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Abstract We present a nearly-linear time algorithm for counting and randomly gen-
erating simple graphs with a given degree sequence in a certain range. For degree
sequence (d,-)l’.’:1 with maximum degree dmax = O (m!/*=7), our algorithm gener-
ates almost uniform random graphs with that degree sequence in time O (mdmax)
where m = % > ;di is the number of edges in the graph and 7 is any positive con-
stant. The fastest known algorithm for uniform generation of these graphs (McKay
and Wormald in J. Algorithms 11(1):52-67, 1990) has a running time of O (mzdgm).
Our method also gives an independent proof of McKay’s estimate (McKay in Ars
Combinatoria A 19:15-25, 1985) for the number of such graphs.

We also use sequential importance sampling to derive fully Polynomial-time Ran-
domized Approximation Schemes (FPRAS) for counting and uniformly generating
random graphs for the same range of dpmax = O (m'/4~7).

Moreover, we show that for d = O(n'/>77), our algorithm can generate an as-
ymptotically uniform d-regular graph. Our results improve the previous bound of
d=0m" 3_T) due to Kim and Vu (Adv. Math. 188:444-469, 2004) for regular
graphs.
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1 Introduction

The focus of this paper is on generating random simple graphs (graphs with no mul-
tiple edges or self loop) with a given degree sequence. Random graph generation
has been studied extensively as an interesting theoretical problem (see [10, 40] for
detailed surveys). It has also become an important tool in a variety of real world
applications including detecting motifs in biological networks [33] and simulating
networking protocols on the Internet topology [1, 12, 17, 32, 38]. The best algorithm
for this problem was given by McKay and Wormald [30] that uses certain switches
on the configuration model and produces random graphs with uniform distribution
in O(m?d2,,) time. However, this running time can be slow for the networks with
millions of edges. This has constrained practitioners to use simple heuristics that are
non-rigorous and have often led to wrong conclusions [33, 34]. Our main contribution
in this paper is to provide a nearly-linear time, fully polynomial randomized approx-
imation scheme (FPRAS) for generating random graphs. An FPRAS provides an ar-
bitrary close approximation in time that depends only polynomially on the input size
and the desired error. (For precise definitions of FPRAS, see Definition 1 in Sect. 2.)

Recently, sequential importance sampling (SIS) has been suggested as a more suit-
able approach for designing fast graph generation algorithms [4, 10, 13, 28]. Chen et
al. [13] used the SIS method to generate bipartite graphs with a given degree se-
quence. Later Blitzstein and Diaconis [10] used a similar approach for generating
general graphs with given degrees. But these results are mostly empirical, and in a
few cases SIS is shown to be slow [8]. However, the simplicity of these algorithms
and their great performance in several instances suggest that a further study of the
SIS method is necessary.

The Result Letdy, ...,d, be non-negative integers with ) ;_, d; = 2m. Our algo-
rithm for generating a graph with degree sequence dj, ..., d, is a generalization of
Steger and Wormald’s algorithm for regular graphs [37]. It works as follows: start
with an empty graph and sequentially add edges between the pairs of non-adjacent
vertices. In every step of the procedure, the probability that an edge is added between
two distinct vertices i and j is proportional to d;d (1 —d;dj/4m) where d; and d ;i de-
note the remaining degrees of vertices i and j. The remaining degree of a vertex i is
equal to d; minus its current degree. We will show that this algorithm produces an as-
ymptotically uniform sample with running time O (m dpax) When dipax = O (mY/ 4_T)
and 7 is any positive constant. Then, we use SIS to obtain an FPRAS for any €, § > 0
with running time O (m dpax€ -2 log(1/6)). The same result holds when the algorithm
is used for generating bipartite graphs. Moreover, we show that for d = O (n'/>77),
this algorithm can generate d-regular graphs with an asymptotically uniform distrib-
ution. Our results improve the bounds of Kim and Vu [27] and Steger and Wormald
[37] for the regular graphs.

Related Work McKay and Wormald [29, 31] give asymptotic estimates for the num-
ber of graphs with dpax = O (m 1/3-7) However, the error terms in their estimates are
larger than what is needed to apply Jerrum, Valiant and Vazirani’s [20, 21] reduction
to achieve an asymptotically uniform sampling. Jerrum and Sinclair [19], however,
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use a random walk on the self-reducibility tree and give an FPRAS for uniformly
sampling the graphs with diax = o(m'/#). The running time of their algorithm is
O (m>n%e=210g(1/8)) [36]. A different random walk that has been studied by [7, 20,
22], gives an FPRAS for the random generation of bipartite graphs with all degree
sequences and general graphs with almost all degree sequences. However, the run-
ning time of all these algorithms is at least O (n*m3dpaxe 2 log(1/6)). Other Markov
chain methods are also studied in [15, 16, 18, 23].

McKay and Wormald also introduced an algorithm based on a certain switch-
ing technique on the configuration model that achieves the best performance [30].
It produces random graphs with uniform distribution (better than FPRAS) and has
a faster running time. Their algorithm works for graphs with a’fnax =0(m?/ > diz)
and d?nax =o(m+); diz) with an average running time of O(m + (3_; diz)z). This
leads to an O (n>d*) average running time for d-regular graphs with d = O (n'/3).

Very recently and independently from our work, Blanchet [9] has used McKay’s
estimate [29] and SIS technique to obtain an FPRAS with running time of O (m%e =2 x
log(1/8)) for counting bipartite graphs with given degrees when dmax = o(m'/#). His
work is based on defining an appropriate Lyapunov function as well as using Mckay’s
estimate.

Our Technical Contribution Our algorithm and its analysis are based on the beauti-
ful works of Steger and Wormald [37] and Kim and Vu [26]. The technical contribu-
tions of our work beyond their analysis are as follows:

1. In both [26, 37] the output distribution of the proposed algorithms are asymptoti-
cally uniform. Here we use SIS technique to obtain an FPRAS.

2. Both [26, 37] use McKay’s estimate [29] in their analysis. In this paper we give
a combinatorial argument to control the failure probability of the algorithm and
obtain a new proof for McKay’s estimate.

3. We exploit the combinatorial structure and use a martingale tail inequality to show
the concentration results for d-regular graphs with d = O (n'/>~7) where the pre-
vious polynomial inequalities [25] do not work.

Other Applications and Extensions Our algorithm and its analysis provide more
insight into the modern random graph models, such as the configuration model or
the random graphs with a given expected degree sequence [14]. In these models, the
probability of having an edge between vertices i and j of the graph is proportional
to d;d;. However, one can use our analysis or McKay’s formula [29] to see that in
a random simple graph, this probability is proportional to d;d;(1 — d;d;/2m). We
expect that by adding the correction term and using the concentration result of this
paper, it is possible to obtain sandwiching theorems similar to [27].

In a follow up work, Bayati et al. [5] uses similar ideas to generate random
graphs with large girth. These graphs are useful for designing high performance Low-
Density Parity-Check (LDPC) codes (see [3]).

Organization of the Paper The rest of the paper has the following structure. The
algorithm and the main results are stated in Sect. 2. In Sect. 3, we explain the intuition
behind the weighted configuration model and our algorithm while also describing the
SIS approach. Finally Sects. 4-7 are dedicated to the analysis and the proofs.
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2 Our Algorithm

Suppose that n nonnegative integers di, da, ...,d, with > i, d;i = 2m are given.
Assume that this sequence is also graphical. That is, there exists at least one simple
graph with these degrees. We propose the following procedure for sampling (count-
ing) an element (the number of elements) of the set £(d) of all labeled simple graphs
G with vertices V = {vy,v2,...,v,} and degree sequence d= di,da, ..., dy).
Throughout this paper m =Y _7_, d; /2 is the number of edges in the graph, dmax =
max?_,{d;} and for the regular graphs, d refers to the degrees; i.e. d; = d for all
i=1,...,n. We denote the set of all d-regular graphs with n vertices by L(n, d).

Procedure A

Input: A graphical degree sequence d = (di, d», ..., dy).

Output: A graph G with degree sequence d or failure. An approximation N for the
number of graphs with degree sequence d or 0.

1. Let E be a set of edges, d= (c?l, el c?”) be an n-tuple of integers and P be a real
number. Initialize them by £ = Empty set, d=d,and P=1.

2. Choose two vertices v;, v; € V with probability proportional to did (1= %)
among all pairs v;, v; withi # j and {v;, v;} ¢ E. Denote this probability by p;;.
Multiply P by p;j, add {v;, v;} to E and reduce each of di, d i by 1.

3. Repeat step (2) until no more edges can be added to E.

4. If |E| < m report failure and output N = 0, otherwise output G = (V, E) and
N =(m! P)~!.

Note that for the regular graphs the factors 1 — d;d; /4m are redundant and Proce-
dure A is the same as Steger and Wormald’s [37] algorithm. The next two theorems
characterize the output distribution of Procedure A.

Theorem 1 For an arbitrary number t > 0 and for any degree sequence d with max-
imum degree of O(m'/*~7), Procedure A can be implemented so that it terminates
successfully with probability (1 — o(1)) in expected running time O(mdmax). Fur-
thermore, any graph G with degree sequence d is generated with a probability within
1 £ o(1) factor of the uniform probability.

For the regular graphs a similar result can be shown in a larger range for the de-
grees.

Theorem 2 For an arbitrary number t > 0 and for d = O(n'/*=7), Procedure A
generates all graphs G in L(n, d) with probability within 1 £ o(1) factor of the uni-
form probability, except for the graphs in a subset of size o(|L(n, d)|). In other words
as n — oo, the output distribution of Procedure A converges to the uniform distribu-
tion in total variation distance.
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The results above show that the output distribution of Procedure A is close to
uniform only when 7 is sufficiently large. Nevertheless, it is desirable to be close to
uniform for all values of n. In order to do that, we find an FPRAS for calculating
|£(d)| and also for randomly generating the elements of L(d).

Definition 1 An FPRAS for approximately counting graphs with degree sequence
d is an algorithm that for any €, > 0, outputs an estimate X for |£(d)| where
P{(1 —€)|L(d)| < X < (1 +¢€)|L(d)|} =1 — 6, and has a running time polynomial
inm, 1/e,1og(1/8).

Similarly, an FPRAS for randomly generating graphs with degree sequence d is
an algorithm that for any € > 0, has a running time polynomial in m, 1/€, and with
probability at least 0.5, it outputs a graph from the set £(d) with probability within
1% of the uniform where c is a constant.

Throughout this paper we assume 0 < €, < 1 and for convenience, we define a
real valued random variable X to be an (e, §)-estimate for a number y if P{(1 —¢)y <
X<(+4e)y}=1-36.

The following theorem summarizes our main result.

Theorem 3 For an arbitrary number t > 0, degree sequence d with maximum degree
of O(m'/4=7), and any €, 8 > 0, the Algorithm CountGraphs of Sect. 3 is an FPRAS
with an expected running time of O (mdmpax€e > log(1/8)) for counting graphs with
degree sequence d. Moreover, the Algorithm GenerateGraph of Sect. 3 is an FPRAS
with an expected running time of O (mdmax€ ~2) for randomly generating graphs with
degree sequence d.

Remark 1 For generating bipartite graphs, step (2) of Procedure A should be modi-
fied to:

2. Choose two vertices v;, v; € V with probability proportional to did (1= %

among all pairs v;, v; with {v;, v;} ¢ E, and v;, v; not belonging to the same part
of the graph. Denote this probability by p;; and multiply P by p;;. Add {v;, v;}
to E and reduce each of c;',', d j by 1.

Then corresponding versions of Theorems 1-3 can be shown.

3 Definitions and the Main Idea

Before explaining our approach let us quickly review the configuration model
(see [6, 11, 35] for more details). Let W = | J;_,; W; be asetof 2m =Y _;_, d; labeled
mini-vertices with | W;| = d;. Consider a procedure that finds a random perfect match-
ing M between mini-vertices by choosing pairs of mini-vertices sequentially and
uniformly at random. Such a matching is also called a configuration on W. We can
see that the number of all distinct configurations is equal to (1/m!) ]_['r":_o] (2m; 2r).

Given a configuration M, we can obtain a graph G 5 with degree sequence d by
combining the mini-vertices of each W; to form a vertex v;.

@ Springer



Algorithmica

Note that the graph G x4 might have self edge loops or multiple edges. In fact
McKay and Wormald’s estimate [31] shows that this happens with very high prob-
ability except when dimax = O(log!/?m). In order to fix this problem, Steger and
Wormald [37] proposed that at any step one can only look at those pairs of mini-
vertices that lead to simple graphs (denote these by suitable pairs) and pick one uni-
formly at random. For d-regular graphs when d = O (n'/?8~7) Steger and Wormald
have shown that this approach asymptotically samples regular graphs with uniform
distribution and Kim and Vu [26] have extended that to d = O (n!/37).

