
JOURNAL OF THE OPTICAL SOCIETY OF AMERICA

Optical Network Synthesis Using Birefringent Crystals.* I. Synthesis of
Lossless Networks of Equal-Length Crystals

S. E. HARRIS,
Department of Electrical Engineering, Stanford University, Stanford, California

AND

E. 0. AMMANN,
Sylvania Electronic Systems, Mountain View, California

AND

I. C. CHANG
W. W. Hansen Laboratories, Stanford University, Stanford, California

(Received 7 May 1964)

A procedure for the synthesis of birefringent networks having arbitrarily prescribed transfer functions is
presented. The basic network configuration consists of n identical cascaded birefringent crystals between an
input and an output polarizer. The crystals are cut with their optic axes perpendicular to their length. The
variables determined by the synthesis procedure are the angles of the optic axes of the crystals and the angle
of the output polarizer. Any transfer function which is periodic with frequency and whose corresponding
impulse response is real and causal can, in theory, be realized. A network of n crystals allows the approxima-
tion of a desired function by (n + 1) terms of a Fourier exponential series. Bandwidths of less than 1 A appear
possible.

I. INTRODUCTION

THE advent of the laser has made possible various
types of optical systems. This has produced a

need for optical elements or networks whose transfer
functions can be arbitrarily prescribed as a function of
frequency. In a manner analogous to that used at radio
frequencies, such optical networks could be utilized as
discriminators and ratio detectors, equalizers and com-
pensators, frequency selective hybrids, and delay net-
works, to name just a few. Of particular importance is
the possibility of realizing very narrow-band filters
having prescribed transmission characteristics.

The purpose of this paper is to present a basic network
configuration and synthesis procedure whereby optical
networks having arbitrary transfer functions can be
constructed using a set of cascaded birefringent crystals.
Although synthesis procedures exist for other types of
optical devices,1-4 the very narrow bandwidths and
tunability of birefringent devices make them particu-
larly attractive for the above-mentioned applications.
The type of network to be considered is shown in Fig. 1.
In simplest form, it consists of a number of identical
birefringent crystals placed between two polarizers.
Although Fig. 1 pictures a network containing four
stages (four birefringent crystals), any number can be
used. In principle, either uniaxial or biaxiall crystals

* This work was supported at Stanford University by the Space
Systems Division of the U. S. Air Force Systems Command under
Contract Number AF 04(695)-305 and at Sylvania by the Air
Force Avionics Laboratory at Wright-Patterson Air Force Base,
Ohio, under Contract AF 33(657)-8995.

lH. Pohlack, Jenaer Jahrbuch, 1962, p. 181 (in German).
2 L. Young, J. Opt. Soc. Am. 51, 967 (1961).
J. S. Seeley, Proc. Phys. Soc. (London) 78, 998 (1961).
R. J. Pegis, J. Opt. Soc. Am. 51, 1255 (1961).
If biaxial crystals are used, crystals in the monoclinic and

triclinic systems will probably not be satisfactory since the direc-
tions of their principal axes are dependent upon temperature and
wavelength.

may be employed, but for simplicity we will assume
uniaxial crystals are used. Each crystal is cut with its
optic axis perpendicular to its length and with end faces
which are fiat and parallel. The S's and F's in Fig. 1
denote the crystals' "slow" and "fast" axes, respectively.
If a negative crystal is used, the fast axis will be the
optic axis, while for a positive crystal the slow axis will
be the optic axis. The variables to be determined by the
synthesis procedure are the angles to which the crystals
are rotated, the angle of the output polarizer, and the
length L of the crystals used. In the following sections,
we will show that by properly choosing these variables,
it is possible, in theory, to synthesize any desired trans-
fer function, subject only to the restrictions that it be
periodic with frequency and that it satisfy the usual
requirements imposed by the necessity for a real and
causal impulse response. The basic periodicity of the
network response is determined by the type and length
of birefringent crystals used. For example, if calcite
crystals 1 cm in length are used, the basic period of

FIG. 1. Basic configuration of optical network
(four stages). Polarizers are shown shaded.
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the response will be about 175 Gc (about 2 A in the
red).

An important modification of the basic configuration
of Fig. 1 is the addition of a variable optical compen-
sator' before or after each birefringent crystal. The
compensators allow one to tune the network transfer
function without distortion over its basic period and,
in addition, compensate for slightly incorrect crystal
lengths.

The optical network described here is a lossless or
nondissipative network in that it does not contain any
internal polarizers; if the final polarizer is nonabsorbing,
e.g., a Rochon prism, then all of the optical energy
incident on the first birefringent crystal is, in principle,
available at the network output. It is planned to con-
sider the synthesis of dissipative birefringent networks,
i.e., networks containing internal polarizers, in a follow-
ing paper.

A central idea of this paper is the consideration of the
impulse response of a system of birefringent crystals.
This approach was used by Mertz7 to analyze the SoIc
birefringent filter and was independently suggested as
an approach to the synthesis problem by Harris.8 It is
first presented and then used to obtain an exact synthesis
procedure. The question of tunability is considered and
an example given.

II. HISTORY OF BIREFRINGENT DEVICES

Before proceeding further, it is appropriate to note
that two birefringent filters having particular transfer
functions have been proposed considerably earlier. The
first of these was proposed in 1933 by the French astrono-
mer, Lyot,9 who suggested a birefringent filter consisting
of alternating polarizers and birefringent crystals. The
length of each crystal is twice that of the preceding

81

Fi4G. 2. Four-stage Lyot filter. Polarizers are shown shaded.
. ... ; 1-. -- .--

8 H. G. Jerrard, J. Opt. Soc. Am. 38, 35 (1948).
7 L. Mertz, J. Opt. Soc. Am. 50 (June 1960) (advertisement

facing p. xii).
8 S. E. Harris and E. 0. Ammann, Proc. IEEE 52, 411 (1964).
9 B. Lyot, Compt. Rend. 197, 1593 (1933).

FIG. 3. Four-stage Solc fan filter.

crystal. A four-stage Lyot filter is shown in Fig. 2. The
transfer function of the Lyot filter has the form sinxjx,
repeated at periodic intervals. More recently, Solc&0
proposed two types of birefringent filters, termed fan
and folded filters. Figure 3 shows a four-stage Solc fan
filter. These filters have the same structural form as our
basic network. In the Solc filters, however, the relative
rotation angle between each successive crystal is related
in a simple manner to the number of birefringent crystals
employed. In contrast, the relative angles of the crystals
in our network are determined by the chcice of optical
transfer function-which may be arbitrary. Complete
discussions of both the Lyot and SoIc filters have been
given by Evans." 1 2

Numerous Lyot and Solc filters have been built
and operated.1",3-'8 These filters are used primarily in
astronomy where their very narrow bandwidths are
utilized to observe sclar prominences. Recently, Steel
el al.'7 have constructed a Lyot filter with a bandwidth
of 8 A in the red. By using the synthesis techniques
proposed in this paper, it should be possible to attain
similar bandwidths with prescribed transmission
characteristics.

