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Abstract

This memo presents a simple analysis of small-scale self focusing or
filamentation effects in strongly diverging or converging optical beams
(“tapered beams”) propagating in nonlinear or saturable optical media.
In contrast to the collimated beam case where the nonlinear perturba-
tions can be modelled as uniformly spaced periodic ripples, the nonlinear
phase and amplitude ripples in the tapered-beam case can be modeled
as nonlinear Newton’s rings or Fresnel zone plates. These perturbations,
although they preserve their shape with distance, do not grow exponen-
tially with distance as in the collimated beam case because they lack the
Talbot interaction that is necessary for exponential growth. Instead they
tend to grow either logarithmically or as a power of 2z with distance.

1. Introduction

Small-scale self focusing in optical Kerr media is a well-understood process in which
periodic small-amplitude amplitude or phase ripples on the transverse profile of a
collimated optical beam grow exponentially with distance as the beam passes through
a nonlinear medium. After sufficiently large growth these ripples may evolve into
intense “filaments” with peak intensities sufficient to damage the material in which
they propagate.

The basic mechanism involved in small-scale self focusing was first analyzed in two
classic papers by Bespalov and Talanov [1,2], followed in subsequent years by many
further theoretical and experimental discussions [3-8]. These early studies of small-

scale self focusing provided experimental confirmation for the optical Kerr effect and
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served as an interesting complement to the companion process of large-scale or whole-
beam self focusing [9]. In subsequent years understanding of this effect has helped to
explain and control beam-quality degradation and optical damage mechanisms in high-
power laser amplifiers [10,11], and in recent years extensions of these ideas have helped

to understand and control unwanted filamentation effects in wide-stripe semiconductor
lasers [12-16].

Self-focusing and filamentation effects can also be observed to some extent in ta-
pered (diverging or converging) optical beams [17,18], although with more difficulty.
Clean and well-characterized self-focusing behavior involving a self-preserving trans-
verse beam profile does not seem to have been observed in tapered beams, and no
simple analytical model for this case seems to have yet been developed. Theoretical

studies of the tapered-beam case have generally been limited to numerical simulations
[19-21].

In this note I present a simple physical model and the resulting analytical solutions
for small-scale self focusing of strongly divergent or convergent optical beams propa-
gating in either optical Kerr media (nonlinear phase modulation) or in saturable gain
or loss media (nonlinear amplitude modulation). In this analysis the shape-preserving
phase and amplitude patterns that may occur in tapered beams are identified as non-
linear Newton’s rings or Fresnel zone plates. An analysis closely analogous to the
original Bespalov and Talanov formulation then shows that these patterns, although
persisting in form with distance, will in general not grow exponentially with distance
as they do in the collimated beam case. The phase portion of these perturbations
does grow with distance, but at most either logarithmically or as a power of z. One
implication of this is that filamentation effects in tapered beams, including tapered am-
plifiers, should (fortunately) be significantly less intrusive and easier to control than in
the comparable collimated beam case. There may also be implications in this analysis

for the formation of nonlinear coherent optical beam patterns in tapered beams
2. Collimated Beam Analysis

It may be useful to review the elementary analysis of these phenomena for the colli-
mated optical beam case before tackling the tapered-beam case. We assume a medium

having an optical Kerr effect and potentially a (weakly) saturable gain coefficient. The
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complex propagation constant k for waves in such a medium can then be approximated
by
k= [ko — k2 1] + jlgo — g2 1] (1)

where I = I(x,y, z) is the local intensity (power per unit area) in the medium. The
nonlinear paraxial wave equation for the complex phasor wave amplitude a(x,y, z) of

a beam propagating in the z direction through such a medium can then be written as
9 .0 . . _
Vay = 2iko - + 2jkogo + 2ko(kz — jg2)I(2,y,2) | W(z,y,2) =0 (2)

In the collimated case the basic approach is to assume that the optical beam consists
of a uniform collimated primary plane wave traveling in the z direction with amplitude
up at z = 0, plus two weak secondary waves with small fractional amplitudes ¢ (z) and
C2(z) traveling at small angles £6 to the main beam. The complex beam amplitude

profile can then be written (limiting the analysis to one transverse direction) as
a(x,z) = ug e9(2)=id(2) [14 &1 (2)e?"™ 4 &(2)e™757] (3)

where k = kg sin 6 is a transverse k vector. The exponential factor g(z) allows for the
overall gain of the beam amplitude with distance due to any gain coefficient gy in the
medium, while the phase shift ¢(z) allows for a change in overall propagation constant
beam due to the optical Kerr effect. Putting this expansion into the nonlinear wave

equation and dropping higher-order terms than leads to the coupled equations for ¢;

and o
dcy(z . /432 . 2) | ~ . . 2) | =x
dea(z) _ o — (k2 — jigo) uge®? | & (z) — j [(7@ — jga) uge®! )] &(z)  (4)
dz 2]@0
and
dé* A . /{2 . z ~% . . z e
2(2) _ —j |5 = (k2 — jg2) ude®®) | &(2) + j [(kz — jiga) uge! )} a(z) (5
dz Qko

