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Abstract

We provide the first polynomial time algorithm for the linear version of a market equilibrium model
defined by Irving Fisher in 1891, thereby partially answering an open question of [3]. Our algorithm is
modeled after Kuhn’s primal-dual algorithm for bipartite matching.

1 Introduction

We present the first polynomial time algorithm for the linear version of an old problem, first defined in 1891
by Irving Fisher [15]: Consider a market consisting of buyers and divisible goods. The money possessed
by buyers and the amount of each good are specified. Also specified are utility functions of buyers, which
are assumed to be linear (Fisher’s original statement assumed concave utility functions). The problem is to
compute prices for the goods such that even if each buyer is made optimally happy, relative to these prices,
there is no deficiency or surplus of any of the goods, i.e. the market clears.

Our paper partially answers the open question raised in [3], of computing equilibrium prices for the case of
linear utilities for the Arrow-Debreu model, in which there is no demarcation between buyers and sellers;
Fisher's model is a special case of the Arrow-Debreu model. Besides raising this question, [3] also gave
polynomial time algorithms for the linear case of the Arrow-Debreu model in case the number of goods or
agents is bounded, and initiated an algorithmic theory of market equilibria. Well before this, [14] had con-
sidered the question of polynomial time solvability of equilibria and gave a complexity-theoretic framework
for establishing evidence of intractability for such issues.

Before our work, the following folklore result was known: there is a PTAS for computing equilibrium prices
for the linear version of Fisher's model. This follows from Eisenberg and Gale’s [7] result, giving a convex
program for computing equilibrium prices, and the use of the ellipsoid algorithm. A corollary of our work

is that equilibrium prices have small denominators. As a consequence, the ellipsoid algorithm will compute
equilibrium prices exactly in polynomial time. Alternatively, Jain [9] uses diophantine approximation to show
that this approach leads to an exact polynomial time algorithm. Jain has also given a convex program for the
linear version of the Arrow-Debreu model and used the ellipsoid algorithm and diophantine approximation
to obtain a polynomial time algorithm for this case as well, thereby settling the open problem of [3]. Prior to
his result, [10, 4, 12] had given FPTAS's for the same problem.

Fisher's work was done contemporarily and independently of Walras’ pioneering work [18] on modeling
market equilibria. Through the ensuing years, the study of market equilibria has occupied center stage within
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Mathematical Economics. Its crowning achievement came with the work of Arrow and Debreu [1] which
established the existence of equilibrium prices in a very general setting, through the use of Kakutani’s fixed
point theorem. The First Welfare Theorem, showing Pareto optimality of allocations obtained at equilibrium
prices, provides important social justification for this theory.

The highly non-constructive nature of Arrow and Debreu’s proof naturally raised questions of efficient com-
putability of equilibrium prices. Despite impressive progress on this issue, e.g., Scarf’'s work [15], which has
been useful in many applications [2], polynomial time algorithms have evaded researchers, even for the case
of linear utility functions.

For the case of linear utilities, it is natural to seek an algorithmic answer in the theory of linear programming.
However, there does not seem to be any natural linear programming formulation for this problem. The main
contribution of this paper is to point out that despite this, a suitable adaptation of the primal-dual schema
yields a combinatorial solution to Fisher’'s problem. Our algorithm is modeled after Kuhn's primal-dual
algorithm for the bipartite matching problem [13]. At the heart of the primal-dual schema lies the following
powerful paradigm: the algorithm starts with trivial solutions to the primal and dual LP’s corresponding to
the given problem and alternately improves these solutions until a termination criterion is met (see [17] for

a detailed discussion); the current primal suggests how to improve the dual, and vice versa. We identify two
processes: the “primal process” updates the amount of each good sold to each buyer and the “dual process”
updates prices of goods. Throughout the algorithm the prices are such that buyers have surplus money left
over. Each update decreases this surplus, and when it vanishes, the prices are right for the market to clear
exactly. Our proof of correctness involves new combinatorial facts: understanding how the min-cut changes
in a network derived from a bipartite graph as the capacities of its source edges are increased.