III. GENERAL CONSIDERATIONS

A. Impulse Response of a Series of
Birefringent Crystals

Analysis by means of impulse response is a concept
that is familiar to electrical engineers." If an impulse,
i.e., a Dirac delta function in time is applied to a

1I. Solc, Czech. J. Phys. 3, 366 (1953); 4, 607, 669 (1954); 5,
114 (1955).

"J. W. Evans, J. Opt. Soc. Am. 39, 229 (1949).
12 J. WV. Evans, J. Opt. Soc. Am. 48, 142 (1958).
13 Y. Ohman, Nature 141, 157 (1938); Nature 141, 291 (1938);

Pop. Astron. Tidskrift, No. 1-?, 11, 27 (1938).
14 J. W. Evans, Publ. Astron. Soc. Pacific 5', 305 (1940).
15 J. W. Evans, Ciencia Invest. (Buenos Aires) 3, 365 (1947).
18 3. H. Billings, J. Opt. Soc. Am. 37, 738 (1947).
17 W. H. Steel, R. N. Smartt, and R. G. Giovanelli, Australian

J. Phys. 14, 201 (1961).
18 J. W. Evans, Appl. Opt. 2, 193 (1963).
ID J. A. Aseltine, Transform Met/rod in Linear System A nalysis

('McGraw-Hill Book Company, Inc., New York, 1958).
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linear network, the Fourier transform of the impulse
response of the network is the frequency domain trans-
fer function of the network.

We first consider the impulse response of the single
birefringent crystal of Fig. 4. The crystal is cut with its
optic axis perpendicular to its length and with end faces
flat and parallel. A linearly polarized impulse of optical
electric field is assumed to be normally incident on the
crystal. Since the incoming signal is normally incident,
double refraction will not occur. The impulse will divide
into orthogonally polarized ordinary and extraordinary
impulses whose amplitudes are dependent on the polari-
zation of the incident impulse with respect to the prin-
cipal axes of the birefringent crystal. These impulses
travel with different velocities, therefore emerging at
different times. The difference in the times at which
they emerge from the crystal is given by

tS-1F= LA-1c, (1)

where Afl is the difference between the extraordinary
and ordinary indices of refraction of the crystal, L is
the crystal length, and c is the velocity of light in a
vacuum.

We assume here that Aq is a constant independent of
frequency. This is not the actual situation, however, for
AZq will be a function of frequency, at least to some de-
gree. The birefringence of calcite, for example, varies
approximately 11% between 4000 and 8000 A. The
effect of the dispersion of Aqj has been ignored in this
paper for two reasons. First, to include its effect would
greatly complicate the synthesis procedure and obscure
the basic ideas. Second, the effects of dispersion upon
the resulting transfer function will generally be small,
particularly if the synthesized network has a small
bandwidth. Existing analyses of the Lyot and Solc
filters have also neglected dispersion; yet experimental
results have agreed quite well with theory.

Thus, the impulse response of a single birefringent
crystal is two orthogonally polarized impulses whose
amplitudes depend upon 4, the angle between the prin-
cipal axes of the crystal and the incident optical polar-
ization. If 4 is equal to zero, all of the light will emerge
at time is; if q5 is equal to 450, the light will emerge as
two equal impulses at times tF and Is.

We next consider the impulse response of several
cascaded birefringent crystals having arbitrary lengths
and orientations, as shown schematically in Fig. 5. This

figure contains information about the time of emission
of the impulses, but none about their polarizations. First
consider the case of two crystals. The output of the first
crystal is, in general, two orthogonally polarized im-
pulses. Each of these impulses is incident on the seccnd
crystal and produces two more impulses. Thus, in
general, the impulse response of two cascaded bire-
fringent crystals is four impulses, two of which are polar-
ized along the fast axis and two along the slow axis of
the second crystal. With more crystals this process
continues, giving us the result that the impulse response
of n birefringent crystals having arbitrary lengths and
orientations is a set of 21 impulses. The magnitudes and
polarizations of these impulses are determined by the
crystal angles, while their relative times of emergence
from the crystal are determined by the birefringence
and lengths of the crystals used. Thus we reach the
important conclusion that the impulse response of a
series of birefringent crystals is a train of impulses of
finite duration. In contrast, the impulse responses of
Fabry-Perot and multilayer dielectric-film filters con-
sist of infinite trains of impulses.

Now suppose that all of the n crystals are chosen to
be identical, i.e., the same material and equal lengths.
The output will now consist of only (± + 1) rather than
21 impulses. Furthermore, the emerging impulses will
be equally spaced in time. The reason that fewer impulses
emerge when the crystals are chosen of equal length is
seen by examining the two-crystal case. For two crystals
of equal length, the impulse which travels along the
fast axis of the first and the slow axis of the second will
emerge at the same time as the impulse which travels
along the slow axis of the first and the fast axis of the
second. These two combine, and the output, therefore,
consists of three rather than four impulses.

Thus we are led to the network configuration of Fig. 1.
The basic idea of the synthesis procedure is to utilize
the relative angles of ni birefringent crystals and one
output polarizer to control the amplitudes of (n+ 1)
equally spaced output impulses. The first step of the
procedure is to specify the desired impulse amplitudes
at the output of the final polarizer. These amplitudes
may be selected arbitrarily as is seen in the following
section. We then use a systematic procedure to arrive at
angles for the network elements so this final set of im-
pulses is obtained from a single impulse incident on the
first crystal of the network. This is equivalent to saying,
of course, that the desired set of impulses is the impulse
response of the network.

C} I
2 CRYSTALS

FIG. 5. Impulse re
sponse of several bire
fringent crystals.

4 OUTPUT IMPULSES

,Ev ,1 .
D CRYSTALS 2 OUTPUT IMPULSES

{}E+ 1 EQUALL
n CRYSTALS OF EQUAL LENGTH SPACED OUTPUT

IMPULSES
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REPLICATED
G(w)

(b)
IFIG. 6. Impulse responses and corresponding transfer functions

for a network whose impulse response is (a) -gQ), and (h) g(Z)
sampled.

B. Specifying the Desired Response
Let us now consider what types of responses we can

realize and how we specify them. As in lumped-element
circuit theory, a convenient approach is to first choose
an ideal response and then approximate this to the
necessary degree.

We should note that the frequency transfer function
of the optical network must be periodic. This can be seen
readily from Fourier theory or sampling theory. Suppose
that a network has an impulse response g(t) and a cor-
responding transfer function G(co), where both g(t)
and G(co) are continuous and aperiodic as shown in Fig.
6(a). Next, suppose another network has an impulse
response which is g(t) sampled at a uniform rate of 1/a
samples/sec. This is the case for a network consisting
of a set of birefringent crystals, each of whose length is
such that IS-IF of Eq. (1) equals a seconds. This net-
work will have a periodic transfer function like that
shown in Fig. 6(b), which is the original G(w) replicated
with a period of 27r/a rad/sec.'0 Figure 7 shows the trans-
fer function periodicitv that can be obtained using
readily available lengths of some common crystals.

