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High-order compact di�erencing/�ltering schemes are coup led with recently developed
localized arti�cial di�usivity methodology in the context of large-eddy simulation (LES) to
obtain insights into the physics of an under-expanded sonic jet injection into a supersonic
cross
ow. The 
ow conditions of the experiment by Santiago a nd Dutton [J. Prop. Power.
13 (1997) 264{273] are selected for detailed simulation. Th e present LES qualitatively
reproduce the unsteady dynamics of both barrel shock and bow shock as observed in the
experiment. It found that pressure 
uctuation inside the up stream recirculation region
induces unsteadiness of windward jet shear layer and causes large-scale dynamics of the
barrel shock and front bow shock. Statistics obtained by the LES also show good agreement
with the experiment. With regard to the processes controlli ng the jet mixing we studied
the dynamics of vortex structures in the 
ow. Two regions of v ortex formation which
form hairpin-like structure are identi�ed in the windward a nd leeward jet boundaries.
These vortices play an important role in determining the beh avior of jet 
uid stirring and
subsequent mixing. Also noted is the entrainment of rolled- up windward shear layer by
the upstream recirculating 
ow.

I. Introduction

Due to the limited 
ow residence time inside a supersonic combustor, the enhancement of supersonic
turbulent mixing of jet fuel and cross
ow air is a critical is sue in developing supersonic air-breathing

engines. An accurate estimation and a detailed physical understanding of the turbulent mixing mechanisms
play important roles in combustor design.

Typical 
ow structures resulting from a sonic under-expanded transverse jet injection into a supersonic
cross
ow are illustrated in Fig. 1.1, 2 An under-expanded jet expands through a Prandtl-Meyer fan at the
lip of the jet ori�ce before the jet 
ow is compressed by a barrel shock and Mach disk. In a time-averaged
sense, the jet forms a pair of counter-rotating vortices whose axis is aligned with the downstream direction.
Because of the blockage of the supersonic cross
ow by the jet, a bow shock is produced ahead of the jet. It
causes upstream boundary layer separation and leads to the formation of a horseshoe vortex.

Several experimental investigations have been conducted to understand the mechanisms of the supersonic
mixing, which include detailed velocity measurements,3 time-averaged wall pressure measurements4 and
temporally resolved 
ow visualizations and mixing characteristics with non-reactive2, 5 and combustible jet
gases.1 These measurements show the dynamics of the jet shear layer and shocks and overall 
ow feature.
However, because of the di�culty of measuring the high-speed complex unsteady 
ow�elds, experimental
data are mainly obtained for certain 2-D planes of side- and cross-views.
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Figure 1. Schematics of the transverse injection of an under -expanded jet into a supersonic cross
ow. 1, 2

To obtain additional insights into the 3-D unsteady 
ow proc esses of the supersonic jet mixing, numerical
simulation is an attractive choice. Obviously, Reynolds-averaged Navier-Stokes simulation does not capture
the unsteady turbulent eddy structures responsible for turbulent mixing. Large-eddy simulation (LES) and
detached-eddy simulation (DES) have been performed and showed some large-scale structures.6, 7 However,
their large-scale structures are somewhat obscure. This isprimarily because of the conventional low-order
dissipative upwinding �nite volume schemes; Roe's 
ux di�e rence splitting and Steger-Warming 
ux vector
splitting were employed in these simulations. These schemes work well in the sense of discontinuity capturing
for the bow shock, barrel shock, Mach disk and jet contact surface (which are all observed in a under-
expanded sonic jet in a supersonic cross
ow), but are too dissipative for use in LES to properly resolve
the turbulent eddy structures. It is important for LES to not dampen turbulence arti�cially. Therefore,
LES of the supersonic jet mixing presents challenges for simultaneously capturing 
ows with complex shocks
and contact surfaces and resolving the 3-D broadband turbulent eddying motions present in high Reynolds
number 
ows.

In the present study, an under-expanded sonic jet injectioninto a supersonic cross
ow is numerically
simulated by using a high-order compact di�erence scheme8 and spatial �ltering 8, 9 to properly resolve the
physics of the supersonic turbulent mixing. Recently developed discontinuity-capturing scheme of localized
arti�cial di�usivity scheme 10 is coupled with a high-order compact di�erencing/�ltering schemes to capture
di�erent types of discontinuities such as a shock wave, contact surface or material discontinuity. The main
objective of this paper is to develop further insights into the 3-D complex 
ow physics of the supersonic
jet mixing. Firstly, time-averaged 
ow�elds are discussed and comparisons between the LES results and
the experimental data3 are performed for validation. Then, key physics of the jet mixing in a supersonic
cross
ow are highlighted form the observations of instantaneous 
ow�elds. Simple test cases to evaluate
the performance of our discontinuity-capturing scheme, \localized arti�cial di�usivity scheme" are brie
y
discussed in the �rst part of this paper for completeness.

