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DISCRETE DENOISING FOR CHANNELS WITH MEMORY

RUI ZHANG Y AND TSACHY WEISSMAN Y

fO;:::;M 1g. For concreteness we focus on the additive noise channel Z; = X; + N;, where ad-
dition is modulo- M, and fN;g is the noise process. The cumulative loss is measured by a giv en loss
function. The distribution of the noise is assumed known, an d may have memory restricted only to
stationarity and a mild mixing condition. We develop a seque nce of denoisers (indexed by the block
length n) which we show to be asymptotically universal in both a semi- stochastic setting (where the
noiseless signal is an individual sequence) and in a fully st ochastic setting (where the noiseless signal
is emitted from a stationary source). It is detailed how the p  roblem formulation, denoising schemes,
and performance guarantees carry over to non-additive chan nels, as well as to higher-dimensional
data arrays. The proposed schemes are shown to be computatio nally implementable. We also discuss
a variation on these schemes that is likely to do well on data o f moderate size. We conclude with
a report of experimental results for the binary burst noise ¢ hannel, where the noise is a nite-state
hidden Markov process (FS-HMP), and a nite-state hidden Ma  rkov random eld (FS-HMRF), in
the respective cases of one- and two-dimensional data. Thes e support the theoretical predictions and
show that, in practice, there is much to be gained by taking th e channel memory into account.

1. Introduction.  The problem of denoising an unknown discrete-time discrete
valued signal corrupted by a known discrete memoryless charel (DMC) was recently
studied in [26], which presented a practical denoising algithm (DUDE), and estab-
lished its asymptotic universal optimality. Subsequent wak considered, among other
things, the sequential version of the problem [22], the casef non-discrete noisy signal
components [4], the case of channel uncertainty [7, 8], andpgplications of the DUDE
in communications [19]. We refer to these papers, and to theaferences therein, for the
increasing variety of applications where the discrete deniging problem is encountered.

In this work we revisit the setting of [26] for the case where he noise, rather
than being memoryless, is a more generally distributed proess. For concreteness, we
focus on the case of additive noise, though indicate how ourndings carry over to the
more general case. We rst consider a one-dimensional indeget in Section 2, where
we begin with a concrete description of our setting and assumptions in Subsection
2-A. We then derive a denoiser, arguing intuitively why it should be e ective for our
setting, in Subsection 2-B. In Subsection 2-C we present a milt establishing the
asymptotic universal optimality of the scheme suggested inSection 2-B. In Subsec-
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tion 2-D we point out that our schemes and their performance giarantees extend to
accommodate quite general (non-additive) channels. Seah 3 presents the extension
of the algorithm and its performance guarantees to higher dinensional data arrays.
We then discuss computational aspects of the denoiser in Ston 4. For simplifying
the computation of the denoising rule we establish a result bindependent interest
regarding the form of the diagonalizing transform of a \lexicographically circulant"
matrix. In Section 4 we also present a modi ed version of the @noiser, which is
more e cient than the original one both computationally and , in various scenarios,
statistically. In Section 5 we present and discuss experim#al results for both one-
and two-dimensional data arrays. These experiments show dtrete signals and im-
ages corrupted by, respectively, a nite-state hidden Markov process (the burst noise
channel), and a nite-state hidden Markov random eld (FS-H MRF). We conclude in
Section 6 with a summary of our ndings and some remarks.

2. One-Dimensional Data.

2-A. Problem Setting. We consider the problem of estimating a discrete signal
N =(Xz;:::;Xp) based on its noise-corrupted observation signal™ = (Z1;:::;Zn).
For concreteness, we start by assuming that the noise-freenoisy, and reconstruc-
tion signals all have components taking values in the same ite M -ary alphabet
A=10;:::;M 1g, and that the noise is additive

1) Zi = X; Nj;

denoting modulo-M addition and fN;g being the noise process, withA-valued
components as well. Our universality setting is w.r.t. the noiseless source, which is
entirely unknown. As in [26], we assume knowledge of the charel characteristics (i.e.,
of the distribution of the noise process).
A n-block denoiserX" is, formally, a mapping taking A" into itself. We assume
a given single-letter loss function and denote, for x";z" 2 A"

() Ly (x";2") = %X] xi; Xi(z") ;
i=1
with X;(z") denoting the i-th component of the n-tuple X" (z"). In words, Lygn (X",
z") is the normalized cumulative loss of the denoiseX " when observingz" while the
underlying signal is x".
The -mixing coe cients of an arbitrary process f U;g with nite-valued compo-
nents are de ned by:

3)
(= sup max P(Ug = uliUp = up)  P(UL = u)P(U] = uf) ;
fk I m n:m | thL?Unm
where Ul = (Ug;:::;Uy), Ul = (Uk;:::;u), etc. We drop the superscript from (%)

when the procesdJ is clear from the context. The -mixing coe cients are a measure
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of the e ective memory in the process. A process is said to be-mixing if (! 0as
t!1 . Of the standard types of mixing ( , , , and ), -mixing is the weakest
(most benign) requirement in that it is implied by any of the other types of mixing
[31.

Foreveryk, let X, denote theM 2*1 M 2*1 matrix with ( x¥, ; z,)-th element
(4) (X249 = PNkk(Zkk X1

where in zK, xX, denotes componentwise moduldv subtraction and we assume,
for concreteness, lexicographic ordering between the elamts of A%*1 In other
words, X is the 2k+1-th order channel matrix whose (x¥ , ; Z*, )-th element denotes
the probability of z¥ « atthe channel output when the underlying noiseless R+1-tuple
is x¥ . Our assumption on the noise distribution is: P

Assumption 1. fN;gis stationary and -mixing with tl=1 EN) <1l,and X,
is non-singular for every k.

The condition on the summability of the -mixing coe cients is rather benign,
and is satis ed by the noise models arising in practice. In fat, the -mixing co-
e cients of a Markov process of any order with no restricted sequences, as well as
any hidden Markov process with no restricted state sequencs decay exponentially
rapidly [3]. Also, the -mixing coe cients of nite-length sliding-window functi ons
of i.i.d. variables, clearly satisfy { =0 forall t tp (to depending on the horizon of
the sliding-window function). The non-singularity stipul ation is also rather benign,
holding for the case of memoryless noise whenever® ; (the \single-letter" channel
matrix) is invertible [26], as well as for all points in parameter spaces associated with
the representations of Markov and hidden Markov processesyith the exception of
a negligible subset of the parameter space [6]. To see why #histipulation is needed
in our universal denoising context consider the following: For a 2k + 1 tuple X "k
let Py €, denote the M 2<*1 _dimensional column vector specifying the distribution of
XK, i.e., the x¥ -th component of Py €, (according to the lexicographic ordering) is
P(Xk, = xk,). Itis then readily veri ed that the distribution of the 2 k + 1 tuple
Zk, at the channel output when the input is X ¥, satis es

(5) PZTkk: P;(rkk kk;

implying equivalently, by the non-singularity of ¥, stated in Assumption 1, that
also

1
(6) pszk K :PXTkk

Evidently, when K, is invertible, there is a unique correspondence between the
distribution of a noisy 2k + 1-tuple at the channel output and the distribution of
the noiseless R + 1-tuple at its input. When ¥, is not invertible, there may be
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a multitude of possible input distributions consistent wit h a given distribution of a
noisy 2k + 1-tuple. Therefore, in this case, the input distribution ¢ annot be inferred
even with complete knowledge of the channel output distribdion. It should thus be
clear that the stipulation on the invertibility of ¥, for eachk, in Assumption 1 is
necessary in our setting of universality where, at best, onean hope for a good estimate
of the said output statistics. Finally, it should be pointed out that processes arising
in the modelling of noisy channels typically satisfy this invertibility requirement. One
simple example, in the binary setting, is the case of a BSC, wére only the case
where the crossover probability is 2 does not satisfy this requirement. Additional
examples will be given in Subsection 2-C. It can in fact be shan that, when the
noise is a hidden Markov process, under benign conditions othe parametrization,
all parameter values, except those in a set of zero Lebesgueeasure, give rise to a
process satisfying Assumption 1-

2-B. Derivation of the Denoiser. For an arbitrarily distributed 2 k + 1-tuple
X ¥, at the channel input, the following relationship is readily veri ed to hold using
Bayes' rule and (6):

