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Abstract— Following recent work by Weissman et al , in
the spirit of results on universal compression, we compare
the performance of universal denoisers on discrete memoryless
channels to that of the best k-th order omniscient denoiser,
namely one that is tuned to the transmitted noiseless sequence.
We show that the additional loss incurred in the worst case by
any denoiser on a length-n sequence grows like Ω(ck/

√
n), where

c > 1 is a constant depending on the channel parameters and
the loss function. This shows that for fixed k, the additional loss
incurred by the Discrete Universal Denoiser (DUDE) is no larger
than a constant multiplicative factor of the best possible.

I. INTRODUCTION

The problem of denoising is one of reproducing a sig-
nal based on observations obtained by passing it through a
noisy channel, the quality of the reproduction being measured
by a fidelity criterion. A version of this problem involving
discrete memoryless channels was studied recently in [1].
In this setting, the clean and noisy signal are sequences of
symbols belonging to the channel input and output alphabets
respectively. In [1], a universal denoising algorithm, DUDE,
was derived and its performance compared to the best sliding
window denoiser for the noiseless-noisy pair of sequences, in
a semi-stochastic setting. It was shown that the additional loss
incurred by the DUDE in this setting goes to zero as fast as
O(kM2k/

√
n) where M is the size of the alphabet in question

and k the order of the sliding window denoiser.
In this paper we derive lower bounds on the additional

loss incurred by a denoiser in the worst-case when compared
to the best sliding window denoiser for a given noiseless-
noisy sequence pair. We show that for any denoiser and most
channels and loss functions, this additional loss grows at least
like Ω(ck/

√
n), where c > 1 is a function of the channel

parameters and the loss function. This shows that for fixed k
the additional loss incurred by the Discrete Universal Denoiser
DUDE [1] is no larger than a constant multiplicative factor of
the best possible.

We also prove a stronger result by deriving similar lower
bounds for the excess loss incurred by a denoiser when
measured against a benchmark that is a generalization of the
one used in the compound decision problem [2], which can be
viewed as a denoising problem over a binary input channel. In
doing so, we show that a certain rate of decay of excess loss,
namely O(1/n), that can be achieved on continuous output
channels cannot be achieved on discrete channels.

We present the required notation in Section II. Section III
contains the main result of the paper as well as some of
the preliminary results that lead to it. Section IV states
the correponding result for the benchmark considered in the

compound decision problem. We conclude with a discussion
in Section V.

II. NOTATION

The notation used here is similar to the one in [1]. We first
define the notation employed to refer to vectors, matrices and
sequences. For two vectors u and v of the same dimension,
u � v will denote the vector obtained from componentwise
multiplication. For any vector or matrix A, AT will denote
transposition.

For any set A, A∞ denotes the set of one-sided infinite
sequences with A-valued components, i.e., a ∈ A∞ is of the
form a = (a1, a2, . . .), ai ∈ A, i ≥ 1. For a ∈ A∞, let an =
(a1, a2, . . . ,an) and aj

i = (ai, ai+1, . . . ,aj). More generally
we will permit the indices to be negative as well, for example,
uk
−k = (u−k, . . . ,u0, . . . ,uk). For positive integers k1, k2, and

strings si ∈ Aki , let s1s2 denote the string formed by the
concatenation of s1 and s2.

We define the parameters associated with the universal de-
noising problem, namely, the channel transition probabilities,
the loss function and relevant classes of denoisers. Let the
sequences Xn, Zn ∈ An respectively denote the noiseless
input to and the noisy output from a discrete memoryless
channel whose input and output alphabet are both A. Let the
matrix Π = {Π(i, j)}i,j∈A, whose components are indexed
by members of A, denote the transition probability matrix of
the channel where Π(i, j) is the probability that the output
symbol is j when the input symbol is i. Also, for i ∈ A, πi

denotes the ith column of Π. Let M = |A| denote the size of
the alphabet and M the simplex of M -dimensional probability
vectors.