Assume that a desired periodic transfer function G(w)
has been chosen. The next step is to find a satisfactory
approximation to G(wo) which can be realized using the
optical network of Fig. 1. The approximation is made
by an exponential series containing a finite number of
terms.

C(X) = CO+Cle ia+C 2e-i2 a± +. +. Ce-bea
(2)

= Ei Cke- .
/i =,

The impulse response corresponding to Eq. (2) is
found by taking the inverse Fourier transform, giving

C (t) = Co (t) + C,6 (/-a) + C25 (I-2a) + -* -
+CjB (i-na) (3)

- A C6 (I -ka).
k=o

20 E. A. Guillemin, Theory of Linear Physical Systenis (John
Wiley & Sons, Inc., New York, 1963), p. 430.

9(t)

U. U - I I I I -T, Ir-rIlrIn-
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1.0 - -

a
0.5-- NX
0.1 L -

10 50 100 500 1000 10 000
PERIODICITY OF TRANSFER FUNCTION -- Gc/sec

FIG. 7. Periodicity of network response for several types of
birefringent crystals. Q: quartz, An =0.009; M: mica, Ant=0.04;
C: calcite, An =0.17; S: sodium nitrate, An =0.24.

"1 Ref. 20, p. 408.

0 (w)

(a)

SAMPLED
9(t)

O H t -I

Thus it is clear why an exponential series is used to
approximate the desired transfer function. The exponen-
tial series has a Fourier transform consisting of uniformly
spaced impulses, and this is the form of the impulse
response of our optical network. If there are n+ 1 terms
in C(co) Eas there are in Eq. (2)], an n-stage optical
network is required.

There are various methods available for finding the
C, of Eq. (3) from a given G(co). One obvious possibility
is to choose the Ci to be the Fourier coefficients of the
series. However, if the desired G(c*,) contains discontinu-
ities, some other approximation such as a Ceshro ap-
proximation may well be more desirable. Such topics
have been treated in detail elsewhere, so we will not
discuss this problem further.

It is likely that IG(cw) 2 or arg G(cw) will sometimes
be given instead of G(w). It will then be necessary to
approximate I G(co) 12 or arg G(cw) in a suitable manner
and calculate C(co) from this.

Two points should be noted concerning the approxi-
mating functions C(co) and C(t). First, since the impulse
response of a physical network must be real, the real
and imaginary parts of C(co) must be even and odd
functions of frequency, respectively. This means that all
Ci must be real. Second, it is not necessary that C(X)
and C(t) be causal. While it is true, of course, that the
impulse response of a network must be zero for t<0, we
are free to shift our time scale to a new origin when writ-
ing C(co) and C(t) if this will be more convenient. Thus,
in writing Eqs. (2) and (3), we have neglected most of
the uniform time delay associated with the network,
i.e., the time delay accumulated by passage of the signal
through each crystal, in the space between crystals,
and in transit to the point of detection. We have chosen
our new time origin to be the time at which the first
output impulse occurs. For this choice of origin C(w)
is causal, but equally well, we could have chosen a time
origin which results in a noncausal C(co). As far as the
synthesis procedure. is concerned, the important point
is that only the relative positions in time of the various
impulses are important. In this paper, we will always

Vol. 54
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FIG. 8. Summary of impulse
notation: Impulse pyramid for
a two-stage network. Top:
input; next to top: output
from first crystal; next to
bottom: output from second
crystal; bottom: output from
polarizer. Solid strokes: polar-
ized along fast axis of crystal.
Broken strokes: polarized along
slow axis of crystal. C2

t =2a

choose our time origin to be synonymous with the
occurrence of the first impulse of the train.

The number of birefringent crystals that are neces-
sary to synthesize a desired function will depend on the
nature of the function and on the closeness of the approx-
imation desired. Many applications of the synthesis
procedure to problems of optical communications will
require functions which do not possess discontinuities
and whose width is equal to their basic periodicity.
(One such function is the triangular waveform of Fig. 11
which might be used to convert a frequency-modulated
light signal to an amplitude-modulated light signal.)
For functions of this type, the first five or six terms of an
exponential series (and, therefore, four or five bire-
fringent crystals) will generally yield a satisfactory
approximation.

For narrow-band filter applications, it is necessary to
synthesize transfer functions whose basic periodicity
is considerably wider than their width. An estimate of
the number of crystals necessary for this case may be
obtained from sampling considerations and can be
written

periodicity
Number of crystals necessary q bandwidth' (4)

bandwidth

where q is an integer which generally will be between
2 and 7. This statement can be understood by noting
that the length of the time-domain impulse response is
approximately related by the reciprocal width pioperty
of Fourier transforms to the bandwidth of the transfer
function, and may be written as q/bandwidth, where q
is the aforementioned integer. By the length of the im-
pulse response, we mean the time between the first and
the last impulses which have significant amplitude. The
number of necessary impulses is then the length of the
impulse train divided by the spacing between impulses,
plus one. Since the spacing between impulses is the
reciprocal of the periodicity, and since the number of
necessary birefringent crystals is one less than the neces-
sary number of impulses, Eq. (4) follows. The integer q
will depend on the function chosen, the degree of ap-
proximation desired, and on the definition of band-
width. As an example, q= 2 if the desired function is
sinx/x and bandwidth is defined as the number of cycles
between its first zeros.

Co C1

t tI
tao t~

(6a)

(6b)
F2(t) = FoS (t)+SF 2 6(I- a),

S2 (t) = S 125(1-a)+S,26(t-2a)-

S denotes that an impulse is emitted polarized parallel
to the slow axis of the crystal, while F denotes polari-
zation parallel to the fast axis. In Fig. 8, slow-axis and
fast-axis polarizations are denoted by dotted and solid
lines, respectively. The superscript 2 means that we are

FlIi SI
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IV. SYNTHESIS PROCEDURE

The object of the synthesis procedure is to find the n
birefringent crystal angles and the output polarizer
angle which give the desired transfer function C(co).
The C? of Eqs. (2) and (3) can have any value, provided
that each is real.

A. Notation

The notation and conventions used in the synthesis
procedure are discussed here. We refer repeatedly to
Fig. 1 which pictures the basic optical network.

Rather than dealing with the O's of Fig. 1, it is more
convenient to solve for the relative angles (additional
angles of rotation measured from the preceding com-
ponent) of the crystals and output polarizer. Therefore,
we define

01= 01,

02= 02-01,
(5)

fn= 4 n 4n-1i
0P= 02-40-

The magnitudes of the impulses composing the im-
pulse train emitted from the network are denoted by
the Ci of Eqs. (2) and (3). It is also necessary to de-
scribe quantitatively the impulse trains which occur
between the various stages within the network. In
describing them, we must convey information about
the polarization of the impulse train, as well as about
the magnitudes of the individual impulses. For although
we know that C(t) is polarized parallel to the transmis-
sion axis of the output polarizer, the impulse train which
leaves one of the birefringent crystals on its way toward
the output has components polarized parallel to both
the S and F axes of that crystal. This points up a
fundamental difference between the synthesis procedure
described here and conventional synthesis procedures
in other fields. Namely, we must be concerned with
not only the time variation of the signal, but also with
its polarization as it passes through the network.