X
P(Xo=az¥, =2/ Py, (XOPN (2% X<
XK Xo=a
X h N
(7) = Pszk “ (ka)PNkk(zkk x3);

XX, Xo=a

where the/ notation indicates equality up to normalization of the vector whosea-th
component is given and P, K\ (xK ) denotes thexX , -th component of the
k

M 2k*1 _dimensional (row) vector PJ, ) K ' A property of the form on the right

side of (7) of key importance in our setting, which is emphasied in the second line

of the above display, is that explicitly it only involves the distribution of the noisy

2k + 1-tuple Py« ) (and the channel), and not the noiseless source distributin. From

(7) it follows that the optimal estimate of X, based onz¥, under the loss function
(in the sense of minimzing expected loss) is given by

(8) Xo(z“\)=argmin E ( Xo;R)jz% = 2
2 3

X 4 X h T k 1! k k k \5

(9) =argm;n (&%) szk K (x k)PNkk(Z K XT)R

a XK Xo=a

1E.g., when the HMP is modelled such that the size of the observ ation space is greater or equal
to the size of the state space, then invertibility of the chan nel matrices required for Assumption 1
results from invertibility of the state-to-observation ch  annel, and invertibility of the underlying state
process, separately. The channel associated with almost al | (in Lebesgue sense) parameterizations is
invertible. The underlying state process can also be shown t o be invertible in the required sense for
almost all values of the transition probabilities.
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This further implies that when X" is emitted by a statiopary source, the bestk-th

order sliding-window denoiser in the sense of minimizinde i”: kk+l Xi;f (Zi”'k‘)

is given by f (z¢,) = )@0(2",() (the right side explicitly given in (9)). This denoiser

depends on the distribution P« ) which is a priori unknown in our universal setting

where the noiseless (and hence also noisy) source distribah is assumed unknown.
This derivation, however, motivates the following sourcedistribution-independent n-

block denoiser:

X
(10) Xi(z") = arg min ( a;®)

2 a . 3
X h k 1! k i+k k
4 If}zkk(Zn)T k (x k)PNkk(Zin X2
XX, Xo=a
fork+1 i n k2 with If}zkk (z") denoting the empirical distribution of a noisy
2k + 1-tuple, i.e.,
1 XK
K 1= .
(11) |f}zkk(zn)[u Kl = N 2k . 1fzi‘+';=ukkg'
i=k+

In other words, the unknown distribution of a noisy 2k + 1-tuple is replaced by its
empirical estimate (which is based on the observation of thenoisy n-tuple). For
obvious reasons, we refer t&k as the context parameter. A natural implementation
of this denoiser will be detailed in Section 4. We mention tha the scheme of (10)
coincides with the DUDE of [26] when the noise is an i.i.d. praess. This can be shown
via a computation similar to that in Section 6 of [4], which showed that the scheme
of [4] coincides with the DUDE of [26] when the channel input ad output alphabets
are equal.

2-C. Universal Asymptotic Optimality. To state our main theoretical result
we let, as in [26],Dk(x";z") denote the loss of the bestk-th order sliding window
denoiser when the clean signal ix" while the observation isz", i.e.,

" #

1 X k )
n.,ny— H . i+k
(12) Dy(x";2") = f:Arzrl'ﬂ N Xi;f(z" ¢

i=k+1

Starting from the statement of the theorem that follows, and on, the \semi-
stochastic" setting refers to the case where the noiselessgsal is an individual se-
guence while the \stochastic" setting refers to a probabilstic noiseless signal, inde-
pendent of the noise processk k, when the argument is either a matrix or a vector,
will denote the I; norm, i.e., the maximum of the magnitude of all components.

2Similarly as in [26, 4, 7], the reconstruction components lo cated outside the range k +1 i
n k can be arbitrarily de ned and are inconsequential in our ana lysis which assumes k  n.
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Theorem 1. Let Assumption 1 hold and X ™ denote then-block denoiser in
(10). Let further X1, = X™k» wherefk,gsatises k, !'1 and

1 12k k ! 2
(13) ﬁk“M n %, +1 ! 0 asn!l

1. Semi-Stochastic Setting: For any sequencéx,gn, 1, X" 2A",
(14) Len (X";Z") Dyg,(x™;Z") ! 0 in probability.
2. Stochastic Setting: For any stationary processX = ( X1;X2;::2);
H n. ny — H n. ny.
(15) n|!I1m EL*SmV X" z") = |nnf1r)n€|nn ELypn (X" Z2"7);

where the minimization on the right side is over alln-block denoisers.

The proof in fact shows that the convergence in (14) is unifom in the sense that,
for every " > 0,
(16) max P Lg. (x";Z") Dy, (x";Z2") >" I O

XN2A N univ

Before turning to the proof of Theorem 1, let us consider a fewexamples to put the
requirement (13) in perspective:

Example 1 ( Memoryless noisg For a memoryless channel, i.e. whenf N;g
is an iid. process, X, = ( 9, @D (where (2k +1) denotes the2k + 1-th

order tensor power and ©, is the matrix associated with one input-output pair).
2k+1
Thus in this case K to= % ! and it is readily veri ed that (13) is

satis ed by k, = clogn for a su ciently small c (dependent on ° ). For this case,
[26, Theorem 1] indeed shows that fotkk, = Clogn, for C larger than the possible
¢ implied by Theorem 1, (14) still holds (and, in fact, the conergence holds with
probability one).
Example 2 ( Binary noise modulated by an arbitrarily distributed state process.

Let f S;g be an arbitrarily distributed state process withS-valued components and Nig
be a binary process whose components are independent whemdaitioned on f S;g,
where N;jS; = s  Bernoulli( s) for every s 2 S (the processes of Section 5 are of
this form, with fS;g being a binary Markov process). Let =supg,s s and assume

< 1=2. For every s€, 2 S%*1 |et _ denote the matrix given by ¢ (xk . zZ8) =
P Z¥, = Z4jx¥ ;8" = s, . Itis then readily checked that « = N K s
where ¢ is the \single-letter" channel matrix associated with the $ate s and
denotes the tensor product. Since the eigenvalues of; are 1and 1 2 ¢ it follows
that the minimum eigenvalue of  is lower bounded by(1 2 )2+ for all s*,.
Furthermore, [16, Theorem 1] implies that ) has the same diagonalizing transform
(i.e., same set of eigenvectors, nanlj_?ely the columns of thgk + 1-th order Hadamard
matrix) for all s€,. Since *, = Skde(sk ) this implies that, for every 1
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) R ) )
i 2%k () = i'k) dP(s*,), where ) and é'k) denote, respectively, thei-th
k k

eigenvalue of *, and sk This nally implies that the minimum eigenvalue of

k. is lower bounded by(1 2 )#*! and, hence, that ¥, b= 2%,

Thus, for this case too, (13) is satis ed by k, = clogn for appropriate ¢ (dependent
on ).

Example 3 ( Contagion channels [1]. Contagion channels are binary additive
noise channels often arising in communications, where the @ise process is anM -th
order Markov process with transition probabilities charaderized by

_ "+ w(n! 4,
(17) PINC=1N{ =i )= —
where w denotes Hamming weight,” = P(N; = 1). The distribution of this process

is completely characterized by the triplet(M;"; ). Note that this family includes all
rst-order binary Markov processes. Theorem 3 of [16] implies that for this noise

process, assuming’ < 1=2, the minimum eigenvalue of *, is positive and lower
. 2k+1 , (2k+1) . .
bounded by £-2- . Hence ¥, ! B and (13) is satis ed,
for appropriate c= ¢(M;"; ) > 0, by k, = clogn.
Note that in the above examples it was seen thatk, = clogn, for appropriate c,

satis es (13). This is the largest growth rate allowable if (13) is to be achieved, since

clearly a necessary condition for (13) to hold is that%kn M 12k 10, which already
requires that k, grow not faster than clogn.
De ning now
n..yn N — 1 ; ; . — A-itk — K i
(18) ok (z";xM)[a;u k]—mjfk+l i n k:ixi=az = U0

wherej j here denotes cardinality, and

X 1
(19)  &(Z"au,]= [Pre 217 My TI0X0Pye (U XKy
XK Xo=a
it follows from the de nition of X ™ (recall (10)) and a direct application of [26,
Lemma 1] that for all x";z" 2 A"

(20)  jLgm (X";2") Dk(X™;Z")]  max ME*Pkae(z™;x™)  &(zM)k;

where max = maxxz ( X;R). It is hence clear that for proving the rst item of
Theorem 1 it su ces to establish the smallness ofkg (Z";x") & (Z™)k, with high
probability. This is done in the following theorem, whose proof is given in Appendix
A.

