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Localized arti cial viscosity and di usivit y scheme
for capturing discortinuities on curvilinear and
anisotropic meshes

By S.Kawai AND S.K. Lele

1. Motiv ation and objectives

Due to advancesin computational power and numerical algorithms, the application
of large-eddy simulation (LES) to transitional and turbulent compressible o ws is the
focus of signi cant recert researt. The engineeringmotivation for compressibleLES is
to provide a more realistic turbulent ow eld than RANS simulations and to educidate
the unsteady phenomena(mixing, combustion, sound-generation,unsteady load, etc.).

Becauseof their spectral-like resolution, high-order compact di erence schemes(Lele
1992) are an attractiv e choice for LES of transitional and turbulent ows to reduce
dispersion, anisotropy and dissipation errors assa@iated with the spatial discretization.
However, thesecertral di erence schemescannot be applied directly to o wsthat contain
discortin uities. When o ws contain steepgradients, such asshock wavesand contact sur-
faces,non-physical spurious oscillations are generatedthat make the simulation unstable.
The dewelopmen of numerical algorithms that capture discortinuities and also resolve
the scalesof turbulence in compressibleturbulent o ws remains a signi cant challenge.

Seweral techniques to extend the compact schemesto discortinuous o ws have been
proposed. Lee etal: (1997) proposed a hybrid approad to capture discortin uities. In
regions of strong shack waves, the compact di erencing of cornvective uxes is replaced
locally by the essetially non oscillatory (ENO) scheme. Visbal & Gaitonde (2005) de-
veloped an adaptive Iter method in which the compact schemeis coupledwith a locally
reduced-order lter to capture discortin uities. Both approachesrequire a detector to iden-
tify the smooth and non-smaooth regionsin the ow. The requiremert of a discortin uity
detector is a bottleneck for these methods when applied to complex applications.

An attractiv e alternativ e to thesemethods has beenproposedby Cook & Cabot (2004,
2005) and in follow-on work by Fiorina & Lele (2007) by dynamically adding spectral-
like high-wavenumber biasedarti cial viscosity and di usivit y where needed,to capture
discortin uities using high-order compactdi erence schemes.The method doesnot require
a discortinuity detector or weighting scheme and was shown to work well on 1- and
2-D shock-related problems. However, most of the test casesin those researdes used
uniformly spacedCartesian coordinate systems.Therefore, the extension of the arti cial
viscosity and di usivit y method to curvilinear and anisotropic meshesis still an open
issue.This extensionis necessaryfor the method to be usedin practical applications.

In the presen study, an extension of the localized high-wavenumber biased arti cial
viscosity and di usivit y to curvilinear and anisotropic meshesis proposed. The original
formulation is also simplied to reducethe computational costs while achieving better
represenation of high-order derivatives.The performanceof the method will be assessed
on sewral 1- and 2-D shock-related problems. An accomparying paper (Kawai & Lele
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2007) discusseghe application of this method to the problem of sonic jet injection in a
SUpersonic cross ow.

2. Mathematical models
2.1. Governing equations

The Navier-Stokes equations including arti cial viscosity (Cook & Cabot 2004, 2005)
and di usivit y (Fiorina & Lele 2007)terms for an ideal non-reactive gasare:

@
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where is the density, u is the velocity vector, p is the pressure,e is the total energy T
is the temperature, (=1.4) is the ratio of speci c heats, R is the gasconstart, isthe
thermal conductivity, isthe unit tensorand s the articial diusivit y. The viscous
stresstensor is
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where | isthe uid viscosity, s and | arethe arti cial shearand bulk viscosities,and
S is the symmetric strain rate tensor, S = %(r u+(r u)T).

2.2. Articial visoosity and di usivity

When a high-order compact schemeis applied to solve o ws that involve steepgradients
sudh asthose due to shock wavesand contact surfaces,non-physical spurious oscillations
are generatedthat make the simulation unstable. A key issue here is how to properly
remove the non-physical spurious oscillations without damping the resolved scalesof
turbulence.

