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Appendix

A Proof of Theorem 1

The proof of the theorem proceeds in four steps. First, we show that, if prices take the
form in the Theorem, then the vector ¢! captures investor 4’s payoff-relevant information.
In other words, (]5? = f‘f is a sufficient statistic for forecasting stock returns given
U-investors’ information set ZU, whereas ¢; = (f‘f’ RV ’>/ is a sufficient statistic for
forecasting all future stock and private returns given S-investors’ information set Z..
Second, we use the Kalman filter to obtain difference equations for the evolution of the
individual state vectors ¢. and verify that these difference equations have a stationary
solution. Third, we solve for optimal portfolio allocations as a function of ¢! and current
price. Finally, we derive market clearing prices and verify that they indeed take the form
given in the Theorem. In the numerical exercises below, finding an equilibrium then
reduces to solving a nonlinear system of equations in the price coefficients (7, g, 7).
In equilibrium the local equity asset price depends on the beliefs of S-investors and

U-investors of the underlying factors:
P, =7 + wib¥ + ) BV, (1)
Consider first the agents’ payoff-relevant information. Suppose the information sets Z;
contain only normal random variables. This implies normality of the conditional expec-
tations ¢ and, if the price satisfies (1), also of all per-share returns. It follows that
~ ~ !/
qbf = <Ff’ RV ) is a sufficient statistic for forecasting all future returns, given the in-

formation set Z°. Now, ¢! = FV is a sufficient statistic for forecasting returns given the
information set ZU. This includes one-step-ahead returns, since the current price can be
written as a function of ].3‘? . Indeed, U-investors know f‘? , so that observing the price is

the same as observing the signal
P, —7— 7y kY =l FY.
But then 7, FV = E [W’SFﬂItU] = 7, FS, and we can write the price as P, = 7 +
(7' + ;) BV It follows that the state vector ¢! captures the payoff-relevant informa-
tion of U-investors’ consumption-savings and portfolio choice problem.
Since all state variables are normal and homoskedastic, the evolution of investors’

beliefs can be described by tracking conditional expectations, using the Kalman fil-

ter. S-investors learn about the state of the business cycle by observing dividends



and returns on their private opportunities. They do not learn from the price, since
they already know f‘f and hence ].3‘? . We collect their relevant observables in a vector
y? = (D, — D, RP — RP —npFP,) that can be represented as

YtS — MySFFt_l + Mysagt. (2)

With the dynamics of the vector F; and equation (2) we obtain a state-space system.

S-investors’ conditional expectation of the state vector, f‘f , then takes the form

N ~S N
F} = pF +K° (yf - MySFFffl)

~S .
= th,1 + EtS7 (3)

where K7 is a steady-state Kalman gain matrix. The matrix M¥¢ allows errors in the
observation equation (2) to be correlated with errors in the state equation (3).
U-investors obtain valuable information from dividends as well as from the signal

contained in prices, so that y¥ = (Dt — D, W’Sf‘f > These variables' can be represented
using ]?‘f :
yi = MYUTERE + Mgy (4)

Equations (3) and (4) form the state-space system of U-investors. Their conditional

expectation, and hence their state variable @Y, can be written as
N ~U N
F/ = pF,_, +K" <Y§] - MfﬂFFij_l)
= (p—K'MYWHFY, + KYMYFED | + KVMPYeg). (5)

Note that all that U-investors are doing is trying to forecast the forecast of the S-investors.

Letting 6 = yU — MYYF'FU || the Kalman filter on U-investors’ problem yields
E, [tl,] = MYUT E, [(Ft_l — BV 1) (Ft_l — RV 1)/1 MWF { MY E [e,e)] MPVS. (6)
The law of motion of ¢! = ]?‘f is then
¢ = V) + MVell).

Repeating the same process for S-investors’ conditional forecasts F‘f we have ¢ =
(By Fy)
Bri1 = ) + My, (7)

/
TSP

I The matrices are MYUF = ( MYSF
1-

!
), where MY¥ is the first line of M¥SF and M¥Us = < 7e"s >’
1

where e; is the first unit vector.