3.1 Weighted Configuration Model

Unfortunately, when the degree sequence is not uniform, the above procedure may
generate some graphs with a probability exponentially larger (or smaller) than uni-
form probability. In this paper, we will show that for non-regular degree sequences
suitable pairs should be picked non-uniformly. In fact, Procedure A is a weighted
configuration model where at any step a suitable pair {u, v} withu € W; and v € W;
is picked with probability proportional to 1 — d;d; /4m.

Here is a rough intuition behind Procedure A. Define the execution tree T of
the configuration model as follows: Consider a rooted tree where its root (the ver-
tex at level zero) corresponds to the empty matching in the beginning of the model
and level r vertices correspond to all partial matchings that can be constructed af-
ter r steps. There is an edge in T between a partial matching M, from level r to
a partial matching M, from level » + 1 if M, C M, 41. Any path from the root
to a leaf of T corresponds to one possible way of generating a random configura-
tion.

Let us denote those partial matchings M, whose corresponding partial graph
G A, is simple by “valid” matchings and denote the remaining partial matchings by
“invalid”. Our goal is to sample valid leaves of the tree T uniformly at random. Steger
and Wormald’s improvement to the configuration model is to restrict the algorithm
at step r to the valid children of M, and picking one uniformly at random. This
approach leads to an almost uniform generation for the regular graphs [26, 37] since
the number of valid children for all partial matchings at level » of T, is almost equal.
However, it is crucial to note that for non-regular degree sequences if the (r + 1)th-
edge matches two elements belonging to the vertices with larger degrees, the number
of valid children for M, | will be smaller. Thus, there will be a bias towards graphs
that have more of such edges.

In order to find a rough estimate of the bias, fix a graph G with degree sequence d.
Let M(G) be the set of all leaves M of the tree T that lead to graph G; i.e. those con-
figurations M with Gy = G. It is easy to see that [M(G)| =m![]_, d;!. Moreover,
for exactly (1 —g,) IM(G)| of these leaves, a fixed edge {7, j} of G appears in the first
r steps of the path leading to them; i.e. {7, j} € M,. Here g, = (m — r)/m. Further-
more, we can show that for a typical matching after step r, the number of unmatched
mini-vertices in each W; is roughly d;q,. Thus the expected number of unsuitable
pairs {u, v} is about ), ojdidj qrz(l —qy). Similarly, the expected number of unsuit-
able pairs corresponding to self edge loops is approximately ) ;" (diz‘f’) ~ qurzk(J )
where A(d) = Y 1_, (%)/(Z” d;). Therefore, defining yg = ;. . ; did;/4m and

i=1 i~Gj
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using (*"5%") & 2m>g? we can approximate P5(G), the probability of generating G

with Procedure A by

n m—1
1
PAG) ~m! [ []d:! _
(1] ’ ) 11 2m2q2 — 2mg2r(d) — 4m(1 — 4,)q2vG

. n m—1 1
~ M DHVG ) (1_[ di!) 1_[ (ZT—Z}’) xe’d.

i=1 r=0 2

Hence, adding the edge {i, j} roughly creates an exp(d;d;/4m) bias. To cancel that
effect we need to reduce the probability of picking {i, j} by exp(—d;d;/4m) ~
1 —d;d;/4m. We will rigorously prove the above argument in Sect. 4.

3.2 Obtaining a Fully Polynomial Randomized Approximation Scheme

The output distribution of Procedure A denoted by P4 is asymptotically uniform. But
when m is small, it is desirable to reduce the deviation of the output distribution from
the uniform distribution. Note that it is not possible to use an accept/reject scheme to
obtain uniform distribution since the probability P (G) is not known for any given
graph G. In fact, for an output G of Procedure A, the variable P is the probability
of generating one ordering of the edges of G among all m! possible permutations.
Different orderings can have probabilities that vary exponentially which further com-
plicates the calculation of P4 (G).

However, we can use the Sequential Importance Sampling (SIS) method, similar
to [13], to find very close estimates for P5(G) and |£(c?)|. Then with a simple ac-
cept/reject scheme we can obtain a distribution that is very close to the uniform distri-
bution. For example if Po (G)|£(d)| > 1 then we can accept graph G with probability
PA(G) |£(c? ) |)_1. This approach will be explained in more detail in this section.

3.2.1 FPRAS for Counting via SIS

Denote the set of all orderings A that lead to a graph in £(d) by K(d). Therefore,
IKC(d)| = m!|L£(d)]. Let Q be the uniform distribution on |K(d)|. Procedure A sam-
ples an ordering \ € K(d) from a “trial distribution” Ps, where P5 (N > 0 for all
N € K(d). Thus, we have

1 1 -
EPA<—)= Y PaV) = K@,
Pa NeK@) Pa(N)

Hence, we can estimate |/C(d)| by

k

—_— 1
IK(d)| = %ZFA(N,»)

i=1
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from k i.i.d. samples NVi,..., Ny drawn from PA(N). Now in order to estimate
|L(d)| = |K(d)|/m! we can use

= 1
D=1 X

i=1

Note that when an ordering NV is the output of Procedure A then the number N, that is
also an output of Procedure A, is equal to m. Hence, we propose the following

algorithm for estimating |£(d)]|.

Algorithm: CountGraphs

Input: A graphical degree sequence d, positive numbers ¢, 8, and an integer k =
k(e, 8).
Output: An (e, §)-estimate X for the number of graphs with degree sequence d.

1 Run Procedure A k = k(e, §) times, and denote the corresponding values for the
random variable N by Ny, ..., Ng. B
2 Output X = w as an estimate for |£(d)].

We will show in Sect. 8.1, that the variance of the random variable N is small
enough and therefore, an integer k = k(e, §) = O(e™? log(IZ(S)) exists such that the
Algorithm CountGraphs produces an (¢, §)-estimate for |£(d)|.

3.2.2 Approximating Pa(G) with SIS

Similar to the above discussion, we will use SIS to find a very close approximation
for P4 (G) for each graph G. Recall that for any graph G, each ordering A of the
edges of G is generated with probability Pa(N) by Procedure A. Now let S(G) be
the set of all m! orderings of G. Therefore, the probability Pa (G) is given by

PA(G)= Y PA(N). (1
NeS(G)

Let H be the uniform distribution on the set S(G). Then (1) is equivalent to PA (G) =
m! Eg(PaN)).

Therefore, we use H as trial distribution and draw £ i.i.d. samples N, ..., Ny
from H. Then for each sample N; we calculate P4 (N;) and report

14
PA(G) = == Y Fa(\)

i=1

as an estimate for P4 (G). This is given by Procedure B.

Note that the variable P at the end of step 3 is exactly Po(N) for an ele-
ment N € S(G) that is sampled from distribution H. Therefore, it is easy to see
that Eg(P) = Eg(PA(N)) = PA(G)/m! which makes Pg an unbiased estimate for
PA(G). In Sect. 8.2, by controlling the variance of the random variable P, we will
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Procedure B

Input: A graph G with degree sequence d, and an integer £ = £(e, 8).
Output: A real number Pg that is an (e, §)-estimate for P (G).

1. Let E be a set of edges, d= (31, e c?n) be an n-tuple of integers, and P be a real
number. Initialize them by E = empty set, d=d,and P =1.

2. Choose an edge e = {v;, v;} of G among all those edges that are not in E, uni-
formly at random. Update P by

A A dld
d,'dj(l — VZ)P

= 53 dody "
Z(vr,vJv)iE drds(l - i_mr)

v FUs

Add {v;, v} to E and reduce each of ﬁi, c?j by 1.

Repeat step 2 until |E| = m.

4. Repeat steps 1 to 3 exactly £ = £(e, §) times and let Py, ..., Py be the correspond-
ing values for P. Output Pg = m!m as an estimate for m! Eg(Pa (rg)) =
Pa(G).

hed

show the existence of an £ = £(e, §) = O (e 2 log(1/6)) such that the value of Pg is
an (e, 8)-estimate for P (G).

3.2.3 FPRAS for Random Generation

Now that we can find (¢, §)-estimates for both | £(d)| and P5(G) then an FPRAS for
random generation is within reach. Algorithm GenerateGraph, given below provides
such an FPRAS.

Algorithm: GenerateGraph

Input: A graphical degree sequence d and a positive numbers €.
Output: A graph G with degree sequence d.

1. Let € =min(0.25,1 — —1)and § <0.25.

1 1
. Run Algorithm CountGraph, to obtain X as an (¢’, §)-estimate for |L£(d)|.
. Repeat Procedure A to obtain one successful outcome G.

. Run Procedure B to obtain an (¢’, §)-estimate, Pg, for PA(G).

. Report G with probability min(ﬁ, 1) and end. Otherwise go to step 3.

[T I VS I

We will show in Sect. 4 that a universal constant ¢ exists (independent of all para-
meters m, d, €) where the inequality ¢X Pg > 1 holds whenever X > (1 — ¢’ )|£(c?)|
and Pg > (1 — €)Pa(G). Also note that we always assume 0 < € < 1. Therefore,
€’ is well defined.
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4 Analysis

Let us fix a simple graph G with degree sequence d. Recall the weighted config-
uration model from Sect. 3 which is equivalent to Procedure A. Denote the set of
all perfect matchings on the mini-vertices of W that lead to G by R(G). Any two
elements of R(G) can be obtained from one another by permuting the labels of the
mini-vertices in any W;. Due to this symmetry, all matchings in R(G) are generated
with equal probability using Procedure A. In other words for a fixed element M in
R(G) we have PA(G) = [/, diDPA(M).

Now we will find Pp (M). First note that there are m! different orders for pick-
ing the edges of M sequentially. Moreover, different orderings can have different
probabilities. Denote the set of these orderings by S(M). Thus

}P’A(G)z(l_[d,-!) Z PA(N).

i=1 NeS(M)

For any ordering N = {ey,...,ey} in the set S(M) and each r with 0 < r <
m — 1 denote the probability of picking edge e,1| at step r + 1 of Procedure A
by P(e,11lel,...,e.). Hence PA(N) = H:':ol P(e;+1le1,...,e) and each term
P(e;+1let, ..., er) is given by

(1 —d;d;/4m)
Y uvier, didS (1 — dydy/4m)

Ple,+1 ={i, jlle1,....er) = 2)

where di(r) denotes the residual degree of vertex i at step » + 1 and the set E, consists
of all possible edges after picking ey, .. ., e,. Note that di(r) is also equal to the number
of unmatched mini-vertices in W; at step r + 1. For the analysis we use the notations
{i, j} and {v;, v;} interchangeably.

Denote the number of unsuitable pairs after choosing the edges in N, =
{e1,..., e} by A.(N). Thus, the denominator of the right-hand side of (2) can be
written as (%5 %) — ¥, (\) where ¥, (N) = A,(N) + X, yep, di di dudy /4m.
This is because (v}, dy)dl()r) is the number of the suitable pairs at step r + 1,
and is equal to (zm; 2’) — A,(N). The quantity ¥, (N) can be also viewed as sum
of the weights of the unsuitable pairs. Now using 1 —x = e=*+0C?) for 0 <x<l,
when diax = O (m'/#77) the expression for P4 (G) is

PA(G)=(Hd>[l—[( ) 1 ) - wuv)

i~GJ NeS(M) r= 0 2

— - d;! —vG+o(1)
() = Ty

NeS(M) r= 0
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where yg was defined in Sect. 3 to be yg = Z,NG j did;/4m. The next step is to
show that W, (N) is sharply concentrated around a number ¥, (G), independent of
the ordering \V. More specifically for

7 i di = D) — 1 L d?)?
I/fr(G)=(2m_2r)2<’\2(Z)+rz’~‘”( =D Giad) +o(1))

4m3 32m3

the following is true

Z HW [1+0(1)]m'ml_[1# 3)
Nesou r=o ( @, (N) o C"37) = v (G)

The proof of this concentration result uses Kim and Vu’s polynomial method [25] and
is quite technical. It generalizes Kim and Vu’s [26] calculations for the regular graphs
to the general degree sequences. Section 7 is dedicated to this cuambersome analysis.
But for the case of regular graphs, in Sect. 4.1, we will use a different technique based
on Azuma’s inequality to show concentration in a larger region.

The next step is to show that when dpax = O (m!/4-1),

m—1 1 m—1 1 ~ )
e)u(d)'f‘)» (d)+}/G+0(1). (4)
,E) (2m Zr) Wr(G) '1_[0 (2n12—2r)

The proof of (4) is algebraic and is given in Sect. 7.2.
The above analysis can now be summarized in the following lemma.

