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A physicist’s intuition in Fourier theory is generally established from the parallels between Fourier
series and transforms. Remarkably, one element of this theory that is especially significant in
physics, namely the uncertainty principle, is never treated for Fourier series. We resolve this by first
showing that a natural measure of spread for a periodic distribution follows simply upon regarding
the distribution as a mass density on a ring. Even though the centroid of this ring is expressed in
terms of just a first moment, its distance from the geometric center gives a close analog of variance.
We then derive direct analogs of the uncertainty principle for both the Fourier series of a continuous
periodic function as well as the fast Fourier transform of discrete data. The results have similar
applications to those of the standard uncertainty principle. ©2001 American Association of Physics

Teachers.
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I. INTRODUCTION

Fourier theory plays a central role in any problem that
both linear and shift invariant1—or even only approximately
so—and this includes many wave-related phenomena.
therefore no surprise that Fourier methods are at the fou
tions of the modeling of sound and light, for example,
well as the related technological devices. As a result,
notion of frequency decomposition is widespread. One of
standard properties of this decomposition is that, as a si
becomes localized, its spectrum broadens. Theuncertainty
principle extends this by stating that there is, in fact, a mi
mum width to the spectrum that is inversely proportional
the localization of the signal.2 There are many variations o
this result,3 but the standard form is stated in terms of t
product of the second moments in coordinate and freque
space.

Although the uncertainty principle acquired its nam
within the context of quantum mechanics, it has wid
ranging significance. For example, it gives a resolution lim
for the determination of a signal’s spectrum in terms of
duration of the measurement. It also gives resolution lim
for imaging systems in terms of their aperture size
equivalently, fixes the minimum possible spread of a be
from the size of its source. In fact, it serves as the basis
one of the standard measures of laser beam quality.4 In quan-
tum mechanics, of course, its significance is more profo
and, like Schro¨dinger’s wave function itself, its interpretatio
and consequences are still widely studied and dispu
However, issues such as quantum measurement can ob
the mathematical essence of the limits to simultaneous lo
ization in coordinate and frequency space. Similarly,
baggage of quantized fields makes the related work on p
in quantum optics5 effectively inaccessible for general app
cations.

A. The standard uncertainty principle

The numerical factors in the familiar uncertainty princip
depend on the form that is adopted for the Fourier transfo
When the transform is taken to be defined by
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F~p!ª
1

A2p
E f ~x!e2 ipx dx, ~1.1!

its inverse is given by

f ~x!5
1

A2p
E F~p!eipx dp, ~1.2!

where integrals are to be taken over all space unless ot
wise specified. The Fourier transform of a product, s
(2p)21/2* f (x)h(x)exp(2ip8x)dx, then follows simply upon
replacingh(x) in this expression by using Eq.~1.2! and re-
versing the order of integration:

1

A2p
E f ~x!h~x!e2 ip8x dx5

1

A2p
E F~p82p!H~p!dp.

~1.3!

In particular, withp850 and introducinggª f * @so F(p)
5G* (2p)#, Eq. ~1.3! becomes

E g* ~x!h~x!dx5E G* ~p!H~p!dp. ~1.4!

Equations~1.3! and ~1.4! give relations between operation
in coordinate and frequency space that are central to ma
like the uncertainty principle.

Centered second moments give the standard measur
spread, i.e.,

Dx
2
ª

1

N E ~x2 x̄!2u f ~x!u2 dx, ~1.5a!

Dp
2
ª

1

N E ~p2 p̄!2uF~p!u2 dp, ~1.5b!

where

x̄ª
1

N E xu f ~x!u2 dx, ~1.6a!

p̄ª
1

N E puF~p!u2 dp, ~1.6b!
340jp/ © 2001 American Association of Physics Teachers
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with @according to Eq.~1.4! with g5h5 f #

NªE u f ~x!u2 dx5E uF~p!u2 dp. ~1.7!

The uncertainty principle is usually derived from th
Cauchy–Schwarz inequality,6 i.e.,

E ug~x!u2 dxE uh~x!u2 dx>U E g* ~x!h~x!dxU2

, ~1.8!

by choosing

g~x!5~a2x! f ~x!/AN, ~1.9a!

h~x!5S ib2
d

dxD f ~x!/AN, ~1.9b!

wherea andb are constants. There are a number of step
getting to the standard form, however, and it is helpful
review them.

Since the Fourier transform ofd f /dx is readily found via
integration by parts to beipF(p), it follows from Eq. ~1.4!
that the second factor on the left-hand side of Eq.~1.8! can
be written as

1

N E US ib2
d

dxD f ~x!U2

dx5
1

N E up2bu2uF~p!u2 dp. ~1.10!

