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Nonlinear Theory of the Internally Loss-Modulated Laser

ODIS P. McDUFF, sen1iorR MEMBER, IEEE AND STEPHEN E. HARRIS, MEMBER, IEEE

Abstract—This paper presents a detailed nonlinear analysis of
the internally loss-modulated laser including the effect of arbitrary
atomic lineshape, saturation, and mode pulling. Results of the
analysis are in part numerical and include a study of the spectral
and time domain behavior of the laser output. The results include
a determination of the minimum perturbation strength which is
necessary to produce phase locking, peak pulse amplitude, and mini-
mum pulsewidth as a function of perturbation strength, a considera-
tion of the detuned case, and a comparison of AM~ versus FM-type
phase locking. Results are compared with the previcusly obtained
linearized solutions of others.

I. INTRODUCTION

HASE LOCKING of the optical modes of a gas
Plaser by means of internal loss modulation was first

reported by Hargrove, Fork, and Pollack.'’ The-
oretical studies have been given by DiDomenico,"
Yariv,'™ and Crowell,'! who present solutions for a
linearized approximation to the problem. Experimental
results on helilum-neon and argon lasers have been given
by Crowell."! Deutsch'® reported phase locking of a
ruby laser and Pantell and Kohn'® have presented a
linearized transient study of the ruby laser. Recently,
DiDomenico et al.'”! have reported phase locking of a
YAIG:Nd laser.

In this paper we present a detailed study of AM-type
mode locking which includes the effects of atomic line-
shape, saturation, and frequency pulling. The results of
this nonlinear study differ appreciably from those of the
earlier linear theories. In particular, the modulator drive
strength becomes an important parameter in determining
the characteristics of the pulsing laser.

The techniques employed and the form of the present
paper are similar to those of a previous paper.'” In the
following sections, we first derive and discuss the equations
which govern AM-type locking. Conservation conditions
are derived and the equations are put into what, in effect,
is an integral form, useful in later sections. Numerical
results which show the effect of varying the modulator
drive strength and frequency are given. It will be seen
that at low modulator levels mode phases depart con-
siderably from their ideal values with the result that
the laser pulses may have sidelobes of appreciable mag-
nitude. Curves of peak pulse intensity, and pulsewidth
versus modulator drive strength are given, Later sections
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of the paper consider the question of threshold for locking
and study the problem of phase locking a laser where
only a single mode has gain. It will be seen that, in prin-
ciple, the pulsewidth in such a laser may be made as
small as that of a multimode laser.

Before proceeding we note that periodic pulsing of a
laser may also be obtained by means of an internal phase
perturbation which is driven at a frequency equal to
that of the axial mode interval.'® Studies of this process
have been given by Harris and McDuff'*! and by Ammann,
MecMurtry, and Oshman."® Except for occasional com-
parisons, this type of locking will not be considered in
the present paper.

I1. Basic DiFrERENTIAL EQUATIONS

In this section we summarize the derivation of the
coupled-mode differential equations. The procedure is
basically the same as that used in an earlier paper on
the FM laser.'™

Westart with the self-consistency equations of Lamb!"!
which deseribe the effect of an arbitrary optical polariza-
tion upon the electric fields of a high-@ optical resonator.
In the present case, the polarization includes a contribu-
tion resulting from the inverted atomic media and a
parametric contribution resulting from the loss perturba-
tion. We assume the loss perturbation to be represented
by a quadrature component of susceptibility,

Ax''(z, ) = A& + cos 1), o))
where »,, is the driving frequency of the perturbation
and is approximately equal to AQ, the frequency separation
of the resonances Q, of the empty optical cavity.'! The
parametric contribution to total polarization is then

Pl, t) = D e A, DE) sin [n,t + 0.(D1U.L)  (2)

Parametrie

where
U.(z) = sin (no + m)mz/L,

and the total cavity electromagnetic field has been ex-
panded in the form®

E@ b)) = Z E.(8) cos [vt + 0.(0)]U.R).

