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ABSTRACT

Detection noise poses a challenge for achieving Heisenberg-limited phase estimation. We discuss a “twisting
echo” protocol1 that addresses this problem by using interactions to amplify a spectroscopic signal. The echo
protocol enables phase sensitivity near the Heisenberg limit while permitting detection noise on the order of the
quantum noise of an unentangled state. For comparison with conventional schemes requiring direct detection of
entangled states, we calculate the dependence of metrological gain on detection noise in Ramsey spectroscopy
with squeezed, twin Fock, and GHZ states. The twisting echo outperforms all of these alternatives if the detection
uncertainty is at or above the single-atom level.
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1. INTRODUCTION

Developments in quantum metrology have enabled increasingly precise sensors, with envisioned applications rang-
ing from navigation to measurements of fundamental constants. Such sensors determine the energy difference
~ω between two quantum states, |↓〉 and |↑〉, by measuring a phase φ = ωT accumulated during an interrogation
time T . Making N uncorrelated measurements, or measuring N uncorrelated quantum systems, allows a statis-
tical uncertainty as low as ∆φ = 1/

√
N , which is called the standard quantum limit (SQL). However, the use of

entangled states in principle allows phase detection at the absolute lower bound imposed by quantum mechanics,
the Heisenberg limit (HL) ∆φ = 1/N .

Significant effort has been expended to engineer entangled quantum states that can circumvent the SQL on
phase detection. Historically, experiments have principally focused on squeezed states,2–10 which have already
enhanced the precision of clocks, magnetometers, and atom interferometers. Experiments have also realized
more exotic non-Gaussian entangled states,11,12 in principle allowing phase sensitivity approaching the funda-
mental Heisenberg limit. However, detection noise limits the actual metrological gain achieved in traditional
schemes requiring direct state detection. In particular, single-particle detection resolution is required to reach
the Heisenberg limit. Such high resolution is difficult to attain at large particle number,13,14 where the potential
metrological gain is highest. An emerging alternative is to design interactions that amplify the spectroscopic
signal prior to state detection.1,15–17

In Ref. [1], we proposed an interaction-based “twisting echo” protocol that attains near-Heisenberg-limited
phase resolution while permitting detection noise ∼

√
N . Our procedure employs the one-axis twisting Hamil-

tonian18 to transform a coherent spin state into an intermediate entangled state, which is then perturbed. In
order to amplify the perturbation, the sign of the Hamiltonian is switched to “untwist” into a displaced version
of approximately the original state. In this manuscript, we reiterate the salient details of the original proposal
and explicitly compare it to traditional direct detection methods on a set of metrologically relevant states. We
discuss the advantages of the twisting echo with respect to requirements on coherent evolution time, detection
noise tolerance, and dynamic range.
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2. QUANTUM METROLOGY WITH NOISY DETECTION

To illustrate the challenge posed by detection noise, we discuss the bound on the metrological precision when
detecting states of known metrological relevance with and without noise. We model our system as an ensemble
of N two-level systems with basis (pseudo)spin states |↓〉 , |↑〉. We define the collective spin vector S ≡

∑N
i=1 si

and consider pure states within the permutation-symmetric space, with basis states |S,m〉 of total angular
momentum S = N/2 and Sz-projection m, with −S ≤ m ≤ S. We assume we can make projective measurements
of Sz = (n↑ − n↓)/2, where n↑, n↓ are the populations of the two spin states.

After initializing a pure state ρ(0) = |ψ0〉 〈ψ0|, we allow it to precess by an angle φ about an axis ~n, obtaining
ρ(φ) = e−iφSnρ0e

iφSn , where φ is the quantity of interest. Given the problem of phase estimation, the standard
protocol is to projectively measure ρ(φ) and build up a distribution f(m;φ) = 〈m|ρ(φ)|m〉, from which ρ(φ) and
thus φ can be extrapolated. We call this procedure “direct detection.” Sample Sz distributions that would be
acquired using perfect, noiseless direct detection are shown in Fig. 1 for the following states of interest:

2.0.1 Coherent Spin States

The simplest useful state for metrology is the unentangled coherent spin state (CSS) satisfying

Sθ,ϕ |θ, ϕ〉 = S |θ, ϕ〉 , (1)

where Sθ,ϕ = Sxsin(θ)cos(ϕ) + Sysin(θ)sin(ϕ) + Szcos(θ). The Wigner function (Fig. 1a) shows the intrinsic
quantum spin noise equalized between quadratures 〈∆S2

y〉 = 〈∆S2
z 〉 = 1/2| 〈Sx〉 | = S/2. Rotations e−iφSy of

|π/2, 0〉 can be detected with at best a phase resolution

∆φ =

[
∆Sz
∂φ 〈Sz〉

]
φ=0

=

√
S/2

S
=

1√
N

(2)

where 〈Sz〉 and ∆Sz and represent the mean and standard deviation of Sz and ∂φ ≡ d/dφ.