It is now natural to choosea5 x̄ andb5 p̄ since this not only
gives the connection toDx andDp , but it also individually
minimizes each of the two factors on the left-hand side
Eq. ~1.8!—thereby generally strengthening the result. W
this choice, the integral on the right-hand side can also
rewritten by using Eq.~1.4! as7

1

N E ~x2 x̄!~ f 82 i p̄ f ! f * dx

5
1

N E x f* f 8 dx2 i x̄ p̄

52
1

2
1 i F 1

N E x Re~2 i f * f 8!dx2 x̄p̄G . ~1.11!

It now follows from Eqs.~1.8! to ~1.11! that

Dx
2Dp

22F 1

N E x Re~2 i f * f 8!dx2 x̄p̄G2

>
1

4
. ~1.12!

A weaker relation follows when the second term on t
left-hand side of Eq.~1.12! is dropped, and this gives th
standard uncertainty principle:

DxDp> 1
2. ~1.13!

Outside the context of quantum mechanics, this is no lon
a physical principle but simply a mathematical relatio
Equation~1.13! simply states that there is a lower bound
the spectral width that is inversely proportional to the loc
ization of the signal. Because translation off ~or F! just puts
a linear phase onF ~or f, respectively!, it is clear from the
definitions that the value of the uncertainty product, i.
DxDp , is unchanged by translation of, or by the incorpo
tion of a linear phase on, eitherf or F. Such notions of
invariance are fundamental to the ideas developed be
Also notice that Eq.~1.8! is an equality only wheng(x)
[mh(x) for some constantm. From Eq.~1.9!, it can then be
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shown that the only minimum uncertainty distributions ha
a Gaussian form.

B. Variants of the standard form

The extra term on the left-hand side of Eq.~1.12! gives
invariance under the incorporation of a quadratic phase
either f or F. ~Such a phase is acquired byF under propaga-
tion in time of a Schro¨dinger wave function in free space, o
under propagation in space of a classical wave field in
Fresnel approximation.! This added invariance has a clear
significance when the relation is considered in terms of ph
space densities such as the Wigner distribution. The un
tainty relation can then be taken as a statement of maxi
localization in phase space. A quadratic phase simply sh
phase space and can thereby changeDx or Dp , but it does
not modify the value of the expression in Eq.~1.12! because
of the extra covariance term.8 Although he does not conside
such shearing, de Bruijn9 takes an entirely different approac
to the derivation given above and goes on to develop rem
able variants and generalizations of Eq.~1.13!. @He shows,
for example, that the lower bound given in Eq.~1.13! can be
increased by a factor of 3 iff is odd, and he also derive
analogous relations for higher order moments.# Phase space
is central to his discussion.

As documented in Ref. 3, there are other generalizati
and cousins of Eq.~1.13!. There are also analogous exte
sions for the fractional Fourier transform.10 Slepian11 devel-
oped a framework that is based on the idea of measu
concentration within subintervals. Another importa
relative12,13 is based on an entropic measure of ‘‘bunching
rather than a measure of spread like those in Eq.~1.5!. ~For a
double-lobed distribution, for example, the entropic meas
is unchanged if the lobes are moved apart—or even su
vided and rearranged arbitrarily—so it does not measure
calization in the usual sense.! Nevertheless, the applicatio
to discretely sampled signals is also considered in both
these references. Since the discrete Fourier transfo14

~DFT! is effectively periodic, this touches upon the obvio
idea of finding an analog of Eq.~1.12! for periodic functions.
Such a result would not only be applicable for DFTs, b
would also have clear significance for processes such as
sical phase measurement. In fact, as documented in Re
the search for an understanding of phase at a quantum
has led to a range of relevant ideas that followed upon
trouble-ridden early quantum treatment of angle variable15

However, these two areas of work are weighed down by
extra challenges that are associated with multidimensio
quantum mechanics and quantized fields.

The challenge in developing an analog for Eq.~1.12! for a
periodic function lies in finding an appropriate measure
spread. Forf (u), wheref (u12p)[ f (u), the simplest ana-
log is based on considering*(u2u0)2u f (u)u2du where the
integral is taken over an interval of length 2p. While such an
extension has been considered in some detail,16 the limits of
integration are problematic: This measure of spread depe
artificially on the end points because (u2u0)2 is not peri-
odic. Even the natural choice of (u02p,u01p) gives an
awkward measure where the contribution from two lobes
the distribution can depend strongly on the choice ofu0 .
What is more, even if a prescription is developed to cho
u0 so that the results are invariant under translation, t
approach is not amenable to an analytic treatment. More
portant, the final measure of spread does not treat all po
341G. W. Forbes and M. A. Alonso
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equally: The circle is effectively cut open and regarded as
interval. A more even-handed variation has also been c
sidered recently,17 but the connection to Eq.~1.13! is not at
all straightforward.

