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Large-eddy simulation of jet mixing in a
supersonic turbulent cross ow

By S. Kawai anD S. K. Lele

1. Motivation and objectives

Important recent research e orts have focused on the appliation of large-eddy simula-
tion (LES) to compressible turbulent ows. The engineering motivation for compressible
LES is to provide a realistic turbulent ow eld and to elucid ate unsteady phenomena of
such interest, mixing, combustion, heat-transfer, soundgeneration, unsteady load, etc.
Jet mixing in a supersonic cross ow (JISC) is a type of ow where compressible LES
can play an important role in understanding the detailed physics of the turbulent mix-
ing mechanisms and predicting the ow eld. Inside a supersmic combustor, due to the
limited ow residence time, the enhancement of supersonic urbulent mixing of jet fuel
and cross ow air is a critical issue in developing supersomi air-breathing engines.

Typical ow structures resulting from a sonic under-expanded transverse jet injection
into a supersonic cross ow are illustrated in Fig. 1 (Ben-Yakar etal: 2006; Gruberetal:
1995). An under-expanded jet expands through a Prandtl-Megr fan at the lip of the
jet ori ce before the jet ow is compressed by a barrel shock ad Mach disk. Thus the
ow eld involves complex 3-D unsteady shocks, contact surfices, turbulence and their
interactions. Accurately simulating the ows involving th ese interactions is a signi cant
challenge because numerical algorithms need to satisfy twoontradictory requirements:
the scheme needs to capture di erent types of discontinuites and also simultaneously
resolve the scales of turbulence.

LES and detached-eddy simulation have been performed and siwed some large-scale
vortex structures (von Lavante etal: 2001; Petersoretal: 2006), though turbulent eddies
are under-resolved. This is primarily because of the convedional low-order upwinding
nite volume schemes employed in the simulations. These sames work well in the sense
of discontinuity capturing but are too dissipative for LES t o properly resolve the scales
of turbulence. It is important for LES not to damp turbulence arti cially. Clearly, LES
of the supersonic jet mixing presents challenges for simutneously capturing ows with
complex unsteady shocks and contact surfaces and resolvirthe broadband turbulent
eddying motions present in high-Reynolds number ows.

In this paper, high-order compact di erencing/ Itering sc hemes (Lele 1992; Gaitonde
& Visbal 2000) are coupled with recently developed localizé arti cial di usivity method-
ology (Kawai & Lele 2008a) in the context of LES to obtain insights into the physics of
an under-expanded sonic jet injection into a supersonic tubulent cross ow. JISC with a
laminar boundary layer is rst discussed. Key physics of thejet mixing in a supersonic
cross ow are highlighted from the observations of instantaneous ow elds. Then, the
e ects of approaching turbulent boundary layer on the mixing mechanisms are discussed
by comparing with the laminar and turbulent cross ow cases. The ow condition exam-
ined here is based on the experiment of Santiago & Dutton (198) and the numerical
results are compared with the experimental data. A series ofmesh re nement studies is
also performed to verify the numerical scheme.
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Figure 1. Schematics of the transverse injection of an under-expandel jet into a supersonic
cross ow (Ben-Yakar etal: 2006; Gruber etal: 1995).

2. Mathematical models
The compressible Navier-Stokes equations for an ideal noreactive gas are:

%t+ r (u)=0; (2.1)

%H (w+p )=0: (2.2)

%fﬂ [Eu+(p Yy u rT]=0; (2.3)
@@fﬂ (UY) r (Dyr Yi)=0; (2.4)
E = p1+% U u; p= RT; (2.5)

where is the density, u is the velocity vector, p is the static pressure,E is the total
energy, T is the temperature, (=1.4: air) is the ratio of specic heats, R is the gas
constant, is the thermal conductivity, is the unit tensor. Equation (2.4) is the trans-
port equation for passive scalar of jet uid Yx to understand the mixing mechanisms
between the jet and cross ow whereDy is the species di usion coe cient. The viscous
stress tensor is

= )+ 2 ) (26)

where is the dynamic (shear) viscosity, is the bulk viscosity, and S is the strain rate
tensor, S = 2(r u +(r w).