Lemma 1 For dmax = O(m'/*=7), Procedure A generates all graphs with degree
sequence d with asymptotically equal probability. More specifically

m! 4207
3 PAW) = MDD o)
NeS(M) nr:O( 2 )

Now we can prove the first theorem.

Proof of Theorem 1 Lemma 1 shows that P (G) is asymptotically independent of G.
Therefore, we only need to show Procedure A always succeeds with probability
1 — o(1). We will show this in Sect. 5 by proving the following lemma.

Lemma 2 For dmax = O (m'/*~7), the probability of failure of Procedure A is o(1).

Therefore, all graphs G are generated with asymptotically uniform probability. Note
that this fact, combined with (3) will also give an independent proof of McKay’s
formula [29] for the number of graphs.

Finally we are left with the analysis of the running time which is summarized in
the following lemma. The proof of this lemma is given in Sect. 6.
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Lemma 3 Procedure A can be implemented so that the expected running time is
O(mdmax) for dmax = 0(m1/4—r).

This completes the proof of Theorem 1. g

Proof of Theorem 3 First we will prove that Algorithm CountGraphs is an FPRAS
for the counting problem. This is shown by the following lemma.

Lemma 4 For any €,8 > 0 there exist k = k(e,8) = O (e 2 log(1/8)) such that the
output X of Algorithm CountGraphs is an (€, 8)-estimate for |L(d)|.

Proof Since Eo(N) = L(d),
P[(1-oIL@)| <X <1+ e)|L@)]]

_pl_ eEA(N) - X —Ea(X) - eEA(N) ‘ )

\/ Vara (N) \/ Vara (N) \/ Vara (N)
3 3 k

On the other hand, as a consequence of the Central Limit Theorem, when k goes to

infinity, the quantity % converges to a random variable Z which has a nor-

mal distribution with mean zero and variance 1. Therefore similar to the discussion

given in [9], the inequality \;frii\/gim > z5 guarantees that X is an (e, §)-estimate

for | £(d)| where P(|Z| > z5) = 8. This condition is equivalent to the following lower
bound for the number of repetitions of Procedure A

k> de_z%'
A

Moreover, the tail of the normal distribution, P(|Z| > x), for very large values of x
can be approximated by the quantity ax~le=x*/2 (2m)~! where a > 0 is a constant.
This means that the quantity zg is of O(log(1/8)). Therefore, if we show that the
variance ratio Vara (N)/Ea(N )2 is bounded from above by a constant, then with
k = O(log( 1/3)6_2) repetitions, we can obtain an (e, §)-estimate. In fact we will
prove the stronger statement

Vara (N)

— 2 =0 6

= =00 ©)
in Sect. 8.1. This finishes the proof of Lemma 4. O

Note that by Theorem 1, Procedure A uses O(mdmax) operations. Therefore
the running time of Algorithm CountGraphs is k(e, §) times O (mdmax) Which is
O (mdmaxe ~>10g(1/8)). This shows that Algorithm CountGraphs is an FPRAS for
estimating | £(d|.

Now we will prove that Algorithm GenerateGraph is an FPRAS for the random
generation problem as well. First notice that if the ratio Varg (P)/Ep (P)? is bounded
from above by a constant, then similar calculations as in the proof of Lemma 4 for
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the tail of the normal distribution can be used to find £ = £(¢, §) = O (e "> log(1/8))
such that the output of Procedure B, Pg, is an (¢, §)-estimate for Pa (G). In fact we
will show the stronger result
Varg (P)
Eg(P)?

in Sect. 8.2. Therefore, (7) gives the following lemma.

=o0(1) @)

Lemma 5 For any €,8 > 0 and a graph G with degree sequence d, there exist { =
0e, 8) = O(e2 log(1/68)) for Procedure B such that its output, Pg, is an (€, 5)-
estimate for Pp(G).

The next step in analyzing Algorithm GenerateGraph is to prove the existence of
constant ¢ that is used in step 5.

Lemma 6 There exists a constant ¢ such that for all parameters m, d,e and all
graphs G with degree sequence d, the inequality ¢X PG > 1 holds whenever X >
(1 —€eNL(d)| and Pg > (1 — €)PA(G).

Proof By Theorem 1, [1 — o(1)]|£(d)|™' <PA(G) <[1 +o(D]|L(d)|"!. Let M be
large enough such that for all m > M the o(1) terms are less than 1/2. Now define

MGeL

0 =min (; mm min_ (IP’A(G)|£(d)|)>

and

m=M GeL(d)

¢ = max (; max max (]PA(G)IE(d)D)

Therefore, 9 and ¢ are positive and finite constants that are independent of all of the
parameters m,d, e and 0 < PA(G)|L(d)| < e. Now when X > (1 — €)|£(d)| and
P = (1 —€)PA(G),

0
3 S0 - €)? < PgX.
This is because €’ < 0.25. Therefore ¢ = 4 /0 suffices. O

Now we need to analyze the output distribution and the running time of Algorithm
GenerateGraph. Consider one iteration of Algorithm GenerateGraph from step 1 to
step 5. Let Ev; be the event that at least one of the fractions —>— ‘ E a1 °r PP © is not in

the interval [1 —¢€’, 1 +¢€’]. Let Ev, be the event that a graph is reported in step 5. This
means Evj is when “Otherwise go to step 3” is called. Therefore, P(Evy) <28 < 0.5
and P(Evy) + P(Ev| Ev)P(EV]) + P(EvS|Ev))P(Ev]) = 1.

For each graph G € £(d) let Evy(G) be the event that G is reported in step 5.
Each graph G is reported with probability P(Evz(G)|Ev]) = PA(G)/(cX Pg) that
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satisfies

L@ T e(l+e) L)~

Note that the events Ev,(G)|Ev; are not important and have low probability. Now
we obtain

P(Evy) = P(Ev)) Y P(Ew(G)|Evf) >

0.5(1 —€/2)
) ¢ '
GeL(d)

Therefore, the expected number of times that “Otherwise go to step 3” is called is
P(Evy)~! < 4c. This means that the expected running time of Algorithm Generate-
Graph is at most 4c¢ times the expected running time of a successful run of Proce-
dure A plus 4¢ times the expected running time of Procedure B plus the expected
running time of Algorithm CountGraphs. The total number of operations can be writ-
ten as

4¢0 (mdmax) + 4c0 (mdmaxe "> 10g(1/8)) + O (mdmaxe’ > 10g(1/8))
which is O (mdpaxe ~2), since €’ > min(e/4, 0.25) gives €' =2 = O (e 2).
Notice that the probability that Algorithm GenerateGraph eventually reports a

graph, in an iteration that Ev; did not occur, is at least 1 — P(E v_l) > 0.5. More-
over, the probability that the reported graph is a fixed graph G € £(d) satisfies

> P(EvS) P(Evy(G)|Ev)P(Ev)

i=0
_IP’(Evz(G)|Evf)]P’(Evf) e[ 1—¢ 1+e¢ ]
- P(Ev,) L) ¢'|L(d)]
where ¢’ = BEv). This finishes the proof of Theorem 3 O
P(Ev)" p :

4.1 Concentration Inequality for Regular Graphs

The aim of this section is to prove Theorem 2. Recall that L(n, d) denotes the set of
all simple d-regular graphs with m = nd /2 edges. Let Py be the uniform probability
on L(n,d). Similar to the analysis of Procedure A for general degree sequences, let
G be a fixed graph in L(n,d) and M be a fixed matching on W with Gaq = G.
The main goal is to show that for d = o(n'/?>~7) the probability of generating G with
Procedure A is at least 1 — o(1) times Py(G); i.e.

PA(G) = (1 —o(1))Py(G). ©

For the moment, assume (9) is true. We will show that Theorem 2 follows. Later we
will show why (9) holds.
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Proof of Theorem 2 First, we will show that the total variation distance between the
probability measures Po and Py, drv(Pa, Pu) = supsc gy I[PA(S) — Pu(S)] is
o(1). We will use the following upper bound on the total variation distance

dry(Pa,Py) < Y [Pa(G) —Py(G)|.
GeL(n,d)

Therefore, we have the upper-bound

Y IPA(G) —Py(G)]

GeL(n,d)
= Y (PA@-Pu@)+ Y IPA(G) ~Pu(G)|
GeL(n.d) GeL(n.d)
Po>Py Pa <Py
= Y (PA@-Pu@)+2 Y IPAG) ~Pu(G)|
GeL(n,d) GeL(n.d)

IPA <IPU

(@)
<2 ) [PA(G) —Py(G)|

GeL(n,d)
Pa<Py

20) Y Pu(G) <o),

GeL(n,d)
Pa <Py

Here (a) uses ZGEE(n,d) Pa(G) <1 and ZGEE(n,d) Py(G) = 1. To see why (b)
holds, note that Py(G) — Pa(G) < o(1)Py(G) which is equivalent to inequality (9).

Now, drv(Pa, Py) = o(1) implies that PAo(G) < (1 + 0o(1))Py(G) except for
graphs G in a subset of L(n,d) with size o(|L(n, d)|). This finishes the proof of
Theorem 2. O

4.1.1 Proof of inequality (9)

In order to prove inequality (9) we prove the following equivalent inequality

1—o(1)

@ >, B zoms

NeS(M)

(10)

Our proof of inequality (10) builds upon the steps in [27]. First define u, = uﬁl) +
,uﬁz) where

n_ @m—=2r*d-1)
Hro= 4m

@ _ @m—=2r)*d—1)*r
Hro= 4m? ’
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Let m = ﬁ where w goes to infinity very slowly; e.g. w = O(log®n) for some

small § > 0. The following summarizes the analysis of Kim and Vu [27] for d =
O(nl/37‘r)

|£(l’l d)'(d')n Z ]P(N) (C) 1-— 0(1) Z "11_[1 (2m 2r) {hy
NeS(M) m! NESM) =0 (2m2 2r) AN
@ 1—0(1) ( AN — )
I+ #
| NezS;Mwl_!) ) AN

(e) “l T(l) + T(z)
= (1 B 0(1)) H (1 - 3(2m 2r)2

® AN SR S
> (1 —o(1))exp (—3e§)m . an

Here we explain these steps in more detail. Our main focus will be on step (e) which
is the main step. For the rest, we provide a brief description and a reference to [27].
Step (c) follows from (3.5) of [27] and wntlng McKay-Wormald’s estimate [31]
for |£(n,d)| as a multiple of the product []'_, [(2’" 2r) wr]). Similarly, step (d)
follows from the algebraic calculations in page 455 of [27].

The important step (e) follows from a sharp concentration. For simplicity write
A, instead of A, (N) and break A, into two terms A;l) + A?). Here ASI) and Aﬁz)
denote the number of unsuitable pairs in step r corresponding to the self edge loops
and to the double edges respectively. For p, =r/m, g, =1 — p, Kim and Vu [27]
used their polynomial concentration inequality [25] to derive two bounds Tr(l), Tr(z)
and to show that with very high probability |A£l) — u£1)| < Tr(l) and |A£2) — u§2)| <
T,(z). More precisely for some constants c1, c2 the bounds are

T = ¢1log? ny/nd2q2(2dg, + 1), T2 = cylog® ny/nd3q2(d2q, + 1).

Now it is easy to see that for each i € {1, 2} the bound T(’) and the quantity u(l) are
o((2m — 2r)?). This validates the step (e).

Finally, the step (f) is straightforward using 1 —x > e * for0 <x <1.

The rest of the proof focuses on showing that the right-hand side of inequality
(11) is at least 1 — o(1). Kim and Vu show that for d = O(n'/3~7) the exponent
in (11) is o(1). Using similar calculations as (3.13) in [27] it can be shown that for
d=00n"?>"7)and my = (mlog’n)/d

m

Tr(l) mi Tr(z)
— =o(1), —— =o0(1).
go @m—2r2 oW r§2 @m 22 oW

7
r=0 2m—2r)2

the random variable Aﬁ ) has large variance for d = o(nl/* .

But unfortunately the summation "' is £2(d?/n). In fact it turns out that
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Let us explain the main difficulty for moving from d = On!/*7) to d =
O (n'/>77). Note that Aﬁz) is defined on a random subgraph G ;. of graph G which
has exactly r edges. Both [37] and [26, 27] have approximated the subgraph G .
with G, in which each edge of G appears independently with probability p, =r/m.
But when d = O (n!/?>77), this approximation causes the variance of A§2) to become
exponentially large.