II. Mathematical Models

II.A. Governing equations

The compressible Navier-Stokes equations for an ideal non-reactive gas are:

@�
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where � is the density, u is the velocity vector, p is the static pressure, E is the total energy, T is the
temperature, 
 (=1.4: air) is the ratio of speci�c heats, R is the gas constant,� is the thermal conductivity,
�
�

is the unit tensor. Equation 4 is the transport equation for a mass fraction Yk where D k is the species
di�usion coe�cient. The viscous stress tensor �

�
is

�
�

= � (2S
�

) + ( � �
2
3

� )( r � u )�
�
; (6)

where � is the dynamic (shear) viscosity, � is the bulk viscosity, and S
�

is the strain rate tensor, S
�

=
1
2 (r u + ( r u )T ).

II.B. Numerical scheme

The equations are solved in generalized curvilinear coordinates, where spatial derivatives for convective
terms, viscous terms, metrics and Jacobian are evaluated bythe sixth-order compact di�erencing scheme.8

For any scalar quantity f at interior points, the �nite di�erence approximation to th e �rst and second spatial
derivatives at node i , @fi

@�l
and @2 f i

@�2l
are obtained by the following formulas:

� 1
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+
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@�l
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l

(8)

where � 1 = 1/3, a1 = 14/9 and b1 = 1/9 and � 2 = 2/11, a2 = 12/11 and b2 = 3/11 for the sixth-order
schemes. Instead of applying the �rst derivative twice, the second derivative scheme is used for the viscous

ux vectors reformulated in the nonconservative form. At boundary points 1 and 2 and correspondingly at
imax -1 and imax , second- and fourth-order one-sided formulas are utilizedthat retain the tridiagonal form of
the equation set.11 Symmetric Gauss-Seidel alternate directional implicit factorization scheme12 with three
multiple sub-iterations (Newton-Raphson iteration) 13 is used for time integration. The implicit scheme is
based on the alternate directional implicit factorization14 with the sweep procedure as a kind of Symmetric
Gauss-Seidel relaxation.15 The implicit portion of the algorithm uses second-order accurate three-point
backward di�erencing for the derivative. In the present study, the computational time step is approximately
� t=8.57� 10� 9sec (� t � cs=D=0.0006) at which the maximum Courant-Friedrichs-Lewy (CF L) number is
less than 1.0, wherecs is the speed of sound of the free-stream, andD is the diameter of the nozzle exit.

The following eighth(2N th)-order low-pass spatial �ltering scheme8 is used on the conservative properties
once in each direction after each �nal sub-iteration step inorder to ensure numerical stability:

� f
�f i � 1 + �f i + � f

�f i +1 =
X N

n =0

an

2
(f i + n + f i � n ) (9)

where f is the solution vector, and �f is �ltered quantity. A eighth-order �lter is obtained with a0 =
93+70 � f

128 ; a1 = 7+18 � f

16 ; a2 = � 7+14 � f

32 ; a3 = 1� 2� f

16 ; a4 = � 1+2 � f

128 . The coe�cient � f is a free parameter
satisfying the inequality � 0:5 < � f � 0:5. In this range, as� f is increased, a less suppression is realized. In
the present study, the � f is �xed to 0.495. High-order one-sided formulas are used forthe near boundary
points at 1,..., 4 and correspondingly at imax -3,..., imax .9 Detailed spectral responses of these �lters may
be found in Ref. 16.

II.C. Localized arti�cial di�usivity

When a high-order compact scheme is applied to solve 
ows that involve steep gradients such as those due
to shock waves, contact surfaces or material discontinuity, non-physical spurious oscillations that make the
simulation unstable are generated. A key issue here is how toproperly remove the non-physical spurious
oscillations without damping the resolved scales of turbulence.
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Our discontinuity capturing scheme, \localized arti�cial di�usivity scheme", is based on adding grid-
dependent arti�cial 
uid transport coe�cients to the coe�c ients appearing in Eqs. 3, 4 and 6 proposed by
Cook,16

� = � f + � � ; (10)

� = � f + � � ; (11)

� = � f + � � ; (12)

D k = D f;k + D �
k ; (13)

where the f subscripts and asterisks denote 
uid and arti�cial transport coe�cients. The arti�cial 
uid
transport coe�cients are designed to automatically vanish in smooth well-resolved regions and provide
damping in non-smooth unresolved regions to capture di�erent types of discontinuity.