Here E,.(t) and ¢,(t) are the slowly time-varying amplitude
and phase of the nth mode, », is its frequency, and L is
the cavity length. We define

o, = 26—” fo A" UXE) de 3)

1 We adopt the convention that all symbols for frequency shall
denote circular frequencies.
* Except where noted, all sums will be from — @ to + .
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and

= [ MOULQUG. @)

The parametric component of polarization driving the
nth mode is given by

Pt =% fOL Pz, HU.() dz,

which becomes upon combining (1) through (4) and
assuming that only adjacent mode coupling applies,

Po() = “%E Busin (t + 02) + 255 [Bres 008 (s — 1)

14
+ B €08 (0 — @u-1)] sin (f + @)

€0C

_I_ VL [En+1 Sin (§0n+1 - Qon)

_ En—l Sin (@n - <zpn—l)] COos <Vnt + @n) (5)

We include the contribution of the atomic medium to the
polarization by macroscopic quadrature and in phase
components of susceptibility x;’ and xZ, respectively. The
nonlinear effects of the medium are included in the x/’
and x.. The self-consistency equations then become

[n — n &v + JxilE,

24

- _5%: [En+1 sin (¢n+1 - ‘Pn) — E,,sin Ga" - q’"_l)] (6)

and

Al 1 AL
—or P T op

1
Q.

* [En+1 COS ((,Dn+1 - Sﬁn) + En—l CcOS (‘pn - (pn—l)]y (7>

where we have taken Ar to be the detuning of the driving
frequency from the axial mode interval AQ, i.e,,

B, +§[ +xé’]En =

Q, — v, = n Av, (8)

Equations (6) and (7) are the basic differential equa-
tions to be considered and when solved give the amplitude,
frequency, and phase of the optical modes. They can be
combined to give a set of complex coupled-mode equations
as presented by DiDomenico," Yariv,'® and Crowell.'
The retention of the &, term (which is implicit in Yariv’'s
equations but assumed zero in DiDomenico’s and Cro-
well’s) facilitates the inclusion of pulling and pushing of
the entire coupled-mode oscillation.

TI1. DiscussioN OF PARAMETERS

Assuming small gain, we relate the small-signal sat-
urated single-pass power gain to the quadrature com-
ponent of susceptibility by the relation

G = L, ©
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where @, is the saturated single-pass fractional power
gain of the nth mode and depends nonlinearly upon
frequency, excitation, and power level. Similarly, we write

}07, = —C“Xé, (10)

where ¢, is the additional round-trip phase retardation

" which is seen by the nth mode as a result of the insertion

of the atomic medium and also depends nonlinearly upon
frequency, excitation, and power level,

Although when possible the equations developed are
left in terms of the general expressions G, and ¢,, in
specific numerical calculations we consider the essence
of the problem to be treated by the example of a Doppler-
broadened Gaussian atomic line with homogeneous line-
width much smaller than both the axial mode interval
and Doppler linewidth. For these cases, we will express
the saturated gain as

G. = g.(1 — BEy), (11)

where g, is the unsaturated fractional power gain per
pass of the nth mode and 8 the saturation parameter.
For the Doppler-broadened Gaussian line we have then

o (Ve —
_ li( Ku ) (12)
A0
Corresponding to this, we take ¢, to be
{5
"\ Ku

Here g, is the unsaturated line-center gain and Z, and
Z; are the real and imaginary parts of the plasma dis-
persion function and are described by Lamb."'! For
vanishingly small homogeneous linewidth, (12) and (13)
become g, times the normalized Gaussian and the Hilbert
transform of the Gaussian, respectively. The parameter
o is the center frequency of the atomic line and Ku equals
0.6 times the half-power Doppler linewidth.

The single-pass power loss «, is related to the @ of
the nth mode by the expression

_L1

“T Q.

and includes both dissipative and output coupling loss

(mirror transmission). In typical cases o, is independent
of n and we let ¢, = a.