Setting up the analysis in this fashion provides physical insight, and in particular
emphasizes that the basic mechanism for the exponential growth of small-scale self
focusing is a combination of Talbot phase shifts (the x?/2ky terms) plus nonlinear

coupling between the two weak secondary waves facilitated by the strong primary wave
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(the ko and g2 terms). The Talbot phase shift terms show how the propagation of each
tilted plane wave differs from axial propagation with wave vector kg. The additional
terms involving ko — jgo arise because interference between the primary wave and either
of the weak secondary waves leads to the formation of periodic interference fringes and
thus to nonlinearly induced phase or amplitude gratings which have transverse wave
vector +x and strength proportional to the primary wave amplitude uge?®). These
gratings then diffract energy from the primary wave into both of the secondary waves,
leading to the nonlinear coupling terms

These two coupled equations can be readily solved as they stand. The analysis
becomes somewhat simpler algebraically however if we instead expand the transverse
perturbations in cosine and sine form, with complex-valued cosine and sine amplitudes

¢(z) and 5(z), in the form
u(x, z) = ug explg(z) — jo(2)] x [1 + &(2) cos kx + 5(z) sin kx| (6)

Since the cosine and sine terms are the same except for a lateral translation, they
both obey the same (uncoupled) first-order equation and only one of them, let’s say
the cosine term, needs to be considered. Putting this ansatz into the nonlinear wave
equation, separating out the constant and periodic transverse terms in x, and retaining
only first-order terms in the small cosine amplitude ¢(z) leads first of all to a pair of

zero-order equations for the growth of the overall amplitude and phase of these waves,

namely
d‘zl(zz) = go — ga ug exp[29(2)] (7)
and
) ko expl2e(a)] ©

The first of these equations obviously describes the amplitude growth with distance
due to the gain coefficient gy with first-order gain saturation taken into account, while
the second equation describes the overall phase shift ¢(z) due to the optical Kerr effect
produced by the primary beam amplitude.

Of more importance is the equation describing the first-order growth of the cosine

ripple coefficient ¢(z) with distance, which is given by

dé(z) K2

T = g 80) = ik = ) e Oe() + & (2)] )




At this point it is useful to separate the coefficient ¢ into real and imaginary parts,

i.e., é(z) = ¢r(2) + jci(z). Writing the intensity profile across the beam as
I(z,2) = |u(x, 2)|? ~ u? €291 + 2¢,(2) cos k] (10)

then makes clear that the real part ofthe cosine amplitude, or ¢.(z), represents a
periodic amplitude ripple on the beam, while the imaginary part c;(z) represents to
first order only a periodic phase ripple on the beam wavefront. The growth equation

for ¢(z) can then be separated into

de K2

r = — _— ’L - 2 2 T 11

dz (%0) G T 29206 (11)
and p )
C; K

L= —— —2koul ) . 12

dz (2k0 k2u0> (12)

These results say that in the absence of any nonlinearity, i.e., if ko = ¢go = 0, the
coefficients ¢,-(z) and ¢;(z) both oscillate (or rotate in phase) with distance as a result
of the axial propagation factor x2/2ky. This rotation is essentially the well-known
Talbot phase shift factor.

If one then adds an optical Kerr coefficient ko into these equations, but leaves
out any saturable gain coefficient g2 = 0, both ¢,,(2) and ¢;(z) acquire an exponential

growth with distance of the form ¢&(z) o< exp[£7yz] where the growth coefficient ~ is

2o (%) [2k2u(2)— (%)} | (13)(9)

This growth rate has a maximum value Yyax = kou? for ripples with a spatial period

given by Kmax = \/2kokou3.

One can also find from the preceding equations that a saturable gain or loss

given by

medium, that is, a medium characterized by a finite value for g but with ks = 0, does
not lead to this kind of exponential ripple growth. For a saturable gain medium, if
we again ignore the overall exp[2¢g(z)] amplification, the roots for the ripple growth

become

7= — gl \/(gaud)? — (k2/2k0)? (14)

so that both roots represent attenuation with distance rather than growth.
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Figure 1. The diverging spherical wave model used in the analysis, and

the Fresnel zone plate or Newton’s rings pattern produced by interference

between the primary spherical wave and either of the weaker secondary
waves.