Let us turn to the decision problem of both investors. Write returns as
Ri,, = R'+ Mgl + M¥ef |
for each investor. Guess that investors’ ¢ value function is of the form

i 1 i o~ T i
Vv (wi; ¢t) = —€xp {_“ —Yw; — u'li¢t - §¢tlUi¢t] .

) ) ) o -1\ 1 ) C
Define @ = (MP/UM + (3,) "), where T, = B [ef'e}"|. We have that
(superscript ¢ dropped for simplicity)

f

(det 2¢¢)_5
(det Q)2

1 1
X exp <—§¢;¢’U¢>¢t —u®g, + §wﬂw) ,

EV (wt+17 ¢t+1) = - €xp (—’f - (Rf (wt - Ct) + w;(R + MR¢¢t)))

where @ = Y, M? + (¢,®'U + u’) M¢. Solving for the optimal portfolio, we obtain
o = (M) (MU M)
= E + ‘I’¢t7

where the matrices are given by M = R/ — wM*QMF , MYY = MP=2QMY | and
M = M — UM QM. The first term in matrix ¥ gives the myopic demand
of the investor (i.e., 7 (Mw)fl M%) and the second term gives the hedging demand
of the investor (i.e., =7 (1\/[77”7’”)71 MEQM*'U®).

>From the value function V' (wj; qﬁi) we see that risk-averse investors care not only
about fluctuations in wealth but also about changes in beliefs, captured by the state vector
¢.. The quadratic term reflects investors’ taste for “unusual” investment opportunities.
Intuition for this effect can be obtained by thinking about the case of one state variable.
U; is then a positive number and continuation utility is higher the further ¢! is from its
mean of zero. Since ¢i is payoff-relevant, it drives expected returns at some time in the
future. An unusual value signals that above-average expected returns will be available
by going either long or short.

We can now describe in detail the coefficients of the optimal portfolio policy v,bf; =
¥ + Wigi. We have

¥ = 7S E (Ri|¢))
—3 1Sl Cov ((w+ E* [@1.]@1] Us) @l Rislr) ®)
T Sl (B (Rypley) + (b + Hogy))
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where the matrix 3 pip = MPFE? (Var (141 |¢i)71 + Ul-) M i transformation of
the conditional covariance matrix of returns, and M%%" is such that R = M/ % ¢!. We
use this decomposition in the main text.

Solving for the optimal consumption level and the value function, we get that for given

price function, optimality requires that the following constraints are met: 5 = yR]’;—;l and

= o)
1 1 det it —1 ==
— ~ (1 '‘MZEQM*u — M’ (MYY) M
Rf—12<og<det2¢¢>+u u ( )
R v L e 1
u = Rf(MJrM (M*) ' M)
U = RL (M‘M’ + M (M) Mw) ’
f

with M” = ' (I - M#QM*'U) & and M? = &'U (I —- M*“QM*'U) &.

Finally, to solve for an equilibrium, let @%S be the part of the first row of ¥* that
is associated with f‘f , let ®Y be the first row of ¥V and let §° be the mean local asset
demand by investor i. The equilibrium requires

AV +(1-A)0° = 1,

A®Y +(1-A)©% = 0.

This is a system of nonlinear equations that can be solved for the price coefficients.

B Detrending

Data on dividends and flows exhibit trends, whereas our quantitative exercise explores a
detrended economy. We now outline a consistent approach to detrending dividends and
flows. To fix ideas, consider the following stylized view of the stock market. There are N
firms, each with a single share, paying the same (per-share) dividend D, and having the
same (per-share) price P,. Dividends grow at an exponential rate n. The parameter 7
thus captures trend firm productivity growth, which benefits owners through dividends.