2.0.2 Squeezed and Oversqueezed States

Squeezed spin states, so named for their redistributed quantum noise, have been generated with both the one-axis
twisting Hamiltonian4,7, 19,20 Htwist = χS2

z and quantum non-demolition measurements.9,10,21 The squeezed
states produced by one-axis twisting can be parameterized by the “twisting strength” Q ≡ 2Sχt. The metrolog-
ically optimal squeezed state18 for Htwist is obtained at Qsq =

6
√

24S1/3:

|ψsq〉 = e−iQsqSz
2/(2S) |π/2, 0〉 (3)

The Wigner function (Fig. 1b) reveals the decreased standard deviation ∆Ssq =
√

1
2 (S3 )1/3 in one quadrature,

at the price of increased variance in the other. Rotations of a squeezed state |ψsq〉 can be detected with phase
resolution ∆φ =

[
∆Ssq/∂φ 〈Sz〉

]
φ=0

. Thus, we clearly benefit from the decreased standard deviation ∆Ssq.

At greater twisting strength Q > Qsq, the state becomes non-Gaussian, and the squeezing no longer captures
the full metrological potential of the entangled state.22 In particular, the non-Gaussian oversqueezed state
obtained at Q ≈

√
2S (Fig. 1c) provides an even higher metrological gain than the optimally squeezed state in

the twisting echo protocol, to be described in Sec. 3.

2.0.3 Dicke States

Dicke states are defined as the eigenstates of the Sz operator Sz |m〉 = m |m〉. Here we focus on a special case, the
twin Fock state |0〉 ≡ |S = N/2,m = 0〉, because it has the highest potential metrological gain of all Dicke states,
as quantified by the quantum Fisher information (Sec 2.1). This state has been realized experimentally.12 It is
non-Gaussian, as is evident from the Wigner function and the Sz distribution (Fig. 1d). Therefore, detecting a
rotation e−iφSy of |0〉 is no longer straightforward. Certainly we are no longer interested in mean 〈Sz〉, which we
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used for the CSS and the squeezed states, because ∂φ 〈Sz〉 |φ=0 = 0 for |0〉. Apellaniz et al.23 have shown that a
convenient observable is the variance ∆S2

z . For small φ, measuring ∆S2
z yields a phase sensitivity

∆φ =

[
∆S2

z

∂φ 〈S2
z 〉

]
φ=0

=

√
1

2S(S + 1)
. (4)

Thus, in the large-N limit, the Dicke state ideally achieves a phase uncertainty only a factor
√

2 above the
Heisenberg limit, ∆φ ≈

√
2/N .

2.0.4 GHZ States

Finally, we discuss the non-Gaussian GHZ (Schrödinger’s cat) states |ψGHZ〉 = (|−S〉 + |S〉)/
√

2, which have
been realized with up to 14 ions.11 Bollinger et al.17 discuss how φ can be extracted for GHZ states by measuring
the parity Π̃ ≡ ΠN

i=1sz,i, which gives

∆φ =
∆Π̃

∂φ 〈Π̃〉
= 1/N. (5)

Due to the periodicity of the GHZ state, evident in the Wigner function in Fig. 1e, the dynamic range of
phase detection is limited to small angles φ . 1/N . Schemes have been proposed to solve this problem by
simultaneously interrogating multiple GHZ states of varying atom number.24

2.1 Fisher Information and the Cramér-Rao Bound

Having introduced a set of metrologically interesting states, we would like to capture their metrological “use-
fulness” using a simple metric. In classical probability theory, the Fisher information quantifies the information
about an unknown parameter φ that can be extracted from a measurements of a random variable ξ with proba-
bility distribution f(ξ;φ). It can be written as

F (φ) =

∫
dξ

1

f(ξ|φ)

(
∂f(ξ|φ)

∂φ

)2

. (6)

For any unbiased estimator φ̂ of φ, the Fisher information satisfies Var[φ̂] ≥ 1/F (φ), thus placing a bound on
the precision of any estimate of φ.