Theorem 2. For all n;k;x" 2A" and"> 0
(21)
@k+1+2 L M) kb4

"2(n 2k)

P(KA(Z") &(@ZMixDk ") Mo
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Proof of Theorem 1 assuming Theorem 2.The combination of (20) and Theorem
2 implies

P Lygm (X";Z2") Dy(x";2") >"

P
@k+1+2 L My ko tien

(22) M 8k+2 5
—wr (N 2K)
P 2
23 = M12k+6(4k+1+2 tl=1 EN)) k %y Tkl
(23) Cooma "2(n  2k)

Condition (13) guarantees that taking k = k, on the right side of (23) gives an

expression converging to 0, implying (16) (sinc@@{}mv = X™k). This proves the rst

item. Proof of the second item is similar, given the rst item, to that of [26, Theorem
3]. Speci cally, note that for every xed k and all su ciently large n

(24) Dk(x";z") Dy, (x";z") 8x";z" 2A":

It thus follows from the rst item that for any "> 0 and all su ciently large n

(25) P LX\unniv (X™;Z")y  Dp(X™zM+ " "

and therefore

(26) ELyn  (X™Z")  EDk(X"™Z")+ "+" max = EDk(X"ZM)+ "(1+ max):

Now, it follows from the joint stationarity of ( X;Z), exactly as in the proof of [26,
Theorem 3] (cf. display (72) therein), that

(27) ED(X"Z") E minE ( Xo:R)iZ*,

Furthermore, Claim 2 and Lemma 4 of [26], along with their proofs, hold verbatim
for our present setting, implying in particular

i ; )iz k — ; n.-—-ny.
(28) kI!|1m E ’@AnE ( Xo;R)jZ* = Lnflr)r(Annn ELypn (X" Z"):
Displays (26), (27) and (28), combined with the arbitrariness of", imply

(29) limsupEL ¢
n!l

(X";z") inf minEL ¢, (X";Z");
univ n 1 ){\l‘l
which completes the proof since, trivially,

H H n. n H H n. ny.
(30) Ilmlnf EL*u”mv (X" z" r!nflnglnn ELypn (X" Z2"):
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2-D. General Stationary Channels. Suppose now that, instead of the addi-
tive noise channel, we have a general channel characterizéy f P ( jx} )91 Where,
for every x} , P(jx} ) stands for the law of the channel output process when the
input is x4 . In this case, our assumptions on the channel, which are anagous to
those of Assumption 1, are:

1. Stationarity: If z% P(jx} ) and U} P(jT x4 ) then U}
T ZY (whereT denotes the shift transformation).

2. Forall m;n, P(z",jx% )= P(2"nj*¥y ) wheneverx" . = x" . We thus
write P(z",,jx" ) instead of P(z",jx} ), as the latter depends onx%}
only through x" ,.

3. Given the previous assumption, we can de ne

lla

(31) K (XK 2% = P25 ix )

and we assume that ¥ « is non-singular for everyk.
4. tl=1 t < 1, where the -mixing coe cients are now de ned as:
(32)
L= sup _max  P(z;zhixy ) P(@ixh P(zhixh )
fk I m nim | tgXy ZgiZm
As an example for a rich family of channels satisfying the abee assumptions,
consider the case where the channel input-output relationBip can be expressed as

(33) Zi = f(>(i;|\lii+|| ,

for a nite |, and anf whose range isA. The channel matrix would now be de ned
by

(34) KX Z8) = Pz = F (xR GNRE)

where with slight abuse of notationf (x* ,; N*}' ) denotes the X +1-tuple whose i-th

component isf (X;; Ni”,'), and the probability in the right side of (34) assumes the

semi-stochastic setting wherex® , is an individual sequence. Note that (34) reduces

to (4) in the additive case. It is readily veri ed that the cha nnel in (33) satis es the

above four assumptions whenever the noise processl; g satis es Assumption 1 (with
k. de ned via (34) instead of via (4)).

The denoising rule for this more general channel assumes thferm

X

(35) Xi(z")=arg min ( a;®)

2 a _ 3

X h ! _
4 If}zkk(Zn)T “y ) iz 05
xk, xo=a
which is similar to that in (10), with PNkk (zi”l'j xK «) replaced by the more general
AICAE ]



266 RUI ZHANG AND TSACHY WEISSMAN

Theorem 1 holdsverbatim in this more general setting (replacing Assumption 1
by the above four assumptions and withX ™ denoting the denoiser in (35)). The
proof is also readily veri ed to carry over essentially verbatim, replacing throughout

F)Nkk(ukk ykk) by kk(ykk;uk K-

3. Multi-Dimensional Data Arrays. We now detail how the problem for-
mulation, schemes, and results of the previous section extel to data arranged in a
multi-dimensional array. To avoid cumbersome notation we a&sume the data set is of
dimensiond = 2, i.e., an image with the implication that the extension to any higher
number of dimensions is straightforward.

3-A. Problem Setting and Notation. A= f0;:::;M  1g will continue to
denote the nite alphabet where the components of the cleanthe noise-corrupted,
and the reconstructed image take their values. Following tle notation of [20], for
any S Z2 we denotex(S) = fxigizs, z(S) = fzgiss, etc. Thus, x(S) is a jSj-
dimensional vector with A-valued components indexed by the elements 0%, and we
denote by AS the set of all such vectors. Form;n 2 N let V,, , denote them n
rectanglef (ix;iy) 2 N> :ix ~ m;iy  ng. To simplify notation, we shall write Xm n
for X(Vm n), Zm n for z(Vm n), and A™ " for AVm n_ Also, forS Z? andi 2 Z?
weletS+i=fj+i:j]28Sg.

A neighborhoodis a nite subset of Z2 containing the origin (0;0) (the center
of the neighborhood). Analogously as in previous sectionsPy (sy will denote the
M iSi-dimensional column vector specifying the distribution of X (S), i.e., the x(S)-th
component of Py (sy according to, say, the lexicographic ordet, is P(X (S) = x(9)).
Analogously as in (11), we let Iﬁz(s)(zm n) denote the empirical distribution of a
noisy S-con guration induced by z, o, i.e.,

Jfi2Vm n:S+i Vi n;2(S+1)= u(S)gj,
fi2Vm n:S+i Vi ngi '

(36)  Pz(s)(@m n)U(S)] =

We assume that the noiseless image (for which no statisticainodel is available)
is corrupted by additive noise. In other words, the channel nodel (1) remains intact,
this time i being a two-dimensional index andf N;g being the random noise eld.
With any nite S  Z? we associate a channel matrix s, which is aMISi  MISi
matrix such that the entry indexed by the pair ( x(S);z(S)) is

(37) s[x(S8);z(S)1 = P(N(S) = z(S) x(S)):
The de nition of the -mixing coe cients is extended to our current multi-

3The lexicographic order on the elements of Z2 induces a natural order on the elements of any
S Z? which, in turn, induces a natural order on AS. The latter is what we refer to as the
“lexicographic order' in this context.
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dimensional setting as
@) M= sup max_jP(N(S) = u(S);N(S9 = u(s9)
fS ;S0 d(S;S% tgu(S);u(s9)
P(N(S) = u(S)) P(N(S%)= u(s%);j;

with S; S%in the supremum being subsets o2, and d denoting the distance between
S and S°de ned by d(S;S% = min jssjoasoki  i%. Assumption 1, when extended
to the present two-dimensional setting, assumes the folloimg form

Assumption 2. fN;g is spatially stationary and -mixing with tl=1 EN) <1,
and s is non-singular for every neighborhoodS.

Similarly as was argued for the one-dimensional case, the sumability condition
is rather benign. In fact, most nite-alphabet noise eld mo dels arising in practice
have exponentially decaying -mixing coe cients, including Markov Random Fields
(MRFs) with a nite neighborhood structure and positive tra nsition probabilities and
Gibbs elds with a summable potential [9, 15].