We illustrate the impulse notation with the aid of
the "impulse pyramid" of Fig. 8. Suppose a single
impulse (polarized parallel to the transmission axis of
the input polarizer) is incident upon a network consist-
ing of two birefringent crystals plus an output polarizer.
The resulting output from the second birefringent crystal
contains components polarized in both the S and F
directions of that crystal.
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INPUT Ist 2.d 3,d nth OUTPUT
POLARIZER CRYSTAL CRYSTAL CRYSTAL CRYSTAL POLARIZER

i O I5 I5 5'Sn Di,

FIG. 9. it-stage network. Compare with two-stage
network in Fig. 8.

dealing with the output from the second crystal of the
network. The subscripts give the time of occurrence of
the impulses. The first impulse, emitted at 1=0, has
the subscript 0; the next two impulses, emitted at 1= a,
have the subscript 1; and so on. Notice, in particular,
that So2 and F 2

2 are zero.
Since the impulses are evenly spaced in time, it is

not necessary henceforth to write the delta functions
when describing an impulse train. All the information of
Eqs. (6) is given when Fo2, F,2, S12, and S2

2 are stated.
As noted earlier, the desired transfer function and

corresponding set of impulses are denoted by C(X)
and Ci, respectively. There is also an orthogonally polar-
ized component which is stopped by the output polar-
izer. This signal and its corresponding set of impulses
is denoted by D(X) and Di. Fiinally, the area of the
impulse incident on the first crystal of the network is
denoted by Ion. The notation is further summarized in
Fig. 9.

B. Procedure
At the outset, two points should be stressed. First,

it is assumed that the birefringent crystals of the net-
work are lossless. This means that at all points between
the input and output polarizers, energy must be con-
served. Energy conservation places certain important
restrictions on the Fi and S, which are derived and listed
in Appendix B. Secondly, it should be noted that
Fii= Sai= 0. This is just a statement of the fact that the
first and last impulses out of the ith crystal must have
propagated along its fast and slow axes, respectively.

We begin by assuming that C(Q) and, therefore, the
desired C, of Eqs. (2) and (3) have been chosen. We
must next find the orthogonal signal, i.e., the signal D(X)
that is stopped by the output polarizer. By conservation
of energy, we have

(7)

is calculated and written in the form
D() = Do+Die-iaw+D2 e-i2a.+... +Dne-inaw. (8)

The corresponding orthogonal impulse response is then
D(i) = Do+D,5 (t-a)+D 2a(t - 2a)+ *

+D^,,5(t-uea) . (9)
With the C, and D, specified, we now have a complete

description of the input to the output polarizer. This, of
course, is also the output from the last (nth) crystal.
It is convenient here to transform this output into the
principal axis system of the final crystal. With the help
of Fig. 10(a), we have

[Finl sinO. - cosop i(
LSit- Lcosop sinG0 I LDi (

where 6, is the relative angle of the output polarizer.
As mentioned earlier, a requirement is that

F,?=So = 0. (11)

Using Eq. (10), we see that Eq. (11) will be satisfied if

and
tanG,.= DU/Cl

tanG, = - C/Do.

(12a)

(12b)
In order for Eqs. (12a) and (12b) to be satisfied simul-
taneously, it must be true that CoCl+DoD.=O. But
we know this is satisfied from conservation of energy,
since it is Eq. (B13) of Appendix B.

Thus by using either Eq. (12a) or (12b), the angle of
the final polarizer is determined. Then, substituting this
calculated value of Op into Eq. (10), we obtain lFin and
Sil, the outputs along the fast and slow axes of the last
crystal. We now must find the rotation angles of the n
crystals.

To accomplish this, we first find expressions relating
the input and output of each crystal. This is a matter of
taking projections along S and F axes of the crystals.
With the help of Figs. 10(b) and 10(c), we find that

F OUTPUT POLARIZER
,TRANSMISSION AXIS

S
OUTPUT POLARIZER

( REJECTION AXIS(a)
nth CRYSTAL

The left side of this equation must be non-negative for
all frequencies and, therefore, for the equation to be
valid, (Io0)2 must be chosen greater than the maximum
value of C(o)Cc(w). As long as (Io0)2 exceeds this value,
its choice is arbitrary. However, it will generally be
desirable to choose (Jo0 )2 equal to the maximum value of
C(cw)C* (w), since this insures 100% transmission at the
frequency at which this maximum occurs. Appendix A
shows one method for calculating D(X) from D(w)Dl(w).
It is also shown in Appendix A that as long as (IoO)2
is chosen sufficiently large, at least one real set of Di
can always be found. Once (IoO)2 has been chosen, D(w)

IS

,, 'i\ th CRYSTAL
i-ith CRYSTAL

S

F. - INPUT POLARIZER--- e= TRANSMISSION AXIS
1st CRYSTAL

(C) /

FIG. 10. Angle conven-
tions used in the synthesis
procedure: (a) output polar-
izer; (b) relative crystal
angles; (c) input polarizer.
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First Crystal

SFecn-sindl Cryta
ISllJ I L coso, I

Second Crystal
F0o2 = FCOS02

F1
2  0

S12 sinO2
S22J 0

0 [F,],
-sinG2  LSi'J

0
cos02 1

Third Crystal

(13a) Fo3 = cos03
F1

3  0
F2

3  0
Sia sinG3
S23 0

S333b) 0 0

O 0 0 Fo2
cos0 3  - sinG3  0 F1 2

0 0 -sinG3  S12
O O 0 S 2 2J

sinG3  COS03  0
0 0 COS03

(13c)

From the pattern established, we can write for the ith
crystal

o 0 0
o 0
o 0 0

. . . . . . . . .

.. . . . . . . .

. . . . . . . . .

-sinGi 0 0
O -sinoi 0
O O -sinoj
o 0 0
o 0 0
o o 0
.. . . . . . .

. . . . . . . . .

. . . . . . . . .

cosoi 0 0
O cosoi 0
O 0 cosG,

Our procedure is to start with the output from the last
crystal. From these Fil and Sn, we calculate the crystal
angle and the input to the crystal (the FKi-1 and Sn-l).
Since the input to the nth stage is the output from
the (n- 1)th stage, we can repeat the entire process for
the (n-1)th crystal. Thus we work our way back
through the entire network alternately finding crystal
angles and crystal inputs.

The calculation of the angles and inputs is accom-
plished as follows: Consider, forexample, Eq. (13c) which
relates the input and output of the third crystal. We
know the output (the lFi3 and S.3) and wish to find 03 and
the input (the F 2 and S,2). In the language of linear
equation theory, the problem may be restated as, "Does
the system of nonhomogeneous equations (13c) have a
solution?"

