay 2y 7 oasp
2 1+ )

12+ D2+ 2 2+ 0( )+ o)



Hence
. P —
sin 2(1 cos)

o+ L)+ 2 )+ 0( )+ OC2):

Now we show that kw gk < P 2" f (p)pa_s required by Obsenation B.
Again, rst assumethat kw gk = = 2";f (p). We can shov kp, zk
3kp mktan . Therefore, from the boynd on  kp zk = O("1+ 2 )f(p)
which by Lipschitz property givesf (z) < = 2f (p) given&_su cien tly small and
". We know B, = B(z;"1f (z2)) with radius "1f (z) < = 2":f (p) hasto cortain
at least 9n_esamplepoint by Lemma 1. This is impossiblesince B, hasa radius
at most = 2":f (p) = kvtg _ 0k which meansit lies completely in the shadedarea.
Therefore,kw gk 6 * 2"if (p). Now considerincreasingkw gk beyond this
distance while keepingz xed. Notice that now z is not the intersection point
between andthe segmen mc. It is obvious that B, remainsinside the shaded
area. Therefore, agaigwe reach a cortradiction to Lemma 1. Hencekw ¢k can

not be larger than = 2":1f (p).

Implications Theorem 1 gives a general form of the normal approximation
under a fairly general sampling assumption. One can derive di erent normal
approximation bounds under di erent sampling assumptionsfrom this general
result. For example, if P is a (";"2; )-sample we get an O(") bound on the
normal approximation error. In caseP is a (";"; )-sample, we getan O(" ™)
error bound. Another important implication is that Delaunay balls need not

e too big to give good normal estimates. One can obsene that if is only
maxf"; g, we get O("% + 3?) error. Algorithmic implication of this fact is
that a lot of samplepoints can qualify for normal estimation.

Obsene that the proof of Theorem 1 remains valid even if the sample point
p is replaced with any point x 2 R® meeting the conditions as stated in the
corollary belon. We usethis fact later in feature estimation.

Corollary 2. Let x 2 R® be any point with kx  xk » and B, IObe any
empty ball incident to x sothat r = ( x). Then, \ xc;nx = O(" + ) for
su ciently smal " and

4.2 Algorithm

We know from Theorem 1 that if there is a big Delaunay ball incident to a sample
point p, then the vector from p to the certer of the ball estimatesthe normal
direction at the point p. On the other hand, the obsenation after the proof of
Le@@ assuresthat for ead point x 2 , there is a sample point p within
O( "+ )f (x) distancewith an empty ball of radius (f (x)). This meansthere
is a big Delaunay ball incident to p where the vector pc approximates n, and
henceny. Algorithmically we can exploit this fact by picking up sample points
that are incident to big Delaunay balls only if we have a scaleto measure big'



Delaunay balls. For this we assumethe third condition in the sampling which
says that the sampleis locally uniform.

Let , bethe distanceofptoits th nearestneighbor. By sampling condition

p T (p). Therefore,any Delaunay ball incident to p with radius morethan

will give a normal estimation with an error 6(- + 1)(") accordingto Theorem 1

under the assumptionthat P isa ("; "2; )-sample.It isimportant that , is not

arbitrarily large sincethen no Delaunay may qualify for the sizethreshold. This

concernis alleviated by the fact that , "% (p) where"%= "+ 2+ " [8].

Notice that the error decreasesis increasesHowewer, asweindicated before

"f (pb the radius of the big Delaunay ball, can be as small as "af (p) to give

an O(" ™) error. This explains why a large number of Delaunay balls give good
normal estimations as Figure 1 illustrates.

Appr oximateNormal (P; )
Compute DelP;
fo r each p2 P compute ;
if there is a Delaunay ball incident to p
with radius larger than
Compute the largest Delaunay ball B,
incident to p;
Approximate the normal direction at p by pc.
endif

Notice that, alternatively we could have eliminated the parameter in the
algorithm by looking for the largest Delaunay ball incident to a set of k-nearest
neighbors of p for somesuitable k. Again, thanks to Lemma 3, we are assuredthat
for a suitable k, one or more neighbors have Delaunay balls with radius almost
equal to the medial balls. However, this approad limits the number of sample
points where the normals are estimated. Becauseof our earlier obsenation, the
normals can be estimated at more points where the Delaunay ball is big but
not necessarilyas big as the medial balls. In cortrast, as we seenext, feature
estimation needsthe Delaunay balls almost as big as the medial ones.

5 Feature appro ximation

We approximate the local feature sizeat a samplepoint p by rst approximating
the medial axis with a set of discrete points and then measuring the distance
of p from this set. We are guararnteed by Lemma 3 that there are many sample
points which are incident to big Delaunay balls. The furthest Voronoi vertices
from thesesamplepointsin | and o approximate the inner and outer medial
axis respectively. For a point p 2 P, we call the furthest Voronoi vertex from p
in V,\' | asthe inner pole p* of p. Similarly onemay de ne the outer pole p
of p which residesin .