A convenient and intuitive analog of variance is discuss
in Sec. II, and considered for both continuous and disc
periodic functions. While this alone is enough to develop
analog of Eq.~1.12! for the DFT, the case of a Fourier serie
is treated first in Sec. III. Since the Fourier coefficients
not themselves periodic, the more conventional measur
spread is used in frequency space for this case. The ma
in which the resulting uncertainty relation approaches
~1.12! when f (u) becomes localized is also treated. The ca
of the DFT is considered in Sec. IV where the process
sampling a continuous distribution is used to establish a c
connection to the familiar form given in Eq.~1.13!.

II. MEASURING THE SPREAD OF A PERIODIC
FUNCTION

One option for measuring the degree of localization
u f (u)u2 is to consider it as a distribution around the rim
the unit disk, and then to calculate the centroid of this ri
See Fig. 1. Although this is just a first moment—and it e
dently gives the mean position of the distribution—it simu
taneously determines the degree of localization: Whene
the distribution is localized, the centroid is near the edg18

This can be appreciated by considering the mean of@u(u)
2ū#2 where

Fig. 1. Two representations of the same periodic distribution. The distr
tion is shown as a conventional plot in~a! while grayscale is used in~b! to
denote the density on a ring as a function of angle. The ring’s centroi
shown as a hollow circle in the second quadrant in~b!. The angle to the
centroid is evidently a natural measure of the mean of the distribution. M
importantly, the centroid’s distance from the origin is found to give a sim
measure of the degree of localization in the distribution. Neither of th
entities has natural counterparts when, as has often been the case,~a! is used
to guide the developments.
342 Am. J. Phys., Vol. 69, No. 3, March 2001
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u~u!ª~cosu,sinu!, ~2.1!

ūª
1

N E u~u!u f ~u!u2 du, ~2.2a!

NªE u f ~u!u2 du. ~2.2b!

Here, and throughout this work, any integral over a perio
function is taken over a full period. The measure of spre
proposed here can now be written as

Du
2
ª

1

N E @u~u!2ū#2u f ~u!u2 du512ū2. ~2.3!

That is, in this case,u2 is unity and it follows thatū gives
both the mean of the distribution as well as a measure o
localization. Notice also that 0,Du,1. While it may appear
to be natural to consider using the complex plane so
these ideas can be presented in terms of scalars, this vec
approach is more convenient for the derivation in Sec.
Some general properties ofDu are treated first.

A. Example and limit of high localization for continuous
case

The character ofDu can be appreciated in part throug
examples. For instance, consider the rectangular distribu
defined foruP~2p,p! by

f ~u!5H 1, uuu,a

0, uuu.a
, ~2.4!

where 0,a,p. In this case,N52a and ū5(sina/a,0), so

Du
2512~sina/a!2. ~2.5!

Notice that, fora5p, Du51. The limit of a localized distri-
bution is considered in the following sections to establish
connection with the standard results presented in Sec. I.
this particular example, asa becomes small, it is found from
Eq. ~2.5! that

Du5a/)1O~a3!, ~2.6!

and this matches the usual measure of spread for the c
sponding rectangular nonperiodic distribution on a line.

More generally, the limit of a localized distribution ca
be considered in terms off (u)5g(gu) where uP~2p,p!
and g is a square-summable function on the real line. W
Ngª* ug(x)u2 dx and xn

ªNg
21*xnug(x)u2 dx, the usual

measure of the spread ofg is justDx
25(x22 x̄2). For largeg,

f (u) becomes localized aboutu50, Eq. ~2.2b! gives N
'Ng /ugu, and Eq.~2.2a! becomes

ū'@12x2/~2g2!,x̄/g#. ~2.7!

It now follows from Eqs.~2.3! and ~2.7! that

Du
2'~x22 x̄2!/g2, ~2.8!

so Du'Dx /g, and this is the general case of Eq.~2.6!. That
is, when its value is small compared to unity,Du evidently
gives the familiar measure of spread in units of radia
When it approaches unity, however, the uncertainty in
localization is of the order of a full period.
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B. Discrete or sampled functions

Oftentimes Fourier-related computations can be perform
efficiently by using a fast Fourier transform~FFT! which is
just an effective means to evaluate a DFT.19 In such cases the
original data are sometimes a set of samples of a functio
a continuous variable at uniformly distributed values, s
amª f @(2p/M )m# for m50,1, . . . ,M21. On the other
hand, in problems where the original density is truly discr
from the outset, it is natural to regard the distribution as
array of delta functions so that

ūª
1

N (
m

uS 2p

M
mD uamu2, ~2.9a!