The time-varying loss perturbation is taken to have
Ax’ independent of z over the length [ of the perturbing
element. By assuming small loss, the power loss per pass
a(t) through this perturbing element is readily shown
to be

(14)

a(l) = WA + cosw,b) (15)
where W is given by _
W = %ZAX” (16)
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and is the average loss. If the perturbing element is
located such that its center is a distance z, from the end
mirror, we obtain the self-coupling term «, from (3)

_ 2w f““/z 2 (np + mymz + nyre

o—1/2

dz, (17)

or since n, is very large,
a, = W, (18)

Thus the self-coupling term is simply equal to the average
loss introduced by the perturbation. We obtain from (4),
(16), and (18) the cross-coupling term

Totls2 (no + e . (g 4+ n -+ Dwz
a = 3 f e 7 sin 7 dz (19)
which, again noting that 7, is very large, yields
o, = —% %2 gin %% cos Z—Zf (20)
For the practical case of [ << L this becomes
¢ oos 2.
a, = 5 eos 7 2n

The form of (21) is analogous to that obtained by Cro-
well'™! for loss modulation and Harris and McDuff'” for
phase modulation. It is desirable to locate the perturbing
element close to the end of the cavity so that 2, =~ 0 and
such that

a, !
a R (22)
To summarize, we define the loss terms as follows: «, is
the single-pass power loss of the nth mode which results
from dissipative and coupling loss not dependent on the
internal perturbation; «, is equal to the average loss per
pass introduced by the perturbation; and «, is the mode
coupling term resulting from the internal perturbation.
In places where all modes are assumed to have losses
independent of n, we will let a, = «. The couphng factor

a, is analogous to 8 in the FM laser.'”

IV. ConsERVATION CONDITIONS

We now derive conservations which result from the
basic differential equations. These are similar to those
of Harris and McDuff'® for the phase modulation case
and are derived in an identical manner. ‘

Multiplying (7) by E,, summing over n, and using the
constants of the previous section, we obtain

S EE, = 72 6 — B — 5—% [ >, B
+ 2(10 Z En+1En COoS (§0n+1 - ¢n)]' (23)
Noting that >, B.E, = d/dt [>.. E?/2], (23) can be

interpreted as an expression of conservation of power; i.e.,
the rate of change of energy stored is equal to the net
power generated or absorbed in all modes. We see that,
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in general, the loss perturbation always absorbs power
from the system. However in a hypothetical ideal system -
wherein all E,’s are equal, all ¢,., — ¢, = =, and such
that a, = Lo, (modulator at the end of the optical cavity);
we see that the parametric term on the right side of (23)
is identically equal to zero and contributes no net loss.
We shall see later that under various operating con-
ditions the coupled system tries to adjust itself toward
this ideal situation. This situation corresponds to the
physical picture offered by Crowell'* of the light pulse
going through the perturbing element at that instant
of time when its attenuation is zero.

Applying a similar procedure to (6), we obtain the
reactive conservation condition

S o= 5 (oo -

Solutions of (6) a‘nd (7) which give a nonbeating equilib-
rium point have E, = 0 and all ¢, equal to some constant.
In such cases (24) yields

> (n &v — ¢/2L y,)E:
2L, '
The absolute oscillation frequency of the nth mode is

2, — n Av + ¢ and is thus determined when rela'mve
mode amplitudes are known.

c 2
oF tl/n>E n (24)

¢ = (25)

V. Dyapi¢c EXPANSION OF STEADY-STATE EQUATIONS

In this section we develop basic relationships between
mode amplitudes and phases for the nonbeating steady-
state case. These equations are used later in developing
an iterative procedure for determining amplitudes and
phases exactly and in calculating the minimum modulator
drive that will cause phase locking. The equations are
also useful in evaluating the linear approximate solutions
obtained by others and in obtaining approximate solu-
tions to the nonlinear problem.

We are interested in solutions of (6) and (7) which
have E, = 0 and ¢, equal to a constant independent of 7.
Equations (6) and (7) become

En+1 S,in (‘pn+1 - ¢n) - En-l Sin (‘pn - Qan—l)
_ _pls2L . 2L wn]
= n[ga X n Ay o + ) (26)
and
E, .1 €08 (pres — o) + Eusy €08 (0, — 1)
G, —a—a,

We solve (26) for relative phase angles and treat the rest
of the quantities in the equation as known. Proceeding

similarly as in the case of phase modulation,' we con-
struct a Green’s dyadic G, , such that
En+19n+1,q - En—l/gn,q = an.q) (28)
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