Upon observing a noisy sequence Zn ∈ An, the denoiser
outputs a reconstruction sequence {X̂t}n

t=1
∈ An. The loss

matrix Λ = {Λ(i, j)}i,j∈A, whose components are also in-
dexed by elements of A, represents the loss function associated
with the denoising problem, namely, Λ(i, j) denotes the loss
incurred by a denoiser when its output X̂ = j when the
channel input X = i. Also, for i ∈ A, λi denotes the ith
column of Λ.

An n-block denoiser is a mapping X̂n : An → An. For
any zn ∈ An, let X̂n(zn)[i] denote the ith term of the
sequence X̂n(zn). For a noiseless input sequence xn and the
observed output sequence zn, the normalized cumulative loss
LX̂n(xn, zn) of the denoiser X̂n is

LX̂n(xn, zn) =
1

n

n∑
i=1

Λ
(
xi, X̂

n(zn)[i]
)
.
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Let Dn denote the class of all n-block denoisers. A k-
th order sliding window denoiser X̂n is a denoiser with
the property that for all zn ∈ An, if zi+k

i−k = zj+k
j−k then

X̂n(zn)[i] = X̂n(zn)[j]. Thus the denoiser defines a mapping,
f : A2k+1 → A so that for all zn ∈ An

X̂n(zn)[i] = f
(
zi+k

i−k

)
, i = k + 1, . . . ,n − k.

Let Sk denote the class of kth-order sliding window denoisers.
In the sequel we define the best loss obtainable for a given
pair of noiseless and noisy sequences with a k-th order sliding
window denoiser.

For an individual noiseless sequence xn ∈ An and a noisy
sequence zn ∈ An, k ≥ 0 and n > 2k, Dk(xn, zn), the k-th
order minimum loss of (xn, zn) is defined to be

Dk(xn, zn) = min
X̂n∈Sk

LX̂n

(
xn−k

k+1
, zn

)

= min
f :A2k+1→A

1

n − 2k

n−k∑
i=k+1

Λ
(
xi, f

(
zi+k

i−k

))
,

the least loss incurred by any k-th order denoiser on the pair
(xn, zn). Note that we have slightly modified the definition of
normalized cumulative loss to accomodate noiseless and noisy
sequences of differing lengths. For a given channel Π and a
noiseless sequence xn define

D̂k(xn)
def
= E[Dk(xn, Zn)] (1)

to be the expected k-th order minimum loss incurred when
each random noisy sequence Zn produced when xn is input
to the channel is denoised by the best k-th order denoiser for
the pair (xn, Zn). This quantity will be one of the benchmarks
against which we will compare the loss incurred by other
denoisers.

The compound decision problem [3], as pointed out in [1],
can be viewed as a denoising problem over a binary input
channel. In work related to the compound decision problem
denoisers are measured against the best 0-th order denoiser
that is aware of xn, but not zn. This benchmark has been
generalized [4] to

D̄k(xn)
def
= min

X̂n∈Sk

E
[
LX̂n

(
xn−k

k+1
, Zn

)]

= min
f :A2k+1→A

1

n − 2k

n−k∑
i=k+1

E
[
Λ

(
xi, f

(
Zi+k

i−k

))]
,

(2)

the minimum expected loss incurred by any k-th order sliding
window denoiser when the noiseless sequence is xn. Clearly
for all xn ∈ An,

D̂k(xn) = E

[
min

X̂n∈Sk

LX̂n

(
xn−k

k+1
, Zn

)]
≤ min

X̂n∈Sk

E
[
LX̂n

(
xn−k

k+1
, Zn

)]
= D̄k(xn). (3)

For any n-block denoiser X̂n we define two different regret
functions,

R̂k

(
X̂n

)
def
= max

xn∈An

E
[
LX̂n

(
xn−k

k+1
, Zn

)] − D̂k(xn),

and

R̄k

(
X̂n

)
def
= max

xn∈An

E
[
LX̂n

(
xn−k

k+1
, Zn

)] − D̄k(xn),

to be the additional loss incurred in the worst-case, over the
benchmarks defined in (1) and (2) respectively. From (3), for
all n-block denoisers X̂n

R̂k

(
X̂n

)
≥ R̄k

(
X̂n

)
.