Cook & Cabot (2004, 2005) intro duced a high-wavenumber biasedarti cial shearand
bulk viscosities s and | to suppressthe spurious oscillations. Thesearti cial shearand
bulk viscositiesare de ned by:

s=C® ; b:Cb rvor = f+2jrr5j; (2.6)

where CS and CP are user-speci ed constarts, s the local grid spacing,and S is the
magnitude of the strain rate tensor. If r is su cien tly high, the high-wavenumber biased
(k") arti cial viscosity only damps wavenumbers closeto the unresolved wavenumbers.
The overbar denotesan approximate truncated-Gaussian Iter along ead grid line (Cook
& Cabot 2004).

Fiorina & Lele (2007) extended the method to suppressthe numerical oscillations
acrossthe steepgradients of temperature and speciesby adding a similar arti cial di u-
sivity. A grid-dependert arti cial di usivit y is de ned by:

=C o« == "?jrrsj; 2.7
BT jr Tjr sjj 2.7)
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where C is a user-sgeci ed constart, ag is a referencespeedof sound, ¢, is the specic
heat at constart pressure,and jr sj is the norm of the uid entropy gradiert.

Typically, in their method, isde ned asthe geometrically-averagedlocal grid spacing
(cube-root of cell volume), and a value of r=4 is chosenandr *f is decomposedto a series
of Laplacians,r #f = r 2(r 2f). The recommendedvaluesfor the user-sgeci ed constarts
with r=4 are C5=0.002 and CP=1 (Cook & Cabot 2005)and C =0.01 (Fiorina & Lele
2007).

2.3. Extension to curvilinear and anisotropic meshes

The original properties of the 1-D formulation of arti cial viscosity and di usivit y that
capture discortin uities with minimal e ects on vorticit y should be presened when the
method is extendedto multi-dimensional curvilinear and anisotropic meshes.

In order to extend the original method to a multi-dimensional generalizedcoordinate
system, the "*? scaling appearing in Egs. 2.6 and 2.7 hasto be generalized.The use
of geometrically-averagedgrid spacingas proposedin the original paper (Cook & Cabot
2005) is one choice that worked well on an isotropic grid. Howewer, the geometrically-
averagedgrid spacingintroducesan undesirable mesh dependencewhen an anisotropic
mesh is used. As a simple example, consider the problem of capturing a steady shock
wave in 1-D ow on a grid spacingde ned by = X, for which the 1-D formulation of
arti cial shearviscosity will be

X" *2 g :
When the same 1-D shock is consideredon a 2-D domain, the arti cial shear viscosity
using the geometrically-averagedgrid spacingwill be

s = C° (2.8)

r+2
R 2

w0 = C (X NFFTS= o 29)
If anisotropic grid isused( x = Vy), sip = s2p andthe articial dissipation terms
behave consisterlly with the original 1-D formulation. However, when an anisotropic
grid ( x6 y)isused, s<ip 6 s2p and more or lessthan the necessarydissipation
will be introduced. This might causesigni cant numerical damping of resolved scalesof
turbulence due to the excessie dissipation or spurious non-physical oscillations across
the steepgradients.

To construct a consistert multi-dimensional arti cial viscosity and di usivit y, eadh
derivative in r 'S needsto be grid-dependert for all possible discortinuity directions.
That is, eat derivative in r 'S should be scaled by the grid spacing in the deriva-
tive direction to avoid the undesirable e ects from the grid spacingin other directions.
The Gaussian Iter removesthe cuspsintroduced by the high-order derivative opera-
tors usedto compute the arti cial viscosity and di usivit y. Therefore, the grid spacing
dependenceshould be located in the operand of the Gaussian lter. As discussed,in
the original methods, the r "f appearing in Egs. 2.6 and 2.7 is computed by a seriesof
Laplacians and evaluated using a high-order compact di erence scheme. The evaluation
of the seriesof Laplacians inducessigni cant computational cost. Furthermore, consid-
ering a multi-dimensional generalizedcoordinate extension of a seriesof Laplacians, the
full implementation of the Laplacians induces further computational coststo evaluate
additional cross-deriative terms. To reducethe computational costsand achieve better
represeration of the high derivativesfor more practical use,an alternativ e simpli cation
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is the direct ewaluation of f’:l % instead of a seriesof Laplacians. Hence we evalu-
]