We model the localized arti�cial di�usivity on a multi-dime nsional generalized coordinate system de�ned
by:10
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where C� , C� , C� , CD and CY are user-speci�ed constants,S is the magnitude of the strain rate tensor,
cs is sound speed,e is internal energy de�ned by e = 1


 � 1
p
� , and H is the Heaviside function. � l refers to

generalized coordinates� , � and � and xm refers to x, y and z when l and m are 1, 2 and 3, respectively.
� l is the grid spacing in the physical space along the grid line in the � l direction and is de�ned by � 2
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2

� 2
, where xn;i refers to x i , yi and zi when n is 1, 2 and 3 andi is a node index in the
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where " is a small constant (e.g. " = 10 � 16) used to prevent division by zero.
If r is su�ciently high, the high-wavenumber biased ( kr ) arti�cial di�usivity is only activated in the

region where needed, to capture discontinuities using high-order compact di�erencing schemes. The overbar
denotes an approximate truncated-Gaussian �lter.17 In the limit of � l ! 0, Eqs. 14{ 17 ! 0. Therefore,
the governing equations converge to the original Navier-Stokes equations.

In the present study r=4 is adopted in Eqs. 14{ 17. The fourth derivatives, @4 S
@�4l

, @4 e
@�4l

and @4 Yk
@�4l

are

evaluated by:8
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A fourth-order explicit scheme at interior points that is us ed in this study are obtained by setting the pa-
rameters as: � =0, a=2 and b=-1. � � l is the spatial grid size. Note that sixth- and fourth-order compact
formulations are obtained by setting: sixth-order tridiagonal, � = 7

26 , a= 19
13 and b= 1

13 ; fourth-order tridiago-
nal, � = 1

4 , a= 3
2 and b=0, but almost identical results are obtained by using the di�erent schemes that evaluate

the fourth derivatives.10 Therefore the use of the fourth-order explicit scheme can bean attractive choice
for reducing computational costs. At a near-boundary point i , one-sided second-order explicit formulas10

are utilized.
Since the LES of sonic jet in a supersonic cross
ow involves awall-bounded viscous 
ow simulation,

the following van Driest wall damping function multiplies t he grid spacing (� l ) in the localized arti�cial
di�usivity scheme to force the arti�cial viscosity to vanis h in the near wall portion of the boundary layers,

f vd = 1 � exp
� y+

A+ ; (20)
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where the van Driest constantA+ is 26.
The user-speci�ed constants are set toC� =0.002, C� =1, C� =0.01, CD =0.01 and CY =100. These con-

stants allows the scheme to capture discontinuities and notto introduce excessive dissipation for various
types of case.10 Although the constants work well for wide range of test caseswhen r = 4 in Eqs. 14{ 17 and
sixth-order compact/eighth-order �ltering schemes are used, the constants will possibly need to be adjusted
if di�erent value of r or other numerical schemes are adopted.

In the present study no explicit models for the subgrid mass-, momentum-, species-, and energy transport
are used. The localized arti�cial di�usivity and �ltering a ct to suppress near grid scale 
uctuations. The
performance of such an implicit approach to LES is the subject of further investigation.

III. Performance of localized arti�cial di�usivity scheme

Two selected test cases which demonstrate the performance of the localized arti�cial di�usivity (LADG)
scheme are discussed �rst. Further complete discussions ofthe LADG scheme may be found in Ref. 10.

III.A. Two-dimensional double Mach re
ection

The 2-D double Mach re
ection of a Mach 10 shock problem initially used to compare several numerical
schemes by Woodward and Collela18 is investigated to assess the discontinuity capturing capability of the
LADG scheme for strong shocks. Simulations are carried out on a uniformly spaced Cartesian grid with
three di�erent levels of grid spacing 241� 121, 481� 241 and 961� 481 grid points in the x- and y-directions
where the computational domain extends fromx=0 to x=4 and y=0 to y=2 with � x = � y = 1/60, 1/120
and 1/240.

Figure 2 shows the density contours of double Mach re
ection with three di�erent levels of grid spacing
� x = � y = 1/60, 1/120 and 1/240 using the compact di�erencing with LA DG scheme. Close-up view
in the blow-up region is presented. The strong discontinuities are successfully captured approximately by
a �xed number of grid points. Thus, the shock and contact discontinuities are sharpened by re�ning the
mesh. Roll-up of the near wall jet is better resolved with increasing the mesh resolution. TheL1-error
in the regions of discontinuity decrease as �rst-order with increasing the grid resolution. The degradation
of accuracy of the numerical scheme to �rst-order near discontinuities is the best we can achieve and is
same as other shock-capturing schemes. The compact/LADG scheme shows almost similar discontinuity-
capturing capability compared to other high-order shock-capturing schemes such as well-known seventh- and
ninth-order WENO schemes.
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Figure 2. Numerical simulations of the double Mach re
ectio n of a Mach 10 shock with � x = � y = 1/60, 1/120 and
1/240 obtained by compact di�erencing with LADG scheme. Den sity, 30 equally spaced contours from 1.731 to 20.92
at t = 0.2.
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Figure 3. Comparison between the numerical methods for 1-D S hu-Osher problem with � x = 0.05 at t = 1.8. Overall
density pro�le (left) and close-up pro�le in the post-shock region (right).