2.1. Numerical schemes

Spatially Itered Navier-Stokes equations in conservative form are solved in generalized
curvilinear coordinates, where spatial derivatives for cawvective terms, viscous terms,
metrics and Jacobian are evaluated by a sixth-order compacti erencing scheme (Lele
1992). Because of their spectral-like resolution and nonddsipative characteristics, high-
order compact di erencing schemes are an attractive choicdor LES to properly resolve
the scales of turbulence. At boundary points 1 and 2 and corrgpondingly at imax -1
and imax , second- and fourth-order one-sided formulas are utilizedhat retain the tri-
diagonal form of the equation set (Gaitonde & Visbal 1998).

Symmetric Gauss-Seidel alternate directional implicit factorization scheme with three
multiple subiterations (Newton-Raphson iteration) is used for time integration. The im-
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plicit scheme uses the idea of four-factored symmetric GawgsSeidel (Fujii 1999) that is
based on alternate directional implicit factorization wit h the sweep procedure as a kind
of symmetric Gauss-Seidel relaxation. The implicit portion of the algorithm uses second-
order accurate three-point backward di erencing for the derivative. In the present study,
the computational time step is approximately t=8.57 10 %sec( t cs=D=0.0006) at
which the maximum Courant-Friedrichs-Lewy (CFL) number is less than 1.0, wherecs
is the speed of sound of the freestream, anB® is the diameter of the nozzle exit.

2.2. Localized arti cial di usivity

When central di erencing schemes, such as high-order compa di erencing schemes, are
applied to solve ows that involve steep gradients, such as Isock waves, contact surfaces
or material discontinuities, non-physical spurious oscilations that make the simulation
unstable are generated. A key issue here is how to properly neove the non-physical
spurious oscillations without damping the resolved scalesf turbulence.

Our discontinuity-capturing scheme, \localized arti cia | di usivity scheme," is based
on adding grid-dependent arti cial uid transport coe cie nts to the coe cients appear-
ing in Egs. (2.3), (2.4) and (2.6) proposed by Cook (2007),

= ¢+ = ¢+ , = ¢+  Dg=Dsk + Dy 2.7)

where the f subscripts and asterisks denote uid and arti cial transport coe cients.
The arti cial uid transport coe cients are designed to aut omatically vanish in smooth
well-resolved regions and provide damping in non-smooth uresolved regions to capture
di erent types of discontinuity.

We model the localized arti cial di usivity on a multi-dime nsional generalized coordi-
nate system de ned by Kawai & Lele (200&):

_o ®es ., _. Xes ., __cX@
- @ L - @ n T, 0@ L
X @y ,
D, = CpGs a | +Cvcs[Yk 1H(Y 1) Y[ HM™I v (2.8)
|

I=1
whereC , C , C , Cp and Cy are user-speci ed constants,S is the magnitude of the
strain rate tensor, ¢s is sound speedg is internal energy de ned by e = LlE, and H is
the Heaviside function. If r is su ciently high, the high-wavenumber biased (k") arti cial
di usivity is only activated in the region where needed, to capture discontinuities using
high-order compact di erencing schemes. The overbar denas an approximate truncated-
Gaussian Iter (Cook & Cabot 2004). In the limitof ! 0, Eq. (2.8)! 0. Therefore,
the governing equations are consistent with the original Naier-Stokes equations.

In the present study r=4 is adopted in Eq. (2.8). The fourth derivatives, %, %
| |

and %\Iﬁk , are evaluated by the fourth-order explicit scheme at inteiior points. The user-
speci ed constants are set toC =0.002, C =1, C =0.01, Cp=0.01 and Cy =100 (Kawai
& Lele 200&). These constants allows the scheme to capture discontinties and not
to introduce excessive dissipation. Although the constant work well for a wide range of
test cases whem =4 in Eq. (2.8) and sixth-order compact/eighth-order lter ing schemes
are used, the constants will possibly need to be adjusted ificerent value of r or other
numerical schemes are adopted.

The method captures the discontinuities on curvilinear and anisotropic meshes with
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minimum impact on the smooth ow regions. The comparisons béween the proposed
method and high-order shock-capturing schemes illustrateéhe advantage of the method
for the simulation of ows involving shocks, turbulence andtheir interactions. A complete
discussion of the localized arti cial di usivity scheme may be found in Kawai & Lele
(20089).