ate the arti cial viscosity and di usivit y on a multi-dimensional generalizedcoordinate
systemde ned by:
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where | refersto , and and x, refersto x, y and z when| and m are 1, 2 and
3, respectively. | is the grid spacingin the physical spacealzong with the grid line in
the | direction and is dened by 2= 3 Xuwd Xu 1 " wherex,; refersto xi,

yi and z; whenn is 1, 2 and 3 and i is a node index in the | direction. Note that due
to computational cost, all the cross-deri\ative terms are neglectedin Egs. 2.10and 2.11.
This could potentially have a signi cant detrimental e ect. However, the performance
of the overall scheme examined here with test casesfor 2-D shocks on Cartesian and
curvilinear grids shaw that this assumption doesnot have a major detrimental e ect. In
the limit of ;! 0, Egs. 2.1{2.3 corvergeto the original Navier-Stokesequations.

In the presen study r=4 is adoptedin Egs.2.10and 2.11. The fourth derivatives, %%

and @(g_ Sl are evaluated by (Lele 1992):
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Sixth- and fourth-order tridiagonal schemesand a fourth-order explicit schemeat interior

points are obtained by setting the parameters as: sixth-order tridiagonal, = 27—6, a= %

and b= 5 (C6); fourth-order tridiagonal, =%, a= 2 and b=0 (C4); fourth-order explicit,
=0, a=2 and b=-1 (E4). Thesesdemesare usedin the present assessmemn

At a near-boundary point i, one-sidedexplicit formulas are utilized:

(2.12)

1% .
f 0002 05 an fn: i21;2 (2.13)
n=1
1 7
fiooog F Qimax  n;i fimax n; 12 (imax 1 imax): (2'14)
n=0

Second-ordetboundary schemesare usedin the presert study. Coe cien ts for the second-
order boundary schemesat ead left, near-boundary point, 1 and 2 are (a1.1, a1, as:1,
as;1, as;1, 31, truncation error) = (3, -14, 26, -24, 11, -2, ¥ h?f ©) and (ay;2, az;2, a2,
au;2, as;2, A2, truncation error) = (2, -9, 16,-14, 6, -1, 2h?f ©). With regard to the C6
and E4, a second-ordercertral schemeis usedfor point 3. The user-speci ed constarts
are setto C$=0.002, C’=1 and C =0.01.

2.4. Numerical scheme

The equationsare solved in generalizedcurvilinear coordinates, where spatial derivatives
for convective terms, viscousterms, metrics and Jacobianare evaluated by the sixth-order
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Figure 1. Numerical simulations of the 1-D Sod shock tube problem. Density, normalized
arti cial viscosity and di usivit y are preserted at = 0.2. Thin solid line, exact; , AVD-CE6;
----, SAVD-C6; —-—, SAVD-C4; -------- , SAVD-EA4.

compact di erence scheme (Lele 1992). A fourth-order Runge-Kutta method is usedfor
temporal integration. The eighth-order low-pass spatial ltering sceme (Gaitonde &
Visbal 2000)is usedon the consenative variables oncein ead direction after each nal
Runge-Kutta stepin order to ensurenumerical stability.

3. Numerical results

The numerical results with the original double Laplacian formulation of arti cial vis-
cosity and di usivit y that are evaluated by using sixth-order compact di erence scheme
are denoted AVD-C6 wherethe © scaling is evaluated by the geometrically-averaged
grid spacing. The results from using the proposedsimpli ed arti cial viscosity and dif-
fusivity for multi-dimensional generalizedcoordinate system (Egs. 2.10 and 2.11) are
denoted SAVD-C6, SAVD-C4 and SAVD-E4 where the last two characters such as C6,
C4 and E4 denote the schemesusedto evaluate the fourth derivativesin the equations:
C6, sixth-order tridiagonal scheme;C4, fourth-order tridiagonal scheme;E4, fourth-order
explicit scheme.

3.1. One-dimensional shak tube problems
3.1.1. Sd shak tube problemon an isotropic mesh

The rst 1-D shock tube test casefor the simplied arti cial viscosity and di usivit y
is the shack tube problem introduced by Sod (1978). This problem cortains shock and
contact discortinuities. Initial left- and right-side conditions are: = 1.0,u = 0.0and p
= 1.0forx O0,and = 0.125,u= 0.0andp = 0.1for x > 0. Simulations are performed
on a uniformly spacedgrid with 201 grid points where x = 0.005.