III.B. One-dimensional Shu-Osher problem

The 1-D shock-entropy wave interaction introduced by Shu and Osher19 is investigated to assess the capability
of the compact/LADG scheme on a model problem relevant to shock-turbulence interaction. Because the
entropy waves are sensitive to the numerical dissipation, schemes using upwinding to capture discontinuities
usually introduce excessive numerical dissipation and theentropy waves are damped. Initial left- and right-
side conditions are: � l = 3.857143,ul = 2.629369 andpl = 10.33333 for x < � 4, and � r = 1+0.2sin(5 x), ur

= 0.0 and pr = 1.0 for x � � 4. Simulations are performed on a uniformly spaced grid with201 grid points
where the computational domain is -5� x � 5 with � x = 0.05.

Figure 3 shows the comparison between the compact/LADG scheme and seventh/ninth-order WENO
schemes20 for 1-D shock-entropy wave interaction problem at the time of t = 1.8. Compact di�erencing
with LADG scheme shows superior performance in resolving the entropy waves behind the shock and with a
small stencil and computational cost compared to seventh- and ninth-order WENO scheme. This is due to
the high-resolution characteristics of the compact di�erencing scheme, which achieve better representation
of the entropy wave while the shock is captured by locally adding arti�cial di�usivity that does not a�ect
the smooth regions. The comparison between the compact scheme with LADG method and high-order
WENO illustrates the advantage of the compact/LADG method f or the simulation of 
ows involving shocks,
turbulence and their interactions.

IV. Numerical Results

IV.A. Flow Con�guration

The 
ow condition examined in this study is based on the experiment of Santiago and Dutton3 in order to
validate the present LES. The computation usesM 1 =1.6, ReD =2.4� 104. Density and pressure ratio be-
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Figure 4. Computational grids (every �fth grid point). Side view at z/ D =0 on left, close-up view near nozzle exit in
the middle, and top view on right.

tween the nozzle chamber and cross
ow are� 0j =� 1 =5.55 and poj =p1 =8.40. Based on these 
ow conditions,
the resulting jet-to-cross
ow momentum 
ux ratio is J =1.7, which is an important parameter to determine
jet penetration. Only the Reynolds number di�ers from the experiment; an approximately six times lower
Reynolds number is chosen to maintain the LES resolution requirement under currently acceptable com-
putational costs. Although the Reynolds number is not matched, the upstream boundary layer thickness,
� 99/ D = 0.775D (3.1 mm), is matched at x/ D = -5.

Figure 4 shows the grid geometry of the computational domain employed in the present study. Every
�fth grid point is presented in the �gure. Overset grids cons ist of three structured grids, background, nozzle
and nozzle axis grids. The nozzle axis grid covers the singular line in the nozzle grid. The geometry of
the nozzle matches the experiment.3 The gray area shown as a part of the nozzle grid in Fig.4 is treated
as grid points inside the wall (these are blanked and not active in the solution). The computational test
section of the background mesh extends from the center of thenozzle exit to 5D upstream and downstream
in the streamwise direction (x=D=-5 to 5), 2 D on both sides in the spanwise direction (z=D=-2 to 2) and
3.3D in the wall-normal direction ( y=D=0 to 3.3). In the focused region, a uniformly spaced grid is adopted
in streamwise and spanwise directions. In the wall-normal direction, the grid is clustered near the wall in
the region y=D=0 to 0.3 and then a uniformly spaced grid is used fory=D=0.3 to 3.3. Sponge layers with
the lengths of 20D, 10D and 10D are placed at the outlet, both sides and the upper boundaries. The
number of grid points are background mesh: 301� 131� 115, nozzle mesh: 54� 125� 107 and nozzle axis
mesh: 25� 25� 107 in the � , � , � direction. The grid resolutions in wall units of the background mesh are
approximately 30, 30 and 1{30 in the streamwise, spanwise and wall-normal direction. The grid resolutions
in wall units are based on the wall friction coe�cient at x=D=-5 measured in the experiment and for the
reduced Reynolds number used in this study.

Communication between the grids is handled through a two-point fringe at boundaries by using sixth-
order Lagrangian interpolation.21 At the cross
ow inlet boundary at x=D=-5 on the background mesh,
mean physical properties are �xed to the laminar Blasius boundary layer pro�le with the boundary thickness
of 0.775D (3.1 mm). Although the boundary thickness at the station matches that of the experiment, the
experimental velocity measurement atx=D=-5 possesses a turbulent boundary layer. The bottom boundary
of the nozzle is set to nozzle chamber conditions. The solid wall boundary condition is treated as a non-slip
adiabatic wall. A characteristic boundary condition is applied to the upper, side and outlet boundaries.
Large sponge layers are introduced around these boundariesto remove turbulent 
uctuations and their
re
ection from the boundaries.