Since the LES of a sonic jet in a supersonic cross ow involvea wall-bounded viscous
ow simulation, the following van Driest wall damping funct ion multiplies the grid spac-
ing (1) in the localized arti cial di usivity scheme to force the a rti cial viscosity to
vanish in the near wall portion of the boundary layers,

+ x3 X3
L. =c 95 1t =c o2
- @

= 2 f 2 (2 9)
+ ! | | vd \&-
A - @

fvu=1 exp

where the van Driest constantA* is 26.

In the present study no explicit subgrid models are used. Thdocalized arti cial di u-
sivity and ltering act to suppress near grid scale uctuati ons. The performance of such
an implicit approach to LES is the subject of further investigation.

2.3. Flow con guration

The ow condition examined in this study is based on the expeiments of Santiago &
Dutton (1997) in order to validate the present LES. The computation uses M1 =1.6,
Rep=2.4 10% The density and pressure ratios between the nozzle chambemnd cross-
ow are ¢ = 1 =5.55 and p,; =p1 =8.40. Based on these ow conditions, the resulting
jet-to-cross ow momentum ux ratio is J=1.7. Only the Reynolds number di ers from
the experiment; the value is six times lower than in the expeiment to maintain the
LES resolution requirement under currently acceptable cormputational costs. Although
the Reynolds number is not matched, the upstream boundary lger thickness, 99/ D =
0.77D (3.1 mm), is matched atx/D = -5.

Figure 2 shows the grid geometry of the computational domairemployed in the present
study. Every fth grid point on the coarse mesh is presented n the gure. Overset grids
consist of three structured grids, background, circular n@zle and nozzle axis grids. The
nozzle axis grid covers the singular line in the nozzle gridThe geometry of the nozzle
matches the experiment (Santiago & Dutton 1997). The computtional test section of
the background mesh extends from the center of the nozzle exto 5D upstream and
downstream in the streamwise direction k=D =-5to 5), 2D on both sides in the spanwise
direction (z=D=-2 to 2) and 3.3D in the wall-normal direction (y=D=0 to 3.3). In the
focused region, a uniformly spaced grid is adopted in streamise and spanwise directions.
In the wall-normal direction, the grid is clustered near the wall in the region y=D=0 to
0.3 and then a uniformly spaced grid is used fory=D=0.3 to 3.3. Sponge layers with
the lengths of 2D, 10D and 10D are placed at the outlet, both sides and the upper
boundaries. D

Three levels of mesh re nement by the factor of 2 in each direction are conducted
on the background mesh. Table 1 summarizes the number of grighoints and the grid
resolutions for the background meshes. The grid resolutiorin wall units is based on
the wall friction coe cient at x=D=-5 measured in the experiment and for the reduced
Reynolds number used in this study. The number of grid pointsfor the nozzle mesh and
nozzle axis mesh are 54125 107 and 25 25 107 in the , , direction, respectively.
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Grid N N N *in *in *in

Fine 551 243 204 14.5 14.5 1{145
Medium 411 187 154 20.5 20.5 1{20.5
Coarse 301 131 115 29.0 29.0 1{29.0

Table 1. Computational grids for background mesh.
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Figure 2. Computational grids (every fth grid point on coarse mesh). Side view at z/ D=0
on left, close-up view near nozzle exit in the middle, and top view on right.

The grid resolution for the circular nozzle and nozzle axis nashes is designed based on
the ne background mesh.

Communication between the grids is handled through a two-pint fringe at bound-
aries by using sixth-order Lagrangian interpolation (Sheer & Visbal 2003). The bottom
boundary of the nozzle is set to nozzle chamber conditions. fie solid wall boundary
condition is treated as a non-slip adiabatic wall. A charactristic boundary condition
is applied to the upper, side and outlet boundaries. Large spnge layers are introduced
around these boundaries to remove turbulent uctuations ard their re ection from the
boundaries.

3. Numerical results
3.1. JISC with laminar boundary layer
3.1.1. Statistics

In this JISC with laminar incoming boundary layer case, mean physical properties
at the cross ow inlet boundary at x=D=-5 on the background mesh are xed at the
pro les obtained from a 2-D laminar computation. Although t he boundary thickness at
the station matches that of the experiment (0.779: 3.1 mm), the experimental velocity
measurement atx=D =-5 possesses a turbulent boundary layer. Simulated time-geraged
ow eld shows a pair of counter-rotating vortices as often discussed in the literature
and most of the jet uid passes through the barrel shock and Mah disk and then turns
downstream (not shown here). Further discussions regardig the time-averaged ow eld
may be found in Kawai & Lele (200&).