The Discrete Universal Denoiser (DUDE) was proposed in [1]
and it was shown that as n grows, the regret of a sequence
{X̂n,k

univ }1 of such denoisers converges to zero. More precisely

R̂k

(
X̂n,k

univ

)
= O

(√
kM2k

n

)
. (4)

In this paper we investigate if this is the best possible rate of
convergence. To do so we derive lower bounds on R̂k(X̂n)
and R̄k(X̂n) for any n-block denoiser X̂n.

III. MAIN RESULT

The main result of the paper is that for most discrete
memoryless channels and loss functions, and all X̂n ∈ Dn,

R̂k

(
X̂n

)
≥ ck

√
n

where c > 1 is a constant that depends on the channel
transition probability matrix Π and the loss function Λ. This
applies to all non-trivial (Π,Λ) pairs. We also derive similar
results for R̄k(X̂n). To derive these results we first require
a preliminary result on denoisers that minimize expected loss
when the noiseless sequence xn is drawn according to a known
i.i.d. distribution. This is presented in subsection III-A

A. Optimal denoisers for i.i.d. sequences

Given a noiseless random sequence Xn drawn according to
a distribution P let

X̂n
opt

def
= arg min

X̂n∈Dn

E
[
LX̂n(Xn, Zn)

]
denote the Bayes-optimal denoiser, the n-block denoiser that
minimizes the expected loss and let Dopt denote the minimum
loss. Let PXt|zn denote the column vector whose α-th com-
ponent is Pr(Xt = α|Zn = zn). Then it is easy to see that

X̂n
opt(z

n)[t] = argmin
x̂∈A

λT
x̂ PXt|zn

and the minimum expected loss is

Dopt =
1

n

n∑
t=1

E

[
min
x̂∈A

λT
x̂ PXt|Zn

]
.

In the following Lemma we restate the well known fact that
if Xn is drawn i.i.d. then X̂n

opt is a 0-th order sliding window
denoiser, i.e.,

X̂n
opt(z

n)[i] = X̂n
opt(y

n)[j]

if zi = yj . In other words the denoiser defines a function
f : A → A.

1
X̂

n,k
univ refers to the DUDE with parameter k
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Lemma 1: If Xn is drawn i.i.d. according to P then

X̂n
opt(z

n)[t] = arg min
x̂∈A

λT
x̂ (P � πzt

)

PT πzt

,

and
Dopt =

∑
z∈A

min
x̂∈A

λT
x̂ (P � πz).

B. Lower Bound on R̂k(X̂n)

The pair (Π,Λ), comprising a M × M channel transition
probability matrix Π and a M ×M loss matrix Λ is neutral-
izable if there exist t, i, j ∈ A such that for some distribution
P ∈ M, P � (λi − λj) � πt �= 0, and

PT (λi � πt) = PT (λj � πt) = min
k∈A

PT (λk � πt). (5)

The distribution P is said to be loss-neutral with respect
to (πt, λi, λj). Consider a denoiser X̂n with the property
X̂n(zn)[i] = k if zi = t. If Xn is drawn i.i.d. according to
P, PT (λk � πt) is the average loss incurred by this denoiser
in reconstructing the symbols whose noisy version Zi = t.
If (5) is satisfied, then it implies that there are two Bayes
optimal denoisers. One returns i on observing t and the other
returns j. The condition P� (λi − λj)� πt �= 0 ensures that
the denoisers differ in a non-trivial fashion. Therefore a loss-
neutral distribution is an iid distribution on the clean sequence
that results in at least two distinct Bayes-optimal denoisers.