3. Tapered beam analysis

We now develop a similar analysis for the tapered beam case. The crucial step in this
approach is to replace the primary and secondary plane waves in the collimated model
by primary and secondary spherical or cylindrical waves that diverge from a source
point or focus located on axis at z = 0, plus two additional axially displaced source

points which are located on the propagation axis at distances z = +a behind and in

front of the primary wave focal point, as shown in Fig. 1.

The cylindrical-wave and spherical-wave cases can then be treated in a single

formalism if we write the complex amplitude of the tapered beam in a form analogous
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to the plane-wave expansion, that is, as

N oy 1 kx?
u(mvz> = Up 69(2) Jjo(z) |:W exp <_J§>

z+a)/? o z+a)

+ 51(/2)% p(_jQ(kL) (15)

i CQ(Z)WGXP (‘32(5736—:)”

where the index n again has the value n = 1 for the cylindrical wave case or n = 2 for
the spherical wave case, and with x being replaced by the transverse radial coordinate
r in the spherical case. The first exponential factor inside the rectangular brackets is
of course the primary wave diverging from (or converging to) z = 0, while the second
and third exponential factors are the secondary waves diverging from z = 4+a. Suppose
we now consider these waves at distances z far enough away from their source points
so that we can make the primary approximation of this analysis, namely |z| > a. The
beam profile expression above can then be expanded to first order in powers of a/z in

the form

-7 — jkx?/2 k ax? k ax?
ﬁ(x,z):uo explg(2) ijgz) jka”/22] 1+ ¢é(z) cos an + 5(2) sin ;:Z

(16)

The physical picture in this case is that the weak secondary waves coming from z = +a

22

interfere with the primary spherical wave coming from z = 0 to produce in essence a
set of Newton’s rings having a transverse or radial variation of the form cos(k ax?/222)
or sin(k ax?/2z?), as also illustrated in Fig. 1. These rings diverge (or converge) in
the form of cones that have fixed angular positions within the overall tapered beam,
at least for z > a.

These rings, however, will also act through the nonlinear properties of the medium
to produce in effect continuous Fresnel zone plates or gratings at each transverse plane
of the medium. These zone plates will be of phase or amplitude character depending
on the optical Kerr and saturable gain coefficients ko and gs, respectively. In either
case, however, these Fresnel zone plates will have exactly the right form to diffract
energy from the primary spherical wave into the weak secondary waves originating

from z = 4a. This coupling back into the same secondary spherical waves is the direct
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analog in the tapered case to the diffraction coupling of the weak secondary waves at

46 into each other in the collimated beam case.

The analytical and physical consequences of these diffraction effects are, however,
quite different in the tapered beam case than in the collimated beam case. If the wave
expansion above is substituted into the nonlinear wave equation using the same small-
signal approximations as in the collimated beam case, the constant or primary-wave

terms again lead to a pair of overall gain and phase shift equations, namely

dg(z) 92UG 2402
et R & ]_
dz J0 o (17)
and )
d(b(Z) — kQU’O ng(Z) (18)

dz AL
which are essentially the same as in the collimated beam case, except that the tapered
beam intensity I(z, z) now has a 1/z" variation due to the beam divergence or conver-
gence. The growth equation for the cosinusoidal beam profile coefficient ¢(z), however,

takes on the modified form

& u2 629(2)
T — ks — o) O a() + (2] (19)

dz 2"

This equation is significantly different from the collimated beam result. In particular,
the Talbot term k2 /2kq appearing in the collimated beam equations is no longer present
in the tapered beam case, at least for z > a, so that dé¢/dz = d§/dz ~ 0 in the absence
of any nonlinear effects. There is no analog to the Talbott effect in the tapered beam

case.
4. Tapered Beam Results

Suppose we again write the ripple profile coefficient as ¢(z) = ¢,.(2) + j(ci(2) with ¢,
representing an amplitude or intensity ripple and ¢; to first order representing only
a phase ripple in the beam profile. We can then consider the solutions to the above
equations for the four limiting cases of cylindrical or spherical waves (n =1 or n = 2)
and pure index or pure gain saturation (g2 = 0 or ko = 0). The analytic solutions
for these four ideal limiting cases, assuming for simplicity that any overall gain in the

medium is small enough so that 2¢(z) < 1, are then:
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(a) Cylindrical wave (n = 1) and pure optical Kerr effect (g2 = 0)