In order to fix the problem, we modify A(z) before moving to G, . It can be shown

via simple algebraic calculations that: A@ (2) = X, — Y, where
Xe= Y [d —q/(d—DId" —q,(d— 1),
UGz Y
Y, =

g-d— 1)) _[d - q:d)* - dprgr].

This modification is critical since the equality Aﬁz) — ufz) = X, — Y, does not hold
in Gp,.
The next task is to find a new bound f,(z) such that | X, — Y| < ]:r(z) with very

high probability and Z'r"zo ﬁ o(1). Itis easy to see thatin G, both X, and
Y, have zero expected value.

At this time we will move to G, and show that X, and Y, are sharply concentrated
around zero. It is easy to see that with probability at least 1/n, the subgraph G, has
exactly r edges. This is in fact Lemma 21 which is proven in Sect. 7. Therefore, X,
and Y, will be sharply concentrated around 0 in Gz as well. In the following we
will show the concentration of X, in G, . The concentration of ¥, can be shown
similarly.

Consider the edge exposure martingale (page 94 of [2]) for G, that examines
the edges of G in the order ey, ..., e,. In particular for any 0 < £ < r define ZE =
E(X, |ey, ..., e). Therefore, Z], is just the value of X, and Z(’) is its expected value

E(X,) in Gp,. To simplify the notation, let us drop the index r from Zr,dy), Dr
and g,.

The next step is to bound the martingale difference |Z; — Z;_1| and use a martin-
gale concentration inequality. In order to bound the quantity |Z; — Z;_1|, assume that
e; = {u, v}. The difference between Z; and Z;_; is in the terms involving e¢; in the
summation ) _, gyt |dy —q(d — D]ldy — q(d — 1)]. But ¢; only participates in d,,
and d,. Thus, for any u’ where u’ ~G, u, the term [d,y — q(d — D]ldy — q(d — 1)]
appears in both Z; and Z;_;. The value of d,; — g(d — 1) is unchanged by revealing
the status of e;, but the value of d,, — g(d — 1) can fluctuate by at most 1. Moreover,
if e; € G, then an extra term [dy, — q(d — 1)][dy — g (d — 1)] is also added to Z;. This
means we have

1Zi = Zi—1] < [(dy — (d = 1)g)(dy — (d — D)g)|

+ > (du/—(d—nq)‘ Y (dy—@d—Dg)|. (12)

I~ ~
u'~g,u v’ Gpv
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Bounding the above difference should be done carefully since the standard worst case
bounds are weak for our purpose.

First, we start by a useful observation. For a typical ordering N of the edges of G,
the residual degrees, d,,, d,, d,/, d, are roughly dq & /dq. We will make this more
precise. For any vertex i € G consider the event

L = {|dz —dq| < clog"* n(dq)"?}
where ¢ > 0 is a large constant.
Lemma 7 Forall 0 <r <mjy we have P(L}) = o(#).

Proof Note that in the G, model the residual degree of a vertex i, dj, is sum of d
independent Bernoulli random variables with mean . Two generalizations of Cher-
noff inequality (Theorems A.1.11, A.1.13 in page 267 of [2]) state that for a > 0 and
X1, ..., X4 i.i.d. Bernoulli(g) random variables:

2 3

A4y _a

P(X)+ - +Xg—qd>a)<e 1 2qd?
2

PX1+4++Xg—qd < —a) <e
Applying these two for a = \/12gd logn proves Lemma 7. U

To finish bounding the martingale difference we look at the last two terms in the
right-hand side of (12). For the vertex u consider the event

K=

where ¢ > 0 is a large constant. We will use the following lemma to show that the
complement of K, has very low probability.

S @ — @ =Dy sc[(dq>3/2+qd+dql/2]1ogn}

I~
u'~g,u

Lemma 8 Forall 0 <r <mj the event K| has probability o(m%).

Proof For any vertex u let Ng () C V(G) denote the neighbors of # in G. Consider
the subsets

Ag(u), Bgu), Cg(u) C E(G)

where Ag (1) consists of the edges that are adjacent to u, Bg (1) has those edges with
both endpoints in Ng (1), and Cg (1) contains those edges with exactly one endpoint
in Ng («) and one endpoint outside Ng () U {u}. For any edge e of G letz, = 1{6¢Gp}.
Then we can write
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Y vy —(d—1)q)

!~
u'~gG,u

= ) >, (te—q)

WeNG, (u) e€AgW)\Ag (1)

> P CETIE Y Yo te—q

WENG () e€AG N AG W W NG (\NG, () e€AG N\ Agw
=Y -p+2 Y te—)— Y. Wd,—1-qd-1).
ecCq(u) e€Bg (1) u/EN(;(u)\NGp(u)

(i) (ii) (iii)

Here each of (i) and (ii) is a sum of O(d?) i.i.d. Bernoulli(¢) random variables minus
their expectations. Therefore similar to Lemma 7, both (i) and (ii) can be shown to be
0(y/12qd?log n) with a probability at least 1 — o(1/m*). For (iii) we can say

Z (dl/t_l_Q(d_l))fdu N ma>§v (dy —1—q(d —1))).
weNg)\Ng, (u) u'€NG(u)\Ng , (u)

Now using Lemma 7 for d,, and each term d — 1 — g(d — 1) we can say (iii) is
0(ldq + \/T12qdTogn]/T2qdlogn) with a probability at least 1 — o(d/m*). These
finish the proof of Lemma 8. g

The final step in bounding the martingale difference is to apply Lemmas 7, 8 and
the union bound to event L = ﬂ:"zzo Z:l (L, N K,) and obtain P(L¢) = o(l/mz).
Hence for the martingale difference we have

|Zi — Zi—11, < O(dq +dq"? + (dg)**) logn.

Note that Azuma’s inequality cannot be used directly, since the martingale difference
|Z; — Z;_1] can be large outside the set L. But the complement of L has very low
probability and we can use the following variation of Azuma’s inequality.

Proposition 1 (Kim [24]) Consider a martingale {Y;}!_, adaptive to a filtration
{Bi}_y- If for all k there are Ayx—y € By—1 such that E[e‘“Yk|Bk_1]1Ak_1 < Cy for
allk=1,2,...,nwith Cy > 1 for all k, then

n n—1
P(Y —E[Y]z0) e [+ P(U Ak>
k=1 k=0

Proof of Theorem 2 Applying the above proposition for a large enough constant
¢’ > 0 gives

: 1
P <|x,| > c’\/6r log*n (dg +d(g)'/? + (dq)3/2)2) <e3loen L p(LC) = 0<—2>.
m
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Now using the fact that G, has r edges with probability at least 1/n, the same event
in the random model G /. has probability o(1/m). A similar bound holds for Y, since
the martingale difference for Y, is O(|dg(d, — qd)|) = 0((dg)*? 10g1/2n)) using
Lemma 7.

Therefore defining 7:;2) =c(dg+ a’(q)l/2 + (dq)3/2), /6r log3 n, we only need to

show
Z (dg +d(g)"/* + (dg)*/?),/6rlogn

=o(l).
o Qm —2r)? o)
But using ndqg = 2m — 2r we have
"2 (dg +dg'/? + (dg)>/?)/6rlog’ n
; n2d?q?
_%0 dl/zlogljn dlogl'Sn n dl/zlogl‘sn
B gt n2Qm—=2r)  Q2m—=2r)32 " n@2m —2r)!/2
d'/?log(nd) d d L5
=O< nl/2 (nlog®n)1/2 +W>10g n=o(l)
ford = O(n'/?>7). O

5 Probability of Failure of Procedure A

In this section we will prove Lemma 2 from Sect. 4. First we present the following
remark.

Remark 2 Lemma 1 gives an upper bound for the number of simple graphs with
degree sequence d independently from all known formulas for |L£(d)|. If dmax =
O (m'/*=7) then

m 2m—2r
|E(C?)| < efk(d_)f)\z(tiH»o(l) nr:O ( 2 ) )
- m!T]'_, di!
In this section we will show that the above inequality is in fact an equality. This is
done by proving that the probability of failure of Procedure A is very small.

First we will characterize the degree sequence of the partial graph that is generated
up to the time of failure. Then we apply the upper bound of Remark 2 to derive an
upper bound on the probability of failure and show that it is o(1).

Lemma 9 If Procedure A fails in step s then 2m — 2s < dr%m + 1.
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Proof Procedure A fails when there is no suitable pair left to choose. If the failure
occurs in step s then the number of unsuitable edges is equal to the total number
of possible pairs, that is (2'" 2;) On the other hand, it can be easily shown that the
number of unsuitable edges at step s is at most max(2m 25)/2 (see Corollary 3.1
in [37] for more detail). Therefore 2m — 2s < d> O

max

Failure in step s means there are some W;’s which have unmatched mini-vertices
(dl.(s) # 0). Let us call them “unfinished” W;’s. Since the algorithm fails, any two
unfinished W;’s should be already connected. Hence there are at most dpax of them.
This is because for all i: |W;| = d; < dnax- The main goal is now to show that this
scenario is a very rare event. Without loss of generality assume that Wy, W, ..., Wi
are all the unfinished sets. The argument given above shows k < dpax. Moreover, by
construction k < 2m — 2s. The algorithm up to this step has created a partial matching
M where graph G p4, is simple and has degree sequence d® = (d; — dl(y), coaydi—

d,gs), di+1,...,dy). Let A denote the above event of failure. Hence

a....dY

Ao+l max(dmax,2m—2s)  n

P(fail) = Z Z PA(Adm dm) (13)

2m—2s=2 k=1 i1y.eey ir=1

The following lemma is the central part of the proof.

Lemma 10 The probability of the event that Procedure A fails in step s and the
vertices vi, ..., Vi are the only unfinished vertices; i.e. di(s) #0i=1,...,k, is at
most

(I+o(1))

a®
I];(e{(x ])1_[ 1dl-l ( 2m —2s )

m(z) (zm)2m72x dl(s), R d,is)

Proof Following the above notation, the event that we are considering is denoted

by A,» ,». Note that graph G g, should have a clique of size k on vertices
JENEREE k !

V1, ..., Uk. Therefore, the number of such graphs should be less than |£(57,ES))|
where dV=(d; — d” — (k — 1),. —d¥ — (k = 1),dg41,...,dy). Thus,

]I”A(Ad<s> d(g)) is at most |£(d,£s))| IF’A(GMS). On the other hand, we can use Re-
1o

mark 1 to derive an upper bound for |/3(c?,§s))| because m — s and k are small relative
to m and it is easy to show that dax = O([s — (1;)]1/ 4=7). The result of these steps
is

(25 — k(k — D)l exp[—A (@) — 22@) + o(1)]
[s = &))@ [T, @)

PA(Ad}”,...,d,f”) < ( ) PA(Gad,)-
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The next step is to bound PA(G a4,). We can use the same methodology as in the
beginning of Sect. 4 to derive

l'[*’zl d;!
(=i [ st

Ying. jdid; s 1
:s!exp(—$+o(1) ]_[(Zm o

r=0

Vr (G M)
s—1

rexp (" A + "33 + o) I
=slexp| — — 0 —.
p s S2 (2m72r)
r=0 2
Similar to v, the quantity v, (G o4, ) is an approximation for the expected value of

¥, conditioned on obtaining G A4, at step s. Now using the simple algebraic approx-
imation

2
T + 2D = @) =22 = 0 (MDD — 1))
d4
= o) =o

oy (25 —k(k = D] @m —28)1s2O) [TE_ 4!
[s — §)]1@m) TTE @) — k —d + D)

4 +k—1

se0 T, (0" Be) a9
< ez N
H_%Hz]‘[(”l(zs 2j 4 1)\

the following is true

<
PA(Ade),.-.,d,ES)) <e

d2,y) and k = O (dmax) to show that ]_[(2)1 (2s —

2j+1) > m® and (1/m?m=25) He Cosp1l=e ~O(nax/m) These two facts combined
with (14) finish the proof of Lemma 10. O

The next step is to use m — s = O(

Now we are ready to prove the main result of this section.