It is shown in [5] that if (Π,Λ) is not neutralizable then
the denoising problem is trivial, i.e., there exists a symbol-by-
symbol denoiser X̂ whose loss incurred is the least possible
for all noiseless sequences. Most commonly encountered non-
trivial channels and loss functions are neutralizable, e.g., the
Binary Symmetric Channel and the Hamming loss function.

Example 1: Let the alphabet be A = {0, 1}. Let

ΠBSC =

[
1 − δ δ

δ 1 − δ

]
be the transition probability matrix of a binary symmetric
channel with crossover probability 0 < δ < 1, and let

ΛHam =

[
0 1
1 0

]
represent the Hamming loss function. Indexing columns by
elements of {0, 1}, π1 = [δ 1 − δ]T , λ0 = [0 1]T and
λ1 = [1 0]T . Choosing P = [1 − δ δ]T we obtain

PT (λ0 � π1) = PT (λ1 � π1) = (1 − δ)δ.

Furthermore P � (λ0 − λ1) � π1 �= 0 Hence (ΠBSC, ΛHam) is
neutralizable and P = [1−δ δ]T is a loss-neutral distribution.
Note that if δ �= 1/2, the uniform distribution is not loss-
neutral. �

For xn, zn ∈ An, ck
−k ∈ A2k+1 let qzn,xn(ck

−k) denote the
M -dimensional column vector whose j-th component, j ∈ A,
is

qzn,xn

(
ck
−k

)
[j] =

1

n − 2k

n−k∑
i=k+1

1
(
zi+k

i−k = ck
−k, xi = j

)

the frequency of occurrence of the sequence ck
−k in zn along

with j in xn at the location corresponding to c0 in zn. Also
note that if Xn is drawn i.i.d. according to some P ∈ M
then Zn, the noisy output from the channel, is also an i.i.d.
sequence and

E
[
qZn,Xn

(
ck
−k

)]
= (P � πc0

)

k∏
i=−k,i�=0

PT πci
. (6)

We express the best k-th order mimimum loss Dk(xn, zn) for
the pair (xn, zn) in terms of the vectors qzn,xn(ck

−k), ck
−k ∈

A2k+1. Observe that for all xn, zn ∈ An

Dk(xn, zn) =
∑

ck

−k
∈A2k+1

min
x̂∈A

∑
j∈A

Λ(j, x̂)qzn,xn

(
ck
−k

)
[j]

=
∑

ck

−k
∈A2k+1

min
x̂∈A

λT
x̂ qzn,xn

(
ck
−k

)
. (7)

To prove the required result we characterize the asymptotic
behavior of qZn,Xn(ck

−k) when Xn is drawn according to
an i.i.d. distribution. Note that while Zn is i.i.d., for k ≥ 1,
qZn,Xn(ck

−k) cannot be written as a sum of i.i.d. random vari-
ables and therefore the standard Central Limit Theorem which
can be employed to characterize the asymptotic behavior when
k = 0 does not apply. To address this problem we require a
Central limit theorem for dependent random variables such as
the one proved by Hoeffding et al [6]. We state the theorem
below. A sequence Xn of random variables is m-dependent if
for all s > r + m, (X1, X2, . . . ,Xr) and (Xs, Xs+1, . . . ,Xn)
are independent.

Theorem 2: [6] For a stationary and m-dependent se-
quence Xn of random variables such that E[X1] = 0, and

E
[|X1|3

]
< ∞, as n tends to infinity n−1/2

∑n
i=1

Xi
L−→

N (0, V ) where
L−→ denotes convergence in distribution and

V = E
[
X2

1

]
+ 2

∑m+1

i=2
E[X1Xi]. �

Applying this theorem to qZn,Xn(ck
−k) results in the following

Lemma.
Lemma 3: If Xn is generated i.i.d. according to some

P ∈ M, then for any column vector α ∈ R
M , and any ck

−k ∈
A2k+1, such that αT (P � πc0

) = 0

lim
n→∞

EP

[√
n

∣∣αT qZn,Xn

(
ck
−k

)∣∣] =

√
2V

π

where V = (α � α)T (P � πc0
)
∏k

i=−k,i�=0
PT πci

.
Proof We will first show that when Xn is generated i.i.d.
according to some P ∈ M, for any column vector α ∈ R