Prior to this work, [11] had used the above-stated paradigm, of two processes making improvements relative
to each other, outside of the setting of linear programming. This naturally raises the question of whether there
is a formal mathematical framework in which such “primal-dual-type” algorithms can be set and analyzed.
Subsequent to this work [10, 5, 16] used the techniques introduced here for different generalizations of this
problem.

2 Problem

Consider a market consisting of a detof buyersand a setA of divisible goods Assume|A| = n and

|B| = n’. We are given for each buyérthe amount; of money she possesses and for each gottk
amountb; of this good. In addition, we are given the utility functions of the buyers. Our critical assumption

is that these functions are linear. Lgt denote the utility derived by on obtaining a unit amount of good

j. Given pricess, . .., p, Of the goods, it is easy to compute baskets of goods (there could be many) that
make buyer happiest. We will say thaiy, . .., p, aremarket clearingprices if after each buyer is assigned
such a basket, there is no surplus or deficiency of any of the goods. Our problem is to compute such prices
in polynomial time.

First observe that w.l.0.g. we may assume that éadék unit — by scaling the;;’s appropriately. The;;’s

ande;’s are in general rational; by scaling appropriately, they may be assumed to be integral. Now, it turns
out that there is a market clearing price iff each good has a potential buyer (one who derives nonzero utility
from this good). Moreover, if there is a solution, it is unique [8, 7]. We assume that we are in the latter case.

In [8], the problem is formulated as
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wherez;; is the amount of good allocated to buyei. The price of good in the equilibrium is equal to

the optimum value of the dual variable corresponding to the second constraint in the above program. We
will show in Section 5 that equilibrium prices are rational numbers with small denominators and therefore
they can be found in polynomial time using ellipsoid method. In the rest of the paper, we will develop a
combinatorial algorithm for finding the market equilibrium prices in polynomial time.

3 High level idea of the algorithm

Letp = (p1,...,pn) denote a vector of prices. If at these prices buyisrgiven goodj, she derives:;; /p;

amount of utility per unit amount of money spent. Clearly, she will be happiest with goods that maximize
this ratio. Define hebang per bucko bec«; = max;{u;;/p;}; clearly, for each € B, j € A, a; > w;;/p;.

If there are several goods maximizing this ratio, she is equally happy with any combination of these goods.
This motivates defining the following bipartite gragh, Its bipartition is(A, B) and fori € B, j € A (i, j)

is an edge inG iff «; = w;;/p;. We will call this graph theequality subgraptand its edges thequality

edges

Any goods sold along the edges of the equality subgraph will make buyers happiest, relative to the current
prices. Computing the largest amount of goods that can be sold in this manner, without exceeding the budgets
of buyers or the amount of goods available (assumed unit for each good), can be accomplished by computing
max-flow in the following network: Direct edges 6f from A to B and assign a capacity of infinity to all

these edges. Introduce source verend a directed edge frostto each vertey € A with a capacity op;.
Introduce sink vertex and a directed edge from each veriex B to t with a capacity ok;. The network is

clearly a function of the current pricgsand will be denotedV (p). The algorithm maintains the following
throughout:

Invariant: The pricegp are such thats, A U B U t) is a min-cut inN (p).

The Invariant ensures that, at current prices, all goods can be sold. The only eventuality is that buyers may
be left with surplus money. The algorithm raises prices systematically, always maintaining the Invariant, so
that surplus money with buyers keeps decreasing. When the surplus vanishes, market clearing prices have
been attained. This is equivalent to the condition {hat AU B, t) is also a min-cut inV(p), i.e., max-flow

in N (p) equals the total amount of money possessed by the buyers.

Remark 1 With this setup, we can define our market equilibrium problem as an optimization problem: find
pricesp under which networkV(p) supports maximum flow.

How do we pick prices so the Invariant holds at the start of the algorithm? The following two conditions
guarantee this:

e The initial prices are low enough prices that each buyer can afford all the goods. Fixing priges at
suffices, since the goods together cost one unit ang’alare integral.
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e Each goodj has an interested buyer, i.e., has an edge incident at it in the equality subgraph. Compute
«; for each buyet at the prices fixed in the previous step and compute the equality subgraph. If good
j has no edge incident, reduce its price to

uij
pj =maxq — p.
[3 Oéi

The iterative improvement steps follow the spirit of the primal-dual schema: The “primal” variables are the
flows in the edges oV (p) and the “dual” variables are the current prices. The current flow suggests how to
improve the prices and vice versa.