Proof of Lemma 2 First, we show that the event of failure has a negligible probability

when there is only one unfinished vertex left, i.e., when k = 1. In this case Lemma 10

simplifies to PA(A ;) = 0((%)2’"_25). Therefore, summing over all possibilities of
1

k=1 gives
diaxtl diax 1 d2m=2s—1 dinax
_ max _ _
> Yrhugm=o| ¥ ) —o(f) o,
2m—2s=2i=1 2m—2s=2
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For k > 1 we use Lemma 10 differently. Using dﬁﬁ‘;” / m@ < dglax /m and (13) we
have

P(fail) < o(1)

max(dmax,2m—2s) n k

d.(“)< 2m — 2s )
d’
0(1)d2 dr%mx'H Z Z 1_[ ! d](s)’ ,dlgs)

4 max Z k=2 [1yeees ir=1i=lI
m (2m)2m—2s

2m—2s=2

Now note that the double sum (a) is at most (d} + - - - + d)?" =2 = (2m)?" =25 since
Yk, di(s) =2m — 2s. Therefore

d2 dl%lax‘H d4
P(fail) < o(1) + "% %" 1= 0<%) =o(1).
m 2m—2s=2 m

6 Running Time of Procedure A
In this section we prove Lemma 3.

Proof of Lemma 3 Our proof is very similar to the analysis of Steger and Wormald
[37]. They use a non-trivial data structure and algorithm to efficiently choose a pair of
vertices v; € V and v; € V with probabilities proportional to d; and d respectively.
They explain their methods for regular graphs but they only use the fact that the
maximum degree is bounded. We include their analysis in Sect. 6.1 for the sake of
completeness.

We need to add a few steps to their method. After choosing vertices v; and v;
with the above probabilities, toss a biased coin that comes head with probability
1 —d;dj/4m. Accept the pair {v;, v;} if the coin shows head, i # j, and {v;, v;} ¢ E.
Add {v;, v;} to E and reduce each of c§,~, cij by 1. Otherwise reject the pair {v;, v;}
and repeat. The expected number of repeats is bounded by a constant because dpyax =
O (m'/*~7) and therefore 1 — didj/4m > 1/2.

Efficient calculation of P is also straightforward. Note that

(1 — did; /4m)d"d\”
(Zm Zr) ,1/ (N)

Pij =

Therefore, p;; can be easily calculated from (2'"2_ 2r) — ¥, (N). At the beginning of
Procedure A we have

2m _(2m d, S, a»hr -y, dt
(2)_“%)‘(2)_;(2)_ 8m
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which can be calculated with O (n) operations. Now we show that in step r + 1, p;;
can be updated from step r with O (dmax) operations. This is because by choosing a
pair {v;, v;} atstepr + 1:

(727 e {75 7) )]

_ } : (r+1) 3(r+1) atth Z r) 4(r) atth
= da db (1 — —4 ) — da db (1 — —4 )

(Uzlvvb)eEr+l (Va,vp)EE,
did; - d;d;
_ ) 40 Aty (r) Gl
=4 dj <1 4m) Z i (1 4m>
(v,-/,v,-)eE,
_ Z aw 1_M
J 4m
(vj/,vj)eE,
did; d; +d;
— _dl(r)d;")<l _ #) + Ei,r + Ej,r + 1 J Qr + Oi,r + Oj,r
4m '
— _ (r) didy _ n r _
where &, = Y d;’(1 — 35, 2, = Y i_d.dy, and O;, =

vi/ NGNr 'U,'
d” (1 = d?/4m) — 2m — 2r). It is clear to see from 2,11 — £, = —d; — d; that
§2, can be updated at each step by only one operation, and the calculation of O; ,,
O; , takes constant time. Moreover, each of &; ;, &, is a summation with at most
dmax terms. We will show in the next section that it is possible to find neighbors of
v; and v; in G, with O(dmax) operations. Therefore Z; ., 5, can be calculated
with O (dmax) operations. Thus the running time of the new implementation of Proce-
dure A is O(mdmax) for general degree sequences. Now using Lemma 2, the running
time of Procedure A is of O (mdmax)- O

6.1 Steger and Wormald’s Method for Choosing a Suitable Pair

Steger and Wormald’s (SW) [37] implementation has three phases and uses the con-
figuration model.

In the first phase, the algorithm puts all of the mini-vertices in an array L where
all of the matched mini-vertices are kept in the front. It is also assumed that the
members of each pair of matched mini-vertices will be two consecutive elements
of L. There is another array [ that keeps location of each mini-vertex inside array L.
Then two elements of L (selected uniformly at random) can be checked for suit-
ability in time O (dmax). This is because from I we can find the neighbors of the
selected elements in the partially constructed graph G /.. Note that in our modifi-
cation (Procedure A), the pair is accepted with probability 1 — d;d;/4m when they
belong to W;, W;. This also completes the above argument for updating ¥, (\) with
O (dmax) operations. Repeat the above till a suitable pair is found then update L
and /.

Phase 1 ends when the number of remaining mini-vertices falls below 2d>

max*
Hence using Corollary 3.1 in [37], throughout phase 1 the number of suitable pairs is
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more than half of the total number of available pairs. Therefore, the expected number
of repetitions in the above process is at most 2. This means the expected running time
of phase 1 is O (mdpax)-

Phase 2 starts when the number of available mini-vertices is less than 242, and
finishes when the number of available vertices is at least 2dpy,x. In this phase in-
stead of choosing the mini-vertices, choose a pair of vertices of Gy, (two random
set W;, W; in the configuration model) from the set of vertices that are not fully
matched. Repeat the above till v;, v; is not already an edge in G ;.. Again the ex-
pected number of repetitions is at most 2. Now randomly choose one mini-vertex
in each selected W;. If both of the mini-vertices are not matched yet add the edge,
otherwise pick another two mini-vertices. The expected number of repetitions here
is at most O(d2,,) and hence the expected running time of the phase 2 is at most
o( max)‘

Phase 3 starts when the number of available vertices (not fully matched W;’s) is
less than 2dm,x. We can construct a graph H, in time O ( max) that indicates the set
of all possible connections. Now choose an edge {v;, vj} of H uniformly at random
and accept it with probablhty d; d / ax- Again, the expected number of repetitions
will be at most O(d2,,). Update H in constant time and repeat the above till H is
empty. Therefore the expected running time of phase 3 is also O (d2,,).

Hence, the total running time for dpyax = O (mY*=7) will be O (mdmay).

7 Generalizing Kim and Vu’s Analysis

The aim of this section is to show (3) via generalization of Kim and Vu’s analysis
[26]. Let us define

m—1 2m—2r
(") = v (G)
ey o

FWN) =
r=0( 2 )_Wr('/v)

then (3) is equivalent to
E(fN) =1+o(1) (15)

where the expectation is with respect to the uniform distribution on the set S(M)
of all m! orderings of the matching M. Proof of (15) is done by partitioning the set
S(M) into smaller subsets and looking at the deviation of f on each set separately.
The partition is explained in Sect. 7.3. But before that we need to define some nota-
tion.

7.1 Definitions

In Sect. 4 we saw that the probability of choosing an edge between W; and W; at step
r 4+ 1 of Procedure A is equal to (1 — & d’ )[(2’” 2’) ¥, (N)]~! where

dd
lI/r(N) — Z d(")d(’) + Z d(r)d(r)

{Uiyvj}ﬁéEr {vi, UJ}EEr
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To simplify the notation, throughout the rest of this section, we will use ¥, and A,
to denote ¥, (N) and A, (N) respectively. We will also use the notation {v;, v;} and
{i, j} interchangeably. Moreover, the notation {i, j} includes the cases of i = j as
well.

For our analysis we need to write ¥, = A, + A, where

2m —2r ) ()
A,:( 5 )— Y. ady,

li,j} € Er
did; did;
_ (r) 4 didj (r) 4 4id;
Ar_Zdl. d; o Z d"d; o
{i.j) i.j)¢Er
i#] i#]

Notice that A, counts the number of possibilities for creating a self loop (i = j) or
making double edges. We distinguish between these two cases by an extra index. That
is

n (r)

d
AL = Z ( ’2 ) =# of self loops, and
i=1

AP = A, — AD = # of double edges.

Note that since all the existing pairs are suitable, the only type of multiple pairs that
can be created at step r + 1 are double pairs. Moreover,

{i.j} i.J) ¢ Er
i#]j i#]
o dMdH? =3 d)2a?
:(2171 i i) 22171(1 ) i E: di(r)d]('r)didj~
i) ¢ Er
i#]j

We distinguish between these three summations by adding a numerical index to A,;
ie.

n n
AV =3"a"d;, AP ="@"yda}, AV= Y d"d{dd,.
i=1 i=1 {i,j ¢Er
i

Hence,

1 2 3
oA — AP AP
r—- - ____________ — 0 -
8m 4m

The following simple bounds will be very useful throughout Sect. 7.

Lemma 11 For all r the following equations hold:

(2m—=2r)d2,
2

@ Ar =
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Gi) AV < dina (2 — 2r)
(iii) A, < 7(2’” 2)" Ay
Proof (i) At step r there are 2m — 2r mini-vertices left and for each u € W; there
are at most dmax — 1 mini-vertices in W; that u can connect to. Hence, Afl) <
%. Similarly u can connect to at most (dmax — l)2 mini-vertices in some
W; with i # j to create a double edge. Thus, Aﬁz) < w
Ay = Agl) + Aiz) the proof of (i) is clear.

(i) ALY < diax 32, di” = dinax 2m — 20).

(iii) It follows from the definition of A, that

-y 0 %idi _ di S N < oy (2m —2r
I 4dm T 4m 4 LT dm 2 '
{i,j}eEr {i,j)eE,

. Now using

O

In order to define v/, we look at a slightly similar model. Recall that G, is
the partial graph that is constructed up to step r. Imposing the uniform distribu-
tion on S(M), graph G, turns to a random subgraph of G that has exactly r
edges. We can approximate this graph by a different random subgraph of G. This
is done, by selecting each edge of G independently with probability p, =r/m and
denoting the resulted graph by G, . Now using G, as an approximation to G/,
we are ready evaluate quantities [, (Aﬁl)), Epr(Aﬁz)), Ep, (Aﬁl)), JEpr(Aﬁz)), and
E,, A, Throughout this section we often use the notations Agr) , Agr) ,and ¥, to
emphasis that the model is G, instead of G /..

Lemma 12 For each r the following equations hold:

d; :
i) E, AaD)= (2m —2r)? (Zl L (4 )) _ @m —2r)2 (A(d))

2 2m? 2 m
.. Qm—=2r)2 [r) . i(di—1d;—1)
(i) Ep, (A7) == ( T )
n 2
(i) Ep, (AD) = Qm — 2F)M
m
n 3
(V) Ep (AP)=@m—2r )22[ 14 +21’(2m 2r)72 14

W) E, AP =

Qm —2r)% (12 didi(di — 1)(dj = 1)
2 2m3

Proof (i) In the random model of G, each edge has a probability of ;- to be cho-
sen. Let X; the number of unsuitable edges that connect two mini-vertices of W; at
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(r + 1)th step of creating N. Hence, X; is equal to the number of unordered tuples
{j.i,k} where {j, i}, {i,k} € E(G) \ E(G ) which gives

n
AD = in. (16)
i=1

On the other hand for a fixed i, the number of tuples {j, i, k} where {j, i}, {i,k} €
E(G) is exactly (’é"), and with probability (1 — %)2 the edges {j, i}, {i, k} do not
belong to E(G 7). Thus, the equality E(X;) = (1 — %)2(‘3) holds and it can be used
in (16) to complete the proof of (i).

(ii) Define Y;; to be the number of unsuitable edges between W; and W; at
(r+ 1)th step of creating AV It is not hard to see that ¥;; also counts the number of un-
ordered tuples {k, i, j, I} where {i, j} € E(Gp;) but {k,i},{j,l} € E(G)\ E(Gn).
Hence,

AP = Z Yi). A7)

i~GJ

On the other hand for a fixed i ~g j, the number of tuples {k,i, j,/} where
{k,i},{j,1} belong to E(G) is exactly (d; — 1)(d; — 1). Moreover, the edges
{k,i},{j,1} do not belong to E(G ;) with probability (1 — %)2, and the edge
{i, j} belongs to E(G ;) with probability ... This gives the equality E(Y;;) =
(1= %)2(d,~ —1)(d; — 1) which can be used with (17) to complete the proof of (ii).
(iiii) The proof directly follows from E(d”) = (1 — L)d;.
(iv) Since each dl.(r) is a summation of d; Bernoulli i.i.d. random variables. We can

show
r 2 r r
E[(d")*] = (1 - —) d*+ —(1 - —)d,-
m m m
which proves (iv).

(v) The proof is similar to (ii), except we are using the following instead of (17)

3 § : (et
45)_ Yij-

i~GJj

The next step is to define v, as an approximation to E;,. (¥,). For that we will use
Lemma 12 and the following two estimates

E iz) — (2m —2}’)2 0 dlilax +0 dr%lax 2r
Pri 8m ) — 2 m? m?2 2m—=2r) |’

B A§3) r(2m — 2r)2 dﬁlax
pr = o\—5 |
4m 2 m
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Note that here we used the bound
st Y@+ dTh = 0mdyyg)
i~Gj

that will be repeatedly used in this section.
Now E,, (¥;,) is given by the following expression

C@m=2r)? M) | T i di = D(dj - 1)
Ep, () =~ [ —+ 3
(Z?=l d12)2 rdrzrtlax rdr%]ax
+ o3 —|—O< 3 + = )] (18)

Definition 2 The expected value of ¥, is denoted by v,. i.e. ¥, =E,, (¥;).
The following lemma is equivalent to (18).