M ,
and any ck

−k ∈ A2k+1 satisfying αT (P � πc0
) = 0, as n

tends to infinity, αT qZn,Xn(ck
−k) suitably normalized tends

in distribution to a Gaussian random variable, namely,
√

n
(
αT qZn,Xn

(
ck
−k

)) L−→ N (0, V ) (8)

where V = (α � α)T (P � πc0
)
∏k

i=−k,i�=0
PT πci

.
For a given vector α ∈ R

M , indexed by members of A, and
ck
−k ∈ A2k+1 we define the sequence Y n−k

k+1
to be

Yi
def
=

∑
�∈A

α(�)1
(
Xi = �, Zi+k

i−k = ck
−k

)

ISIT 2006, Seattle, USA, July 9 ­ 14, 2006

2365



where α(�) denotes the �-th component of α. Then

1

n − 2k

n−k∑
i=k+1

Yi = αT qZn,Xn

(
ck
−k

)
.

If the sequence Xn is drawn i.i.d. according to P, Y n−k
k+1

is
stationary and since each Yi is a function of 2k+1 consecutive
Xi’s, it is easy to verify that Y n−k

k+1
is a 2k-dependent sequence.

Furthermore,

EP[Yi] =
∑
�∈A

α(�)Pr
(
Xi = �, Zi+k

i−k = c
)

= αT (P� πc0
)

k∏
i=−k,i�=0

PT πci
= 0

where the last equality follows from the choice of α and c0.
Furthermore, the higher moments of Yi exist, hence Theorem 2
applies and therefore

√
n
(
αT qZn,Xn

(
ck
−k

)) L−→ N (
0, σ2

)
(9)

where σ2 = E
[
Y 2

k+1

]
+2

∑2k
i=1

E[Yk+1Yk+1+i]. Observe that

E
[
Y 2

k+1

]
=

∑
�∈A

α(�)2Pr
(
Xk+1 = �, Z2k+1

1 = ck
−k

)

= (α � α)
T
(P� πc0

)

k∏
i=−k,i�=0

PT πci
= V

and it can be shown [5] that for all i ≥ 1, E[Yk+1Yk+1+i] =
0. Substituting these in (9) establishes (8). A straightforward
extension of (8) yields

√
n
(∣∣αTqZn,Xn

(
ck
−k

)∣∣) L−→ |G|
where G ∼ N (0, V ). To complete the proof we use the
fact (cf. e.g., Theorem 25.12, [7]) that if a sequence of
random variables An is uniformly integrable and if An

L−→ A
then limn→∞ E[An] = E[A], where in our case An =√

n|αT qZn,Xn

(
ck
−k

)|. It can be verified [5] that An is indeed
uniformly integrable and therefore

lim
n→∞

EP

[√
n
(∣∣αT qZn,Xn

(
ck
−k

)∣∣)] = EP[|G|] =

√
2V

π
. �

Using Lemma 3 we derive a lower bound on R̂k(X̂n) for
all X̂n ∈ Dn in the following theorem. We lower bound the
worst-case excess loss incurred by a denoiser over D̂k(xn) by
the average excess loss incurred when Xn is drawn according
to an i.i.d. distribution. This proof technique is similar to the
one employed for the problem of binary prediction in [8].
However choosing a uniform distribution, like in [8], for Xn

does not yield the required results - the distribution chosen
has to be loss-neutral.