In line with the previous results on medial axis approximation [4,6,7], we
claim that a certain subset of the medial axis is approximated by poles. Let



x and x° be two points where the medial ball B certered at m meets . Call
\ xmx ° the medial angleat m if it is the largest angle lessthan made by any
two such points of B\ . Let M M be the subsetwhere eat point m 2 M
has a medial angle at least

5.1 Analysis

We show that eadr medial axis point my with a large enough medial angle is
approximated by a pole. The ideais asfollows. Considerthe large ball incident to
a samplepoint p guaranteed by Lemma 3. Then we deformit to alarge Delaunay
ball with the certer at p* . First, during this deformation the ball cannot betilted
too much sincethe vector from p to the cernter hasto approximate the normal
ne by Theorem 1. Second,the certer in the tilted direction cannot move too
much due to Lemma 4 as stated below. The result of these constraints is that
the certer p* of the Delaunay ball remains closeto the certer of the original
ball which in turn is closeto my.

Lemma 4. Let B = B, be an empty ball whose boundary passesthrough a
sample point p. Let z be a point on  whosedistance to the boundary of B is
lessthan "0 , for "9< 1. Let B%= Bo,0 be an empty ball obtained by expanding
B while keeping c® on the ray pc and p on its boundary. If , r 2, then
we have L .
ke X ("1+"92+"9
2 (1 cos\pcz 2'; 2'0cos\ pcz *

Proof. Let y be the closestpoint to z on the boundary of B. Obviously vy, ¢
and z are collinear. SeeFigure 5a. We have ky zk " ,. Let z° be the point
where the line of ¢% intersects the boundary of B® Since a ball certered at z
with radius ";f (z) can not be empty of sample points by Lemma 1, we have
kz® zk "if(2) "1 ..

Consider the triangle made by ¢, c® and z. For corvenienceset \ pcz =
ke ck=c,kz z%= z andky zk=y .Weknow

ke® zk= (c )+ kc zk®+ 2c kc zkcos :
This gives
r+c z)=(c)?+(r+y)?+2c(r+ y )cos
from which we get

(r+y) (r z)
20 z) 2(r+ y )cos
("1 + 9@+ ")

21 cos) 2'; 20cos *

cC =

by plugging in z "1, Y "0 and , r z-
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Fig. 5. (a): lllustration for Lemma 4. (b) (c): lllustration for Theorem 2. The ball B¢,
is deformed to the Delaunay ball B®= B, ;0. The ball B®= Bcoy, cox oOn the right
is a shrunk version of B®.

Theorem 2. For eachpoint my 2 M \ |, whee = "%+ 1, thereis a
samplepoint p within O("4l + 41) « distance of x sothat the pole p* lies within
O("# + 1)  distance from my, where " and are su ciently small.

Proof. Consider the ball B = B, guararteed by Lemma 3 whose boundary
passesthrough a samplepoint p. Its radiusr is (1 2" ™) x, kp xk "3
andkc myk 27 ™ 4. lLetB%= Bp+ . o Where p* is the inner pole of p and
r®= kp p*k. The ball B%is Delaunay andits radiusr® r (1 2" ™) .

Focus on the two balls B and B° passingthrough p, seeFigure 5b. The ball
B hasmy inside it which meansthat its radius is at least(1  )f (p)=2. So, the
radius of B?being bigger than that of B is alsoat Ieasﬁ (A Hf (p)=2. Therefore,
by Theorem 1 the vectors pc and pp* make O(" + ) angle with ne and at
most double of this angle among them. Let c® be the point on the segmen pp*
sothat pcd® hasthe samelength aspc. Clearly,

ke ¢k kp ckepd @ ZD"DO("+p_)X:

Now we can bound the distancekc p* k if we have abound onkc® p* k. We will
apply Lemma 4 to the ball B®= By, cox to bound ke®  p* k. Sincemy 2 M
there are two points x and x°in  sothat \ xm,x° . Take z in Lemma4 as
the point x or x° which makesthe angle\ zmyp at least =2. b

With this set up we show that and "%in Lemma 461re 1 oC" + "+ ) and
O("+ ) respectively. Sincethe radiusof B®isr (1 2" ™) v = (@1 oP ) 2,
the claim for  follows.

For " considerthe point y where the ray c% meetsthe bounﬁlary of B0
refer to Figure 5c. We have ke® myk ke myk+ ke c%k = O( B
and hence



ky zk=ke® zk k® yk
km, zk+ k%o myk k®  yk
p, P- -
+olm+" 0y, a Py,

o+ Py .

So, we can apply Lemma 4 with "9 = O( i p_) and =1 O(p ).