Lemma 13 Forall r,

g — 2m —2r)? [ A(d) N rYingjdi—Ddj—1) N O d? e
" 2 m 2m3 16m3 "
Where G = 0( max max )

(m —r)m?

It is also straightforward to show that the following upper bound holds for ..

. . d%. (2m—2r)?
Lemma 14 For all r the quantity v, is bounded above by O (=25 —=).
Now we are ready to prove (4).
7.2 Algebraic Proof of (4)

For simplicity, we define xg to be Y ; (d; —1)(dj — 1). Therefore,

i~GJ
m—1 2m—2
I (")
2m—2
r=0 ( m2 1‘) — ¥
m—1
Vr
= l_[ (1 + 2m72r) )
r=0 ( 2 _l[’r
m—1 rd) r2i~cj(di_1)(df_1) Qi diz)z
:1_[<1+7+ 2m3 + 16m3 +§r>
r=0 1— 2m 2r - O( de)
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rm—1 Lg) X (Zidiz)z
—exp Zlog <l+ m + 2m3 + 16m3 +§r>:|
1— 2m 2r 0( mwx)

rd d*)? a4 d2
=eXp Zlg<l+ﬁ m+(21:6 3) +0< max T ))

m? (m — rym?

[m—1 3 242 4 2
—exp Z(M_FVXG_F Z d) +0<dmax+ Vdmax )):| (19)

—\ m 2m3 16m3 m2  (m—r)m?
(- —1 - d?)? d? d?
=exp | A(d) + mm =~ Dxa + (2 d) + O /2 4 1% Jog(2m)
L 4m3 16m?2 m m
_ [ - XG (Zidiz)2
=exp _A(d) + o + Tom2 +o(1)
[ o Dingididi Xigiditd) 1 (X dP)?
_ )\'d GJ _ I~GJ _ 171 l 20
xp| MO+ = m Tyt Tem2 o] 20
- - . .did;
= (1+o(1)) exp [x(d) +22(d) + %} Q1)
m

where (19) uses log(14x) = x — O (x?) and (20) uses dax = O (m'/*~7). The bound

Yr

2
Ot = 0(%) was used a few times as well. O

7.3 Partitioning the Set of Orderings S(M)

In order to prove (15), we need to study the large deviation behavior of function f on
the set S(M). For that we partition the set S(M) in four “major” steps. At each step,
one subset of S(M) will be removed from it.

Step 1. Consider those orderings A € S(M) where at any state during the algorithm,
the number of unsuitable edges does not exceed a constant (strictly less than 1)
fraction of the number of all available edges. More specifically, for a small number
O<t<1/31let

S*(M)z{NeS(M) | @, () < (1 _1/4)<2m2—2r): VO<r<m— 1}.

Then the first element of the partition will be S(M) \ §*(M).

Step 2. Consider those orderings N from the set $*(M) for which ¥, (N) — ¢, >
T, (logn)'*? for all 0 < r < m — 1. The function 7, will be defined in Sect. 7.4
and ¢ is a small positive constant. For example § < 0.1 works. Denote the set of all
such A/ by A.

Step 3. From the set $*(M) \ A, remove those elements with ¥, (N) > 0 for some r
with 2m — 2r < (log n)'+2_ Put these elements in the set 3.

Step 4. The last element of the partition is the remaining subset C = S*(M) \
(AU B).
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The journey towards proving (3) is divided into these five parts

E(f(N)14) =o(1), (22)
E(f(M)1p) =o(1), (23)
E(f(M)le) < 1+4o(1), (24)
E(f(M)le) =1 —o(1), (25)
E(f NV 1sompscmy) = o(D). (26)

These parts will be all proved is Sect. 7.5. The hardest of these proofs is for (22)
which is carried out by partitioning the set A into further subsets and using Vu’s
inequality on them. The remaining proofs for (23)—(26) are based on the standard
combinatorial and algebraic bounds.

7.4 More Notation

In order to prove (22) we need more notation. Remember from Sect. 7.3_ that § > 0
is a very small constant. Let @ = (logn)’. Let Ay = wlogn and A; = 2i)¢ for i =
1,2,...,L. Lissuchthat Ay _| < ch%lax logn < A where c is a large constant that

is specified later.

Definition 3 Let g, = (1 —r/m), p, =1 —¢q, YO <r <m — 1. Then let

Br(0) = e\ MmdB g2 + 1) By + 1),

Ve (h) = e\ LmdZn G + 1) (@2 g? + 72),
v, =8md>, q>.
Now the function 7} for all 0 <r <m — 1 is defined by

36,(A) 4+ 2min(y,(A), v,) if 2m — 2r > wl,
A2/ w otherwise.

Tr ()‘) = {

The intuition behind this definition will become clear when we use Vu’s concentra-
tion inequality in Sect. 7.5.2. Note that inequalities o, (1) < B,(X) and ¢ (A) < B,(A)
hold and we will use them in Sect. 7.5 to simplify the computations. Moreover,
with the above definition, since A; = 2A;_1, the following relation holds between
T (%), Tr(Ai-1)-

T () < 8Ty (Xi—1). 27

Now we will subpartition A and B. Define subsets Ag € A; C --- C Ay C S*(M)
by

Ai=NeS* M) [¥WN) =, <T,(1), VO<r <m—1}.
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Moreover, define Ay by Ago = S*(M) \ U,’L:o A;. Then we have

L
A= Ax U (UAi \A,»_1>.
i=l1

Since the main objective of partitioning .A is to prove (22), we are only interested

in finding upper bounds for f(N) =[] (1 4 %)- Therefore, the cases
2 —r

with ¥, (N) < v, are not troublesome.
Let K be an integer such that 2K ~1 < (logn)?*% 41 < 2K Next step is to consider
a chain of subsets By € B; C --- C Bg C Ao that are defined by

B ={NeAy| ¥ W) <2/, Vr > (2m — who)/2}.

It is not hard to see that the set C that was defined in step 4 in Sect. 7.3 is equal to
the set By. Note that 7;.’s are chosen such that for all r > (2m — wXp)/2 we have
T-(Ao0) = Aologn and by Lemma 14, for all r > (2m — wAo)/2 we have ¥, = o(1).
Thus, for all such r and all elements of A,

¥, <iplogn + ¢ < 2K
This shows that Ag = (Uf=0 Bj)UC and also B = Ule B;.
7.5 Proofs of (22), (23) and (24)

In this section we will bound the expected value E( f (V) on the sets Ao, C, and on
each of the sets of the form A; \ A; 1 and B; \ B; 1.

Lemma 15 Forall1 <i <L:

(@) P(A; \ Ajp) <e 200,

(b) Forall N in A; \ Aj_1 we have f(N) <%,
Lemma 16 For a large enough constant c:

(a) P(As) < e~ Cdmaxlogn

(b) Forall N in Ay we have f(N) < Ay logn
Lemma 17 Forall1 < j <K:

(2) P(B;\ Bj_) < e 2@/ ogn

(b) Forall N in Bj \ Bj_i we have f(N) < 0,
Lemma 18 For all N € C we have f(N) <1+ o(1).

Now it is easy to see that (22) follows from Lemmas 15 and 16. Note that by the
definition of K we have 2X/% « logn which gives 23//4 « 2//21ogn. Thus, we can
deduce (23) from Lemma 17. Finally, (24) is consequence of Lemma 18.
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Proof of Lemma 15 uses Vu’s concentration inequality but for the other three lem-
mas, typical algebraic and combinatorial bounds are sufficient. Throughout the rest
of this section we present a quick introduction to Vu’s concentration inequality. Then
we prove the above lemmas.

7.5.1 Vu’s Concentration Inequality

Proofs of Lemmas 15(a) and 16(a) use a very strong concentration inequality proved
by Vu [39] which is a generalized version of an earlier result by Kim and Vu [25].
Consider independent random variables ¢, 2, ..., t;, with arbitrary distribution in
[0,1]. Let Y(#1,12,...,1,) be a polynomial of degree k and coefficients in (0, 1].
For any multi-set A of elements 71,1, ...,1, let 94Y denote the partial derivative
of Y with respect to variables in A. For example if ¥ =1¢; + t13t22 and A = {11, 11},
B ={t1, 1} then

82 ) 2
04Y = —=Y =6t;, agY =
4 ot} 12 5 911910

Y =6itn.

For all 0 < j <k, let E;(¥Y) = maxa>;E(d4Y). Define parameters cg, dy recur-
sively as follows: ¢; =1,dy =2, cx =2k (cx_1 + 1), dy =2(dx_1 + 1).

Theorem 4 (Vu) Take a polynomial Y as defined above. For any collection of positive
numbers Ey > E1 > -+ - > & = 1 and A satisfying:

(@ & =E;(Y),and
(b) £j/Ejx1=Ar+4jlogn, 0<j<k—1

the following is true

P(IY ~ B 2 /28081 ) < die™ 4,
7.5.2 Proof of part (a) of Lemmas 15 and 16
In order to show part (a) of Lemma 15 we prove the stronger property
P(AS_|) < e 200, (28)

This property combined with Ay > cd?

ax logn proves part (a) of Lemma 16 as well.
From (27) we have

Af {Wr - Tr;’\i)}.

Hence, in order to show (28) it is sufficient to show the following two lemmas.

Lemma 19 For all r such that 2m — 2r > wl;:

IP(“I/,«(N) — Y| > 3B (1) +2H;1H(Vr()w)7 vr)) < €_Q(Ai).
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Lemma 20 For any r such that 2m — 2r < wk; we have
P, (N) — ¥ = A7 /w) < e 23,

Now we focus on Lemma 19. For each variable A,, A,, ¥, denote their analogues
quantity in G, by A, , Ap,, ¥p,.

Lemma 21 For all r we have P, ({|E(Gp, )| =71}) > %

Proof let f(m,r) =P, ({|E(Gp,)| =r}) then it can be seen that

, 1 1+1/r)"
fnr+1 _ (+1/r) <1 Vr<(m-—1)2.
f(m,r) (14 ——)m=r
Hence, the minimum of f(m, r) is around r = m /2. Using Stirling’s approximation
1 1
wecangetf(m,r)zﬁzz. O

By Lemma 21, with probability at least 1/n, G, has exactly r edges. Hence,
using A; > logn, for proving Lemma 19 we only need to show

3B, (1) + 2min(y, (4;), Vr)) < e—Q(M)

A (29)

]P’<|l[/ r _¢r| =

In order to prove (29) we define

() = ¢/ H0ndmaxg? + 1) (dmads + 1),

d2,
609 = ¢ fy (mdmana? +32) @ + 1.

It is flashforward that o, (1), ¢-(X) < B, (). Therefore, (29) is the result of the fol-
lowing lemma. Throughout the rest of the proof we fix r, i and remove all sub-indices
r, i for simplicity.

Lemma 22 For all p we have:

@) PUAY —E(AD)| = &) <e~2®)
(i) P(AD —E(AD)| > min@tr.bny < ,~20)

AP2=4D  E@UY)-EUY) .
(i) P(| (;) o '(3)— Lol > £y < e
. A EA) i , _

(i) P(1 g5 — | = PR < o780,

Proof (1) Similar to Kim and Vu’s proof, for each edge e of G consider a random
variable 7, which is equal to O when e is present in G, and 1 otherwise. These 7,’s
will be i.i.d. Bernoulli with mean g. Now note that

AY=Y Yty

u uecenf, e£f
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and

d
E(AY) =" < 2")612 < mdmaxq®.

u

For each 7, we have
(3, A0) = E( > rf) < 2(dmax — g < 2dmaxq-
f1fNezt)
Moreover, any partial second order derivative is at most 1. Hence,
(1 2
EO(AP ) <max(mdmaxq”, 2dmaxq, 1),
Ei(A}) < max(2dmaxg, 1) and

Ey(Aa0) < 1.

Now set &) = 4mdmaxq2 +422, & = 2dmaxqg + 2A, and & = 1. Then since A >
logm, the conditions of Theorem 4 are fulfilled. On the other hand, for ¢ sufficiently
large in the definition of &, c2+/AEpE] < /8.