A m n image denoiseris a mapping)@m nCA™ MIA ™ D For Xm niZm n2
A™ "weletLyn »(Xm n;Zm n)denote the normalized denoising loss, as measured
by the single-letter loss function , of the image denoiser X™ " when the observed
noisy image iszy, n and the underlying one isxm, n, i.€.,

1 X
(39) Lem n(Xm niZm n)= — ( Xi;)em "“(zm W)iD);

mn .
i2Vm n

with XM "(z, ,)i] denoting the component of X™ "(z,, ) at the i-th location.

3-B. Description of the Denoiser. For a neighborhoodS  Z? de ne the
m n image denoiser)eg1 ", for locationsi such that S+ i Vi n, by

X
XD ™z »)[i] = argmin ( a;R)
2 2 3
X h [
(40) 4 IﬁZ(S)(Zm D L () Pn(s)[2(S)  x(S)]°;

X(S):xpo=a

where []4(s) denotes the component of theA S-dimensional argument indexed byx(S).
The denoiser output for locationsi whereS + i 6 V, , does not a ect the validity
of the theoretical results below and, for concreteness, cahe assumed set to some
arbitrary symbol in A.

To de ne our denoiser let B, denote thel; ball* of radius r in Z2 centered at
(0;0),i.e.,B, = fi 2 Z%2 :kiky rg. Our m n image denoiser can now be de ned as

m n _ m n .
(41) univ. )eBr(m;n )!
4The particular choice of the |1 norm in this context is not crucial. It corresponds to taking
square contexts, whereas, e.g., 1 would have corresponded to diamond-shaped contexts, | to ball-
shaped contexts, etc.
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i.e., the denoiser de ned in (40) when taking for the neighboshood S = B,, where
the radius of the ball r = r(m;n) depends on the image dimensions in a way to be
speci ed below. The radiusr(m;n) can be thought of as the two-dimensional analog
of the context length k.

3-C. Asymptotic Optimality. A sliding window denoiserof radius r is one
that determines the denoised value at a locationi as a function of z(B, + i). Let

D (Xm n;Zm n) denote the r-th order denoisability of (Xm n;Zm n), de ned by
2 3

. 1 X .
(42)  Di(Xm n;Zm n)= min 44— ( xi;f (z(Br + 1))
f:ABriIA mn By +i2Vm 1

This can be interpreted as the denoising performance of a \g@e-aided" scheme,
allowed to select the best sliding-window denoiser of radisi  r, based on knowledge
of both the noisy and the underlying noiseless imageNote that most image denoisers
applied in practice, such as median Iters, morphological gerators , and context-
dependent spatial operators (cf., e.g., [11, 25]) are slidg-window denoisers, so the
r-th order denoisability is a lower bound on the performance 6all such schemes (for
large enough). Theorem 3 below is the two-dimensional versn of Theorem 1: its rst
part guarantees that the image denoiser)@[}:w” does essentially as well as this genie-
aided scheme, regardless of the underlying noiseless imades second part guarantees
that optimum performance is universally achieved also in the fully stochastic setting
where the underlying image is a realization of a spatially sationary random eld.

This result can also be viewed as the extension of those in [2&ection 4] to the
case of channels with memory. Its proof, which is based on sightforward extensions
to the multi-dimensional case of the ideas in the proof of Therem 1, is omitted.

Theorem 3. Let Assumption 2 hold andg : N! N be any function satisfying
limy; g(l)= 1 yet slowly enough so that

(43) Iizg(l)ZM g 5 o *1 0 as !l

Let X™. " be the denoiser de ned in (41) takingr(m;n) = g(minfm;ng).
1. Semi-Stochastic Setting: For any collection of image$Xm nOmn, Xm n 2

Am n'

(44) L%anvn(xm niZm n)  Drmn)Xm niZm n) ! O in probability

asm;n!l
2. Stochastic Setting: For any spatially stationary proces X = fXig,
(45) h i
m;rLir!Tf E L)@Eﬂiv"(xm nZm n) = mi;ﬂf 1)6”m]inn E Lgnm n(Xm niZm n)

where the minimization on the right side is over allm n-image denoisers.
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4. Complexity and Implementation. For concreteness below, our discussion
refers to the schemeX ™* of Section 2. It applies also to the scheme?g"r " of Section
3 under the associationn! mn andk! r2.

4-A. Algorithm Description. The proposed denoising scheme is described in
the following steps. A rough count of the computation time-complexity in each step
is given in terms of the number of arithmetic operations requred.

Pre-processing. Before the data is read, the inverse of the channel transitia
matrix, ( ¥,) 1, is computed for being used in Computation of Decoding
Rule (to follow). The matrix dimension of K, is M2l M2kl g0 g
standard computation of its inverse requires O(M %) operations (cf., e.g.,
[13]). For additive noise channels, we show in the next substion that this
complexity can be signi cantly reduced to O(kM 2) operations.
Computation of Counts. The noise-corrupted data is scanned and the
2k + 1-tuple empirical distribution of the noisy data, Iﬁzk ) (z™), is computed
through counting the number of appearances of the di erent X + 1-tuples in
one pass, as they appear in the noisy data. This require®(kn) operations.
Computation of Decoding Rule. The decoding rule of the denoiser in
(10) (or more generally in (35)) is determined. With Iﬁzkk (z"), the 2k + 1-
tuple distribution of the noise-free source,P;kk, is estimated aslf*zkk [z"]"

( %) 1, which requires M #*2 number of operations (for the special case
of additive noise, this complexity can be further reduced bythe e cient
algorithm presented in the next subsection). Next, the decaling rule for
estimating the source symbol given its associatedli2+ 1-tuple is determined.
Because each R+ 1-tuple requires at most 2M 2*1 gperations for computing
its associated decoding rule in (10), the total number of opeations required
for all possible X + 1-tuples observed is at most M #k*2 | Adding 2M 4k*2
operations in the estimation of Py « o the total number of operations required
in this step is 4M **2 j.e., O(M %%).

Denoising. The noise-corrupted data is scanned in a second time. At each
location, the source symbol is decoded according to its assiated 2k + 1-tuple
in the observed data and the decoding rule developed. This mires a number
of operations, similarly as in the Computation of Counts stage, O(kn).

To sum up, the total computational time-complexity is O(kn + M %), excluding
the computation in the Pre-processing stage (which need nobe done in \real-time",
and is performed once, after which time the same algorithm ca be reapplied on
di erent data sets). By taking k, to be say %Iogn, we get total time-complexity

5Note that for the theoretical performance guarantees only a n upper bound on the growth rate of
kn is required, and any lesser growth rate will do, so longas kn !1 . Thus, even when k, = Clogn

is allowed for C > 1=4 from the viewpoint of Theorem 1, taking kn = % log n will still comply with
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O(nlogn).

4-B. E cient Computation of Py «, for Additive Noise. In this subsec-
tion, we present an e cient algorithm for computing the esti mated empirical distri-
bution of the 2k + 1-tuple noiseless source signallﬂ){kk = Iﬂszk ( %) 1 for the
case of additive noise. As already noted, when the noise is diive, the 2k + 1-tuple
channel transition matrix, ¥, satis es

ke xK0z% = K K02 whenever Z¢, XN, =25, %<,
a property we shall refer to aslexicographically circulant. For matrices with this
property we have the following result, whose proof is givenn Appendix B.
Theorem 4. Let Fy denote theM M Fourier matrix

(46) FM(I;m)=plﬁexp jzmlm ol M 1,0 m M 1
and

(47) Hy = F),":

Then:

1. Hok+1 diagonalizes ¥, i.e., X, = Hy,, Hoks, where is diagonal and
denotes conjugate transpose.
2. diag() = Hoaks PNkk, where diag(X) denotes a column vector consisting
of the diagonal elements of a square matrix.