Nª(
m

uamu2, ~2.9b!

where all sums are over 0 toM21 unless indicated other
wise. Again,Du

2512ū2. With this,Du is zero wheneveram

vanishes at all but one value ofm. When the data result
from sampling, however, this may not be a realistic meas
of the uncertainty. An alternative is to interpolate betwe
the sample values and measureDu for the associated con
tinuous function. The case of linear interpolation is outlin
in the Appendix where it is shown thatDu then has a more
intuitive lower bound. In particular, the uncertainty is th
never less than about one-third of the sample spacing.

III. UNCERTAINTY RELATION FOR FOURIER
SERIES

We first seek an analog of Eq.~1.12! for the case of a
Fourier series. That is,f (u) is written as

f ~u!5
1

A2p
(

m52`

`

Fmeimu, ~3.1!

where

Fmª
1

A2p
E f ~u!e2 imu du. ~3.2!

In this case, while the original signal is a periodic function
a continuous variable, the conjugate representation is no
is an ~inherently discrete and ordered! infinite set of coeffi-
cients. While the spread inf is to be measured by using Eq
~2.3!, the spread in the conjugate representation is natur
measured by

Dm
2
ª

1

N (
m52`

`

~m2m̄!2uFmu2, ~3.3!

where

m̄ª

1

N (
m52`

`

muFmu2, ~3.4a!

Nª (
m52`

`

uFmu25E u f ~u!u2 du. ~3.4b!

Notice that the second relation in Eq.~3.4b! follows easily
upon deriving the analog of Eq.~1.4! in just the same man
ner:
343 Am. J. Phys., Vol. 69, No. 3, March 2001
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E f * ~u!g~u!du5 (
m52`

`

Fm* Gm . ~3.5!

~The factors ofA2p in the definition of the Fourier serie
given above allow these relations to avoid a factor of 2p.!
The goal therefore is to find an analog of Eq.~1.12! for Du

andDm .
One option is to start once again with the Cauch

Schwarz inequality, but now in the form20

E uv~u!u2 duE uw~u!u2 du>U E v* ~u!•w~u!duU2

. ~3.6!

In this case, in keeping with Eq.~1.9!, we take

v~u!5@ ū2u~u!# f ~u!/AN, ~3.7a!

w~u!5w0S im̄2
d

du D f ~u!/AN, ~3.7b!

wherew0 is a constant vector that is yet to be fixed. The fi
factor on the left-hand side of Eq.~3.6! is now justDu

2. By
using Eq.~3.1!, the second factor can be written as

uw0u2

N E US 2 i
d

du
2m̄D f ~u!U2

du

5
uw0u2

N

1

2p E h* ~u!h~u!du, ~3.8!

where

h~u!5 (
m52`

`

~m2m̄!Fmeimu. ~3.9!

When Eq.~3.9! is used to eliminateh from Eq.~3.8! and the
integral is taken inside the sums, it is found th
* uw(u)u2 du5uw0u2Dm

2 .
The integral on the right-hand side of Eq.~3.6! can be

transformed much like Eq.~1.11!:

w0•
1

N E ~u2ū!~ f 82 im̄f ! f * du

5w0•S 1

N E uf * f 8du2 im̄ūD
5w0•F2

1

2
u81 i S 1

N E u Re~2 i f * f 8!du2m̄ūD G ,
~3.10!

where

u85
1

N E u8~u!u f ~u!u2 du.

Notice thatu825ū2 and u8•ū50. When ū is nonzero it is
convenient to choosew0 to beu8 and, with this choice, Eq.
~3.6! gives

Du
2Dm

2 >
1

4
ū21

1

ū2 S u8•
1

N E ū Re~ i f * f 8!du D 2

. ~3.11!

It is the straightforward separation into real and imagina
parts in Eq.~3.10! @to arrive at Eq.~3.11!# that justifies the
use of vectors here in place of the more attractive comp
form, i.e.,u(u) in place ofeiu. Equation~3.11! can be put in
343G. W. Forbes and M. A. Alonso
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a more suggestive form by usingū2512Du
2 to replace the

first term on the right-hand side to find

Du
2S Dm

2 1
1

4D>
1

4
1

1

ū2 H u8•
1

N E u~u!

3Re@2 i f * ~u! f 8~u!#duJ 2

, ~3.12!

and the analog of Eq.~1.13! is now just

Du
2~Dm

2 1 1
4!>

1
4. ~3.13!