Comparisons of streamwise and wall-normal velocities beteen the LES with three
levels of mesh re nement and experimental data at midline panez=D=0 and downstream
stations x=D=2 and 4 are shown in Fig. 3. A qualitative comparison can be mae by
comparing the LES with the experiment, although precise quatitative agreement with
the experiment cannot be expected because of the lower Reylis number used in the
LES and uncertainty involved in the experiment. There are discrepancies between the
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Figure 3. Comparisons of streamwise (top) and wall-normal (middle) v elocities between LES
and experiment (Santiago & Dutton 1997) at midline plane z=D=0 and downstream stations
x=D=2 and 4. Blue line, ne mesh; red line, medium mesh; green lin e, coarse mesh; , experi-
ment.
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LES and experiment in the recirculating regions upstream aua downstream of the jet.
The LES shows larger recirculating regions than the experirant. One possible reason for
the disagreement between the LES results and experiment ishe presence of a laminar
boundary layer upstream of jet injection in LES (discussed n Sec. 3.2). However, overall
the locations of the shock structures and jet development danstream agree reasonably
well with the experiment. Three velocity components at cros-view planesx=D=3 and 5
also show good agreements with the experiment (although noshown here). The three
levels of mesh re nement show the reasonable convergence tife time-averaged ow
quantities.

Turbulent kinetic energy (TKE ) distributions, (hu%4 + &% + hwO%)/2 UZ , and
instantaneous snapshots of density gradient magnitude at ridplane obtained by the
three levels of mesh re nement are shown in Fig. 4. Three highT KE regions in the
midline plane correspond to the regions where the turbulenstructures are observed at the
windward and leeward boundaries of the jet and under the leeward jet boundary. The jet
uid is progressively diluted in the regions where highT KE is observed. Although overall
TKE distributions are not changed between the three meshes, théigher intensity of
TKE is obtained by re ning the mesh. This is primarily because the turbulent structures
are highly well-resolved by the ner mesh as shown in the insantaneous snapshots of
density gradient magnitude.
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Figure 4. Turbulent kinetic energy distributions (top) and instanta neous snapshots of density
gradient magnitude (bottom) with three levels of mesh re ne ment at midline.
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Figure 5. Instantaneous snapshots of density gradient magnitude (left) and jet uid (right) at
midline plane z=D=0 (top) and wall-parallel plane y=D=1 (bottom) obtained by ne mesh.

3.1.2. Instantaneous ow elds

Figure 5 shows instantaneous snapshots of density gradiennagnitude on the left
and passive scalaryy of jet uid on the right obtained by the ne mesh. Side-view an d
top-view planes are atz=D=0 and y=D=1 planes. The high-order compact di erencing
scheme with localized arti cial di usivity methodology ca ptures the 3-D unsteady front
bow shock, barrel shock, Mach disk and contact surface withat spurious wiggles and
also simultaneously resolve the turbulent structures. Theprogressive mesh re nement and
the high-resolution scheme allow for proper resolution of hese turbulent eddies. Most
of the jet uid passes through the barrel shock and Mach disk;jet mixing progressively
occurs after the jet uid passes through the shocks. The voréx structures that create
hairpin-like structures in the windward and leeward jet boundaries break down to ner
turbulent structures in the downstream. The turbulent stru ctures play an important role
in determining the behavior of jet uid stirring and subsequ ent mixing.

Figure 6 shows time-series pressure data inside the upstrearecirculation region and
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Figure 6. Time-series pressure data inside upstream recirculation region and representative
time-series snapshots of jet uid (passive scalar Yy) overlapped with divergence of velocity
contours at midline plane z=D=0 obtained by ne mesh.