For the binary additive noise case, the diagonalizing matrix,H 2x+1 , becomes the
well-known Walsh-Hadamard matrix [16], and this leads to ane cient algorithm for
computing ( ¥,) * that requires O(k22¢) number of operations [12], as compared to
the O(2%) which would be required by direct computation. Here we genealize the
results of [16, 12] to additive noise over a general nite aljpabet. Iﬂxkk can be now
computed as

h i

(48) lﬁxkk = kk T Zkk = H2k+1 H2k+1 |§zkk H2k+1 PNkk )
where denotes component-wise division, i.e., X  Y)[i] = X;=Y;, and the right-
most equality in (48) follows from Theorem 4. LetH 541 (X) and HY,, (X)) denote,
respectively, the \generalized" Fourier transform and inverse Fourier transform of a
vector X, i.e., Hoker (X) = Hoker X, and HIV,, (X) = H,,; X. Itis noted that
when k = 0, these two transforms become standard Fourier transformand inverse
Fourier transform, respectively. Now, Iﬂx €, in (48) can be obtained through comput-
ing two generalized Fourier transforms and one generalizethverse Fourier transform.
It is shown in Lemma 4 of Appendix B that both H .1 (X) and H‘Z”,X+1 (X) can be

the requirement of that theorem, while being preferable fro m a computational viewpoint.
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computed by a fast algorithm that requires only O(kM 2¢) operations. Therefore,
the total time-complexity for computing If}X € becomes alsd(kM 2¢), instead of the
O(M ©k) that direct computation would require.

4-C. Considerations for a Modi ed Version.

4-C.1. Context-length Selection. Both the theoretical results of Section 2-
C and the complexity bounds mentioned in Subsection 4-A proide guidelines for
a reasonable choice of asymptotic growth order fok with n. However, for the case
wheren is of moderate value, the choice ok has a considerable e ect on the denoising
performance. Two main considerations in selecting the vale of k are:
Lack of Su cient Counts. The denoiser rst counts the noise-corrupted
data to obtain the 2k + 1-tuple empirical distribution, Iﬁzkk(z”), and then
uses it to estimate the X + 1-tuple source distribution, Py « .- On the one
hand, a very large k tends to render the empirical distribution, Iﬂzkk (z"),
a less reliable estimate of the true distribution because tere may not be a
su cient number of samples counted for many of the Zk+1-tuples. As aresult,
the inaccuracy in Iﬂzk ) (z") propagates into the estimation of Py « ) and causes
the degradation of the denoising performance. On the other &nd, if the true
source distribution, Py Ko is a priori known instead of being estimated from
the noisy data, a largerk is always preferable because the denoiser estimates
the source signal at each location based on more information Therefore,
there is a tradeo in choosing k between an accurate distribution estimation
and a large context for our sliding-window based denoiser. Tis tradeo is
clearly demonstrated by the DUDE over DMC channels [26, Sedbn 8-A]
(cf. also [21]), where it is seen that for a xed data length, n, the denoising
performance improves wherk increases, but starts to degrade whetk exceeds
a critical value.
Matrix Inversion. One key step in implementing the denoiser is the com-
putation of the inverse of the %+ 1-tuple channel transition matrix, (%) 1,
which, as discussed, requires, when done brute forc®(M ) multiplication
and summation operations. As is shown in Section 4-B, for thespecial case of
additive noises, this complexity can be signi cantly reduced to be O(kM <),
i.e., complexity essentially linear in the matrix dimension, allowing the use of
signi cantly larger window sizes than would otherwise be pimctical. In any
case, there seems to be no avoiding the exponential dependmnonk of the
required complexity (as the size of the channel matrix has sch dependence
on k).

4-C.2. A Modied Denoiser. With the above two points in mind, we now
introduce a modi ed version of the original denoiser for onedimensional data array.
The extension of the proposed modi ed denoiser to multi-dimensional data arrays is
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also possible after necessary modi cations. The basic ideaf the modi ed denoiser is
as follows: Suppose that the original denoiser is designeaif a context-length para-
meter k. The modi ed denoiser rst starts with a smaller context-le ngth parameter
k% wherek®< k, and, as is in the original scheme, obtains an empirical estiate of
the 2k°+ 1-tuple distribution of the noisy data, Iﬁzkoko[z”]. The value of k% is selected
such that: 1. There are su cient counts for the estimate of the empirical distribution

If}zkoko to be reliable; 2. The inverse of the X%+ 1-tuple channel transition matrix,

( koko) 1, can be computed with a moderate amount of computational e at. The
denoiser then obtains an estimate of the R+ 1-tuple source distribution as

T
0
(49) Iﬂxkio: ino[zn]: kko Iﬂzkio[z”]i

Next, the denoiser proceeds to estimate the R+ 1-tuple source distribution, Py o

by extending I-">< Ko from both left and right sides, assuming that the source sigal is
k

a Markov process of order no greater thar2k®. More speci cally,

kyk’h i

0 . (Jn . 0

P, (X)) = lsxkio XK o ﬁxkio Xkos i X< o, 1 IﬁxkokO X ko iiX%0 b1

i=1

(50)

where the rst term in the square brackets denotes the conditonal distribution of a
symbol given a X%tuple on its left, and the second denotes the conditional ditribution
of a symbol given a X%tuple on its right, both as induced by the distribution on a
2kO+ 1-tuple If}X Ko - The denosing algorithm in (10) is now modi ed to be
k
2 3
X X ,
61)  Xi@)=argmin (a4 P, (X OPye, (@7 XK )5

a XK Xo=a

i.e., we uselﬁxkk as de ned in (50) in lieu of |‘3szk k ) ', The idea is that the
denoiser rst achieves an accurate estimate of the 2%+ 1-tuple source distribution with
a smallerk®that overcomes the problem of lacking su cient counts when the largerk
is implemented directly. Secondly, the actual denoising ismplemented with the larger
k by extending the 2k%+ 1-tuple source distribution into the needed 2k + 1-tuple source
distribution. This is the modi ed denoiser's way of handlin g the con ict between an
accurate distribution estimation and a large context for the sliding-window denoising.
While initial experimentation indicates that this modied scheme can signi cantly
improve denoising over the original one, basic theoreticaljuestions are still under
investigation. For example, it is not clear whether for a xed kO there exists a way
to increasek with n such that universality will be guaranteed at least with respect
to the class of X%th order Markov processes. Recent results for the ltering(causal
denoising) problem [18] seem to hint that this will indeed bethe case, at least under
a mild positivity assumption on the Markov transition kerne I.
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5. Experimental Results and Discussion. In this section we report on ex-
perimental results obtained by applying the proposed denders to data sets corrupted
by a burst-noise channel [10], which is often encountered ipractice.

5-A. 1D Denoising.

5-A.1. The 1D Burst Noise Channel Model. The noise sequencdéN;g in
1D burst noise channel can be modeled as a nite-state hiddeiMarkov-process (FS-
HMP). At each time i, the said FS-HMP is characterized by a channel statesS;, where
fSigis an irreducible, aperiodic and stationary Markov chain with a nite state-space
C= f1;:::;Cgand a state transition probability matrix Ps. The noise components are
independent given the state sequence. To each channel stat®rresponds a di erent
noise distribution pc, where p(m) = P(N; = mjS; = ¢), m 2 A, andc 2 C. Also
given is (c), which denotes the stationary distribution of the cth channel state, so

that PJ = . Therefore, the % + 1-tuple distribution of N, can be expressed as
X
(52) P(N¥, = n*,)= P(N¥, = n,jSk, = s )P(S¥ = )
s<
X Y
(53) = ps (N ) (s« Ps, (Ni)Ps(si 1;si):
s i= k+l

A typical FS-HMP generates a burst-like noise process beca the channel prop-
agates through C di erent channel states, each having some persistent memagrand
being characterized by a di erent noise distribution. We assume the channel parame-
ters are such that Assumption 1 is satis ed, which can be show to hold for \most"
points of the parameter space [6]. The burst noise channel memes memoryless if and
only if Ps(c%c) = Ps(c®c), 8c; %2 C. In this case, the channel becomes an equiv-

alent DMC, i.e., with i.i.d. additive noise components distributed as §=1 (©)pe-

5-A.2. 1D Denoising Performance. We implemented our denoiser for a bi-
nary burst noise channel for which the noise process is a bimg HMP with two channel
states, i.e., M = C = 2, which is the well-known Gilbert-Elliot Channel [10]. Th e
channel state \1" corresponds to a \Good" binary symmetric channel (BSC) with a
crossover probability, p1(1) , ", while the channel state \2" corresponds to a \Bad"
BSC with a crossover probability, po(1) , "s. 0 "¢ <" 1. The state transition
probability from the \Good" channel to the \Bad" channel is d enoted Pgg while
the transition probability from the \Bad" to the \Good" is de noted Pgs. There-
fore, the vector, ¢, ['c;"s;Pcs;Psc], completely characterizes the binary burst
noise channel. A total number of four di erent burst noise channels are considered in
the simulation: (C1) ¢3 =[0:01 G2 0:01 01]; (C2) 2 =[0:01 08 G:01 O1]; (C3)

c3=[0:01 G2 0:01 001]; (C4) c4 =[0:01 08 0:01 001]. Compared with channels
C1 and C2 that have Pgg = 0:1, channels C3 and C4 withPgg = 0:01 have a higher
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tendency to persist when in a \Bad" channel state. Compared wth channels C1 and
C3 that have "g = 0:2, channels C2 and C4 with"g = 0:8 have more noisy \Bad"

channels. The source signal is a rst-order symmetric binay Markov process with

probability of transition from one state to the other p = 0:01. In each experiment,
only one realization of the source and the noise is generateaind the data sequence
length, n, is 1CP.