Equation~3.13! establishes that ifDu becomes small,Dm
must be large.~Of course, unity sets the scale for these
mensionless quantities, and recall thatDu cannot exceed
unity.! Conversely, ifDm becomes small,Du must approach
unity, hence the distribution must be widely spread inu. This
is precisely the analog of Eq.~1.13! that was sought. In fact
these two relations approach one another whenf (u) be-
comes highly localized: Just as in Eq.~2.8!, with f (u)
5g(gu) whereuP~2p,p! andg is characterized byDx and
Dp , it can shown thatDm'gDp for largeg. ~Notice that, as
required form2 to be well defined,f effectively becomes
continuous atp, as g increases.! Taken together with Eq
~2.8!, it follows that Eq.~3.13! approaches Eq.~1.13! in this
limit.

The extra term in Eq.~3.12! can be shown to vanish when
ever Arg@ f (u)# is linear in u. In dealing with this stronger
form, it is helpful to express the entities in Eq.~3.12! in
terms of the Fourier coefficients. It turns out that the resu
involve

Sª
1

N (
m52`

`

Fm* Fm21 , ~3.14a!

Tª
1

N (
m52`

`

mFm* Fm21 . ~3.14b!

For example, by using Eq.~3.1! in Eq. ~2.2! it is found that

ū5@Re~S!,Im~S!#. ~3.15!

By similarly reworking the extra term in Eq.~3.12!, this
equation can be put in an alternative form:

Du
2~Dm

2 1 1
4>

1
41@ Im~S* T!/uSu#2

5 1
41uTu2sin2@Arg~S!2Arg~T!#. ~3.16!

When ū is zero, Arg(S) is undefined and Eq.~3.16! is itself
then ill-defined@although its problems are less glaring th
those of Eq.~3.12!#. In this case, however, ifw0 is instead
chosen to be (1/N)*u Re(2if* f8)du in Eq. ~3.10!, it is found
that

Dm
2 >H 1

N E u~u!Re@2 i f * ~u! f 8~u!#duJ 2

5uTu2. ~3.17!

That is, in this apparently troublesome limit~where Du

51), Eq. ~3.16! holds regardless of the value adopted
Arg(S).

From the alternative forms developed in the previous pa
graph, it follows that~i! the second term on the right-han
side of Eq.~3.12! does not diverge asū goes to zero, and~ii !
Eq. ~3.17! can be used in place of Eq.~3.12! in this limit. @A
uniform blend of these results could presumably be found
344 Am. J. Phys., Vol. 69, No. 3, March 2001
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adopting a more general choice forw0 , or even forw(u),
but our main goal was Eq.~3.13!.# Also, notice that equality
is attained in Eq.~3.6! only when v(u)[lw(u) for some
constantl. This condition means thatū"v(u)[lū"w(u) and,
given the choices ofv(u) and w(u) considered above@see
Eq. ~3.7! and recallw05u8#, this can be satisfied only whe
ū is zero. By now considering the conditionu8(u)•v(u)
[lu8u)•w(u) ~with the form adopted above forw0 whenū
is zero!, it can be seen thatf 8(u)5 im̄f (u). Becausef (u) is
required to be continuous~otherwiseDm is infinite!, it fol-
lows that f n(u)5ceinu for n50,61,62, . . . are theonly
minimum uncertainty distributions. Notice that Eq.~3.13! is
also an equality for these distributions becauseDm50 and
Du51.

IV. UNCERTAINTY RELATION FOR THE DFT

The DFT maps $am ,m50,1, . . . ,M21% to $Am ,m
50,1, . . . ,M21% by

Anª
1

AM
(
m

am expS 2 i
2p

M
nmD , ~4.1!

with an inverse given by

an5
1

AM
(
m

Am expS i
2p

M
nmD ~4.2!

~recall the summation convention introduced in Sec. II B!.
The analog of Eqs.~1.4! and ~3.5! for this case is easily
found by a similar path:

(
m

am* bm5(
m

Am* Bm , ~4.3!

so, withbm5am , the normalization is seen to be the same
both spaces. If measures of spread like those discusse
Sec. II B for discrete data are applied, we can once ag
work from the Cauchy–Schwarz inequality to arrive at
uncertainty relation.

In contrast to the case in Sec. III, the same measure
spread is applicable now to both the original function and
Fourier conjugate~so the symmetry of the standard case d
cussed in Sec. I has returned!. Because the independent var
able is now an index that is given the same name in b
spaces, it is convenient to distinguish the spreads of the
set and of its conjugate by writing them asDa and DA ,
respectively. That is, for example,

Da
2
ª12ūa

2, ~4.4!

whereūa can be taken to be defined by either Eq.~2.9a! or
by Eq.~A4!—or any of the analogs for higher-order interp
lants. Only the first, simplest option is considered in de
here. Since the spacing between the samples when the
arrayed around the unit disk is 2p/M radians, this sets the
scale for converting eitherDa or DA to sample spaces fo
cases of localized distributions.