IV.B. Time-Averaged Flow�elds

Statistical data discussed in the following are based on averaging 
ow�elds over 70,000 steps (0.6 msec
in physical time) of unsteady 
ow simulations. In that time s cale, the freestream 
ow passes through
approximately a distance of 70D.

Figure 5 shows time-averaged Mach number distributions with streamlines at midline, wall-normal and
cross-view planes. As expected, the streamlines show that most of the jet 
uid passes through the barrel
shock and Mach disk and then turns downstream. Upstream of the jet, two recirculation regions are observed.
One is the horseshoe separation vortex induced by the bow shock. The other comes from the windward jet
boundary and indicates the upstream jet entrainment. The top view shows that the streamlines diverge
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Figure 5. Time-averaged Mach number distributions with str eamlines: side view at midline plane z=D =0 on the left,
top view at wall-parallel plane y=D =1 in the middle and cross-view planes of x=D =1, 3 and 5 on the right.
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u id (passive scalar Yk ) distributions: side view at midline
plane z=D =0 on the left, top view at wall-parallel plane y=D =1 in the middle and cross-view planes of x=D =1, 3 and 5
on the right.

laterally after the cross
ow de
ects through the bow shock and then converge downstream. A pair of
counter-rotating vortices is clearly visualized in the cross-view of the time-averaged 
ow�eld as discussed in
the literature.

Turbulent kinetic energy ( T KE ), (hu0u0i + hv0v0i + hw0w0i )/2 U2
1 , and time-averaged jet 
uid (passive

scalar Yk ) distributions at midline, wall-normal and cross-view planes are shown in Fig. 6. Three high
T KE regions (locations A-C) in the midline plane correspond to the regions where the vortex structures
are observed at the windward and leeward boundaries of the jet and under the leeward jet boundary as will
be discussed in sectionIV.D . The high T KE at location B extends to a large region downstream. Time-
averaged jet 
uid distributions in Fig. 6 (b) show that the jet 
uid is progressively diluted in the reg ions
where high T KE is observed.

IV.C. Comparisons with Experiment

Santiago and Dutton3 provided extensive 
ow data under the condition examined, although it is not easy to
measure details of the 
ow under such a high-speed 
ow condition. Comparisons to experimental data allow
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Figure 7. Experimental uncertainty: Two experimental meas urements of time-averaged streamwise velocity distribu-
tions ( U / U1 ) at cross-view planes of x=D =3 and 5 are placed across z=D =0. 3

us to establish con�dence in the simulations.
First, it is necessary to mention the uncertainty involved in the experimental data in order to properly

validate the LES data. Figure 7 shows two separate experimental measurements of time-averaged streamwise
velocity distributions at cross-view planes of x=D=3 and 5 under the same nominal 
ow condition. The
di�erences in these separate measurements indicate that the experimental data include some degree of
uncertainty. Also, the experimental data show asymmetry across thez = 0 plane.

Comparisons of streamwise and wall-normal velocities between the LES and experimental data at midline
plane z=D=0 are shown in Fig. 8. Downstream of the jet, the LES shows a recirculation region, although
the experiment data do not show this. The reason for this discrepancy is not clear, but overall the locations
of the shock structures, upstream recirculation region andjet development downstream agree reasonably
well with the experiment. Quantitative comparisons of the velocities at the downstream stations ofx=D=2,
3, 4 and 5 are shown in Fig.9. Although signi�cant discrepancy is observed close to the wall in the region
immediately downstream of the jet in the streamwise velocity pro�les as discussed earlier, the agreements with
the experimental data is fairly good. In the wall-normal velocity pro�les, the LES over-predicts the upwash
at location x=D=2. However, similar to the streamwise velocity, overall the LES results agree well with
the experiment. Three velocity components at cross-view planesx=D=3 and 5 also show good agreements
with the experiment (although not shown here). One possiblereason for the disagreement between the LES
results and experiment is the presence of laminar boundary layer upstream of jet injection in LES.

Figure 10 shows the comparison of Reynolds stress distributions at midline plane of z=D=0. Because of
the uncertainty in the experimental data, this comparison can only be qualitative. Large negative Reynolds
stress distributions due to the 
uctuations induced by the t wo types of vortex formation from the windward
and leeward jet boundaries, as will be discussed in sectionIV.D , are observed in both LES and the experiment.
Near the stagnation point upstream of the jet and leeward of the jet boundary, positive Reynolds shear stress
is seen. The Reynolds stress distributions qualitatively agree with the experiment.