Table 5-A.2 shows the bit error rate (BER), expressed as a miple of , of the
denoised signal obtained by di erent denoising schemes, vére is the raw BER
before any denoising. The denoising schemes are listed adldavs:

Median Filter.  The 2k + 1 sliding-window median Iter with binary input
and output alphabets decodes the source symbol at each lodan by a ma-
jority vote from the value of the observed symbol at that location and the
values of X observed symbols in its context. The minimum BER obtained
through the median ltering is shown in Table 1 and the assocated best Iter
order k in each case is also shown in the bracket following the BER.
Genie-aided [K]. The genie-aided X + 1 sliding-window denoiser decodes
the source symbol using the achiever of the minimum in (12), .., based on
knowledge of both the noisy and noise-free signals. As such, provides the
performance bound on all sliding window denoisers of orderi+ 1.
Proposed [k]. Refers to the proposed R + 1-tuple denoiser. For k = 4, the
original denoiser in (10) is used while fork = 7, the modi ed denoiser of
Subsection 4-C.2 is used withk®= 2.

DUDE [k]. The 2k + 1 sliding-window denoiser (DUDE) in [26] for DMC is
applied here, by ignoring the memory in the burst noise procss and taking
the burst noise channel as a DMC with crossover probabilitype = p1(1) (1)+
p2(1) (2).

BCJR. The BCJR-based denoiser has perfect knowledge of the sourstatis-
tics and decodes the source symbol at each location based oh the observed
symbols using the BCJR algorithm [2] (agglomerating the noseless signal
component and the channel state into one state). In other wods, it is an
implementation of the optimal distribution-dependent denoiser.

We make the following observations:

The median lter that is easily implemented without any know ledge of the
source or the channel can perform reasonably well for chanteC1, C2 and C3,
but fails in improving the BER for channel C4. Furthermore, t he optimum
values of the Iter order appear quite random and a sound rulefor designing
the lter order seems unlikely.

The proposed denoiser designed for the burst noise channetlaeves a signif-
icant BER improvement compared with the DUDE of [26], which is applied
here by ignoring the memory in the channel.
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Table 1
Bit error rate in denoising sequences emitted by a Markov sou rce and corrupted by a binary
burst noise channel.

C1 C2 C3 Cc4

Denoising Schemeg =0:0269 =0:0808 =0:1038| =0:4011

Median Filter 0:1491[4] | 0:6720[16] | 0:1349[7] | 1:0000 [0]
Genie-aided[4] 0:1190 0:6733 0:1618 0:4291
Proposed[4] 0:1190 0:6733 0:1618 0:4298
DUDE[4] 0:4764 0:9208 0:4461 1:1653
Genie-aided[7] 0:0669 0:4975 0:0790 0:3089
Proposed[7] 0:0929 0:5371 0:1012 0:3219
DUDE[7] 0:4647 0:9084 0:4644 1:1735
BCJR 0:0855 0:2859 0:0790 0:0738

The proposed denoiser essentially attains the performancef the best genie-
aided sliding-window denoiser fork = 4. For k = 7, the modi ed sliding-
window denoiser provides a consistent BER improvement. Hoever, a no-
table BER gap is observed as compared with the genie-aided deiser. This
is because even assuming the modi ed denoiser can achieveetlsame perfor-
mance as that of the actual proposed denoiser with the same otext length,
the data block length, n(= 10°), becomes insu cient for the applied context
length, k(= 7).

The best genie-aided sliding-window denoiser for the senmsgtochastic setting
can outperform the BCJR-based denoiser that is the optimal enoiser for
the stochastic setting, e.g., for channel C1. However, forltannels that have
longer consecutive burst errors, e.g., channel C2 and C4, #re is a notable
BER gap between the sliding-window denoiser and the BCJR-baed denoiser
that operates optimally based on all the data and complete kiowledge of the
source and channel. This can be explained by the fact that theBCJR-based
denoiser implemented via the backward-forward recursionsjointly estimates
the source symbol and the channel state at each location. Theliding-window
based denoiser, on the other hand, determines the decodingule at each
location inevitably by mixing the statistics of \Good" and \ Bad" states since,
for the small window-lengths used, it is unable to \lock in on" the true state,
as the BCJR-based denoiser that has access to all the noisy tais typically
able to do.
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5-B. Binary Image Denoising.

5-B.1. 2D Burst Noise Channel Model. The noise eld® N, , = fNj;
dij )2V o IN @ two-dimensional burst noise channel can be modelled as aite-state
hidden- Markov-Random-Field (FS-HMRF). This eld is chara cterized by S, ., the
channel state eld, i.e., S;j denotes the channel state at the location j) 2 Vm n

means that the conditional distribution of S;; given the channel states at all the other
locations in the 2D data array satis es:
(54)

P(Sij =5SijjS(Vm nn(i;j))=s(Vm nn(i;])) = P(Sij = sijjSny = SNy );

whereN;; is the set of points neighboring (;j ), and the neighboring relationship has
the following two properties: (1) (i;j) 2Ny ; (2)(i;)) 2 Nk, (k;1) 2 Nj; . The
noise components are independent given the state values. As the one dimensional
case, each channel state is associated with a noise distrithan, pc, where p.(a) =
P(Ni; = &S;j =c),a2A,andc2C.

The joint distribution for the MRF in (54) is well known to be g iven by the Gibbs
distribution [17, 9, 15], which takes the form:

(55) P(Sm n=5m n)=Z lexp TYGn n);

P . L ..
where Z ., . EXP TU(sm ) is the normalization factor called the partition

function, T is referred to as the temperature which we shall take to be 1, rd

U(sm n) is the energy function. For example, for the "8-nearest-nighbor' neigh-
borhoodN;; = f(i;j 1);(i 1;j);(i 1,j 1)g, the energy function can be written
as

X X X
(56) U(Sm n)= Vi(sij )+ Va(Sij ; Skl );

(i) (i ) (kil)2N
where V; and V, are clique potential functions. The conditional distribution in (54)
can then be brought to the form

Va(sij * iy k)N i V2(Sij iSki )
. ex 5}
(57) P(Si;j = Sij JSN” = SNy )= P i Vi(sij )+ Va(Sij Skl ) :
1Sij i : i 23S0 9kl
Sij EXp : () (2N :
5-B.2. 2D Denoising Performance. We have implemented our denoiser for a

burst noise channel for which the noise process is a binary HRF with two channel
states, i.e.,M = C = 2. The channel state \1" corresponds to a \Good" BSC with

6Recall notation for 2D data from Subsection 3-A which we use t hroughout this subsection,
with the exception of using a double index ( i;j ) (one for each coordinate), rather than a single
(two-dimensional) index, to denote a location in the image.
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Table 2
Bit error rate in denoising images corrupted by a two-dimens ional binary burst noise channel.