A set of nonhomogeneous equations has a solution if
and only if the rank of the matrix of the coefficients is
equal to the rank of the augmented matrix.2 2 For Eqs.
(13c), this means that a solution exists if the rank of

2 D. C. Murdoch, Linear Algebra for Undergraduates (John
Wiley & Sons, Inc., New York, 1947), p. 50-51.

the coefficient matrix
COS03

0
0

sinG3
0
0

0
cos03

0
0

sinG3
0

0
-sinG 3

0
0

cos03
0

0
0

-sinG 3
0
0

cos03

equals the rank of the augmented matrix
COS03

0

sin03
00

0 0 0
COS03

0
0

sinO3
0

- sinG3  0
0 -sin03
o 0

cos 2  0°
0 COSG3

Fo3'
F1

3

F2
3

S13
S23
S33

Since the rank of the coefficient matrix is 4, the rank of
the augmented matrix must also be 4 for a solution to
exist. Several procedures exist2 2 for determining the
rank of a matrix. Applying one of these, we find the
rank of the augmented matrix to be 4 if

tan63 = - (F2 3/S3
3)

and
(14a)

Fo3F2
3+ S 3IS 3= 0. (14b)

ith Crystal
Foi
Fli
F2 i

F. .. . .

Fj-3`
F i-2iF,1 'Fi-li
,sli
S2i
IS~i

. . .

. . .

Si-2'
Si-li
Sri

cosoi
0
0

0

...

...

...
0

sinG,
0
0

0
0
0

0
cosoi

0
. . .

. . .

0
0
0
0

sinoi
0

. . .

. ..

. . .

0
0
0

0
0

coso,
C0.
. . .

. ..

0
0
0
0

sin6i
. . .

. . .

. . .

0
0
0

! Foi-I
Fli-I
F2i-1

53.-.Fi-3i-1
F i-2 i-1sli-l
S2i-1
S3i-1
S,Xi-l

Si-2i-]Si-ji-l

(13d)

-
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TABLE I. Related sets of Di and their corresponding 0s.

Solutions for Di Corresponding crystal and polarizer angles
1st 2nd 3rd 4th 1st 2nd 3rd 4th
set set set set set set set set

Do Ao -Ao An -A. 01 0 1 -01 , )0 -Ep
DI AI -Al An-I -An-1 02 02 - 02 En -0n
D2 A2  -A 2  An- 2  -An-i 03 03 - 03 ( in-l - 011-
D; A3  -A 3  A 3 -A,- -- - .. . ... . .

.. ......... ... ... ... ... ...
.. ........ .. I ... ... ... ...0,z¢ I On-I i On1 -(n I ) -0)8

Dn-i An-A -Al A On | n -in 02 -e 2
, All A0 -AO 0 Or -Os,) ( 01 -01

The first equation gives the angle of the crystal. Using
this angle in Eq. (13c), we can now calculate the input
(Fo2, F1

2, S12, and S2
2 ). The calculation is an easy one,

involving for any stage no worse than the solution of
two simultaneous equations. Appendix C shows a
systematic method of performing this calculation. Equa-
tion (14b) is seen by comparison with Eq. (B9) to be
simply a restatement of the fact that the F,3 and Si3
must satisfy conservation of energy. This requirement is
automatically satisfied by the Fi and Si of all stages
since D(co) was calculated using conservation of energy.

In a similar manner, the conditions for existence of
solutions to Eqs. (13a), (13b), and (13d) result in the
equations:
First Crystal

tan0i= - (Fol/ Si1)% (15a)

(F,1)2+ (S,1)2= (IO°)29 (15b)

Second Crystal
tan62= - (F1

2/S2
2 ), (16a)

Fo 2F, 2 +S 1
2 S2

2 = 0, (1 6b)

ith Crystal
tan= - (Fi-l`/Si`), (17a)
FoiFi-0i+SjiSii=O. (1 7b)

The crystal angles are given by Eqs. (15a), (16a), and
(17a), while Eqs. (15b), (16b), and (17b) are statements
of conservation of energy. We now have all the infor-
mation necessary for performing the synthesis. The
entire procedure is summarized below.

C. Summary of Synthesis Procedure
(1) Choose the desired output response C(w) and

write it in the form of Eq. (2). The Ci must be real.
(2) Calculate the crystal length L from L=ac/I7q.

The quantity a is obtained by comparing the C(@)
written in step (1) to C(w) as given by Eq. 2. A rough
estimate of L can be obtained from Fig. 7.

(3) Choose a value for Io°; the choice is arbitrary so
long as (Ioo)2 exceeds the maximum value of C(w)CC* (w).

It will often be advantageous to make (IoP)2 equal to
the maximum value of C(cw)C*(w).

(4) Calculate D(w)D*(&) from Eq. (7). Solve for
D(X) from D(w)D*(wo) using the method of Appendix
A (or some equivalent method). The Di must be real.

(5) Calculate the output polarizer angle 0p from
Eq. (12a).

(6) Calculate the Fill and Sill from Eq. (10).
(7) Calculate the crystal angle 0.1 of the last stage

using Eq. (17a). From Eqs. (Cl) and (C2) calculate
the input to the last stage (which is the output from the
preceding stage).

(8) Repeat the procedure of (7) on each succeeding
stage until all crystal angles have been found.

D. Number of Possible Networks
It has been stated that at least one real set of Di

can always be found. It would perhaps be more correct
to amend this to read that at least four real sets can
always be found, for the calculated sets of Di can always
be placed conveniently into groups of four. The rela-
tions between the Di of these four sets and between the
corresponding 0i are shown in Table I. We see that these
four sets give four network configurations which are
related. For example, the optical network corresponding
to the second set is the "mirror image" of the network
obtained from the first set. It can be obtained from
it simply by rotating each crystal and the output polar-
izer a negative, instead of positive, angle.

In addition, it is of interest to note that the network
of the third set is precisely the same network that is
obtained by turning the first set network end for end.
This means that the output of a network will be the
same, regardless of which end is used as the input end.
Finally, the network resulting from the fourth set is the
mirror image of that network obtained from the third
set. Therefore, these four sets of Di do not really give
four different networks, but rather one network and
three variations.

It is stated in Appendix A that a desired transfer
function can be realized by 2(0-1-m+) different networks,
where in is the number of complex roots of Eq. (A8).
If we consider that the networks of Table I represent

Vol. 541274



OPTICAL NETWORK SYNTHESIS

only one, rather than four, networks, the statei
should read 2(n-1m-1) networks.