IV.D. Instantaneous Flow�elds

Figure 11shows instantaneous snapshots of density gradient magnitude on the left and passive scalarYk of jet

uid on the right. Side-view and top-view planes are at z=D=0 and y=D=1 planes. Front bow shock, barrel
shock, Mach disk and vortex structures are clearly visualized in the �gure. Kelvin-Helmholtz instability
causes the 3-D circumferential vortex formation, which wraps the contact surface periphery between the jet
and ambient 
ows as observed near the edge of jet 
uid (near A and B). Most of the jet 
uid passes through
the barrel shock and Mach disk; jet mixing mainly occurs after the jet 
uid passes through the shocks. Since
the jet 
uid has larger velocity than ambient 
uid, vortices roll counter-clockwise and clockwise at windward
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Figure 11. Instantaneous snapshots of density gradient mag nitude (left) and jet 
uid (right) at midline plane z=D =0
(top) and wall-parallel plane y=D =1 (bottom).

and leeward jet boundaries as observed in the side view near Aand B. The vortices also roll counter-clockwise
and clockwise at the jet boundaries of +z and -z sides as observed in the top view near C and D. Therefore,
these vortices do not form a clear vortex ring but form 3-D complex vortex ring-like structures. In addition
to these vortices, additional vortex structures are observed near location E under the jet boundary. Isolated
regions of red-colored jet 
uid are also observed at this location. These indicate spanwise stirring of the jet

uid.

The 3-D features of vortex structure and its cross view at theplanes ofx=D=1, 3 and 5 are visualized
by the instantaneous isosurfaces of the second invariant ofvelocity gradient tensor Q and density gradient
magnitude in Fig. 12. The Q isosurfaces are colored by streamwise vorticity, which means that red and
blue surfaces show clockwise and counter-clockwise rotating vortices with the axis in the streamwise (x)
direction. Q isosurfaces with green color show the vortices without the axis in the streamwise direction.
Relatively �ne vortex structures upstream of the jet inject ion show unsteady vortical motion inside the
upstream recirculation region, which form a horseshoe vortex in the time-averaged 
ow�elds. Two types of
hairpin-like vortex formations are observed. One is induced by the interaction between the windward portion
of the jet, which passes through the barrel shock, and the cross
ow (an example is observed at location A
in Figs. 11 and 12). The other is observed at location B in Figs. 11 and 12, which is generated from
the leeward portion of the jet boundary passing through the Mach disk. Both hairpin-like structures form
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Figure 13. Time-series pressure data inside upstream recir culation region.

a pair of clockwise and counter-clockwise rotating longitudinal vortices as shown by red- and blue-colored
surfaces in Fig. 12. The vortices which appear on the windward portion of the jet interface (location A)
are of a larger scale and more coherent hairpin-like structure than that from the leeward portion of the jet
boundary (location B). The relatively small hairpin-like v ortex structures generated from the leeward jet
boundary quickly break down to �ner and random structures. T herefore, the jet 
uid is rapidly stirred with
the ambient 
uid entrained into the 
ow and subsequently mix ing is enhanced. HighT KE distribution
which extends to a large region downstream is observed at this region (location B in Fig. 6 (a)) where the
jet 
uid is progressively diluted. These results illustrat e the important role of hairpin-like vortex structures
in jet 
uid stirring and subsequent mixing. The isolated reg ions of jet 
uid observed under the jet boundary
at location E in the side view of Fig. 11 are caused by these �ne vortex structures.

Figure 13shows time-series pressure data inside upstream recirculation region. Representative time-series
snapshots of jet 
uid (passive scalarYk ) overlapped with divergence of velocity contours at midline plane
z=D=0 are shown in Fig. 14. The divergence of velocity contours represent shock structures. The pressure
history data are obtained at location A as shown in the left top snapshot. These nine snapshots are taken at
the time corresponding to the numbered markers in the pressure history. The simulated unsteady 
ow�eld
illustrates that the pressure 
uctuation inside the recirc ulation region induces the instability of windward jet
shear layer and the jet shear 
uctuation causes large-scaledynamics of barrel shock and bow shock deforming
and accompanies vortex formation. The barrel shock shows a kink in the time-series images. Also these
processes are possibly coupled each other.