An observed aggregate price index records the change in the value of the average
firm, P, / P,_;. This change in valuation has two components: capital gains that arise
from fluctuations in the firm’s stationary price P;/P;_; and the growth in prices built in

from productivity growth:
Pt/PtA = enPt/Pth
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The observed dividend yield is y; = D, / P, =D, /P,. A natural way to remove the
trend from dividends is to exponentially detrend the measure y; P,. The observed holdings
of the domestic equity index by investor i are Pté: The observed market capitalization
at the end of period ¢ is the combined value of all plants, M; = P,N. The normalization
of holdings by beginning-of-period market capitalization is thus a natural way to remove

the exponential trend in holdings. The normalized holdings are
0: = @ = &

M, N
There is an explicit connection between dividends and equilibrium holdings before and
after detrending. We can summarize an economy driven by trending exogenous variables
by a tuple £ = (Rf, N, <Dt, RF)OO ) Suppose that D, = ¢ D, and that (é, ét,i)f, Et>
is an equilibrium of £, where we suppress the indices for the different types of agents. It

can be verified that the tuple

(PO e, e, )
is an equilibrium of the detrended economy
&y = (Rfe’”, 1, (Dt,e’”}?fg):o) :
In our quantitative exercise, we consider a detrended economy. We determine a
stationary dividend process D, as the residuals in a regression of average firm dividends

on a time trend,
log <yt]5t> = F [log Dy| + nt + (log Dy — E [log Dy]) . 9)

We then match the equilibrium flows to observed flows normalized by market capitaliza-
tion. In the light of the above result, this ensures consistent detrending of dividends and
flows.

We also need to select an interest rate Ry for the detrended economy. Here we use
the observed average interest rate. In terms of the above notation, we are thus analyzing
the economy &. Given our data, this is preferable to considering the economy &;, where
7 is the growth rate estimate from (9). The reason is that, in a small sample such as
ours, 7 is driven by medium-term developments and does not reflect the long-run average
growth rate. In particular, in our sample 7) exceeds the average real riskless interest rate.
We are thus not likely to learn much by considering equilibrium flows from &;. At the
same time, the result of the previous paragraph shows that the only role of the trend
growth rate 7 is to shift all returns. This suggests that the behavior of the correlations

we are interested in will be similar across all economies &, for 7 reasonably small.
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C The Dividend Process

In this appendix we discuss the estimation of the dividend process. We derive conditions
under which a general ARMA(2,2) process permits a representation of the type we assume

for our dividend process:

D D D FD
E7 = aF7 + ol +6 7,

D, = D+F? +¢/, (10)

where e/'P and e are serially uncorrelated and independent random variables with zero
mean and variances ag rp and agD, respectively. To prove our result we need to compare
the correlogram of dividends under the two representations. Consider first the represen-

tation (10). The correlogram of the persistent component F” is summarized by

2asa2 \
2 D _ 2 2 1 2
g (Ft ) - <1_a1_a2_1_a2) Oc.FD;

o (FtD7 Ft[_)l) = 7 ilag o? (FtD) ,
o (FtDJ Ft?g) = a10 (ED, Ftljl) + a20'2 (F;SD)
2
B (1 ilaQ + a2) ot (F7),
a (FtDa E?s) = m}o (ED, ED—s—s—l) + aq0 (F;/D, E28+2) ;s > 3.

The correlogram of the dividend process is thus given by

o (D,—D) = o? (FtD) +02p,
o (Dt — D, Dy — D) = 0 (FtD> F;ED—I)
= oo (D= D) — o)
o (Dt - D7 Dy 5 — D) = 0 (FtDy F£2)

— w0 (D,~ D, Dy — D) +ay [0 (D, — D) — %],
as well as, for every s > 3,

o(Di—D,D;_s—D) = o(FP,FP))
= Q10 (Dt — D, Dt,3+1 — D) “+ as0 (Dt — D, Dt78+2 — D) .