(i1) We need to prove the following statements

}P’<|A(2) E(A%)] > B+ V) o200, (30)
P('A@ (@)= P 1Y )— e 2. 31)

Consider the same random variables ¢, from part (i). Let Q be the set of all paths of
length 3 in G. Then

AP = Z fotg(1 —17) = Z foly — Z fot flg.

{e.f.g)eQ le.f.gleQ {e.f.g}eQ

Now let Y1 =}, roeplete/4 and Yo =37, ¢ 1o tel ftg. Similar to part (i) we
have

EO(Yl) < max(m max4 /4 21xq/2 1)
Ei(Y)) < max(dmaxq/z, 1) and E,(Yp) <l1.

Therefore, set & = md2,,q*/2+2)%, £ = d>?,,q/2+2x, and & = 1. These satisfy
the conditions of Theorem 4. Again by considering ¢ large enough we have

P(|Y; — E(Y1)| > B/32) <e 9™, (32)
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For Y, we have

Eo(Y2) < max(mda,, g, 2dm,q?, 2dmaxq, 1),
E1(Y2) < max(2da,q%, 2dmaxq, 1)

and
E>(Y2) < max(2dmaxg, 1) and Esz(Y2)=1.

As before, set & = 2md>,.q> + 343, & = 2d2,,¢* + 2)%, and & = 2dmaxq + 1,
&3 =1 to obtain

P<|Yz —E(Yy)| > %) <e 20, (33)

Combining (32) and (33), (30) is proved. Finally, (31) is the result of (32) and the
following,

1A —E(AP)| < |[4Y| — 4E(Y))| + E(Y2) < |[4Y) — 4E(Y))| + mda,. >

%
< |4Y) —4E(YD| + 3

(iii) Here we will prove

(|40 By
8m 8m

> C1dpuxq A0+ m¢1)) <e W and  (34)

2) 2) 2

A A d

P(|S2 —B( 22 )| = S99 ) ndeng? + 22 (g +2) ) = e 2P (35)
8m 8m m

Note that by making c in the definition of ¢ large enough, (34) and (35) together give
us (iii). First we prove (34). Write

AP d, +d,
M= X gt
max e={u.v)eE(G) max

which is a polynomial with coefficients in (0, 1]. As before

E(Ag’l))< ( 1) ]E(Ag)><l
0 —max m 9 b 1 _
deax i 2dmalx

Now set &g = A +mgq and £} = 1. Thus,

(1) (1)
(=)
2dmax deax

<c1V/AG+ mq)) <dje 2", (36)
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By Lemma 11(ii) we have A < 2mdima.q. Hence, inequality [(A')2 —E(A))2| >

8c1md§1axq«/k()n + mgq) gives

(1 (1
i)
2dmax deax

Now using (36), (34) is trivial.
The proof of (35) is similar to the proofs in (i) and (ii). We start with the following
polynomial representation for Aﬁ,z)

A(Z) n dz 2
2d2 ZZZdZ < Z t")

> c1/A(A+mgq).

max max e:(i,A)
n dz
_ i
T (X o) #2353
i=1 max No—(j,.) max eNf=i
Then we represent the right-hand side by Z; + Z> where
n d2
=350 (Z te) and 7, = i,
max \o_; ) de eNf=i

The next step is to use Vu’s inequality for both Z; and Z; separately. The concentra-
tion for Z, is less sharp and it will dominate the concentration for Z| + Z,. For Z;
the inequalities

Eo(Z1) < max(mgq, 1), Ei(Zy) <1
show that the same &, £ as in (36) can be used to obtain the inequality
2

2d2 2d2..7Z d
]P’(‘ max _ ]E( max £ 1 ) ‘ <c _max \/m) < dze_g()\)- 37
m

8m 8m

2
Now for Z; the bounds on the partial derivatives are given by Eq(Z;) < max(mme‘“q ,

g, 1), E{(Y1) < max(q, 1), and E>(Y) = 1. Therefore, £ = mdmaxg> + 22> and
&1 =¢q + X, & =1 satisfy the conditions of Theorem 4 and we obtain the inequality

2d2 2d2 d2,
P(‘ maxZ _ E( max ) ‘ <3 r;::x \/)\.(mdmaxqz +2A2) (g + )\.))

8m 8m

< dhe PO, (38)

The final inequality (35) can now be shown by combining equations (37) and (38).
(iv) This case is treated exactly the same as (ii) because we have the following

(3)
Ap dyd
d2 = > %tetg(l —tf).

M e, f.g)eR, e={u.v) "M -

@ Springer



Algorithmica

Proof of Lemma 20 Using Lemma 11(iii) and the definition of ¥, from ¥, > A/ w
we can get

e e A d2 A

Ay>" —Ay>" —md? g? > — Tmax” T 39

7= w 7= w mmaXQ>a) 4dm (39)
)\'2

- 40

>0 (40)

where (39) uses 2mqg = 2m — 2r < w) and (40) holds since déaxaﬁ <Lm.
Since 2m — 2r is small then G, is very dense. Let us consider its complement G
which is sparse. Let No(#) = N (u) U {u}. Then using

Ap, <Y dg, ) Y dg, )

vEN((u)

and A, > 22 /2w, one of the following statements should hold:

(a) G4 has more than WA /4 edges.
(b) For some u, ZveNO(u) dg,(v) > w3

If (a) holds, since 2mg < w then

w2

2
A o2 4 -
IF’(Gq has more than a)T edges) < (&)‘14A < ( ::12?6)

7

2
< e—“’T)‘(logw—l—logZ) — 20

If (b) holds then the number of edges in G that contribute to 3, v, o) 4G, (V) is at
most d2,,, and each edge can contribute at most twice. Hence,

A

2
IP’( > dcq(v)zk/w3) < (d“;“)q%ﬁ

vEN((u) 2w3

A A

- 2d2,.qwie\ 27 - d? wte 2.3
A - m

_ e—ﬁ(logm—log(déaxw“)—l) < e_'Q(w% logm) _ 6_90‘).

Note that we need § in the definition of w to be small enough such that logm > «?
and for § < 1 this is true. 0

7.5.3 Proof of part (b) of Lemmas 15 and 16

Note that

m—1

lI/r(N) - I/fr
fWN) = (1 + _—>
H (") = v\
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and since ¥, (N) < (1 — r/4)(2m;2r) for N € $*(M) then

m—1
FO < 1—[ (1 N 16/t max(¥, (N) — wr,0)>'

_ 2
il 2m —2r)

Proof of Lemma 15(b) Using 1 + x < e* we only need to show

max (¥, (N) — ¢, 0)
2m —2r)?

<o(A).

M |

Il
o

r

To simplify the notation, let g(r) = W Note that 0 < g(r) < 1 which
gives sz 2r 2g(r) = o0(A). Hence, we only need to show ZM 2ol 2 g(r) =
o(A). Also note that the numerator of g(r) is at most 7, (A). Therefore, using the

definition of 7, (1),

wA?

2m—2 WA 2

A 3B8-(A) +2v
Z 8(r) < Z Q2m —2r)w + Z (Zrm — 2r)2r

2m—2r=A/w!/? 2m—2r=A/w!/? 2m—2r=wh
2m—2
N ’”Z 38,(M) + 2y, (M)
@m —2r)2
2m—2r=wk?

Therefore, it suffices to show

& 22 o 3B,(X) + 2v,
2o e, 2 amoa?

2m—2r=A/w!/? 2m—2r=
O3B0 20 _
r r
R e A
+ Z 2m —2r)? o(k).
2m—2r=w)?

A series of elementary inequalities will now be used to bound these three summa-
tions. We will use g, = 2’" ” to obtain

2m—2 3 1/2 1/2d2 2m—2 1

Z (Am axqr) ‘max Z
_ 2 /
ommiey (ZM—20) 2m/2 amarg ¥ 2M =21
31242 o 31242
=0 7“"”(/ —dx | =0 — =) =01,
< m x=2ﬁx> (ﬁ)””
2m—2

2m—2
(Zmd2, ghH'? A 1 Ad,
Z max 27 Tax Z — =0 —m;“/a; logm | =o(}),

2 1/2 _
o s 2m —2r) T 2m 2m —2r

2m—2r=2
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2m—2 2m—2

Z (A‘Sdélaxqr)l/z _ )"S/deax 1

Qm—2r)2 — 2m)!/2 Z (2m —2r)3/2
2m—2r=2

2m—2r=2

2324,
(ﬁ) = 0()\.), and

2m—2 22

2m
Z s < kz/- x2dx =o()).
(2m —2r) x=wk

2m—2r=w
Furthermore, we can show the following bounds
2m—2

2m—2
3 (Pmdgaa)'? 33 dina ’"Z L O(deax)
(2m — 2r)2 2mv2 S N2m = 2r ym )

2m—2r=2

23_:2 kzdmax‘h =0 (Azdmax logm )
2m—2r=2 (2m — 2)‘)2 2m ’
2m—2 3 00 3
A A
Z ——— = 0(%3/ xzdx) = 0<—2) =o(A), 41
2m—2r=wi? (2m - 2}’) x=wA2 o%
and
22 22
“’Z mdy4; ‘”Z da@m —2r) _ < w%“d%m) “2)
2 2 - 2 '
2m—2r=2 (2m 2r) 2m—2r=2 8m n

Remark 3 All previous equations are of order o(A), since A < Ay = O(dé1ax logn)

and dpyax = o(m%_’). Note that we also used v/A + B < VA + /B to find upper

bounds for B;, ;.
Il

Proof of Lemma 16(b) Similar to proof of Lemma 15(b) we will show

m 2m—2r m—d2.
fN) < l_[ M 1_[ <1+16/Tmax(l1/r(/\/’)_¢r70))

2m—2 — >
r=m—d>2,+1 ( mz r) - W) r=0 (2m —2r)
2 m_dz
2d2 dmax max N
{57 - 1+16/t——"
_< 2 ) 1_[ < * /T(2m—2r)2>
r=0
m_drznax dz
2
= (2d§1ax)dmax . 1_[ (] + 16/1’ max ) (43)
=0 2m —2r
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a2, log2d* )+3Y" dirax
S e max max i:d%ax+l i

< omax 108(2d3,,)+3 10g dmax+log m)
E e4drgnax logn (44)
where (43) use Lemma 11, and (44) uses m < ndmax/2 and dmax < m!3 <pl/2. O

Proof of Lemma 18 By the definition of C : Z;ﬁ‘lo_zr:Z g(r) =0. Thus, we only need
to show that if ¥, (N) — v, < T, (Ag) for all r with 2m — 2r > w then

m
> g =o(D).
2m—2r=wkg
For that it is sufficient to prove
m
T (M
2 & r(— ;)r)Z =oth.
2m—2r=wko mn

The proof is similar to the proof of Lemma 15(b) with a slight modification. Instead
of using (41) and (42) we use

2m—2 A} 00 )L3
> Gy 02 = 0<x3/ 3x2dx) = 0(—;’3) =o(1),
m —2r
2m—2r=w)»3 @k @40
and
iy 2 3 ol 2 2 2,6
md .. g 2m —2r)d; .« dirax@ g
Y o= X e =0t ) =e.
2m—2r=2 m r 2m—2r=2 m m

For the other equations in the proof of Lemma 15(b) let A = A¢ and they will
be o(1).

Proof of Lemma 17 (a) We have 2m — 2r < wg < (logn)?. This means proving the
bound only for one r is enough. Similar to the proof of Lemma 20, from ¥, > 2/ -1
we get A, > 2/ =2 Thus, one of the following statements hold:

(1) G, has more than 2//2-2 edges .

(ii) For some u, ZveNo(u) dg,(v) > 2//2-1

and rest of the proof will be exactly as in Lemma 20.
(b) By the definition of B;

wAo wlo

2J .
Y sns Y 5T =00).

Ym—2r=2 Ym—2r=2 O
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7.6 Proof of (25)

From Lemma 19, for all » with 2m — 2r > wl,
P(1% — ¥r| = (ko) + Br(ho) + (1 4 diyy /Am) v (Mo) + ¢ (o)) = 0(1). (45)

Let V be an ordering with |¥, — v,| < a,(Ao) + Br(ho) + (1 + dr%m/4m)yr (Xo) +
&r (M) for all 2m — 2r > wAg. Then

2m—2
ar (o) + Br(Ao) + vr (o) + & (X0)
fwn= J] (1-ae/m) .
2m—2r:wk3 (2m - 21’)
cu)»g 1/}
1—(16/1) —— |). 46
< 1 ( ( /r>(2m_2r)2> (46)
2m—2r=2
In Sect. 7.5 it was shown that % Zgz :gr:wkg or (o) +4, ’((;(1’1)1'2]/:;2)‘0)“’ o) — 4(1). Now

onecanuse 1 —x > e 2 when 0 <x <1 /2 to see that the first product in the

right-hand side of (46) is 1 — o(1). The second product is also 1 — o(1) because of
2

wkgdz = o(m) and the bound ¥, = O[(2m — 2r)2%] given Lemma 14. These,

together with (45) finish the proof of (25). In fact they show the stronger statement

E(f(M)1ssar) > 1 —o(1).