From point 1 to 4 in the pressure history, the pressure rises by approximately 60 % of the freestream
pressure. Corresponding to the pressure 
uctuation (increase) inside the upstream recirculation region, the
degree of expansion at the windward side of the nozzle edge changes in order to keep the pressure balance
across the jet boundary. As clearly shown in the snapshots from 1 to 4, expansion at the nozzle edge
is reduced when the pressure inside the recirculation region increases. Figure15 shows snapshots of Mach
number distributions near windward jet boundary at time poi nts 1 (left) and 4 (right) in the pressure history.
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Figure 14. Representative time-series snapshots of jet 
ui d (passive scalar Yk ) overlapped with divergence of velocity
contours at midline plane z=D =0.
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Figure 18. Representative time-series snapshots of jet 
ui d (passive scalar Yk ) at midline plane z=D =0. t d = t � t 0 =0.0,
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As expected, lower Mach number distribution along the jet boundary is obtained at the time point 4. Because
of the lower Mach number, the jet shear layer is able to support rapid growth of instability waves and starts
to 
uctuate suddenly after the lip of the jet ori�ce around th is time. By way of contrast the jet shear at time
1 does not show such a 
uctuation. Once the jet shear starts to
uctuate, a local shock wave appears within
the jet because of the blockage of the supersonic jet by the de
ected shear layer as observed at location
B in the snapshot 6. Then, the local shock and the jet shear layer 
uctuation both amplify and the local
shock connects to the original barrel shock, making a kink inthe barrel shock as shown in snapshot 7. Once
the kink appears, it moves downstream and the jet shear layerrapidly de
ects along the shock. Figure 16
shows snapshots of norm of density gradient at midline planez=D=0 at the time points 7-9. The rapid shear
layer de
ection and the accompanied vortex formation induce acoustic waves as observed at location C. The
acoustic wave propagates upstream and interacts with the bow shock. The interaction causes large-scale
oscillation of the bow shock. Although the processes of the large-scale dynamics are discussed with reference
to a certain time window, these dynamics are repeated numerous times during the LES time history when the
pressure inside the upstream recirculation region becomeshigh. Similar large-scale deformation of the barrel
shock and Kelvin-Helmholtz circumferential rollers are also observed in the experiment5 as shown in Fig. 17.
Ben-Yakar et al:1 also shows similar front bow shock deformation and vortex formation in their consecutive
schlieren images, although the 
ow conditions are di�erent from the present LES. These facts illustrate the
ability of the present LES to qualitatively reproduce the unsteady dynamics of an under-expanded sonic jet
in a supersonic cross
ow.

Representative time-series close-up snapshots of jet 
uid(passive scalarYk ) in midline plane z=D=0 are
shown in Fig. 18. Large-scale counter-clockwise roll-up of the jet shear layer is observed on the windward
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side, immediately after the jet passing through the barrel shock. Once the large-scale roll-up occurs, the jet

uid is entrained into a region upstream of the jet. This jet 
 uid entrainment may support the ignition inside
the recirculation region upstream of the jet for a reactive species. Experimental OH-PLIF measurements by
Ben-Yakar et al:1 show a strong OH-PLIF signal inside the recirculation region. The signal means that the
ignition occurs in that region. The experimental result supports the mechanism of the jet 
uid entrainment
observed in the LES.

V. Conclusion

High-order compact di�erencing/�ltering schemes have been coupled with recently developed localized
arti�cial di�usivity methodology in the context of large-e ddy simulation to obtain additional insights into
the 3-D complex 
ow physics of an under-expanded sonic jet injection into a supersonic cross
ow.

The comparisons between the compact di�erencing with LADG scheme and high-order WENO scheme
illustrate the advantage of the compact/LADG scheme for thesimulation of 
ows involving shocks, turbulence
and their interactions.

Key physics of the jet mixing in a supersonic cross
ow have been highlighted in this paper. Two regions of
vortex formation that create hairpin-like structures are i denti�ed in the windward and leeward jet boundaries.
These vortices play an important role in determining the behavior of jet 
uid stirring and subsequent mixing.
Relatively small hairpin-like vortex structures from the l eeward jet boundary quickly break down to �ner,
random structures and induce highT KE , which extends far downstream. Pressure 
uctuation insidethe
recirculation region induces the instability of windward j et shear layer and the jet shear 
uctuation causes
large-scale dynamics of barrel shock and bow shock deformation and accompanies vortex formation. Rolled-
up windward jet shear layer is entrained by the the upstream recirculation 
ow, which shows mixing upstream
of the jet. The present LES qualitatively reproduce the unsteady dynamics of both barrel shock and bow
shock as observed in the experiment. Statistics obtained bythe LES also show good agreement with the
experiment. Further studies with grid re�nement, and turbu lent in
ow conditions are subject of on-going
work.

Acknowledgments

This work is supported by Air Force O�ce of Scienti�c Researc h (AFOSR) Multidisciplinary University
Research Initiative (MURI) Program. The authors gratefull y acknowledge Professor J. G. Santiago and
Professor J. C. Dutton for providing extensive experimental data. Present code is based on extension to the
code FDL3DI provided by Dr. M. R. Visbal, whom we thank for thi s.