Obsenw that, sincethe points c® and my are nearby the angle\ pcy is almost
equal to \ zmyp. So, we can safely assume\ pcy . With = "F+ T,

Lemma 4 gives
kp* k= (O('E+ )= ("h+ 1),
=0("F+ ) 4

The claim of the theorem follows as

+

myk kpt  ck+ ke®  myk
O("h+ %)+ O("t+ 1)y
= O("F + ) i

kp

For eath point x 2  wheremy 2 M the previous theorem guararnteesthe
existenceof a sample point p whosepole approximates my. Actually, the proof
technique can also be usedto show that any Delaunay ball with radius almost
asbig as  and incident to a samplepoint closeto x hasits certer closeto my.

Theorem 3. Letx 2 beapoint sothatmy 2 M for = "%+ #. Then for
any point p2 P wnhub 3 )pd|stanoe of x and with an incidenlt Dellaunay kall of
radiusat least (1 O( ) x, the pole p* lies within O("s + &) 4 distance
from my.

Proof (sketch.). Notice that if np and n, make small angle, we will be done.
Then, we have two segmets ppt and xmy almost parallel where p and x are
close. Also, these segmetts can be shavn to be of almost samelengths by the
given condition and a proof similar to that of Theorem 2. This would imply my
and p* are close.

Obserwe that we cannot assertthat \ ng; ny is small directly from the normal
variation lemmain Amenta and Bern [2] asthe distance amongthem is at most
"3 x by Lemma 3 (notice  vs.f (x)). Sincep and x are at most"3  apart and
the distance of p* to pand henceto x is  ( «), \ pp"x = O("3). By Corollary 2,

%an be shavn that p* x makesO(" "3) angle with ny. Therefore, pp* makes

(" ™3) anglewith ny. It is easyto shaowv that  isat least (f (p)). So,the angle

between ppt and np is O(" "3) = O("% + %). One can deducethat kp*  myk
has the claimed bound with \ ng;ny, = O(" ™3).



5.2 Algorithm

Theorem 2 and Theorem 3 suggestthe following algorithm for feature estimation
at any point x 2  wheremy 2 M.z, 1. Theorem 2 says that x has a sample

point p within a neighborhood of "3 y whosepole p* approximates my. Also,
Theorem 3 says that all sample points within "3 yx neighborhood of x with a
large enough Delaunay ball have their polesapproximate m,. Therefore, if we
take the pole of a samplepoint g whosedistanceto g is largestamongall sample
points within a neighborhood of x, we will get an approximation of my.

We seart the neighborhood of x by taking k nearestneighbors of a sample
point s closeto x. If we assumethat P is a ("; ; )-sample for some > 0,

-nearest neighbors cannot be arbitrarily closeto x. Notice that if we do not
prevent oversampling by the third condition of noisy sampling, we cannot make
this assertion. In the algorithm, we simply allow an user supplied parameter k
to seard the k nearestneighbors. Since we want to cover all points of , we
simply take all points of P and carry out the following computations.

For ead point p 2 P we selectk-nearestneighbors for a suitable k. Let N, be
this set of neighbors. First, for ea g2 N, we determine the Voronoi vertex vy
in Vi which is furthest from g. This is oneof the polesof g. Let “1(p) = kvq dk.
Selectthe point p1 2 Ny sothat "1(p;) is maximum among all points in Np.
By Theorem 2 and Theorem 3, v,, approximates a medial axis point m, if
X 2 M.: 1. However, we do not know if my is an inner medial axis point
or an outer one. Without loss of generality assumethat my is an inner medial
axis point. To approximate the outer medial axis point for x, we determine the
Voronoi vertex uq in Vg for eadr g2 Ny sothat quy makesmore than 5 angle
with pyvp,. Let "»(0) = kug ok. Then, we selectthe point p, 2 N, so that
“2(p2) is maximum amongall points in N,. Again, appealing to Theorem 2 and
Theorem 3 for outer medial axis, we can assertthat up, approximates a medial
axis point for x.

Appr oximateFea ture (P;k)
Compute DelP; L :=
for ead p2 P compute k nearestneighbors N;
compute p1 2 N, whosedistance to
its pole vp, is maximum
among all points in Ny;
compute p, 2 N, with a pole v,, sothat
\ P2Vp,:P1Vp, 2 and kpZ szk
is maximum among Ny;
L= L[ fvpvp,o;
endfor
for eath p2 P compute the distanceof pto L.

As we have obsened already, a subsetof the medial axis is not approximated
by the poles. These are exactly the points on the medial axis which have a
small medial angle. This type of exclusionsare also presen in earlier medial axis



Fig. 6. Left: Medial axis approximated by cernters of big Delaunay balls for a noisy
Horse . For a chosen threshold, some parts of the legs do not have medial axis ap-
proximated though still many certers lie near the surface. Right: Medial axis well
approximated by the polesas computed by Appr oximateFea ture .

approximation results [4,6,7]. The implication of this exclusionis that features
cannot be properly estimated for points whoseclosestpoint on the medial axis
residesin the excluded part. Howewer, if the sampling is su cien tly dense,the
excludedpart is indeed small in most cases.Figure 6 shows the result of feature
approximations for a model in three dimensions.
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