For S C B, define its moneyn(S) = > ;cpe;. W.r.t. pricesp, for setS C A, define its moneyn(S) =
>_jea pjs the context will clarify the price vectgs. ForS C A, define itsneighborhood inV (p)

I'(S)={j € B|3ie Swith(i,j) € G}.

By the assumption that each good has a potential bliyet) = B. The Invariant can now be more clearly
stated.

Lemma 2 For given pricegp networkN (p) satisfies the Invariant iff

VS C A:m(S) < m(I'(S)).

Proof :  The forward direction is trivial, since under max-flow (of valug¢A)) every setS C A must be
sendingn(.S) amount of flow to its neighborhood.

Let's prove the reverse direction. AssuifseJ A; U By, Ao U Bo Ut) is a min-cut inN (p), with A;, Ao C A

and B, B, C B. The capacity of this cut is1(A2) + m(B;1). Now, I'(4;) C By, since otherwise the cut

will have infinite capacity. Movingd; andI'(A;) to thet side also results in a cut. By the condition stated

in the Lemma, the capacity of this cut is no larger than the previous one. Therefore this is also a min-cut in
N(p). Hence the Invariant holds.

If the Invariant holds, it is easy to see that there is a uniqgue maximal setd such thatn(S) = m(I'(5)).

Say that this is théight setw.r.t. pricesp. Clearly the prices of goods in the tight set cannot be increased
without violating the Invariant. Hence our algorithm only raises prices of goods imdhee subgraph
consisting of the bipartitiofA— .S, B—T'(S)). We will say that the algorithrfreezeghe subgraplyS, I'(.S)).

Observe that in general, the bipartite grghI'(.S)) may consist of several connected components (Ww.r.t.
equality edges). Let these b8, T1), ..., (Sk, Tk)-

Clearly, as soon as prices of goodsAn- S are raised, edgds, j) with i € T'(S) andj € (A — S) will not

remain in the equality subgraph anymore. We will assume that these edges are dropped. Before proceeding
further, we must be sure that these changes do not violate the Invariant. This follows from:

Lemma 3 If the Invariant holds and C A is the tight set, then each gogd= (A — S) has an edge, in the
equality subgraph, to some buyee (B — I'(S5)).

Proof :  Since the Invariant holdg, € (A — S) must have an equality graph edge incident at it. If all such
edges are incidents at buyerdi(S), thenI'(S U j) = I'(S) and therefore

m(SUj) > m(S) = m((S)) = m(I(S U j)).
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This contradicts the fact that the Invariant holds.

We would like to raise prices of goods in the active subgraph in such a way that the equality edges in it are
retained. This is ensured by multiplying prices of all these goods agd gradually increasing, starting
with x = 1. To see that this has the desired effect, observe(thft and(i, [) are both equality edges iff

Pi _ U

Db Us]

The algorithm raises, starting withx = 1, until one of the following happens:

e Event 1: A setR # () goes tight in the active subgraph.

e Event 2: An edge(i, j) with: € (B —TI'(S)) andj € S becomes an equality edge. (Observe that as
prices of goods id — S are increasing, goods it are becoming more and more desirable to buyers
in B —I'(.S), which is the reason for this event.)

If Event 1 happens, we redefine the active subgraph toAe (S U R), B — I'(S U R)), and proceed
with the next iteration. Suppose Event 2 happens andjtlats;. Because of the new equality edgey),
I'(S;) = T; Ui. ThereforeS; is not tight anymore. Hence we mov;, T;) into the active subgraph.

To complete the algorithm, we simply need to compute the smallest valueatafhich Event 1 and Event
2 happen, and consider only the smaller of these. For Event 2, this is straightforward. Below we build an
algorithm for Event 1.