References
1Ben-Yakar, A., Mungal, G. M., and Hanson, R. K., \Time Evolut ion and Mixing Characteristics of Hydrogen and

Ethylene Transverse Jets in Supersonic Cross
ows," Physics of Fluids , Vol. 18, 2006, pp. 026101.
2Gruber, M. R., Nejad, A. S., Chen, T. H., and Dutton, J. C., \Mi xing and Penetration Studies of Sonic Jets in a Mach

2 Freestream," Journal of Propulsion and Power , Vol. 11, No. 2, 1995, pp. 315{323.
3Santiago, J. G. & Dutton, J. C., \Velocity Measurements of a J et Injected into a Supersonic Cross
ow," Journal of

Propulsion and Power , Vol. 13, No. 2, 1997, pp. 264{273.
4Everett, D. E., Woodmansee, M. A., Dutton, J. C., and Morris, M. J., \Wall Pressure Measurements for a Sonic Jet

Injected Transversely Into a Supersonic Cross
ow," Journal of Propulsion and Power , Vol. 14, No. 6, 1998, pp. 861{868.
5VanLerberghe, W. M., Santiago, J. G., Dutton, J. C., and Luch t, R. P., \Mixing of a Sonic Transverse Jet Injected into

a Supersonic Flow," AIAA Journal , Vol. 38, No. 3, March 2000, pp. 470{479.
6von Lavante, E., Zeitz, D., and Kallenberg, M., \Numerical S imulation of Supersonic Air
ow with Transverse Hydrogen

Injection," Journal of Propulsion and Power , Vol. 17, No. 6, 2001, pp. 1319{1326.
7Peterson, D. M., Subbareddy, P. K., and Candler, G. V., \Asse ssment of Synthetic In
ow Generation for Simulating

Injection into a Supersonic Cross
ow," AIAA Paper 2006{812 8, AIAA, November 2006.
8Lele, S. K., \Compact Finite Di�erence Schemes with Spectra l-like Resolution," Journal of Computational Physics ,

Vol. 103, No. 1, 1992, pp. 16{42.
9Gaitonde, D. V. and Visbal, M. R., \Pad�e-Type Higher-Order Boundary Filters for the Navier-Stokes Equations," AIAA

Journal , Vol. 38, No. 11, November 2000, pp. 2103{2112.
10 Kawai, S. and Lele, S. K., \Localized Arti�cial Di�usivity S cheme for Discontinuity Capturing on Curvilinear Meshes,"

To appear in Journal of Computational Physics , 2008.

15 of 16

American Institute of Aeronautics and Astronautics Paper AIAA 2008-4575



11 Gaitonde, D. V. and Visbal, M. R., \High-Order Schemes for Na vier-Stokes Equations: Algorithm and Implementation
into FDL3DI," AFRL-VA-WP-TR-1998-3060, Air Force Researc h Laboratory, 1998.

12 Iizuka, N., Study of Mach Number E�ect on the Dynamic Stability of a Blunt Re-entry Capsule , Ph.D. thesis, University
of Tokyo, February 2006.

13 Chakravarthy, S. R., \Relaxation Methods for Unfactored Im plicit Upwind Schemes," AIAA Paper 1984{0165, AIAA,
January 1984.

14 Beam, R. M. and Warming, R. F., \An Implicit Factored Scheme f or the Compressible Navier-Stokes Equations," AIAA
Journal , Vol. 16, 1976, pp. 393{402.

15 Yoon, S. and Jameson, A., \Lower-Upper Symmetric-Gauss-Se idel Method for the Euler and Navier-Stokes Equations,"
AIAA Journal , Vol. 26, No. 9, September 1988, pp. 1025{1026.

16 Cook, A. W., \Arti�cial 
uid properties for Large-Eddy Simu lation of Compressible Turbulent Mixing," Physics of Fluids ,
Vol. 19, No. 5, 2007, pp. 055103.

17 Cook, A. W. and Cabot, W. H., \A High-Wavenumber Viscosity fo r High-Resolution Numerical Method," Journal of
Computational Physics , Vol. 195, No. 2, 2004, pp. 594{601.

18 Woodward, P. and Collela, P., \The Numerical Simulation of T wo-Dimensional Fluid Flow with Strong Shock," Journal
of Computational Physics , Vol. 54, No. 1, 1984, pp. 115{173.

19 Shu, C. W. and Osher, S. J., \E�cient Implementation of Essen tially Nonoscillatory Shock Capturing Schemes II,"
Journal of Computational Physics , Vol. 83, No. 1, 1989, pp. 32{78.

20 Balsara, D. S. and Shu, C. W., \Monotonicity Preserving Weig hted Essentially Non-oscillatory Schemes with Increasing ly
High Order of Accuracy," Journal of Computational Physics , Vol. 160, No. 2, 2000, pp. 405{452.

21 Sherer, S. E. and Visbal, M. R., \Computational Study of Acou stic Scattering from Multiple Bodies Using a High-Order
Overset Grid Approach," AIAA Paper 2003{3203, AIAA, Januar y 2003.

16 of 16

American Institute of Aeronautics and Astronautics Paper AIAA 2008-4575


	Introduction
	Mathematical Models
	Governing equations
	Numerical scheme
	Localized artificial diffusivity

	Performance of localized artificial diffusivity scheme
	Two-dimensional double Mach reflection
	One-dimensional Shu-Osher problem

	Numerical Results
	Flow Configuration
	Time-Averaged Flowfields
	Comparisons with Experiment
	Instantaneous Flowfields