V. EXAMPLE

A sample calculation will now be performed to
trate the synthesis procedure of Sec. IV. Suppose
the ideal transfer function G(w) which we wish tc
proximate is the triangular wave of Fig. 11. A net,
having such a transfer function might be used
linear discriminator to accomplish the conversio
frequency-modulated light to amplitude-modul
light.2 ' As shown in Fig. 11, G(w) is real and has a I
period of 27r/a rad/sec. We must first approximate i
by a finite exponential series. A series containing
terms will be used. The number of terms is arbiti
but in the case of the triangular wave six terms gi
satisfactory approximation. For this example the Fo-
approximation is used to find the series coeffici,
although there are other approximations which c
have been used.

The exponential Fourier series approximated tc
triangular wave is
K(fo) =4/7r2[(1/25)e~i5a,+ (1/9)e+i36a+eiae

+e ia+ (1/9)e-i3aw+ (1/25)e-i5a.],
which is plotted in Fig. 11. Note that K(o) is the t0
fer function of a noncausal network. It is often i
convenient to first calculate the approximating fun(
in a noncausal form such as Eq. (18), and then make
function causal. We can make K(w) causal by m
plying it by e-i5 a, which gives
C(co) = e-i5aOK () = 4fi.2[1/25+ (1/9)e- i

2
aa+ e-i4 ao+e--i6a.+ (j19)e.-i8a-+ (1125)e-i10--j.

Multiplication by e-i5 aw is equivalent to introduci
pure time delay in the time domain. Thus the nets
impulse response and transfer function are essent
unchanged by this operation.

Since alternate harmonics in Eqs. (18) and (19)
zero, we may let 2aw=bw. Using this in Eq. (19)
obtain the final form for C(Xo)
C (co) =0.01621+0.04503e-ibo+0.40528e-i 2bw

+0.40528e i"b@+0.04503e-i4bw+0.01621e-i5b.

We must now calculate D(w). From Eq. (7) we I
D(.) 1 2=D (Q)D*(w)= (Io0)2-C(C)C*(C)

= (Io0)2-0.33309-0.40443 cosbco
-0.09928 cos2bw-0.03034 cos3bow

-0.00292 cos4bw-0.000526 cos5bw.

1.0

0
90°

-1.0

180'

//

2?0o 360o
/ G

K (w)

FIG. 11. Ideal and approximating transfer functions of example.
Ideal transfer function is shown by dotted line and approximating
transfer function by solid line.

0.87059. Let us choose Io°= 1. Equation (21) then
becomes

ID(co) 12=0.66691-0.40443 cosbw-0.09928 cos2bcw
-0.03034 cos3bw-0.00292 cos4bw

-0.000526 cos5bl. (22)

We will now use the method outlined in Appendix A to
calculate D(cw). We first form Eq. (A5)

(18) -0. 00263x5- 0.00146x4- 0.01517x3- 0.04964 x2

- 0.20222x+0.66691-0.20222x--0.04964x-2
ans- -0.0151 7 x-3 -0.00146x-4-0.000263x- 5 = 0. (23)

We next wish to put Eq. (23) in the form of (A6). To
determine the Bi, we equate similar coefficients in (AS)
and (A6) which gives

B5=A5 =-0.00263,
B4= A4 =-0.00146,
B3 ==A3 -5A;, =-0.01385,
B 2=A 2 -4A 4  =-0.04380,
B1 =A1+5A5-3A 3= -0.15803,
Bo=Ao+2A 4 -2A 2 = +0.76327.

Substituting these into (A6) and letting (x+x-1)=y,
we have

- O.000263y5- .00146y4-0.01385y 3- 0.0 4380y2

-O.t 5 8 0 3 y+0. 7 6 3 2 7 = 0.

The roots of (24) are

yi= -4.07379+i3.93269,
y3 = 0. 18957+i6.39532,
Y5= 2.21289.

(21)

The area Io' of the input impulse must now be chosen
in order to obtain I D(X) 12. It may have any real value
as long as (IoO)2 is larger than the maximum value of
C(w)C*(w). From Fig. 11 we see that the maximum
value of C(wo)C*(c,) occurs at co=O and has a value of

23 S. E. Harris, Appl. Phys. Letters 2, 47 (1963).

(24)

Y2= -4.07379-i3.93269,
Y4= 0.18957-i6.39532,

(25)

From Eq. (A7) the corresponding xi are found to be

xi= -3.95066+i4.05920, x2 = - 3.95066-i4.05920,
x3 =0.18525+i6.54791, X4 = 0.18525-i6.54791,
X5= 1.57997; (26)

x1-1=-0.12313-iO.12652, x2-'==-0.12313+iO.12652,
x-1= 0.00432-iO.15260, x 4-1 = 0.00432+iO. 15260,
x5-l= 0.63293.
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TABLE II. The 16 real sets of Di.

Set Do Di A D3 D4 D5

XLX2X3X4X5
X1X2X3X4X5

-1 -IX3 XIXrI

XIX2X3 X4 ,X

XL1 X2 I31 X41 X61
X'X2 'X3X4XF, I

X1X2X3 IX4 IXI
XIX2X3'IX4 

1
XrI

j I-X2 IX3X4X5,

X1 ,X2X3 .X4-lXr'
X1X2X3X4X' I

X 1 X2 X3 X X4 5 !
-1 - -X2X3 1 -1.'X 1 lX2 IX3jX4 .XV5

-0.75607
0.75607

-0.00035
0.00035

-0.01762
0.01762

-0.01491
0.01491

-0.01115
0.01115

-0.02356
0.02356

-0.47854-
0.47854

-0.00055
0.00055

0.29887
-0.29887
-0.00207

0.00207
0.01334

-0.01334
-0.09415

0.09415
0.01901

- 0.01901
-0.17107

0.17107
0.64236

-0.64236
-0.00379

0.00379

0.07414
-0.07414
-0.02091

0.02091
-0.75640

0.75640
-0.29188

0.29188
-0.48006

0.48006
-0.63730

0.63730
0.15462

-0.15462
-0.03696

0.03696

0.02091
-0.02901
-0.07414

0.07414
0.29188

-0.29188
0.75640

-0.75640
0.63730

-0.63730
0.48006

-0.48006
0.03696

-0.03696
-0.15462

0.15462

0.00207
-0.00207
-0.29887

0.29887
0.09415

-0.09415
-0.01334

0.01334
0.17107

-0.17107
-0.01901

0.01901
0.00379

-0.00379
-0.64236

0.64236

0.00035
-0.00035

0.75607
-0.75607

0.01491
-0.01491

0.01762
-0.01762

0.02356
-0.02356

0.01115
-0.01115

0.00055
-0.00055

0.47854
-0.47854

Since there are four complex roots to Eq. (24), there will
be 2(n-j7,,+1) =16 real sets of Di which can be obtained
by multiplying the factors (x - xr) together in various
ways. Eight of these sets are simply the negatives of
the other eight. Consider the set that is found by con-
structing the polynomial

(X - X 1 ) (X - X2) (X - x3) (X - X4 ) (X - X 5).

Performing the indicated multiplication, we obtain

. 5±+ 5.95085X4+ 60. 16845x 3+ 213.29090.t
+ 859.8512 Ix - 2175.20862.