Figure 1 shows the comparison betweenthe exact solution, the original arti cial vis-
cosity and di usivit y method AVD-C6, and the simpli ed methods SAVD-C6, SAVD-C4
and SAVD-E4 for the density, the arti cial viscosity and di usivit y at the time of =
0.2. The arti cial viscosity and di usivit y are normalized by the maximum obtained by
AVD-C6. The shock and contact discortinuities are captured well without signi cant
spurious oscillations and shov good agreemen with the exact solution. The AVD-CS6,
SAVD-C6, SAVD-C4 and SAVD-E4 show almost identical results as expected. The ar-
ti cial viscosities and di usivities obtained by the AVD-C6, SAVD-C6 and SAVD-C4
are also nearly identical. The SAVD-E4 shows lower arti cial viscosity and di usivit y
than the other schemesbut the spatial extent is similar. Overall, there is no signi cant
di erence in the performanceof the schemes.
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Figure 2. Numerical simulations of the 1-D Sod shock tub e problem on a 2-D mesh with a
mesh aspect ratio of 3 (3 x = y). Density, arti cial viscosity and di usivit y are preserted at

= 0.2. Thin solid line, exact; , AVD-C6; ——--- , SAVD-C6; —-—, SAVD-C4; -------- ,
SAVD-E4.

3.1.2. Sad shak tube problemon an anisotropic mesh

The secondtest caseis conducted on a 2-D mesh with an anisotropic mesh, aspect
ratio of 3( y = 3 x). Initial left- and right-side conditions are the sameasthe rst test
case.This is usedto conrm the consistencybetweenthe original 1-D formulation and
the simpli ed model on a multi-dimensional formulation. Simulations are carried out on
a uniformly spacedCartesian grid with 201 and 13 grid points in the x- and y-direction
where x = 0.005and vy = 0.015. Periodic boundary conditions are applied on the
boundariesin the y-direction.

Figure 2 shows the comparison betweenthe exact solution and the numerical simula-
tions at the time = 0.2. The arti cial viscosity and di usivit y is normalized by using
the samemaximum valuesobtained by AVD-C6 in the rst test case(3.1.1). The simpli-
ed multi-dimensional formulations consistertly maintain the original properties of the
1-D formulation. The results of SAVD-C6, SAVD-C4 and SAVD-E4 are identical to the
results obtained in the rst test caseon the 1-D mesh.On the other hand, the AVD-C6,
which usesgeometrically-averagedgrid spacingfor the 8 scaling, intro ducesexcessie
arti cial dissipation at the discortinuity. The excessie viscosity and di usivit y causes
more di use expansionwavesand a non-physical developmert of the contact surface.

3.1.3. Shak tube problemwith strong temperature disoontinuity

The third test caseis the shock tube problem with strong temperature discortin uity
at the contact surface introduced by Fiorina & Lele (2007). This test caseis used to
evaluate the capability of the simplied formulation of arti cial di usivit y. Initial left-
and right-side conditions are: = 1.0,u= 0.0andp= 1.1forx O,and = 0.1,u=
0.0and p = 1.0for x > 0. Simulations are performed on a uniformly spacedgrid with
201 grid points where x = 0.005.

Comparison between the exact solution and the numerical simulations for the tem-
perature and the normalized arti cial diusivit y at = 0.12 are shown in Fig. 3. The
AV-C6 is the simulation without the original arti cial diusivit y model. Recall that
the AV-C6 introducesspurious oscillations due to the lack of arti cial di usivit y. The
AVD-C6, SAVD-C6, SAVD-C4 and SAVD-E4 show nearly identical results and the tem-
perature discortinuity is well-captured. The arti cial viscosity and di usivit y obtained
by the AVD-C6, SAVD-C6 and SAVD-C4 are alsoalmost identical. Consistertly with the
rst test case(3.1.1), the SAVD-E4 shows lower arti cial viscosity and di usivit y with
similar spatial extent as the others, but this does not have a detrimental e ect on the
discortinuity capturing.
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Figure 3. Numerical simulations of the 1-D shock tub e problem with a density factor of 10.
Temperature (close-up view in the contact discontinuity region) and arti cial diusivit y are
preserted at = 0.12. Thin solid line, exact; , AVD-C6; ---- , SAVD-C6; —-— ,
SAVD-C4; ------- , SAVD-E4; ———, AV-C6.
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Figure 4. Numerical simulations of the 1-D Shu-Osher shock turbulence interaction. Density is
preserted at = 1.8. , referencesolution (Adams & Stolz 2002) obtained on 1600 grid points
with fth-order ENO-Roe scheme; , AVD-C6; ---- , SAVD-C6; —-— , SAVD-C4;
-------- , SAVD-E4.