representative time-series snapshots of the jet uid overpped with divergence of velocity
contours at midline plane. The divergence of velocity contars represent shock structures.
The pressure history data are obtained at location A as showrin snapshot 1. These six
shapshots are taken at the time corresponding to the number@ markers in the pressure
history. The simulated unsteady ow eld illustrates that t he pressure uctuation inside
the recirculation region induces the large-scale dynamicsf barrel shock and bow shock
deforming and accompanies vortex formation. The barrel shok shows a kink in the time-
series images. Corresponding to the pressure rise from tinfeto 2 in the pressure history,
the degree of expansion at the windward side of the nozzle edgreduces in order to
keep the pressure balance across the jet boundary. Becausétbe lower Mach number
distribution along the jet boundary at time 2, the jet shear | ayer is able to support the
rapid growth of instability waves and starts to uctuate. By way of contrast the jet shear
at time 1 does not show such uctuations. Once the jet shear sirts to uctuate, a local
shock wave appears within the jet because of the blockage ohé supersonic jet by the
de ected shear layer. Then, the local shock grows and connég to the original barrel
shock, making a kink in the barrel shock as shown in snapshot.4Once the kink appears,
it moves downstream with an accompanying large-scale vorte and the jet shear layer
rapidly de ects along the shock. The large-scale vortex entains the cross ow, which stirs
the jet uid and enhances subsequent jet mixing. During the large-scale dynamics, the
acoustic wave is generated and propagates upstream; it intacts with the bow shock as
shown in snapshot 6 location B. The interaction causes largscale unsteady oscillation
of the bow shock. Although the processes of the large-scalg/damics are discussed with
reference to a certain time window, these dynamics are repéed numerous times during
the LES time history when the pressure inside the upstream reirculation region becomes
high. Similar large-scale dynamics of the barrel shock, bowhock and accompanied large-
scale vortex are also observed by the experiment (VanLerbghe, Santiago, Dutton &
Lucht 2000; Ben-Yakar etal: 2006).

3.2. JISC with turbulent boundary layer

In order to investigate the e ects of the approaching turbulent boundary layer on the
mixing mechanisms, LES of JISC with an incoming turbulent boundary layer is discussed
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Figure 8. Mean and uctuation (upper curve, Ums =U ; lower curve, vims =V ; middle curve,
Wrms =W ;) velocities. Blue line, ne mesh; red line, coarse mesh; ---- , Uj, = y* and
Ujp =2:5log(y*)+5:5; , DNS by Spalart (1988).

in this section by comparing with the laminar cross ow case. Figure 7 shows how we
simulate the JISC with turbulent boundary layer. This LES is basically the coupled
simulation between the LES of JISC and supersonic turbulentboundary layer (STBL).
The in ow conditions for the LES of JISC are extracted from th e concurrently simulated
LES of STBL.

A compressible extension of the rescaling-reintroducing rthod (Urbin & Night 2001)
is used to generate the in ow conditions for the LES of STBL. The domain size for the
LES of STBL is 7D and 2.4D in streamwise and wall-normal directions and the spanwise
domain size is matched to the JISC case. The LES of STBL has beeperformed on the
coarse ( ¥ =29) and ne ( * = 15) meshes based on the same mesh distributions
used in JISC as shown in Table 1. Figure 8 shows the mean and uoating velocity
pro les. The LES on the ne mesh is in good agreement with a fuly developed turbulent
boundary layer prole with a logarithmic region and with the DNS data by Spalart
(1988), whereas the coarse mesh shows a shift in a logarithmregion and over-predicts
a peak inu* as usually observed by an unresolved LES. Also, the resultlilstrates the
capability of the current compact di erencing/ Itering sc hemes with localized arti cial
di usivity methodology for simulating the supersonic turb ulent boundary layer in the
context of LES.

3.2.1. Statistics

Comparisons of the streamwise velocity between the LES withurbulent/laminar cross-
ow and experimental data at midline plane z=D=0 and downstream stations x=D=2, 3
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Figure 9. Comparisons of streamwise velocity between LES with turbul ent/laminar cross ow

and experiment (Santiago & Dutton 1997) at midline plane z=D=0 and downstream stations
x=D=2, 3 and 4. Blue line, turbulent cross ow; red line, laminar cross ow; , experiment.

and 4 are shown in Fig. 9. The results discussed here for the L& of JISC with turbulent
boundary layer are obtained on the coarse mesh (* = 29). The LES with ner mesh
will be conducted in the near future. As expected, the turbulent cross ow suppresses
the upstream and downstream separating regions and smalleecirculations are obtained
compared to the laminar cross ow case. The upstream separatg region obtained by
the turbulent cross ow shows reasonable agreement with theexperiment. Quantitative
comparisons of the velocity at the downstream stationsx=D=2, 3 and 4 also show better
agreement with the experiment by applying the turbulent cross ow.