As stated by Eq. (All), a set of Di is proportional to
the coefficients of this polynomial.

Do0 =- 2 175. 208 62 q, D1 =859.85121q,

We first calculate the output polarizer angle from
Eq. (12a). Doing so, we obtain

tanO,= D5/C5 = 0.02 144,

which gives
0,= =114'.

Several equations provide checks on the numerical
computations and should be used during the synthesis.
For example, we should also calculate 0, from (12b)
to verify that (12a) and (12b) do indeed give the same
result. These checks are available at various points in
the synthesis procedure and will be pointed out when
appropriate.

Equation (10) is now used to calculate the Fi5 and
Si,, giving

D3 = 60.16 8 4 5q,
D5=q.

(27)

The value of q is different for each set of Di. For the
above set, q is found from (A12) to be

q= 43.47586X 10-4.

Substituting this value back into Eq. (27), we find that
one set of D, is

Do=-0.75607, D1 =0.29887,
D2 =0.07414, D3 =0.02091,
D4 =0.002068, D5 = 0.000348.

All 16 real sets of Di are shown in Table II. We now go
through, in detail, the synthesis procedure for the first
set.

Fo5 8

F1
5

F2
5

F35

F4 5

0.75625
-0.29784
-0.06543

-0.01222
-0.00110

5S15

S25

S35

S4 5

tS65

0.05143

0.40678
0.40564 .
0.04507

0.01621

We are now able to calculate 05, the angle of the last
birefringent crystal. Using (17a) we find

tan65 = - (F4
5/S5) = 0.06799,

which gives
05= 3053'.

As a check, we should see that Eq. (17b) is satisfied.
The input impulses to the fifth crystal are calculated

next from Eqs. (Cl) and (C2).

F1" 1 Fo5  Si5 [ S55 =

F1
4 I= F115  S2 5 [-F,]

{(15)2+ (r5l)2) IF2It f. F 2 
5  

S3

F3-' F3
5 S. 5

F., i F4
5 S55

D 2 = 213.2 9 0 9 0q,
D4 = 5.9508 5 q,

0.75799
- 0.26955
-0.03777 ,
-0.00913

0

-
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TABLE III. Summary of results of example.

Set 0, 02

XSX2X3X4X5 -88o46' 3053/

X1X2X3X4X5 88046' -3053/
XI 1X2 'X3 1 X4-1 X5-l -1°14' -3°53'
Xs _X2

1
IX3-'X4-'X5-

1  1014' 3053'
XSX2X3-I1X4lX5 -47023' 60025/
XlX2X3-'X4 1XS 47023/ -60'25/
X- 1X2'-lX3X4X51  -42037/ -60025/
XCIX2-1X3X4X51- 42037' 60025/
.xlX2X3X4-lXF-' - 34032' 64028'
X1 X2X3-'X471 Xr,-1  34°32/ -64°28'
Xl-lX2-1X3X4X5 -55028/ -64°28'
Xl-lX2-1X3X4X5 55028' 64028'
XlX2X3X4X5-1  - 88'04/ 7056/
X1X2X3X4X5-1  88004' -7056'
Xl -X2-'X3-lX4-lX5 - 1056/ - 7056/
X, l 1X23X3 1X41'X5 1056' 7056'

03

29021'
-29°21'
-29'21'

29021'
-68°34'

68034'
68034'

- 68034'
-64o24'

64°24'
64°24'

-64°24'
45040'

-45040'
-45040,

45040'

29021'
-29o21/
-29o21/

29021'
-68°34'

68034'
68034'

-68034'
-64°24'

64024'
64024'

- 64°24'
45040'

-45040,
-45040,

45°40'

05

3053/
3053/
3053'
3'53'

60°25'
-60°25'
-60025'

60°25'
64°28'

-64028'
-64°28'

64°28'
7°56'
7056'
7056'
7056'

10

1°14'
- 1°14'
88046'

-88°46'
42037'

-42°37'
47023'

-47023'
55028'

-55028'
34032'

-34°32'
1°56'

-1°56'
88004'

-88°04'

S0o4 1 FF5

s24 "F45'2+ (S55)2) 1 1.15S2 4 ( (F42 F55r2 )

S34 F35
S44 F4 5

sl5
S25
S35
S45
S55.

LF 4 51 = 1

S551 0.42605
0.40914
0.04579
0.01625

We can now calculate the angle of the fourth birefringent crystal using Eq. (17a), which gives tan64= - (F3
4/S4

4 )
=0.56197, and 04=29'20'. Equation (17b) again affords a check.

The synthesis procedure may now be completed by alternately using Appendix C and Eq. (17a) until all crystal
angles have been determined. The steps are given below:

Fo3
F1

3

F2
3

[I~J
So3'

S13
S23
,S33~

1 Fo4 S1 r S44 1= 0.86952'
F 42 2+(S4)2) F14 S24 [-F 3 4J -0.03454

F24 S34  -0.01049 J

F3 4 S44, O

1 Fo04

{ (F3 4)2+ (S4 4)2) 1 F24

F3 4

S4
S24
S34
S44,

EF3 4]= 0 1

5S441 = 0.48873
0.05842
,0.01864J

tanO3= - (F23/S3 3)=0.56268, 03= 29020'.

F0
2  1 fFo 3  S3il S3

3 1= 0.99746
OF1
2  (F 2

3 ) 2 + (S 3 3)2) § iF S32 L-F 2 3J 0
F2 2J 3 F23 S3

3J 0 J
So2= 1 (Fo

3

S2J (F2
3)2 + (S33)2) 1F23

S13 [F 2 31= r 0 1
S23 Il S33] 0.067851.
S 33J I0.02139J

tan62= - (F1 2/S22)=0.06802, 02= 3053'.

LF[k 1 Fo2 Si r S2[ 2 1= [0.99977]

[Fill { (F 12)2+ (S2 1)} F2s2 ) iF S [-F2 I n 1

[sol 1 FFo`
1S l1 { (F1

2) 2 + (S22)2)1[Fi2
S12] F r 12
S21] LSI LO1.02144J -

tanOj=-(Fo 1/Sj 1)=-46.62959, 01=-88 46',

and the synthesis is completed.
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The angles calculated from all sixteen real sets of Di
are summarized in Table III. Notice that it is necessary
to go through the synthesis procedure for only four of
the sets of Di. The angles for the other 12 sets can be
deduced from Table I. The results of the example have
been verified by applying the matrix method of Jones2'
to the resulting networks.