By extension, Braunstein and Caves25 have defined the quantum Fisher information (QFI) of a general density
matrix ρ. For a pure state of the form ρ(φ) = e−iφSn |ψ0〉 〈ψ0| eiφSn , we can rewrite the QFI simply as

FQ(ρ(0), Sn;φ) = 4Var[Sn] (7)

Selecting the rotation axis judiciously for a given inital ρ(0) maximizes Eq. 7; the result is called the quantum
Cramér-Rao bound (QCRB). It is important to select the correct rotation axis in order to benefit metrologically
from the state; to emphasize this point, we plot the QFI as a function of rotation axis for each state (Fig.
1). After determining the correct rotation axis, we calculate the quantum Cramér-Rao bound for each state of
interest and corresponding minimum ∆φ in the large N limit (Table 1). The phase sensitivity is related to the
QFI by

∆φ =
1√

FQ(ρ(0), Sn;φ)
≥ 1√

QCRB
(8)

Thus, we see that QCRB> N corresponds to phase sensitivity beyond the SQL, and consequently implies
entanglement. Indeed, QCRB> kN requires k-particle entanglement,26 up to a maximum of QCRB = N2

corresponding to N -particle entanglement. We quantify the resulting metrological gain by 1/N∆φ2 = QCRB/N ,
which compares the QCRB of any given quantum state to that of a CSS.

Proc. of SPIE Vol. 10118  101180Z-3

Downloaded From: http://proceedings.spiedigitallibrary.org/ on 03/04/2017 Terms of Use: http://spiedigitallibrary.org/ss/termsofuse.aspx



4

Wigner Distributions QFI Sz Distributions

- S 0 S

- S 0 S

- S 0 S

(b) Squeezed

(a) CSS

(d) Dicke

(e) GHZ

0

0.2

0.4

0.6

0.8

1.00

0.2

0.4

0.6

0.8

1.0HL

SQL

0

0

0.2

0.4

0.6

0.8

1.00

0.2

0.4

0.6

0.8

1.0HL

SQL

0

0

0.2

0.4

0.6

0.8

1.00

0.2

0.4

0.6

0.8

1.0HL

SQL

0

0

0.2

0.4

0.6

0.8

1.00

0.2

0.4

0.6

0.8

1.0HL

SQL

0

- S 0 S

-

-

-

Log(QFI)

Log(QFI)

Log(QFI)

Log(QFI)

0

0.2

0.4

0.6

0.8

1.00

0.2

0.4

0.6

0.8

1.0HL

SQL

0

Log(QFI)
(c) Oversqueezed

- S 0 S

Figure 1. First column: Wigner quasiprobability distributions on the Bloch sphere for five states of interest, with N =
36 atoms. The Wigner function reveals the structure of each state, thus yielding intuition about the optimal rotation
axis. Second column: The QFI is plotted for each state. (Note that the Bloch spheres in the second column are rotated
with respect to those in the first column.) The surface color corresponds to Log(QFI) about an axis through each point
θ, ϕ on the Bloch sphere. We can verify that the axes corresponding to the QCRB match the intuition we gain from the
Wigner function. For example, rotating the twin Fock state |0〉 about the z axis yields no information. The QFI of the
GHZ state is greater than or equal to the SQL about all axes. Third column: Sz distributions obtained from noiseless
direct state detection for the unrotated state ρ(0) (black) and rotated state ρ(φ) (red).

2.2 Decrease of Metrological Gain with Detection Noise

Thus far we have assumed perfect detection, but in any experiment, the actual metrological gain is degraded by
detection noise. The adverse effect is particularly severe for non-Gaussian states22 because the actual distribution
must be resolved instead of the shift of an average value. To model the effect of detection noise on the Cramér-
Rao bound for each state, we take the original pure state Sz distribution f(m) = 〈m|ρ(0)|m〉 and convolve it
with a Gaussian noise distribution of width ∆Smeas = ∆n/2, where ∆n is the particle number resolution. This
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yields a probability distribution

f(m; ∆Smeas) =

S∫
x=−S

〈m|ρ|m〉 e−(x−m)2/2∆S2
measdx (9)

which we use to calculate the Cramér-Rao bound as a function of ∆Smeas. Sample Sz distributions for different
values of detection noise are plotted in Fig. 2.
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Figure 2. Sample Sz distributions for the same states ρ(0) (black) and ρ(φ) (red) displayed in the third column of Fig. 1,
for N = 36 atoms. The detection noise increases from left to right, with particle resolution ∆n = 0.1, 0.5, 1, and 5. The
noise has no effect on the signal for the coherent and squeezed spin states, because the shifted mean 〈Sz〉 is preserved.
However, the noise destroys the signal for the non-Gaussian states.