It is evident that 0<DaDA<1 and, with the simpler mea
sure associated with Eq.~2.9!, both bounds can be attaine
Nevertheless, it is natural to seek the analog of Eq.~1.12!
@even though the right-hand side must be zero in the ana
of Eq. ~1.13!#. The analysis begins with the appropriate for
of Cauchy–Schwarz, namely
344G. W. Forbes and M. A. Alonso



s

an

ex

t
e

ient
ry

of

r-
us

um
f

sult,
-

ate
e
ion
er-
de-
nd
are

he

r of
ed

by

or
S (
m

uvmu2D S (
m

uwmu2D>U(
m

vm* •wmU2

, ~4.5!

and is based on the simple result@derived in the same way a
Eq. ~4.3!# that

Saª
1

N (
m

am* am expS i
2p

M
mD5

1

N (
m

Am* Am21 . ~4.6!

It follows that, just as in Eq.~3.15!,

ūa5@Re~Sa!,Im~Sa!# ~4.7!

and thenDa
2512uSau2.

To work in parallel to the derivations given above,
analog to the derivative in Eq.~1.9b! or ~3.7b! must be
found. Equation~4.6! essentially gives the answer: an ind
shifting operator. If we define two operators, sayd1 andd2 ,
by

d6amª~am116am21!/2, ~4.8!

then the two sequences with coefficientsbm
(6)

ªd6am have
DFTs of the form

Bm
~1 !5cosS 2p

M
mDAm , Bm

~2 !5 i sinS 2p

M
mDAm . ~4.9!

It now follows from Eq.~4.3! that

1

N (
m

Am* AmuS 2p

M
mD5

1

N (
m

am* ~d1 ,2 id2!am ,

~4.10!

so it is convenient to introduce the vector operatord
ª(d1 ,2 id2).

In Eq. ~4.5!, it is now clear that@in place of Eq.~1.9! or
~3.7!# we can choose

vm5F ūa2uS 2p

M
mD Gam /AN, ~4.11a!

wm5@ d̄a2d#am /AN, ~4.11b!

where by using Eq.~4.10! it is found that

d̄aª
1

N (
m

am* dam5ūA . ~4.12!

The left-hand side of Eq.~4.5! can now be seen to be jus
(12ūa

2)(12ūA
2), i.e.,Da

2DA
2. The sum on the right-hand sid

can be treated in the usual way:

1

N (
m

am* FuS 2p

M
mD2ūaG "~d2d̄a!am

5
1

N (
m

am* uS 2p

M
mD "dam2ūa"d̄a5eip/MV2ūa"ūA ,

~4.13!

where

Vª
1

N
ReH(

m
am* am21 expF i

2p

M S m2
1

2D G J . ~4.14!

With this, Eq.~4.5! can be written as

Da
2DA

2>V2 sin2~p/M !1@V cos~p/M !2ūa"ūA#2, ~4.15!
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and this is precisely the type of analog of Eq.~1.12! that was
sought. Again, the vector approach used here is conven
to achieve the separation into explicitly real and imagina
parts in Eq.~4.13!. @A number of variations of Eq.~4.15! can
be derived by inserting a unitary matrix into the definition
wm in Eq. ~4.11b!.#

One option for establishing a link to the familiar unce
tainty relation of Sec. I is to consider sampling a continuo
square-summable function. For example, considerg(x)
where the coordinate origin is chosen to be at the maxim
value ofg, and takeam5g(ms) where, for an even value o
M, m52M /2, 2M /211, . . . ,M /221. In the limit of small
sample spacing, i.e.,s→0, it is clear thatDa→1 and DA

→0 because the sample values become uniform. As a re
the uncertainty product, i.e.,DaDA , approaches zero. Con
versely, ass→`, Da→0 henceDA→1, soDaDA also van-
ishes in the limit of large sample spacing. For intermedi
values ofs, DaDA does not vanish. In numerical work wher
g and its Fourier transform are of interest, a natural opt
for choosing the sample spacing is to maximize this unc
tainty product. This could be expected to balance the tra
off between the gain from finer sampling in one space a
the loss due to coarser sampling in the other. While there
better ways to get around the issue whenM is sufficiently
large,21 this idea allows an interesting observation for t
current purposes. It turns out thatDaDA is not only roughly
constant over a wide range of sample spacing—well clea
the two extremes just mentioned—but it is also simply link
to the traditional uncertainty product forg(x).

First, notice that it follows from Eqs.~1.1! and ~4.1! that

An5
1

AM
(

m52M /2

M /221

g~ms!expS 2 i
2p

M
nmD

'
1

s
A2p

M
GS n

2p

MsD . ~4.16!