VI. DISCUSSION

An important modification of the basic network of
Fig. 1 results from associating a variable optical com-
pensator with each crystal of the network. Such compen-
sation can be accomplished either internally to the
crystal (for example, by thermal control) or externally'
(for example, by using a Soleil compensator). To the
extent that the transfer function is sufficiently narrow
band that the compensation may be considered achro-
matic, the transfer function may be tuned, without
distortion, over its basic period. If we associate a
compensation of 0 rad with each crystal of the network,
the resulting transfer function becomes

Ctulned (W) j Cke-ik (a.-O)
k=- (28)

=Cunt..,d (Co -d/a) -

The tuned C(@) is thus equal to the original C(w) shifted
by 0/2 7r of its basic period. Since the required compensa-
tion for each crystal is identical, a simple method of
tuning such as uniform temperature variation of the
entire filter might be attempted. Methods of tuning
birefringent filters have been considered by a number of
authors.' 7

The synthesis procedure is based on the assumption
that all crystals have the same length. At first this may
seem to be a rather severe restriction, but in reality it
is not, for networks containing crystals of different
lengths can result from the procedure. It is possible
that one or more calculated angles 6i will be zero, and
two crystals with a relative angle of zero degrees are
equivalent to a single crystal of twice the length.

An exact procedure for the synthesis of birefringent
networks possessing arbitrary transfer functions has
been presented. Interesting problems which merit
further investigation include: (1) consideration of the
effects of crystal misalignment, changes in birefringence,
and errors in crystal length; (2) analysis of the angular
aperture of these networks and maximization of it; and
(3) consideration of the effects of dispersion of A71.

APPENDIX A

In this Appendix, we give a method for calculating
D(w) from I D(w) I2. In addition, we show that at least
one real set of Di exists, provided I D(cw) 1 2never becomes
negative.

24 R. C. Jones, J. Opt. Soc. Am. 31, 488 (1941).

Suppose we are given the positive semidefinite
jolynomial

D(w) 2= 14 +2A1 cosa+ ' .*+2A, ,cosnaw. (Al)

Rewriting (Al) we have

| D(w) 1 2= A ,eitac+l+A ,,iei(01-)aw+ * * * +i1 ieiaw+11 0

+i-A ieiaQ+ . . . -- Ae-i(?1-)a9+A ,eiflaw. (A2)

Notice that the zeros of (A2) appear in reciprocal pairs.
Equation (A2) can, therefore, be factored as

I JJ(,) [ 2= (Do+Dieiawa)+D2ei2a.+ . +De i-.
X (D(o+Dle- ia++ +D,,e-i ac) (A3)

The Di are not unique, but rather there are 2 ,+1 possible
sets of them. Since I D(w.) 12 is even and always positive,
we may write it as

(A4)

Comparing (A3) and (A4), we see that (A4) can be
satisfied only if the Di of (A3) are real. Therefore, at
least one real set of the coefficients must exist.

The following method of obtaining the Di is due to
Pegis." For more details and explanation of the pro-
cedure, the reader should refer to his paper. We begin
with I D(@) 12 as given by Eq. (Al). Form the equation

;X/1 1 l-,, IX l+- * * +/i 1x+A ±i+ i-'+ * -
+A,,_jx-(1-')+i1±,,x--=0. (A5)

Put Eq. (Av) into the form

B,(x+.- 1) "+B,- 1(X+X-') 1-+ . ± +Bo= 0, (A6)

and obtain the Bi from the Ai by equating similar coef-
ficients. Make the substitution

x+x-1 =y

into Eq. (A6), which gives

B,,ya1+B,,_iyI-1 +... +Bo= 0.

Solve for the it roots
ye Using Eq. (A7),
roots

(A7)

(A8)

of (A8) and call them yi, Y2, * *,
solve for the reciprocal pairs of

Xi, l/Xi,
x2 , 1/X 2 , (A9)

x7 1 /X7.

Next, construct all possible equations having real
coefficients di using one root from each row of (A9);j
e.g., one possibility would be

(+-dXI) (X± - 1X2) (-X3) . .* (X+-X7()
= X ?+d7- 84**+dx+(7S o (A10)
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The Di are proportional to the di

Do= qdo,

Di = Ad,

D2/ = dq).
The quantity q is found from

q2(do2+d2 ± + .. +d,}2)=Ao,

'oiF2i .+ Fi-:3iFi-,+ SliS.,i+ ** +Si-2iS~i =O, (B8)

(All)

(A12)

(B9)

It should be pointed out that C (w) and D (w) also satisfy
conservation of energy, giving the equations

(Co)2 + (C1) 2+ + (C11)
2+ (Do0 )2 + (D1)2 +

+ (D.) 2 = (J0)2, (B 10)

and upon substituting this value into (All), we obtain
the Di.

The number of real sets of Di will depend upon the
number of yi which are complex. If m of the yi are com-
plex, there will be 2(n-1sL+1) real sets of Di. Half of these,
however, will just be the negative of the other half, for
q can be negative or positive.

APPENDIX B

We derive here the conditions which the FL and Si
satisfy because of conservation of energy. Assume, for
convenience, that we are dealing with a four-crystal
network. Since the birefringent crystals are assumed to
be lossless, the energy in the fast-axis output plus the
energy in the slow-axis output of the fourth crystal
must equal the input energy. Mathematically, this is
expressed by

F4 (,)F 4 * (e) +S4+54 (C() =4* (CO) (IoO)2.

COCI+C1C2+- +C,-1 1CA+DoDi+DID2+ -
+ D.-IDl= 0 (B 11 )

C,,C2+ClC3+-.. +Cl-2CL+D(,)D2+D1D3+-..
+ D.-2D= 0,

C0 Cn+DoD. 0.

(B 12)

(B13)

APPENDIX C

ThisAppendix gives a systematic and rapid method of
calculating the input to a crystal once the output is
known. This is simply a formalized procedure of solving
for the F- 1 and Si-' of Eq. (13d) once the Fi and Si
are known. In matrix form, the expressions are

Foi-1

- i-F1

Fi1i
(B 1)

Writing out (B1) and equating similar coefficients, we
obtain
(F0

4)2 + (F1
4)2 + (F2

4 )2+ (F3
4 )2+ (S,4)2+ (S2

4)2

+ (S 3 4)2 + (S4
4) 2 = (IO )2, (B2)

F0
4 F, 4 + F1

4 F2
4 + F2

4F 3 4+ S14S24+ S2
4S34 + S3

4 S4
4 = 0, (B3)

F( 4 F2
4 + 14 4F3 4 + S4 lS34+ S24S44= 0, (B4)

F 0
4 F3

4 +S 1
4 S4

4 = 0. (B5)

Similarly, we can derive for the ith stage

(F0i)2 + (Fli) 2 + . . . + (Fi-i)2+ (Sli)2+ (S2i)2 +
+ (Si')2= (Io')2, (B6)

FoiF,+FSiF2i+ . .*+ i-2iiFii+ (BiS2i
+S2iS3i+ -+Si-1iSii= O. (B7)

r 5(i-l

S~ 19

1 Foi Si i Sii 1

t (F~i1i)2+ (Sii), 2 1 K

Fi-ii Siij

I

(Cl)

Foi Sii [Fi-lii
IFli S2i I Sii I

yFi. 1 i SLiJ
(C2)

One convenient check is that the calculated values
Fi-1 i-' and Soi-' should always be zero.
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