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Problem Statement
Given two normal random variables X and Y

X o~ N(/’LXao-.%()
Y ~ N(/’LYaO-%/)

that are correlated such that

_ Oxy
OxXO0y
where
p = corr(X,Y)
OXY é COV(X,Y)

we endeavor to show that A
Z:X—YNN(,UX — iy, 0% —&—a%—QUXy)

To solve this problem, we appeal to the bivariate normal probability density function. The proof that follows
will make significant use of variables and lemmas to condense notation.

Proof

To prove the above, we will first argue that given two normal random variables Xy and Yj
XO ~ N (O, Ug()
Yo ~ N (O, 0'}2/)

such that p = ZXX and

OXO0y

A
Zo=X0— Y N./\/‘(O,O'g( —I—O'%/ —20')(y)
then it necessarily follows that
A
Z=X-Y ~N(ux — py,0% + 0y —20xy)
To show this, we take the former as an assumption and prove this consequence. It is clear that

X Xo+ px
Y = Yo+uy
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It also follows that cov(X,Y") = cov(Xp, Yy) from the below:
cov(X,Y) = E{(X — ux)(Y —py)} = E{XoYo} = cov(Xo, Yp)
We have that
E{Z} = E{X =Y} = E{(Xo + px) = (Yo + pv)} = E{Xo} = E{Y0} + px — py = px — py

Considering that a normal random variable plus a constant is itself a normal random variable, it is clear,
then, that if Zy ~ N (O,Jg( + 032/ - Qny), then necessarily Z ~ N (,ux — uy,og( + 032, — 20Xy). Now, we
endeavor to show that Zy ~ N (0, ag( + o%, — 20Xy). To do this, consider the bivariate PDF describing the
joint probabilities of events X and Yjp:

1 1 2 y? 2pzxy
fxy(z,y) = exp < (+
(@9) 2roxoyy/1 — p? 21—-p?) \o% 0% oxoy

It is clear that the PDF for Z; will obey

fz(z) = /_OC fxy(z,z — 2)dx

We now endeavor to calculate this integral. Before we do so, we define

[

2
Ox

1>

@ 2
Oy OxXO0y

and
1

2roxoy\/1—p

>

A:

2

to simplify notation. The integral then becomes

F2(2) = /O:O Flo,o—2) = /O;Aexp <2(11_p2)a) dx

From Lemma 1, we have that
a:5l$2_’71$+6/
where the Greek parameters, defined in the lemma, are functions of z and not functions of the integration

variable . We define )

!
This reduces the integral to

fz(z) = A/_oo exp(—5x2 + vz —0)dx

We now employ some creative techniques to evaluate the integral:

fz(z) = A/OO exp(—Bx? + v — §)dx

—00
oo

Aexp(fé)/ exp(—pz? + ya)dx

— 00

Aexp(—0) /0; exp (-m <:c - g)) dx
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We note that we can shift the variable of integration by a constant without changing the value of the integral,
since it is taken over the entire real line. With this mind, we make the substitution x — =+ %, which creates
a difference of squares in the exponent and allows us to easily evaluate the integral:

f2(2) = Aexp(—9) /O; exp (m (a: - g)) da
= Aexp(—9) /O:O exp <ﬁ (:c + 2%) (:c - 22)) d
= e [ (5 (- 2

= Aexp <—(5 + Z;) /OO exp(—ﬁmQ)da?

From Lemma 2, we have that

/_O:O exp(—Bx?)dx = %

= 2
fz(z) = A\/;exp <—5 + Zﬂ)

AZ = !
8 \/27r\/(7§( + 032, —20xy

giving

From Lemma 3, we have that

and from Lemma 4, we have that
2 22
—5+ L= 2 2
43 2(0’X +0’Y—20)(y)

Plugging these two into our expression for fz(z) gives
1 22
= 2 2 eXpl\ =52 2
V2m\/o% + 0% —20xy 2(0% + o0y —20xy)

This is clearly the PDF for a normal random variable with zero mean and variance 0§( + U% —20xy. Thus,
we see that

fz(z)

Zo ~ N (0,0% + 0% —20xy)

and so it follows from the analysis above that

ZNN(;LX — py,0% + 0% 72(7)()/)

Lemma 1

From the definition of «, we have

2 2
T Tr—z 20x(x — 2
o 2T L 2) _ 2px(z—2)
Ox Oy Ox0y
2 2 2 2
T T z 2xz 2px 2pxz
= 5+ =+t 5= — p p

2 2
Ox Oy Oy Oy Ox0y oOxO0y

1 1 2 1 22
- 2 me) G ))
X Y X0y Oy OxXO0y Oy
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where
oA 11 2%
go= o2 o2 o
b'e Y X0y
1
’7/ A 22’(2— 14 )
Oy oxoy
yoa oz
= =
Yy
Lemma 2

It is a well known result that

/0; exp(—Bx?)dr = \/g

but we will confirm it using Fourier transforms. We know that the Fourier transform of the integrand is

F(f) = F (exp(—B2?)) (f) = \/gexp (_(W§)2>

We also know that -
F(0) :/ exp(—pBz?)dx

—00

Evaluating F'(f) at f = 0 gives

PO = [ etmte = [Fow (-CO7) < /7

Lemma 3

Plugging in our definitions for A and § gives

AT 1 27(1 — p?)
8 2 L L 2
2roxoy1—=p*\ oz + o7~ oy
1 1
V21 252 (L 4 1 _ _2
X% \5% T 52 7 oxoy
1

V2my\/o% + 0% —20xy
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Lemma 4

From the definitions of 4, 7, and 3, we have

2
fa+@

e ()

2
1
1 2'2 + (22 (E_O'Xpo'y))
2(1 — p?) o3 14 d 2
0’%/ oOxXOoy

3

0% 0% + O'X — 2pO'X0'y — (0% — poxoy)?
0% 0y + 0oy — 2p03 0%

2
_ 2 _ _ (1 _ _p
oxoy o2 oxOy
1 2p
+o§, oX0Yy

0% 0% + 0% — 2p0XUy - O’X +2po¥oy — p20%0%>

3
0% 0y +0toy — 2po30y

0% 0% — p 2050
2(1 —p?) \oko¢ (0% + 0% —2pox0y)
2 o%o%(1-p?)
2(1 - p?) 0% 0% (0% + 0} — 2poxoy)
2
z

72(03( + 02 —20xy)