We quantify the loss of phase resolution by plotting the metrological gain as a function of particle resolution
∆n = 2∆Smeas for each state in Fig. 3. The higher the CRB at perfect detection, the more quickly the CRB
degrades as ∆n increases. For example, the GHZ state reaches the Heisenberg limit only if we can detect with
single-particle resolution ∆n � 1. This demanding requirement raises the question: is there a way to benefit
from entanglement without perfect detection?

3. TWISTING ECHO

In Ref. [1], we proposed a “twisting echo” protocol designed to enable phase resolution near the Heisenberg limit
while only requiring a detection resolution comparable to the CSS noise. Starting with a CSS |π/2, 0〉, (Fig. 4a),
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Figure 3. Metrological gain vs. measurement uncertainty ∆n for direct detection of the squeezed state at Qsq (dot-dashed
green), the Dicke state |0〉 (dashed purple), and the GHZ state Ry(φ)(|π/2, π/2〉+|π/2,−π/2〉) (dashed orange), compared
to performance of the twisting echo introduced in Sec. 3 with twisting strength Qopt (solid blue) or Qsq (dotted blue).

Table 1. We collect the important metrological information about the states defined in Sections 2.0.1 - 2.0.4.

State CRB ∆φ, large N limit

CSS 2S N−1/2

Squeezed state |ψsq〉 3
√

24S5/3 6

√
4
3N
−5/6

Dicke |0〉 2S(S + 1)
√

2N−1

GHZ 4S2 N−1

we apply the twisting Hamiltonian Htwist = χS2
z for a time t to obtain an entangled state |ψe〉 = U |π/2, 0〉,

where U = e−iχS
2
zt (Fig. 4b). We wish to use this state to sense a rotation about the ŷ axis. The rotation

Ry(φ) = e−iφSy shifts the state upwards, as indicated in Fig. 4c. Finally, we reverse the twisting by evolving for
time t with a Hamiltonian of the opposite sign, Htwist = −χS2

z . Because the center of the state |ψe〉 was shifted
above Sz = 0 by the rotation (Fig. 4c), the Sz dependent “untwisting” action shifts the average spin projection
〈Sy〉 leftwards (Fig. 4d). We thus obtain a final state U†Ry(φ)U |π/2, 0〉 with 〈Sy〉 shifted in proportion to φ,
but with roughly the same noise as the original CSS (Fig.4d).

The phase resolution is given by

∆φ =

[
∆Sφy

∂φ 〈Sφy 〉

]
φ=0

(10)

where 〈Sφy 〉 and ∆Sφy represent the mean and standard deviation of Sy after the echo. We calculate in [1] that at

Qopt ≈
√
N , corresponding to the “oversqueezed” state in Fig. 4b, the twisting echo attains Heisenberg scaling

of the phase resolution,
∆φmin =

√
e/N. (11)

Qualitatively, the “untwisting” step in the echo sequence offers two benefits. Firstly, by transferring the
phase information to the average displacement of a near-Gaussian state, it makes the signal easier to detect and
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S

Figure 4. Twisting echo for entanglement-enhanced measurement. Top row: The initial CSS |π/2, 0〉 (a) evolves under
Htwist into an oversqueezed state |ψe〉 (b). To detect a rotation of |ψe〉 about ŷ by a small angle φ (b→ c), we amplify the
perturbation into a large displacement by applying −Htwist (c→d). Illustrated are Wigner quasiprobability distributions
for 2S = 30 atoms, with φ = 1/S. Bottom row: Cartoon depiction of the same steps, with blue flow lines indicating
twisting and untwisting.

increases the detection noise tolerance. Secondly, it actually improves upon the signal-to-noise ratio (SNR) of
the intermediate entangled state. Both effects are shown in Fig. 3.

To illustrate the benefits of the untwisting concretely, we explicitly compare the signal and noise of the
optimally squeezed state with Qsq =

6
√

24S1/3 to the signal and noise of the twisting echo with Qsq. (We use Qsq
for this example even though it is not optimal for the echo protocol, because once we twist beyond the Gaussian
squeezed state to the oversqueezed state, or any other non-Gaussian state, it is no longer meaningful to consider
the signal and noise independently.) The signal of the twisting echo is enhanced compared to the squeezed state
signal, Sφ, by a factor

GS ≡ (2S − 1)sin(Q/2S)cos2S−2(Q/2S) (12)

which in the large N limit and at Qsq reduces to GS =
6
√

24S1/3.1 The noise of the twisting echo ∆Sφy ∼
√
S/2,

is increased compared to the squeezed state noise, ∆Ssq =
√

1
2 (S3 )1/3, by a factor

GN ≡
∆Sφy
∆Ssq

=
6
√

3S1/3 (13)

The signal gain GS is a factor of
6
√

8 greater than the noise gain GN . We have therefore increased the SNR
while simultaneously making our signal much easier to detect. While the improvement in SNR is only a constant
factor for the squeezed state, the optimal oversqueezed state improves the scaling of the metrological gain with
atom number to reach the Heisenberg scaling in Eq. 11.