Now consider a general ARMA(2,2) process
Dt — D = a1 (Dt,1 — D) + a9 (Dt,Q — D) + us + )\1Ut71 + )\gut,g, (11)
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where u; is serially uncorrelated with mean zero and variance o2. Squaring both sides
and taking expectations, we have

0®(Dy— D) = dajo® (Di_1 — D) +a30” (Dy—o — D) + 02 (1 + AT+ A3)
+2a1 M0 (D1 — D, wi1) + 2a1090 (Dy—y — D, uy_»)
—|—2(1,2)\20' (Dt_g — D, ’U,t_g) + 2a1a20 (Dt — D, Dt—l — D) . (12)

In addition, multiplying both sides of (11) by (D;—1 — D) and taking expectations, we

have
aq AL+ XA+ Ay

o’ (13)

Finally, multiplying both sides of (11) by (Dt,Q — D) and taking expectations, we obtain

o (Dt — D,Dt,1 — D) =

_1—CL2

o* (D, - D) +

l—CLQ

0 (Dy—D,Dy5— D) =a10 (Dy — D,D;_y — D) + ag0” (Dy — D) + Moo (14)

Using (12)-(14) above, the variance can be solved out in terms of parameters only:

_ 2a%as \
o* (D, — D) = ai<1—a§—a§ 12) (14 A7+ A3 + 20\

- 1— (05}
)\1 —+ )\2A1 + )\2@1)

"‘2@%)\2 + 2@1)\2)\1 + 20@)\2 + 2a1a2 1 a
— W2

The first and second covariances are then given by (13) and (14) and all further covari-
ances (for s > 3) follow the recursion

g (Dt — D, ths — D) = a10 (Dt — D, therl — D) + a0 (Dt — D, Dt73+2 — D) .

It is clear that if a given ARMA(2,2) process is to have the representation (10), the
autoregressive coefficients must be the same in both representations. Moreover, since the
recursions for all covariances beyond lag 2 are identical, a representation of the type (10)
exists if there exist JgF D) U?D > ( such that the variance and the first two covariances are
matched, which require that

O'i (1 + )\% + )\g + 2&1)\1 + 2&%)\2 + 2&1)\2)\1 + 2&2)\2 + 2&1@2

2a9a°

2 2 2 2 2U1

- O-aFD"i_O-eD 1—a1—a2— ,
1-@2

)\1 + )\2)\1 + )\20,1
1— (05}

(/\1 + )\2)\1 + )\gal) O'i = —CL10'§D,

2 _ 2
)\QO',LL = —Q20_p.
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The first and last equations can be used to calculate the implied values of O'?D and agF b

and obtain two inequality constraints on the ARMA(2,2) parameters:

2 —
olp = ——o, >0,

OgFD = Oi [1 + )\% + )\% + 2@1)\1 + QG%)\Q + 2a1)\2)\1 + 2@2)\2

)\1 + /\2/\1 + )\Qal

+2a1a2

]_—CLQ

A
_|__2(1_
a2

The second equation implies the additional constraint

2

al_

0= ag)\l (1 + )\2) — a1>\2 (1 — ag) .

TABLE Al. ESTIMATES OF ARMA(2,2) PROCESS

a; as A\ Ao o2 X(1) /p-value

CAN 1859 —0.896 —1.051 0.365 0.013 4.499
6.59 -394 —4.23 2.91 0.78 0.033

FRA 1369 -0.420 -0.092 0.020 0.014 5.327
33.39 —20.60 —0.64 0.62 5.42 0.020

GER 1.734 —-0.773 —-0.803 0.253 0.101 2.608
19.47 —-8.99 —4.92 3.80 6.18 0.106

ITA 1.685 —0.708 —0.398 0.108 0.001 30.41
51.41 —-32.03 —-4.94 4.47 8.28 0.000

JAP 1212 —-0.275 -0.002 0.0004 0.786 2.768
4.884 —0.295 —-0.815 0.272 3.141 0.096

UK. 1223 —-0.294 —-0.003 0.0005 0.575 2.089
16.408 —5.464 —9.349 6.125 8.212 0.148

U.S. 1.679 —0.747 —-0.754 0.237 2.100 3.846
6.60 -3.18 —=2.02 1.55 9.48 0.049

NOTES: For each country, the second row gives t-statistics on the corresponding

estimates. ;) and p-values are given for the non-linear constraint (16).

In a first estimation step, we impose (16) but do not impose the inequality con-

straint. The inequalities are not binding in all countries except for Japan and the United

Kingdom. For these countries, we impose o

2
eD

= 0.001 and reestimate the restricted

ARMA(2,2) process. Setting the variance of transient shocks to dividends equal to zero

implies that there are no trades based on private information, since the equilibrium is

fully revealing.