C1 Cc2 C3

Images Denoising Schemes| =0:0337| =0:1046| =0:1117
Shannon Genie-aided 0:2077 0:2170 0:5838
1000 1000 Proposed 0:2107 0:2170 0:6124
DUDE 0:5371 0:4178 1:0090
Median Filter 0:3442 0:2639 1:0143
Morphological Filter 1:5282 0:7945 0:8478
Einstein Genie-aided 0:8012 0:8202 0:8422
900 900 Proposed 0:8012 0:8221 0:8457
DUDE 0:8392 0:8382 1.0717
Median Filter 4:1988 1:6660 1:7049
Morphological Filter 7:0673 2:9791 2:5753
Lenna Genie-aided 0:2945 0:2570 0:4702
256 256 Proposed 0:2946 0:2696 0:4919
DUDE 0:4189 0:3395 0:9611
Median Filter 0:6243 0:3240 0:5325
Morphological Filter 1:2021 0:8513 0:8087

a crossover probability p;(1) , "g, while the channel state \2" corresponds to a

\Bad" BSC with a crossover probability p,(1) , "s. We assume thatVi(s;j ) = s;
and Va(sij ;sk1) =2 (sij;sk) 1, where (a;b) =1if a= band zero otherwise.
Therefore, the vector ¢ , ['c;"s; 1; 2] completely characterizes the burst noise
channel. Three di erent burst noise channels are consider in the simulation: (C1)

c1 = [0:01 02 G2 0]; (C2) c2 =[0:01 G2 0 0Q]; (C3) ¢c3 = [0:01 08 G2 Q]
Compared with channel C1, C2 and C3 are more noisy channels.

The source signals are three binary images: (1) a scanned oppf the rst page of
[24] with the size of 1¢  10°, i.e., m = n =103; (2) a 900 900 half-toned portrait of
a famous physicist; (3) a 256 256 image of \Lenna". The binary MRF is generated
by the Gibbs sampling method [17] with 50 iterations.

Table 2 shows the bit error rate (BER), expressed as a multipt of , of the
denoised signal obtained by di erent denoising schemes, wdre is the raw BER
before any denoising. The denoising schemes are listed adldovs:

Genie-aided. The genie-aided 3 3 sliding-window denoiser decodes using
the achiever of the minimum in (42), with r = 1.
Proposed. Refers to X,,", as de ned in (41), with r = 1. In the experi-
ment we have used an estimate of the joint distribution of a 3 3 square of
noise components, taken as the empirical distribution indueed by a randomly
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generated 1§ 10° hidden MRF (independent of the noise eld that cor-
rupted the data). This estimate was taken in lieu of the true distribution of
such a 3 3 square (required in the denoising rule (40)), which would le di -
cult to obtain precisely (ideally needing to marginalize the distribution in (55)
to a3 3 square). The inverse of the estimated channel matrix (asswoated
with the estimated noise distribution) was used, as is, in tte denoising rule,
though we believe methods for regularizing the channel invese could yield
performance gains. Such methods are well developed and wigteapplied in
statistics (cf., e.g., [5]) and communications (cf., e.g.[23]).

DUDE. The 3 3 sliding-window denoiser of [20], assuming a DMC with
crossover probability p.. Because it is dicult to obtain closed-form ex-
pressions for marginal distributions of \Good" and \Bad" ch annels in a 2D
Markov random eld, i.e., (1) and (2), the equivalent raw BER, pe =
p1(1) (1) + p2(1) (2), is also not available. Therefore, in the simulation, we
instead take pe to be the number of bit errors divided by the total number of
bits in each observed noisy binary image.

Median Filter. The 3 3 sliding-window median Iter decodes by majority
vote.

Morphological Filter. A Morphological lIter, available in MATLAB, uses
a 3 3 structure element and implements the CLOSE and then the OPEN
operation to the noise corrupted image.

The proposed image denoiser is observed to achieve a bettefER improvement for
the tested images and all the channels simulated compared i more conventional
Iters like the Median and Morphological Iters. It also app roaches the performance
of the best genie-aided sliding-window based denoiser, andutperforms the DUDE
in [26] that takes into account the channel crossover proballity assuming it is a
DMC. Portions of the noiseless image, the noisy image, the iage denoised by the
proposed denoiser, and the image as denoised by the DUDE ofdR are shown in
Figure 1 for the experiment of the text image corrupted by chaanel C1, Figure 2 for
the half-toned image corrupted by channel C3, and Figure 3 fothe black and white
image corrupted by channel C3. It is observed that the propoed denoising scheme
improves not only the BER, but also the visual quality of the noise-corrupted images.
Of course, this in no way indigni es the DUDE of [26], which was not designed to
accommodate memory in the noise. It does, however, exemplithe gain in taking the
channel memory into account. Further empirical evidence spporting this conclusion,
for sources and channels of types dierent than those expemented with here, is
reported on in [12].

6. Conclusion. Discrete denoising for channels with memory was considered
with particular focus on the case of additive noise. A sequere of denoisers that
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Fig. 1. Denoising of a scanned text image. top-left: noiseless imag e; top-right: noisy image;
bottom-left: denoised image by the proposed denoiser; bott om-right: denoised image by DUDE in
[26].

operates without knowledge of the noiseless data or its disibution was derived, and
shown to be universal under a mild mixing condition on the chanel noise. Algorithmic
aspects were also considered, including a variation on therst scheme, which was
argued likely to improve performance in practice. Experimental results for binary
data corrupted by burst noise were presented, where it was fand that the suggested
schemes outperform current popular denoisers.

On the theoretical front, an attempt has not been made to re ne the analysis
beyond the asymptotics, and to get the tightest possible norasymptotic performance
bounds. For example, it is possible that a bound tighter than that in Theorem 2
(decaying faster than 1=n) can be obtained. Furthermore, under a requirement for
exponential decay of the mixing coe cients (under possibly a slightly stronger form
of mixing), the bound should be improvable to exponential deay in n, similarly as
was done in [7].

It will be interesting to explore further the modi ed denois ing scheme of Section
4-C.2, from both experimental and theoretical viewpoints. It should be noted that the
idea on which this scheme is based can be also applied (with vlous modi cations)
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Fig. 2. Denoising of a half-toned image. top-left: noiseless image ; top-right: noisy image;
bottom-left: denoised image by the proposed denoiser; bott om-right: denoised image by DUDE in
[26].

in other discrete denoising settings, including the origiral one of [26], and those of
[4, 22]. Initial theoretical results justifying this appro ach are developed in [18].
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Appendix A. Proof of Theorem 2.

In this Appendix, we prove Theorem 2 in the main text. Two facts will be needed

in the proof. The rst follows directly from the de nition of  -mixing (recall (3)):
Fact 1. Let fS;jg be a process withES; =0, jS;j M, and -mixing coe cients

f g, Then for all i;]

i i 2 (S) .
jESiSjj M i i

The second is:

Lemma 1. Let fVig be a sequence of random variables satisfying;j M and
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Fig. 3 . Denoising of a black and white image. top-left: noiseless im age; top-right: noisy image;

bottom-left: denoised image by the proposed denoiser; bott om-right: denoised image by DUDE in
[26].
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Proof of Theorem 2. Assume throughout this proof a xed x". For eacha; uX K

%(Z”)[a; U] a(@ixMlau ] 3

X
4 B 27 M 1M 0P (R K05 au@mixMlasu ]

xk, xo=a
3 3
X X k k 10k k k k
=4 4 P 2N K TV X B P (U XK )5
XK xo=a vk,
1 Xk
Y 1 a7 it K _ Kk
n 2k'—k+l fxi=az " (=u «9
2 27 P 3 3
_g X X e laieeg

1
— “oo TV YSUP Pk (U YR
y¥vo=a vk

X XS ey iz, g
n 2k

y¥ yo=ai=k+l
2 3
1 X XK 4X k Trk .k 15
n 2k : Yzptevig Tk MY
Y yo=a i=k+l vl
PNkk(ukk ykk) 1fx:+ll<<:ykk;zii+ll::ukkgj
(58)

where K, '[vk;xk, ] denotes the ¢, ;xk, )-th element of ¥, . Now, for

i yk k
eachi, u*, and y©,,

k

82 3 9
<X ko Lk oLk k k -
E. 4 1fzi‘*5=vkkg VYR P, (U Y55,
L ;
k k X k Tk ok
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T 3
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PNkk(ukk ykk) 1fX:+t:skkg 1fykk:3kkg

s<
PNkk(ukk ykk)lfxg+t:ykkg
=Pr(Z{*¢ = u* s t=ye, g

(59) = Elf,iee

ok .o itk_ K .
K=Y 2 Tuh g

Evidently, de ning
2 3

. X 1
(60) Ti=TiNIGUGY)=4 Lzeiwg o MGYd®

I
K
VoK

k k ) . .
PNkk(u K Y 1fx:+t:ykk;zil+t:ukkg'

the sum overi in (58) is

¢ k

Ti;

i=k+1
which is a sum of zero mean variables, bounded in magnitude byk X, Yk+ 1,
the i-th variable being a deterministic function of N/*X. It is therefore also clear
that the mixing coe cients of the process fT;g, f §T)g, satisfy ET) EN%k for all
t 2k (and trivially §T) 1 for t < 2k). Summarizing, f Tig is a sequence of zero-
mean variables, bounded byk K Tk + 1, with  -mixing coe cients satisfying