The equations in this case separate into

dey(z) de;(2) 2kou?
= d ~ — r 2
P 0 an 7 ot (2) (20)
with analytic solutions
cr(2) =cro and  ¢i(2) = cio — [2kaud log(z/20)] ¢, (21)

where c¢.o and c;o are initial amplitudes at a starting plane z = z3. The small-signal
growth of the Fresnel ripples with distance in this case is only proportional to log(z/zp)
and of more importance it occurs only in the coefficient ¢;(z) which is the phase-ripple
portion of the profile. The intensity perturbations on the beam do not grow at all with

distance, at least not in a first-order approximation.

(b) Cylindrical wave (n = 1) and pure gain saturation (ko = 0)

The approximate equations are now

de.(z) 2g2u3 de;(z)
e cr(2) and o= 0 (22)
with solutions
2g2u2
cr(2) = <?> ’ cro and  ¢(z) = ¢ - (23)

In this case any initial intensity ripples die out with distance, while any initial phase
ripples remain unchanged with distance.
(c) Spherical wave (n = 2) and pure optical Kerr effect (g = 0)

The equations in this case are the same as above except that 1/z is replaced by

1/22. The solutions then become

1 1
cr(2) =cro and  c¢i(2) = cio — 2k%ul (— - —) Cro - (24)
20 z

Again the intensity ripples remain constant while the phase ripples can grow with

distance, but only to a certain limited value which depends on the input intensity. In
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essence, as the beam spreads the intensity drops sufficiently rapidly so that even the

phase ripples cease to grow.

(d) Spherical wave (n = 2) and pure gain saturation (ke = 0)
Finally, replacing 1/z with 1/z2 in the gain saturation case gives the solutions
1 1
cr(2) = ¢rp exp |:—2I€QU8 <— - —)} and ¢;(2) = ¢ - (25)
20 z
Again the intensity ripples decrease with distance, while the phase ripples remain

unchanged.
5. The Strongly Tapered Approximation

In closing, it is important to understand the physical conditions under which the
“strongly tapered” approximation z > a used in this analysis can be valid. This can
be approached in two more or less equivalent fashions. As a first approach let us
consider a tapered or conical beam with a uniform intensity profile extending over a
half-angle +6;. The outer radius of this beam at distance z will then be given by
x1 =~ #1 z and the number of Fresnel rings within this radius, call it Nz, will be given

by
2

raz? ax a
cos( 22)\1> ~ cos (Ng - 27) or Npg =~ 2221)\ ~ (ﬁ) 0? . (26)

For the analysis presented in this paper to be meaningful the Fresnel zone plate should

have at least at modest number of rings, perhaps Nr ~ 4 or greater. In a typical
tapered beam where the divergence half-angle 6; may be a fraction of radian, this
obviously requires that the longitudinal offset of the secondary foci have a value a > A,
and then in turn that the observation region satisfy |a| > a.

As a more specific example let us suppose the primary beam is a TEMgg beam with
a transverse intensity profile I(z, z) = Iy exp[—2z2 /w?(z)] where the gaussian spot size
w(z) is given in terms of the Rayleigh range 2z = 7w /A by w?(2) = wi[1+(2/2r)?] ~
(\/7zr)z?. The number of Fresnel rings within central peak of this gaussian profile,
let us say out to a radius x = w/2, will then be given by
1 a

Npr =

= — 2
81 zp (27)

The requirement to have some reasonable number of Fresnel rings within the central

portion of the TEMyy beam is then evidently a > z, and again |z| > a.
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6. Conclusions

The primary conclusions from these results appear to be that:

1)

The small-scale self focusing or filamentation effects are very different for tapered
as compared to collimated beams. In particular the zone-plate intensity ripples
on tapered beams do not seem to show exponential small-signal growth under any

circumstances, while the phase ripples only show weak and limited growth.

This behavior appears to be related analytically to the loss of the Talbot phase
shift term, an effect which in the collimated beam case periodically converts phase
ripples into amplitude ripples and vice versa, thereby making possible the expo-
nential growth of the phase-grating-induced ripples.

Self-focusing is thus a very ineffectual process for strongly tapered beams in optical

Kerr media or other nonlinear index materials as compared to small-scale self

focusing in collimated beams.

These conclusions are of course in good agreement with previous experimental and

numerical results and with physical intuition. It will of course be interesting to see

if more detailed numerical calculations on a nonlinear tapered beam model can verify

the simple analytical results presented in this paper.
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