3.1.4. One-dimensional Shu-Osherproblem

The 1-D shock-entropy wave interaction introduced by Shu & Osher (1989) is investi-
gatedto assesshe capability of the simpli ed formulation of localized arti cial viscosity
and di usivit y on shock-turbulence interaction. Becausethe entropy wavesare sensitive
to the numerical dissipation, the schemesusing an upwinding to capture discortin uities
usually introduce excessie numerical dissipation and the entropy waves are damped.
Initial left- and right-side conditions are: = 3.857143,u = 2.629369and p = 10.33333
for x < 4,and = 1+0.2sin(5x), u = 0.0and p = 1.0 for x 4. Simulations are
performed on a uniformly spacedgrid with 201 grid points where the computational
domainis-5 x 5with x = 0.05.

Figure 4 shows the comparisonbetweenthe referencesolution and the numerical sim-
ulations for the density at the time of = 1.8. The referencesolution is obtained on 1600
grid points with fth-order ENO-Roe stheme (Adams & Stolz 2002). Numerical simula-
tions of the original and all the simplied formulations capture the shock and entropy
waves well. The AVD-C6, SAVD-C6, SAVD-C4 and SAVD-E4 show almost identical
density distributions and reasonableagreemen with the referencesolution.
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Figure 5. Numerical simulations of the double Mach re ection of a Mach 10 shock. Density,
30 contours from 1.731to 20.92at = 0.2.

3.2. Two-dimensional double Mach re ection

The rst 2-D shock test caseon a uniformly spacedCartesian meshis the double Mach
re ection problem initially usedto compare several numerical schemesby Woodward &
Collela (1984). Sincethe shock wavesare not alignedto the grid, this problem canbe used
to assesghe impact of the cross-deriativ e terms on the results using a Cartesian mesh.
The original arti cial viscosity and di usivit y formulations in Egs.2.6and 2.7 include the
cross-deriativeterm of %, whereasthe simpli ed multi-dimensional formulations in
Egs. 2.10and 2.11do not have the crossterm.

Initially a Mach 10 shock waveis at a 60 anglewith are ecting wall and intersectsat
the bottom boundary x=1/6 and y=0. The air ahead of the shock is stationary with a
density of 1.4 and a pressureof 1. The sameboundary conditions asWoodward & Collela
(1984) are employed. The conditions at the top boundary are set to describe the exact
motion of the Mach 10 shock. Therefore, the Mach 10 shock keepsthe 60 angle and
movesto the right of the domain, which createsa double Mach re ection of the shock
at the wall. The conditions from x=0 to x=1/6 at the bottom boundary are xed as
the conditions of the initial post-shock ow and re ecting wall conditions are used from
x=1/6. The values at the left boundary are xed to the initial post-shack values, and
zero-gradient conditions are employed at the right boundary. Simulations are carried out
on a uniformly spacedCartesian grid with 241 121grid points in the x- and y-directions
where the computational domain extendsfrom x=0 to x=4 and y=0 to y=2 with x =

y = 1/60.