) EN%k. Combined with Fact 1 and Lemma 1 this implies

1 XK
Var oK T;
i=k+1
2 P 2
k % ‘k+1l +2@k+ L, ) k K Tk+1
(61) n 2k
P 2
@k+1+2 L ) k kK Tk+1

where in (61) and on = EN). Applying Chebychev's inequality gives

! P 2

1 Xk Co@kr1+2 h ) koK Tkl
©) Proo— T "2(n 2K)
i=k+1

Now, in terms of the random variables Ti(Ni“,'(‘;ukk;y"k), the expression in (58)
becomes
X 1 X “ i+k., k ..k
(64) P Ti(N{ Uty )
y<, yo=a i=k+1
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and
0 1
X 1 XKk .
Pr@ T TN G U ay) A
y<, yo=a i=k+1
!
X 1 XK ik. ko .k n_pg 2k
Pr T Ti(N{ Ut oY) >"=M
y¥ yo=a i=k+l
2
@k+1+2p1_ )y kK, Tk+1
(65) M 2 = .
("=M2)2(n  2K)
@k+1+2 ., ) k X k+1
(66) = Mo =l ‘ :
- "2(n  2k) ’

where (65) follows by applying (63) on each summand. Combimg (66) with (58)
gives

(67) Proa(zMau, ] a@"xMau ] -
P ‘ 1 2
6k(4k+1+2 o1 t) K K k+1
M "2(n 2k)
So
F’;(k@(Z”) &(Z™x")k ")
(68) Proa@Mau ] az™xMau] "
auk,
=) 2
@k+1+2 L ) k kK Tk+1
(69) M 2k+2 M 6k i
2(n  2k)
o
Appendix B. Proof of Theorem 4. In this Appendix, we rst prove Theo-

rem 4 (of Section 4-B) and then derive the time-complexity required for computing
the \generalized" Fourier and inverse Fourier transforms, both used for the e cient
algorithm presented in Section 4-B (recall (48) therein).

Consider a matrix A, 2 RN N with N = M". The element of A, at the ith
row and the j th column is denoted asAn(i;j), i =0;:::;;M"  1;j =0;:::;; M 1,
We represent the row and the column index of each matrix elemat of A, by an
equivalent vector, i and j, respectively. Each element ofi and j takes values from
a nite alphabet, A = f0;:::;M 1g and has the following correspondence with
and j: i =[igi5in o5 =iy, 4l andi = " LMK o= Ezolj_kMk
(known as a lexicographic correspondence). We thus havan(i;j ) = An(i;j). We
assume further that A, is lexicographically circulant, i.e., Aa(i;]) = An(i_o;j_o), if
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noted that the 2k + 1-tuple channel transition matrix, K «» de ned in (4) for additive
noise channels with moduloM addition, has this property. Therefore, we prove the
result in this Appendix for a general lexicographically circulant matrix, Ay, which will
then be directly applicable to the channel transition matrix of our original interest.

We begin by stating two lemmas concerning the cyclic decompsition of lexico-
graphically circulant matrices, and the special structure of the \generalized" Fourier
transform matrix, H, de ned in (47).

Lemma 2. If A, is lexicographically circulant, it has the following cyclc decom-
position:

2 3
BO, BM Y BY,
Br(11)1 BO, BM Y B(z)
(70) An = : :
M 2 1 0 M 1
T O
Bn 1 Bn 1 Bn 1

where B,ﬂk)l is a lexicographically circulant matrix of dimensionM"™ 1 M" 1 k =
O::i;M L

Proof. Let A,[l;m] denote the M"™ 1 M™ ! sub-matrix of An de ned by
(AnlmD (i) = An(i3j), where i’ = [i;11j" = [[im]l = 055055 Lm =
0;:::;M 1. The fact that A, is lexicographically circulant |mpl|es that Ap[l;m]
depends onl;m only through | m. Thus, A, decomposes according to (70), with
B! ™ = Ap[l;m]. 2

Consider the \generalized" Fourier transform matrix, H, de ned in (47), i.e.,
H, = F\,", where n denotes then-th tensor-power, andFy isthe M M Fourier
matrix.

Lemma 3. H, is unitary, i.e., H,1 = H, 8n, where denotes conjugate trans-
pose.

Proof. For n =1 this is the well-known property of the Fourier matrix. The case
n > 1 easily follows by induction, using the tensor product progerties (A B) =
A B and(A B) '=A! B 1 0

We are now ready to prove Theorem 4 for a general lexicograpbally circulant
matrix Ap. Itis noted that the proof for the binary alphabet, M = 2, has been given
in [16]. To recapitulate, we need to prove the following:

1. H, diagonalizesA,, i.e., An = H, nHn, where | is diagonal.
2. diag( n) = Hn An(;0), where A, (;; 0) denotes the rst column of A,.

Proof. Consider rst n = 1. In this case, H; = Fy and the assertions are well
known properties of circulant matrices (cf., e.g., [14]). $ippose that the theorem
is true for a lexicographically circulant matrix, A, 1, of sizeM" 1 MM 1 By
Lemma 2, Brﬂk)l is lexicographically circulant and of sizeM" ' M?" 1, therefore,
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B, =H, , W H, 1,fork=1;:::;M 1, and diag( ;)= H, 1 B .(:;0).
Then

I\K 1
(71) (Hn An)[lim]= Fm (KK)Hn 1 Aglk;m]
k=0
I\)( 1
(72) = Fum(ik)H, 1 BY™
k=0
I\K 1
(73) = Fu(5KHn 1 Hy 2 8 ™H,
k=0
I\)( 1
(74) = Fu(k) ¥™ Hno
k=0 |
w1 '
(75) = Fu(k m) ™ FuimH, |
k=0
l\x 1
(76) = Fu(ik) Y0 Hallim]
Iz }

nllil]

Therefore, H, A, = , Hp. SinceH,! = H,, A, = H, nH, is established.
Furthermore, from (76),

ML
(77) diag( n[i1D=  Fu(Lk)diag( %,
k=0
l\k 1
(78) = Fu(ik)diag H, 1 B{M,(;0)
k=0
(79) = Hp[l;:] An(:;0):
Therefore, diag( ) = Hn A, (:;0), completing the induction and the proof. 0

Finally, we provide the time-complexity analysis for computing the \generalized"
Fourier transform and inverse Fourier transform, i.e.,H,(X) = H, X,andH™ (X) =
H, X, which are used in the e cient algorithm presented in Section 4-B. Because
of the special structure ofH, and H, we can develop a fast algorithm for computing
the matrix transforms.

Consider rst H,(X) = H, X and let G, denote the time-complexity associated
with this computation. The fast algorithm rst considers X T = [Xd ;X 4],
where X, is of sizeM" 1 1 ,forl=0;:::;M 1. SinceHu[l;m]= Fy (I;m)H, 1,
we can rst compute H, ;1 X, each having a time-complexity of G, 1. Then H, X
can be obtained by multiplying the Fourier matrix coe cient s, Fy (I;m), for each
Hnh 1 X; and then summing up those vectors after multiplication corresponding to
the samel, which requires at most 2V "*1 arithmetic operations. To sum up, the
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time-complexity of this recursive algorithm satis es
(80) G MG 1+2M™;

from which we derive G, M" G +2M""1(n 1) = O(nM"), where G corre-
sponds to the number of operations required for the standardrourier transform for
M -dimensional vectors, and can be computed withO(M logM ) operations, e.g., us-
ing the well-known fast Fourier transform (FFT). A similar f ast recursive algorithm,
and analysis, can be carried through for the computation ofH!™ (X)= H, X. We
have thus established the following:

Lemma 4. Both the \generalized" Fourier transform, H,(X)= H, X, and the
\genaralized" inverse Fourier transform, H™ (X ) = H, X, can be implemented with
O(nM ") arithmetic operations.
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