That is, the conjugate data set can be approximated
samplingG(p) at a spacing ofv52p/Ms—hence the trade-
off mentioned above. This approximation is most valid f
n52M /2, 2M /211, . . . ,M /221, and it is better for larger
M. For optimal sampling, it is natural to haveDx /s
'Dp /v, and this condition gives

s'A2p

M

Dx

Dp
5s0 . ~4.17!

If we therefore chooses5gs0 for some constantg, the num-
ber of samples across the intervalDx is

Dx /s5
1

g
AM

2p
DxDp.

This is a small fraction ofM providedg is much larger than
ADxDp /M , and it then follows~from the relation established
in Sec. II A! that

Da'
2p

M

Dx

s
5

1

g
A2p

M
DxDp. ~4.18!

Similarly, the number of samples acrossDp is

Dp /v5gAM

2p
DxDp.
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This is a small fraction ofM providedg is much less than
AM /DxDp, and then

DA'
2p

M

Dp

v
5gA2p

M
DxDp. ~4.19!

When ADxDp /M!g!AM /DxDp, it now follows from
Eqs. ~4.18! and ~4.19! that the two uncertainty products a
related simply by

DaDA'
2p

M
DxDp . ~4.20!

Not only is the new uncertainty product effectively consta
over this ~typically wide! range of values for the sampl
spacing, but it is evidently simply related to the tradition
uncertainty product of the function being sampled. Howev
whenDxDp.M , the stable region ofg becomes empty. As
an extreme example, notice that wheng is discontinuous
@e.g.,g(x)5rect(x)# it follows thatDxDp is necessarily infi-
nite. In such cases,DaDA no longer has a broad flattop whe
plotted as a function ofg ; instead, it attains a peak valu
that increases withM.

V. CONCLUDING REMARKS

The uncertainty relations for Fourier series and FFTs t
have been derived here can have significance and app
tions much like those described in Sec. I for the stand
uncertainty principle. In other words, the uncertainty re
tions of Eqs.~3.12! and~4.15! can become uncertainty prin
ciples once they are associated with physical processes
example, we have proposed an application in the contex
beam quality measures.22 It is also important to appreciat
that the measure of spread discussed in Sec. II has sig
cance on its own: Whenever experimental measurements
made, an expected error must accompany the nominal va
This simply quantifies the width of the distribution that r
flects the uncertainty in the result. Just as the conventio
measure is the variance~or centered second moment! of the
distribution, we claim that the natural analog for a period
entity is preciselyDu of Eq. ~2.3!. Further, this measure o
spread generalizes easily for distributions on a sphere~as we
show in Ref. 22!.

A number of natural extensions to these results could a
be considered. For example, it would be interesting to de
the analogs of Eq.~4.15! that use the interpolated measure
spread given in Eq.~A4!—or even the higher-order analog
of Eq. ~A4!. As pointed out in the Appendix, the minimum
uncertainty is then nonzero and so, therefore, is the lo
bound on the new uncertainty product. It may be possi
even without this generalization, to derive a more useful
ternative to Eq.~4.15! that makes it evident that ifDa be-
comes small,DA must approach unity~and vice versa!. In all
of these options, the associated minimum uncertainty st
may also be of interest. Just as the derivations given here
add to the understanding of limits to simultaneous locali
tion in coordinate and frequency space, the extra challen
just outlined are also ideal for consideration in advanc
courses that cover Fourier methods in physics.
346 Am. J. Phys., Vol. 69, No. 3, March 2001
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APPENDIX: INTERPOLATION-BASED MEASURES
OF SPREAD

When the original data are a set of samples of a funct
of a continuous variable, the results given in Eq.~2.9! are not
always appropriate. One natural alternative follows upon
terpolating between the sample values and measuringDu for
the associated continuous function. The simplest case of
ear interpolation is considered explicitly here. The perio
interpolating function can therefore be written, foruP~0,2p!,
as

f̃ ~u!ª (
m50

M

amLS M

2p
u2mD , ~A1!

where, here and in what follows,am1M5am for all m, and

L~x!ªH 12uxu, uxu,1

0, uxu.1
. ~A2!

In contrast to Eq.~2.9b!, the normalization factor is now
found from Eq.~A1! to be

ÑªE u f̃ ~u!u2 du5
2p

M

1

6 (
m

~4am1am211am11!am*

5
2p

M

1

3 (
m

@2uamu21Re~am* am21!#, ~A3!

and Eq.~2.2a! with f 5 f̃ andN5Ñ leads similarly to

ū5
2p

MÑ
(
m

H DS 2p

M
D uamu2uS 2p

M
mD

1BS 2p

M
D Re~am* am21!uF2p

M
S m2

1

2
D G J , ~A4!

where

D~v !ª
4

v2 S 12
sinv

v D5
2

3
2v2/301O~v4!, ~A5!