Density cortours in the region x 2[0,3] and y 2[0,1] at the time = 0.2 are plotted
in Fig. 5. All the results are nearly identical. The results of the SAVDs that ignore
the cross-deriative terms do not shov a major detrimental e ect on the discortin uity-
capturing. Two dimensional shock interactions and contact discortin uities including the
near-wall jet are well captured at the proper locations in the simulations, which are
sensitive to the numerics and di cult to capture. High-resolution characteristics of the
presert sixth-order compact di erence scheme can achieve better represeration of the
wall jet compared with the high-order upwind-weighted schemessud as a fth-order
WENO sdeme(Jiang & Shu 1996), while shock and contact discortin uities are captured
by adding the arti cial viscosity and di usivit y to suppresshigh-wavenumber wiggles.
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Figure 6. Numerical simulations of the Mach 3 oblique shock re ection on an isotropic mesh.
Pressure, 20 contours from 1.2to 7.5. Every fth grid point is preserted.
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Figure 7. Pressureproles alongy = 0.18 of the 2-D Mach 3 oblique shock re ection. Thin solid
line, Roe scheme; , AVD-C6; —--- , SAVD-C6; —-— , SAVD-C4; -------- , SAVD-E4.

3.3. Two-dimensional oblique shak re ection

The second2-D shock test caseis the oblique shock re ection on an inviscid wall. The
shock angleis 33 with the Mach 3 freestream.lsotropic and anisotropic Cartesian meshes
are usedto test the simplied model on a multi-dimensional formulation. This problem
can be usedto assesshe capability of the simpli ed method on isotropic and anisotropic
Cartesian meshes.

The computational domain extends from x=-1.5 to x=1.5 and y=0 to y=1 wherethe
isotropic mesh consistsof 301 101 grid points in the x- and y-directions ( x = y =
0.01) and the meshaspect ratio of the anisotropic meshis5( x = 0.05, y = 0.01).The
shock jump conditions acrossone grid point and slip-wall conditions are imposedon the
upper and lower boundaries, respectively. In o w conditions are xed to the freestream
and out o w conditions are extrapolated.

3.3.1. An isotropic mesh

Pressurecontours in the region x 2[0,1.5]and y 2[0,0.5] obtained by the AVD-C6 and
SAVD-C6 on an isotropic meshare plotted in Fig. 6. The results of the SAVD-C4 and
SAVD-E4 are nearly identical to the SAVD-C6 (not shawn here). Pressurepro les along
y = 0.18line for the sewral schemesare showvn in Fig. 7. All the simulations allow for
corvergedsolutions without signi cant wiggleseventhough the shock waveis not aligned
with the mesh. Almost identical results are obtained by the AVD and SAVD methods.
Although the shock wave is slightly smearedcompared with Roe's third-order upwind
scheme, the proper post-shack conditions are well-recovered.
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Figure 8. Numerical simulations of the Mach 3 oblique shock re ection on an anisotropic
mesh. Pressure, 20 contours from 1.2 to 7.5. Every fth grid point is preserted.
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Figure 9. Pressureproles alongy = 0.18 of the 2-D Mach 3 oblique shock re ection. Thin solid
line, Roe scheme; , AVD-C6; ——-- , SAVD-C6; —-—, SAVD-C4; -------- , SAVD-E4.

3.3.2. An anisotropic mesh

Pressure contours and pressurepro les alongy = 0.18 line obtained by the sewral
schemeson the anisotropic mesh( x = 5 y) are plotted in Figs. 8 and 9. The pres-
sure contours of SAVD-C4 and SAVD-E4 are not preseried here becauseall the SAVD
methods shav almost identical results. The shock wave obtained by the AVD-C6 is con-
siderably smearedand is shifted upstream becauseof the undesirable meshdependency
It alsoappearsthat the shock is slightly unsteady and cannot achieve a convergedsolu-
tion. On the other hand, the SAVD methods capture the shock wave well at the location
similar to that of the Roe sdheme and show corverged solutions. Consistert with the
isotropic test case(3.3.1), the shock is slightly smearedcomparedwith the Roe scheme
but the the proper post-shack conditions are well recovered.

3.4. Two-dimensional sugersonic blunt body ow

The last test caseis the 2-D blunt body in a Mach 3 inviscid ow. The simulations are
carried out on a curvilinear and non-unity aspect ratio mesh where the grid spacing
perpendicular to the front bow shock is smaller than that in the other direction. This
test caseallows us to investigate the capability of the multi-dimensional curvilinear and
anisotropic mesh formulations of the simplied arti cial viscosity and di usivit y. The
e ect of the cross-deriative terms can also be assessedor a generalized coordinate
system.