Theorem 4: For any neutralizable pair (Π, Λ), and any
sequence {X̂n ∈ Dn} of denoisers, as n tends to infinity

R̂k

(
X̂n

)
≥ c√

n

(∑
a∈A

√
(P∗)

T
πa

)2k

(1 + o(1))

where P∗ is any loss-neutral distribution and c is a positive
function of (Π, Λ) and P∗.
Proof Let t, i, j ∈ A and let P∗ ∈ M be loss-neutral with
respect to (πt, λi, λj), so that P∗ � (λi − λj) � πt �= 0 and

(P∗)T (λi � πt) = (P∗)T (λj � πt) = min
k∈A

(P∗)T (λk � πt).

(10)
By definition

R̂k

(
X̂n

)
= max

xn∈An

E
[
LX̂n(xn

1 , Zn)
] − D̂k(xn),

hence for any i.i.d. distribution P ∈ M on Xn and for all
X̂n ∈ Dn

R̂k

(
X̂n

)
≥ EP

[
E

[
LX̂n(Xn

1 , Zn)
] − D̂k(Xn)

]
. (11)

In particular this is true for P∗. Since Xn is generated i.i.d.
according to P∗ it follows from Lemma 1 that for all X̂n ∈ Dn

EP∗

[
E

[
LX̂n(Xn

1 , Zn)
]] ≥ Dopt =

∑
z∈A

min
x̂∈A

λT
x̂ (P∗ � πz).

(12)
We upper bound EP∗

[
D̂k(Xn)

]
, the second term in (11).

Applying (7), (6), the fact that the expectation of the minimum
of a collection of random variables is lesser than the minimum
of the expectations, and noting that

∑
c−1

−k
∈Ak,ck

1
∈Ak

k∏
i=−k,i�=0

(P∗)
T
πci

= 1,

we obtain

EP∗

[
D̂k(Xn)

]
=EP∗

⎡
⎣ ∑

ck

−k
∈A2k+1

min
x̂∈A

λT
x̂ qZn,Xn

(
ck
−k

)⎤⎦
≤

∑
ck

−k
∈St

EP∗

[
min
x̂∈A

λT
x̂ qZn,Xn

(
ck
−k

)]

+
∑
c0 �=t

min
x̂∈A

λT
x̂ (P∗ � πc0

) (13)

where we use the abbreviation St = {ck
−k ∈ A2k+1, c0 = t}.

Substituting (13) and (12) in (11), combining with (10) and
observing that the minimum over all x̂ ∈ A is less than the
minimum over the set {i, j} ⊆ A we obtain for all X̂n ∈ Dn

R̂k

(
X̂n

)
≥ λT

i (P∗ � πt)

−
∑

ck

−k
∈St

EP∗

[
min

{
λT

i qZn,Xn

(
ck
−k

)
, λT

j qZn,Xn

(
ck
−k

)}]
.

(14)

Observe that (10) implies that

λT
i (P∗ � πt) =

∑
ck

−k
∈St

EP∗

[
λT

i qZn,Xn

(
ck
−k

)]

=
∑

ck

−k
∈St

EP∗

[
λT

j qZn,Xn

(
ck
−k

)]
.
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Writing 2 min {x, y} = (x+ y−|x− y|), and combining with
the above equation we obtain∑
ck

−k
∈St

2EP∗

[
min

{
λT

i qZn,Xn

(
ck
−k

)
, λT

j qZn,Xn

(
ck
−k

)}]

= 2λT
i (P∗ � πt) −

∑
ck

−k
∈St

EP∗

[∣∣∣(λi − λj)
T
qZn,Xn

(
ck
−k

)∣∣∣].
Substituting this in (14)

R̂k

(
X̂n

)
≥ 1

2

∑
ck

−k
∈St

EP∗

[∣∣∣(λi − λj)
T
qZn,Xn

(
ck
−k

)∣∣∣].
From (10) (λi − λj)

T (P∗ � πt) = 0 and therefore applying
Lemma 3 for each ck

−k ∈ A2k+1 with c0 = t, and choosing
P = P∗ and α = λi − λj we obtain

lim
n→∞

∑
ck

−k
∈St

√
nEP∗

[∣∣∣(λi − λj)
T
qZn,Xn

(
ck
−k

)∣∣∣]