Table A.1 presents the estimates for the restricted ARMA(2,2) process. These es-
timates are then used to produce Table 2 in the main text according to the formulas
in (15). The estimated ARMA(2,2) produces statistically significant estimates of the
autoregressive parameters a; and ay in all countries (except for Japan’s ap) and of the
moving average parameters A\; and Ay as well (except for France and Japan). Estimates
of o2 are also significant in all cases except for Canada. Finally, the constraint (16) is not
rejected in three out of seven countries at the usual 5% significance level and is barely
rejected in the case of the United States.

D Matching Model and Data Flows

Both flow and volume data record sums over all transactions in a given month or quarter;
the TIC database does not provide guidance on which days, and hence at what prices, the
transactions took place. In contrast, our discrete time model makes predictions about
holdings at a point in time. To match model-implied changes in holdings to flow data,
we need to normalize the latter. One convenient way to do this is to divide flows by
total market capitalization at the beginning of the period. To see why this makes sense,
suppose that there are n dates between ¢ and ¢ + 1 at which transactions are recorded.
Let ; denote the fraction of the net change Af; = 67 — 0;_, in U.S. investors’ holdings
that takes place at date ¢; (with 67 measured as a fraction of outstanding shares). Then
normalized net flows are given by
1 LI “ P,
A0y = = (07 = 070) 3wl = (07 = 010) 3wz
i=1 i=1 t

t

where P, is the undetrended local stock price. Appendix B above shows that this nor-
malization is consistent with exponential detrending of dividend levels.

Normalized flows are thus equal to the change in holdings multiplied by a weighted
average of within-month capital gains. In what follows, we match normalized net flows
to the first term, (0; — 0;_;). This match is exact if all transactions take place on the
first day of the month, that is, t; = ¢, z; = 1 and x; = 0 for « > 1. Some evidence on
the importance of the resulting bias can be obtained by comparing results to the polar
opposite case, when flows are normalized by the end-of-period market capitalization (i.e.,
t, =t+1and x, = 1). In terms of our stylized facts, this change somewhat reduces
both the contemporaneous correlation of flows and returns and the persistence of flows,
but the effect is on the order of a few percentage points for all countries. We conclude

that the normalization is reasonable.



E Impulse Response Functions and Variance Decom-
positions

The vector x, = (P, FP,, ¢, Dy, RP )/ has a vector AR(1) representation
Xy =X+ Mx:cxtfl + Mwssh (17)

where e; is the vector of economy-wide shocks and M,, and M,. are matrices con-
structed using the equilibrium outcome including the matrices from the Kalman filtering
problem. These matrices are built using the equations that describe the processes for
FP FP, Dy, and R, respectively. For ¢} = (ﬁ‘f’ RV )/ we need to convert the resid-
uals &7 into ;. Since & ?° = &F'B,

AFD,S FD,S .D,S 2B,S . . ..
<5t e E T EY ) This is done using the first two equations in

we need four equations to obtain the values of

&) = KSMY>¢,,
obtained from (3), and the two equations that arise from

yg = MySFFt_l + MySsgt
= MYSTRY |+ Mv9es).

If S, is a vector of stock variables like P,, 0%, i = U, S, we can write S, = S +M?5*x,, and
similarly for flow variables such as net purchases and returns, F; = F+MP*'x,+Mx,_;.

Generating impulse response functions requires iterating on equation (17) and ap-
plying the formulas for S; and F;. Calculating unconditional first and second moments
of the relevant variables is also immediate given the simple linear process in (17). For
example, noting that the unconditional mean of x, is F [x,] = [I — M,,] ' X, we obtain

the unconditional variance matrix of x; solving the Ricatti equation

le’ = F |:(Xt —F [Xt]) (Xt —F [Xt]),:|
- M;c;czzc;cM;z + MmszaaM;E'

For more details on impulse response functions and variance decompositions see J. D.
Hamilton, Time Series Analysis (Princeton, N. J.: Princeton University Press, 1994),
pp. 318-324.
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