An impulsive start of freestreamMach number 3 is imposedon the simulations. There-
fore the Mach 3 front bow shock gradually developsfrom the blunt body toward the left.
Re ecting wall conditions are imposedon the blunt body, and the in o w boundary con-
ditions are xed to freestreamconditions. Fourth-order extrapolation is employed at the
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Figure 10. Numerical simulations of the 2-D Mach 3 blunt body o w. Pressure, 20 contours
from 0.94to 12, (a) AVD-C6, (b) SAVD-C6, (c) SAVD-C4, (d) SAVD-E4. Articial viscosity,
(e) AVD-Cs6, (f) SAVD-C6, (g) computational grid.
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Figure 11. Pressurepro les at certerline y=0 of the 2-D Mach 3 blunt body o w. ——with ,
AVD-C6; —--- with lled 4, SAVD-C6; —-—, SAVD-C4; -------- , SAVD-E4; ———, AV-C6.

out o w boundaries. A curvilinear and anisotropic meshof 81 61 is analytically (Jiang
& Shu 1996) generatedby using:

x= (Rx (Rx 1))cod (2 1)) (3.1)
y=(Ry (Ry 1))sin( (2 1)) (3.2)
where the parametersare setto Ry = 3, Ry = 6,and = 5 /12.

Figure 10 displays pressure contours (a)-(d), articial viscosity distributions (e)-(f)
and the computational grid (g). Pressurepro les along the certerline y=0 are plotted in
Fig. 11. Only the AVD-C6 could not achieve a corverged solution. Therefore the result
of AVD-C6 shows the snapshot after a long period at the computational time = 25.
The AVD-C6 shows relatively high arti cial viscosity around the certerline of the bow
shock region compared with the SAVD. This is due to the undesirable e ects from the
geometrically-averagedgrid spacing.For AVD-C6, the arti cial viscosity smearsthe bow
shock over 10 grid points and inducesnon-physical oscillation in the front bow shock. On
the other hand, the multi-dimensional curvilinear and anisotropic meshformulations of
the simpli ed arti cial viscosity and di usivit y works well on a curvilinear and non-unity
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aspect ratio mesh.The SAVD-C6, SAVD-C4 and SAVD-E4 show the corvergedsolutions
without spurious oscillations and provide almost identical results. The SAVD-C6, SAVD-
C4 and SAVD-E4 capture the shock over 4{5 grid points. The shock location at x=R =
-1.7 and post-shack conditions are in good agreemen with the results obtained by the
simulations with 201 121 mesh(only upper-half domain) using the hybrid compact-Roe
and Roe schemes(Visbal & Gaitonde 2005).

4. Conclusions

Simple and e cien t localizedhigh-wavenumber biasedarti cial viscosity and di usivit y
schemesin a multi-dimensional generalizedcoordinate framework have been developed
for capturing discortin uities basedon the original 1-D formulation proposedby Cook &
Cabot (2004, 2005) and Fiorina & Lele (2007). Computational e ciency benet came
from approximating the double Laplacians with the direct implementation of fourth
derivatives.

The method has been successfullyapplied to 1- and 2-D shock-related problems on
isotropic and anisotropic Cartesian meshesand an anisotropic curvilinear mesh. The
extensionof the method allows us to apply the method on multi-dimensional curvilinear
and anisotropic mesheswvhile maintaining the original properties of the 1-D formulation of
arti cial viscosity and di usivit y. The simpli cation of the method reducescomputational
costand doesnot shawv any major detrimental e ect on the discortin uity-capturing under
the conditions examined. AImost identical results are obtained for the problemsby using
the dierent schemesthat evaluate the fourth derivativesin the formulations of the
simpli ed arti cial viscosity and di usivit y. Therefore the SAVD-E4 method can be an
attractiv e choice for reducing computational costs when the method is applied to real,
practical applications on a multi-dimensional generalizedcoordinate system. The SAVD-
E4 reducesthe cost for calculating the arti cial viscosity and di usivit y by a factor of 2
comparedwith the AVD-C6. This leadsto a reduction of approximately 14%in the total
computational cost. The authors have applied the SAVD-E4 method to the practical
problem of an under-expandedsonic jet injection into a supersonic cross ow and the
results shaw the capability of the method for the LES (Kawai & Lele 2007).
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