= Vt

∑
ck

−k
∈St

k∏
i=−k,
i�=0

(
(P∗)T πci

) 1
2 = Vt

(∑
a∈A

((P∗)T πa)
1
2

)2k

where Vt =
(
2π−1((λi − λj) � (λi − λj))

T (P∗ � πt)
) 1

2 > 0
as P∗ � (λi − λj) � πt �= 0. �

A vector of dimension greater than 1 is degenerate if at most
one of its components is non-zero. Note that∑

a∈A

√
(P∗)

T
πa ≥

∑
a∈A

(P∗)
T
πa = 1

with equality iff (P∗)TΠ is degenerate. Thus, if (P∗)T Π is
non-degenerate, the lower bound grows exponentially in k.
This is the case for many (Π, Λ), e.g., BSC and Hamming
loss.

IV. THE COMPOUND DECISION BENCHMARK

In the compound decision problem, first proposed by Rob-
bins [2], a sequence of n hypothesis tests each involving
M possible hypotheses are to be solved simultaneously. As
pointed out in [1], this is precisely the problem of denoising
a length-n sequence over an alphabet of size M that has been
passed through a memoryless channel Π. The M distributions
in the hypothesis testing problem correspond to the M rows
of Π. Robbins measures the performance of any scheme
against a “symbol-by-symbol” decision rule that is aware of
the true hypotheses. In the denoiser setting this corresponds
to the best 0-th order denoiser for a given individual noiseless
sequence. The loss of such a denoiser for a given sequence
xn is precisely D̄0(x

n). Therefore the corresponding regret of
any other denoiser X̂n is R̄0(X̂

n).
Hannan and Van Ryzin [3] derived a scheme for the

compound decision problem whose regret decreases like
O(1/

√
n). Furthermore, for certain types of hypothesis tests

which, in the denoising setting, correspond to channels with
continuous output, they showed that the regret decreases even
faster - O(1/n). The need for a more stringent benchmark for

these schemes was recognized by Johns [4] who considered
sliding window denoisers and the corresponding benchmark
D̄k(xn). In the denoising setting the regret R̂k(X̂n,k

univ ) of the
DUDE [1] was upper bounded as given in (4). From (3) this
bound applies to R̄k(X̂n,k

univ ) as well.
We derive lower bounds for R̄k(X̂n) that scale like ck/

√
n,

for all denoisers and all neutralizable (Λ,Π) pairs where this
constant c is smaller than the corresponding one in Theorem 4.
This shows that the upper bounds derived in [3] for 0-th order
regret and, for fixed k, those implied by [1] for the k-th order
regret are tight up to a constant factor. This also shows that
the rate of convergence result in [3] for continuous output
channels does not extend to discrete channels.

Theorem 5: For any neutralizable pair (Π, Λ), and any
sequence {X̂n ∈ Dn} of denoisers, as n tends to infinity

R̄k

(
X̂n

)
≥ c√

n

(∑
a∈A

√
(P∗)

T
(πa � πa)

)k

(1 + o(1))

where P∗ is any loss-neutral distribution and c is a positive
function of (Π, Λ) and P∗.

V. DISCUSSION

We derived lower bounds for R̂k(X̂n) and R̄k(X̂n). These
results imply that for all X̂n ∈ Dn there exists at least one
individual noiseless sequence xn for which the excess loss
when compared to the best k-th order sliding window denoiser
can be lower bounded by Ω(ck/

√
n). But from the proofs it is

clear that this result applies not just to the worst-case sequence
but also to the expected losses when the noiseless sequence
Xn is drawn according to a loss-neutral distribution. Also, the
results here are stated for fixed k and growing n. These can
be extended to apply to k = o(log n) [5].

The results in this paper complement those derived in the
semi-stochastic setting in [1]. Similar lower bounds can be
derived for stochastic settings as well [5].
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