In order to evaluate the e ects of the approaching turbulent boundary layer on the
jet mixing, the RMS of the jet uid tracer uctuations and mea n jet uid distributions
obtained by the turbulent and laminar cross ow conditions are shown in Fig. 10. As
clearly shown, the high-intensity region of the RMS of jet uid uctuations obtained
by the turbulent cross ow is observed in the upper part of the windward jet boundary
where the jet uid is progressively diluted. On the other hand, the laminar cross ow
case shows the high intensity in the lower part of the windwad jet. Therefore there is a
clear di erence in the region of jet mixing between the turbulent and laminar cross ows.
JISC with the turbulent boundary layer shows progressive jé mixing in the windward
jet boundary compared with the laminar cross ow case.

3.2.2. Instantaneous ow elds

Figure 11 shows a comparison between the turbulent and lamiar supersonic cross ow
conditions in the instantaneous snapshots of density gradint magnitude and passive
scalar Yy of jet uid. In the turbulent cross ow case, upstream turbul ent structures
interact with the bow shock and windward jet boundary. These interactions enhance
the instability of the windward jet shear layer and support a more rapid breakdown in
the jet shear structure to the turbulent state. As a result, the jet uid is stirred with
the ambient uid entrained into the ow and subsequently mix ing is enhanced in the



LES of jet mixing in a supersonic cross ow 149
3 3
2 2
¥D ¥D
1 1
0106 1_7 3 4 5 01 1.7 3 4 5
AD HD 0.0 0.2 0.4
3 3
2
YD YD
1 1
1 ¢ 1,2 3 4 5 077 1 2 3 4 5
D D 0.0 0.5 1.0
(a) Turbulent cross ow (b) Laminar cross ow
3k ‘ ‘ ‘ sf ‘ 3f 3f
25F 25F 25F 25k
2F 2k 2F 2F
e o e o
> 15p > 1sf > 15p > 1sf

05[

1b

05}

0
0.2 0.3 0.4 0.5 0 02 0.4 06

Scalar

Scalar

(€) Yius and Y at x=D=2

0.8

1

0 0.1 0.2 03 0.4 0.5

1f

05}

0

0 0.2 0.4 0.6 0.8 1

Scalar

Scalar

(d) Yius andY at x=D=4
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Figure 11. Comparisons of turbulent (right) and laminar (left) supers onic cross ow conditions
in instantaneous snapshots of density gradient magnitude (top) and jet uid (bottom).

windward jet boundary where high intensity of the jet uid u ctuations and progressive
jet dilution are observed. The results illustrate the importance of turbulent structures in
the upstream boundary layer on the jet-mixing process.
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4. Conclusions and future work

High-order compact di erencing/ Itering schemes have been coupled with recently de-
veloped localized arti cial di usivity methodology in the context of large-eddy simulation
to obtain additional insights into the complex 3-D ow physi cs of an under-expanded
sonic jet injection into a supersonic turbulent cross ow. The interaction between the
turbulent structures in the upstream boundary layer and jet shear layer induces the in-
stability of the windward jet shear layer and enhance the jetmixing. Key physics of the
jet mixing in a supersonic cross ow have been highlighted. Pessure uctuations inside
the recirculation region induce large-scale unsteady dynaics of the barrel shock and
bow shock deformation and accompanies vortex formation thaentrains the cross ow
and enhances subsequent windward jet mixing. The present LE qualitatively reproduce
the unsteady dynamics of both barrel shock and bow shock as alerved in the exper-
iment. Statistics obtained by the LES also show good agreenmg with the experiment.
Three levels of progressive mesh re nement in the laminar ass ow case showed a con-
vergence in mean ow quantities but didn't show a complete cawvergence in uctuating
ow quantities although the overall distributions have not been changed.

Future work includes the further investigation of the e ect s of the approaching tur-
bulent boundary layer on the mixing mechanisms including a eries of mesh re nement
study. The issue of the performance of implicit subgrid sca¢ modeling used in this study
is ongoing research. Beside the non-reactive case, progse®ward the LES of reactive
JISC is also the subject of further investigation.
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