Remark 4 The proofs of this section and Sect. 7.5 yield the following corollary which
will be used in Sect. 7.7.

Corollary 1 For sufficiently large c in the definition of Lp,

1 max (@A) = 9,00\ _
E(exp [ﬁ ; am 27 :| =1+o0(1) (47)

Proof Bounds of Sect. 7.5 show that the contribution of the sets A; \ A; | and B; \
Bj_ are all o(1) and the contribution of C is 1 4 o(1). The contribution of A, also
is o(1) by taking the constant ¢ large enough. g
7.7 Proof of (26)

In this section we deal with those orderings A/ for which the condition

W,(N) < (1 —1/4) (2’" ) 2’") ()

is violated for some r. If this happens for some r then from Lemma 11(iii) and dﬁlax =
o(m) we have
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2

ArN) > (N) — %@n —2r)?

=W, () — z/4(2m N 2r> > (1-1/2) (2'" N 2r>.

d2 . (2m—2r)
2

On the other hand using Lemma 11(i) we have A,(N) < . So for

2
2m —2r > Z“_"“;‘ we have A, (M) < (1 —1/2) (2m;2r). Thus condition (%) is violated

2
only for r very close to m. Let S;(M), t=1,..., g'iarx, be the set of all ordering A/
for which (%) fails for the first time at r = m — . We will use Z;’il # =o0(1) to
prove (26). In particular we show

1
E(f(\)1s,) < 0(7).
m

N h 2m—2r o (N) = d(f)d(") 1— did; > 1 r%mx

ote t at( ) (. )_Z{i,j}eE, ( L) = (m—r)(1— 73 since
at step r there should be at least m — r su1table edges to complete the ordermg N.
Hence using dmax = O(m%_f) we have

(Zm 2r) d4
m
This gives
m—1 2m—2r
1_[ 2m— gr 2 ) <2[t'<2t
r=m-—t ( ) q/ (N)

and since ¢ is the first place that (x) is violated, then

m—t—1 2m—2r\ _ m—1 _
[ Sz )= <exp[§ 3 ma () Izpr,m}
r=0 ( ) Yy (N) T r=0 (2m —2r)

Thus,

m—1 2m—2r
(") =¥
FW)1s, =15, —m "
=t oW

16 "< max (¥, (\) — ., 0)
<2 IS,exp|:T Z Gm =22 :|
r=0
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Now using Holder’s inequality

' max (@, (N) — ¥, 0) D

. Emftf
E(f(N)lS,) <2t E(LS} exp|: T g (2m—2r)2

32" max(, (N) — ¥, 0) T\
t e 32 - rs
< 2%'E(ls) ]E<1St exp[,z go Qm —2r)? D '

But using Corollary 1, the second term in the above product is 1 4+ o(1) and we only
need to show

1
26'P(S)T < (1 4+ 0(1) —.
mrt

Let r =m — 1t and I"(u) = Ng,, (u) be the set of all neighbors of u in G .. Note
that

1
AN =347 Y @ —lum)
u vel (u)U{u}

and
2m —2r 1
(") =32 e~ 1w,
u v

Now 4,(N) > (1 — /2)(*";%) > (1 — v)(*";%) implies that a vertex u with
d" > 0 exists and

Yo @ = =) > (=) ) (@ = Lumy).

vel (u)U{u}
Equivalently
Yo dY <1y @D — lum) <T@m—2r — 1) <211, (49)
ve M (u)U{u} v

Any of the last ¢ edges of A/ that have at least one endpoint outside of I"(u), con-
tributes at least once to the left-hand side of (49). So there are at most 2t¢ such edges.
Letk =d, — |I"(u)| and let £ be the number of edges that are entirely in I"(«). Then
we should have k > 1 and £ > (1 — 27)i. Thus, the probability that d\” > 0 and
2 v I w)Uiu) d{") <211, for a fixed vertex u is upper bounded by

dy —k dy—k
(O

2

k>1, £>(1-27)t (rf)

Hence,

k L t—k—t

)

PSH<Y Y.

u k>1, £>(1-21)t (r:l)
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Now using

()5 (7%
k)~ k! 14 -

(m —d, — (du2_k)) - mi—k=¢

t—k—¢ (t—k—0)!

fort = O( max) = o(m'/?) we have
m m'

dy ([d3/2)° m! k=t

k! 2! —k—10)!

P(S) < (4o Y B EEED
u k>1, £>(1-21t)t t!

This means

(du/m)* (dF /2m)"1!
=(+o) > KON —k — )]
u k>1, £>(1-21)t

< +o(1))2ztZ:(du/m)(dz/zm)(1 zr)t <2n‘>

u

dmax 2 (1=27)t At
<1 1) —— d:/2 2
<({d+o()) . Eu(u/m)
d2 (1=27)¢
< (1+o(1) 2325 o Z( )

d2 (1-27)t
< (1+o(1))202%/3 —max
m

where (50) and (51) are basedon t < 1/3 and ( ) < 2% Moreover, (52) uses ), d,

(50)

(S

(52)

_ _ d2
ZMNGU(d,Ij 1+d1’f 1)§2mdk ! Now we can use 1 < e dmax<m4 Tand T <

1/3 to get

t —ep 22 /3 d4 574212
i max
2P(S)) s(1+o<1>>4r(2_t e 25,+,2)

4—574272

< +0(1))4f(L>
m

1-2.57+12

t
< (] +0(1))4t(m—2.75‘f+3.5‘[2—2'[3)

<0o@m™™).

0
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8 Bounding the Variance of the SIS Estimate

In this section we will prove two variance bounds from Sect. 4. We will borrow some
notation and results from Sect. 7.

8.1 Proof of (6)

It is easy to see that instead of proving (6) directly, we can consider the equivalent
formulation Ea (N?)/Ea(N)? < 1 4 o(1). For the numerator we have

1 2 1
EA(N?) = <7) PAWN) = ——.
On the other, we have the following estimate from the analysis of Theorem 1,

[+ oIS [ ("5 ) = v |

L)) =
L) T

Therefore,

EA(V) _ X0 XN Gt iy
EA(N)? L)

(2m2—2r)_q/r (N) ]

_ ZG ZN I—[:n:_()l[ (27712—2r)_]//r
m!|L(d)]

_ YGEEW)
L@

(53)

_ 2m—2r —y, N
where g(NV) = l_[’rn:ol %
2 r

form distribution on the set of all m! orderings, S(M). The goal is now to show that
if G € L(d) then

and the expectation E is with respect to the uni-

E(g(N)) < 1+o(1). (54)
Note that (53) and (54) finish the proof. Thus, we only need to prove (54).

Proof of (54) Before starting the proof it is important to see that g(N) = f(N)~!
and the aim of Sect. 7 was to show that E( f(N)) = 1 + o(1). In this section we will
show that the concentration results of Sect. 7 are strong enough to bound the variance
of g(N) as well.

Recall the definitions for variables A; and T (A;) from Sect. 7. Here we will con-
sider a different partitioning of the set S(M). Define subsets Fy C F; C--- C Fp C
S(M) as follows:

Fi=(NeSM) ¥ — % W) <Tr(4): YO<r <m—whi/2)
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and Foo = S(M) \ U,'L:o F;. The following two lemmas are equivalent versions of
Lemmas 15, 18.

Lemma 23 Foralll1 <i <L:

(@) P(F; \ Fi_y) <e 9%,
(b) Forall N in F; \ Fi_i we have g(N') < ).

Lemma 24 If N € Fy then g(N) <1+ o0(1).

Proof of these lemmas is similar to the proofs for Lemmas 15 and 18, and the only
extra information that is required is

A 2
Yy _ wkdmdx
2m—2r=2 2

2
Then for Lemma 23 we use wkd‘““" = 0()) and for Lemma 24 we use AO ——max 0(1)
The combination of these two lemmas gives E(g(NV)) <1+ o(1).

8.2 Proof of (7)

Similar to Sect. 8.1 we will use lemmas from Sect. 7. The main technical point in
this section is a new result which exploits the combinatorial structure of the model to
obtain a tighter bound than in Sect. 7.

Equation (7) is equivalent to

Eg(P?)
Ep(P)?

<1+o(1).

First notice that

Eg(P?) _m! Y yPsN)’ _ E(SWV)?)
Ep(P)? P (G)? E(f(\))?

Therefore, all we need to show is E(f(N)?) =1+ o(1).
Consider the same partitioning of the set S(M) as in Sect. 7. It is straightforward
to see that Lemmas 15, 16, 17, and 18 give us the following stronger results as well

E(f(N)?*14) = o(1),
E(f(N)?1g) = o(1),
E(f(N)?1¢) < 1 +o(1).

Thus, the only missing part is the following

IE(f(N)z13*(/\/1)\3*(/\/1)) =o(1) (55)

which we will prove by using the combinatorial properties of the model.
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Proof of (55) Recall that $*(M) \ $*(M) consists of those orderings A that violate
the condition

W,(N) < (1 — 7/4) (2’" ) 2’) (%)

for some r. If this happens for some r then from Lemma 11(iii) and dﬁl ax = 0(m) we
have

2
Ar(N) > W, (N) — d“;'z"( 2m — 2r)?

2m — 2r 2m — 2r
>l1/,(./\/)—r/4< 5 >>(1—r/2)< 5 )

2
On the other hand using Lemma 11(i) from Sect. 7: A, (N) < W So for

2
2m —2r > ;lm? we have A,(N) < (1 —7/2)(*";*"). Thus condition (¥) is violated
only for r very close to m. For these values of r we use the following combinatorial
lemma to find an upper bound for f(N).

2
Lemma 25 For all r such that 2m — 2r < %,
(Zm 2r) w
,

max-

W<
E) = W)

Proof Let n, be the number of available vertices (v;’s with W; # 0) at step r + 1.
Without loss of generality assume that all such vertices are vy, ..., v,,. For each
1<i<n,let c?<’> be the number of neighbors of v; among vy, ..., v,, atstepr + 1.
Then the number of suitable pairs at step r + 1 is at least 1/2 Z"’ —1- Jl.(r))di(r).
Now consider the cases n, > 2dyax or 1, < 2dmax separately.

1. For n, > 2dpn.x the number of suitable pairs at step r + 1 is at least
17237 (dinax)d” = dinax (m — r). Therefore,

") — _(m=n@m=-2r—1
) =0 N) ~ dyasm — (1 — o

S deax .

=o(m) and 2m —2r) < m“ <3d2../5.

2. For n, < 2dmax weusen, > 1+ dl.(r) dl.(r) to show that the number of suitable
pairs is at least

2
Here we used dj,

“ oG, )2 iz d(r))z
I/ZZ(n,—l—di )] 31/22(61,. )2 >1/2-=i= 2

i=1 i=1 r
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Hence,

") — v, _ (m—r@m-2r—1
(2m2—2r) —y, (N) (m— r)(2m 2r) (1— fnax)

1—+

d
max 2dmax

ST o) S O

Lemma 25 gives
m—1 2m—=2ry _
l_[ 2}5’! 22r ) wr = 2tdftnax'
r=m-—t ( ) lI/ (N)

From here we will closely follow the steps taken in Sect. 7.7. Since ¢ is the first place
that (x) is violated

m—t—1 2m—=2ry _ m—1 _
[ Sz )= <exp[§zmax(wrw) wm}

ol (Zm Zr) lI/ (N) (2m _2r)2
So,
m—1 2m—2r
fMLs =15 [] ) —w,

r=0 (2m2 2") -¥% (N)

<ot | texp|:l6 Z max(lI/ WN) — wr,O)].

Qm —2r)?

Now using Holder’s inequality

E(f(N)*1s,)
2 32" max (@ W) — . 0)
<2%dnE (15} €xp [ T Z(; (2m —2r)2

242 (1) T2E 64" max(, (W) — 9, 0) ”
=2MEs) TR lsew| T D TG o

From Corollary 1 the second term in the above product is 1 4+ o(1) and we only need
to show
1
2 12 —1/2
242, () < (14 o) -

Now using the bound given by (52) for P(S;) we have

24 /3 d4 5t4212
2 — 1 ml-25t+72

2242 26'P(S)! T < (1 +o(1))21 ( max
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