Squeezed and oversqueezed states are not the only ones that may benefit from use of the echo protocol. In
principle, one can prepare a GHZ state by applying the twisting Hamiltonian for QGHZ = πN/2, perturb it,
untwist, and measure the coherent state displacement. The “GHZ echo” sequence, similar to a protocol described
in Ref. [17], obtains Heisenberg-limited measurement precision with noise tolerance ∆n ∼ N , at the price of
requiring a very long coherent evolution time 2QGHZ = πN . Remarkably, the optimal twisting echo also achieves
Heisenberg scaling of the phase sensitivity, but in an evolution time that is shorter by a factor ∼

√
N (Fig. 5).

3.1 Dynamic Range

Entanglement-enhanced phase resolution typically comes at the price of a reduction in dynamic range (Sec.
2.0.4). To investigate this tradeoff for the twisting echo, we plot the metrological gain as a function of twisting
strength Q and rotation angle φ for a final state eQ/2SRy(φ)e−Q/2S |π/2, 0〉 in Fig. 6, for N = 103 atoms.
The metrological gain of the twisting echo is highest at Qopt for small φ ∼ 1/N but decreases by only 6 dB at

φ ∼ 1/
√
N . By contrast, the dynamic range of a GHZ state is limited to φ . 1/N . The twisting echo provides

the flexibility to choose an optimal twisting strength Q according to the expected maximum phase perturbation.

Proc. of SPIE Vol. 10118  101180Z-7

Downloaded From: http://proceedings.spiedigitallibrary.org/ on 03/04/2017 Terms of Use: http://spiedigitallibrary.org/ss/termsofuse.aspx



(a)

1 10 100 1000

0

10

20

30

Twisting strength Q

Me
tro

log
ica

lG
ain

(dB
)

Heisenberg

SQL

Qsq

Qopt
QGHZ

Twisting Strength Q

M
et

ro
lo

gi
ca

l G
ai

n 
(d

B
)

1                10                       100                     1000

30

20

10

  0

M
et

ro
lo

gi
ca

l G
ai

n 
(d

B
)

Figure 5. Metrological gain vs twisting strengthQ withN = 103 atoms for the unitary twisting echo (solid blue), compared
to spin squeezing (dot-dashed green) and the quantum Cramér-Rao bound (QCRB) on phase sensitivity (dashed orange).
Horizontal lines indicate the standard quantum limit (black) and Heisenberg limit (red). The twisting echo nearly follows
the QCRB to its plateau at Q ≈

√
N ; only at a much longer time QGHZ = Nπ/2 does the QCRB increase by 3 dB

to reach the Heisenberg limit. Attaining Heisenberg-limited phase sensitivity by the “GHZ echo” requires requires extra
rotations compared with the twisting echo U†Ry(φ)U |π/2, 0〉 considered here, which is why the blue curve does not reach
the HL at QGHZ .

4. OUTLOOK

We have demonstrated two advantages of the twisting echo method: the short evolution time to reach Heisenberg
scaling and the high tolerance to detection noise. Notably, these features compare favorably to the long evolution
time and low detection noise required to reach the Heisenberg limit using GHZ states. Furthermore, the dynamic
range of the twisting echo can be tuned to provide significant metrological gain for sensing comparatively large
rotations. We emphasize that interaction-enhanced readout can be applied broadly, if the scheme is tailored to
the system at hand. For example, a modified scheme applicable to squeezed states, requiring only a single sign of
interactions, has recently been demonstrated by Hosten et al.15 Promising platforms for harnessing non-Gaussian
oversqueezed states to approach the Heisenberg limit include ion traps, where oversqueezing and switchable-sign
interactions have already been realized;20,27 or neutral atoms interacting via a strong-coupling cavity1 or by
Rydberg dressing.28 For applications of these systems to optical clocks, it may prove useful to explore cascaded
schemes similar to Ref. [24], where the tunable dynamic range of the twisting echo could aid in combining the
benefits of entanglement and long interrogation time.
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