B~v !ª
4

v2 Fcos~v/2!2
sin~v/2!

v/2 G5
1

3
2v2/1201O~v4!.

~A6!

Notice that the centroid given in Eq.~A4! approaches the
one given in Eq.~2.9! asM becomes large. It is also satisfy
ing to see from Eq.~A4! that if only one of the sample value
is nonzero, the uncertainty is then given by

Du
2512

9

4
D2S 2p

M D5
1

10S 2p

M D 2

1OF S 2p

M D 4G . ~A7!

For largeM therefore,

Du'
1

A10
S 2p

M D .
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As it must be@given Eq. ~2.8!#, this is consistent with the
variance ofL@(2p/M )x# and means that the uncertainty
now never less than about one-third of the sample spaci

a!Electronic mail: forbes@physics.mq.edu.au
b!Electronic mail: alonso@physics.mq.edu.au
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it is easy to see that the response to any input that satisfies a linear d
ential equation with constant coefficients is itself a solution of this sa
equation. As a result, a sinusoidal input~satisfyingy91k2y50) gives a
sinusoidal output of the same frequency. Fourier analysis is then a na
tool.

2A general treatment along with a brief history is presented in L. Coh
Time-frequency Analysis~Prentice–Hall, Englewood Cliffs, NJ, 1995!,
Chap. 3. Notice that the uncertainty principle is described in this boo
‘‘one of the greatest achievements of the century.’’

3G. Folland and A. Sitaram, ‘‘The uncertainty principle: A mathematic
survey,’’ J. Fourier Anal. Appl.3, 207–238~1997!.

4The conceptual foundation is discussed in T. F. Johnston Jr., ‘‘M 2 concept
characterizes beam quality,’’ Laser Focus World26 ~5!, 173–183~1990!.
Interestingly, the associated ISO standard has been the subject of si
cant criticisms relating largely to the noise sensitivity of the moments
are so fundamental to the standard uncertainty principle. See, for exam
G. N. Lawrence, ‘‘Proposed international standard for laser-beam qu
falls short,’’ Laser Focus World30 ~7!, 109–114~1994!.

5R. Lynch, ‘‘The quantum phase problem: A critical review,’’ Phys. Re
256, 367–436~1995!.

6This follows simply from the fact that** ug(x)h(y)2g(y)h(x)u2dx dy
>0.

7The second step follows by using integration by parts on*x f* f 8 dx and
then taking the average of the two expressions. This gives a conve
separation into real and imaginary parts.

8See, for example, Ref. 2.
9N. G. de Bruijn, ‘‘Uncertainty principles in Fourier analysis,’’ inInequali-
ties, edited by O. Shisha~Academic, New York, 1967!, pp. 57–71.
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entropic approaches.
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Cambridge, 1992!, Chap. 12.

15See P. Carruthers and M. M. Nieto, ‘‘Phase and angle variables in q
tum mechanics,’’ Rev. Mod. Phys.40, 411–440~1968!. A treatment for
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18This basic observation is made in Sec. 3a. 7 of C. R. Rao,Linear Statis-
tical Inference and its Applications~Wiley, New York, 1973!, 2nd ed.
However, the connection given in Eq.~2.3! is not clear there and, perhap
as a result, the idea is not seriously pursued.~In particular, it is remarkable
that Rao does not go on to consider the natural analog of the Cramer–
lower bound on this measure of uncertainty in an estimator for a tran
tion parameter of a periodic distribution.!

19See Ref. 14, Chap. 12 and Sec. 13.9.
20This result can be derived much like Eq.~1.8!, but now by starting with

( i j ** uv i(u)wj (f)2wi(u)v j (f)u2dudf>0, wherev i(u) are the compo-
nents of the vector functionv(u).
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THE TANTALUS PRINCIPLE

A cautionary note is in order, however. The most distant supernovae are fainter than would be
expected in the Einstein–de Sitter case. How do we know that is not because the more distant
supernovae are less luminous? The authors present careful checks, but the case has to be indirect:
no one is going to examine any of these supernovae up close, let alone make the trip back in time
to compare distant supernovae to nearer examples. In short, the supernovae measurement is a great
advance, beautifully and carefully done, but it does not come with a guarantee. The point is
obvious to astronomers but not always to their colleagues in physics, and so might well be
encoded in the Tantalus Principle: in astronomy you can look but never touch~with a few excep-
tions, such as objects in the Solar System, that are quite irrelevant for our purpose!.

P. J. E. Peebles, ‘‘Is Cosmology Solved,’’ Publ. Astron. Soc. Pacific111, 274 ~1999!.
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