4 Finding tight sets

Let p denote the current price vector (i.e.aat 1). We first present a lemma that describes how the min-cut
changes inV(z - p) asx increases. Throughout this section, we will use the functioto denote money
w.r.t. pricesp. W.l.o.g. assume that w.r.t. pricgsthe tight set inz is empty (since we can always restrict
attention to the active subgraph, for the purposes of finding the next tight set). Define

o = mig ES))
~p£5ca m(S)

)

the value ofr at which a nonempty set goes tight. L¥t denote the tight set at prices$ - p. If (sU A; U
B1, Ay U By Ut) is a cut in the network, we will assume th&t, Ao C A andB;, B C B.

Lemma 4 W.r.t. pricesx - p:
o if x < x*then(s, AU B Ut) is a min-cut.
e if z > x* then(s, AU B Ut) is not a min-cut. Moreover, ifs U A; U By, A2 U By Ut) is a min-cut in
N(x - p) thenS* C A;.
Proof: Suppose: < z*. By definition ofz*,

VS CA:x-m(S) <m([(9)).
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Therefore by Lemma 2, w.r.t. prices p, the Invariant holds. Hendg, A U B U t) is a min-cut.

Next suppose that > z*. Sincex - m(S*) > z* - m(S*) = m(['(S*)), w.rt. pricesz - p, the cut
(sUS*UT(5*),t) has strictly smaller capacity than the ¢utJ A U B, t). Therefore the latter cannot be a
min-cut.

Let S* N Ay = Sy andS* — Sy = 5. Supposes, # . ClearlyI'(S;) C B; (otherwise the cut will have
infinite capacity). Ifm(I'(S2) N B2) < x - m(S2), then by movingS, andI'(S2) to thes side, we can get
a smaller cut, contradicting the minimality of the cut picked. In particulasyif= S*, then this inequality
must hold, leading to a contradiction. Hen&g,# (). Furthermore,

m(L'(S2) N Bg) > x - m(S2) > x*m(S2).

On the other hand,
m(T'(S2) N By) + m(T'(S1)) < z*(m(S2) + m(S71)).
The two imply that
m(L(5) _ .
m(Sh) ’

contradicting the definition of*. HenceS, = () andS* C A;.

Remark 5 A more complete statement for the first part of Lemma 4, which is not essential for our purposes,
is: If x < z*, then(s, AU B Ut) is the unique min-cut itV (x - p). If x = z*, then the min-cuts are obtained
by moving a bunch of connected componentsS6fI'(S*)) to thes-side of the cufs, AU B U t).

Lemma 6 Letz = m(B)/m(A) and suppose that > z*. If (s U A; U By, A2 U By U t) be a min-cut in
N(z - p) then A; must be a proper subset df

Proof: If A = A, thenB; = B (otherwise this cut haso capacity), ands U AU B, t) is a min-cut. But
for the chosen value af, this cut has the same capacity(asA U B U t). Sincex > z*, the latter is not a
min-cut by Lemma 4. Henced; is a proper subset of.

Lemma 7 x* and S* can be found using max-flow computations.

Proof: Letx =m(B)/m(A). Clearly,x > z*. If (s, AUBU¢t) is amin-cutinN(z - p), then by Lemma
4z* =z Ifso, 5" = A.

Otherwise, lefs U A; U B, Ay U By Ut) be a min-cut inV(z - p). By Lemmas 4 and 65* C A; C A.
Therefore, it is sufficient to recurse on the smaller graph I'(A;)).



Initialization:

Vje A pj—1/n; Vie B, a; — minju;;/pj;

Compute equality subgraph;

Vj € Aif degreeg(j) = 0thenp; «— max; u;;/a;;

Recomputes;

(F,F") — (0,0) (The frozen subgraph}H, H') < (A, B) (The active subgraph);

while H # () do

T« 1;

DefineVj € H, price ofj to bep;x;

Raisex continuously until one of two events happens:

if S C H becomes tighthen
Move (S,T'(S)) from (H, H') to (F, F');

L Remove all edges from” to H;

if an edge(i, j),i € H', j € F attains equalityp; = u;5/p;, then
Add (i, 7) to G;

L Move connected component pfrom (F, F') to (H, H') ;

Algorithm 1: The Basic Algorithm

5 Termination with market clearing prices

Let M be the total money possessed by the buyers anfl et the max-flow computed in network(p)

at current pricep. ThusM — f is thesurplus monewith the buyers. Let us partition the running of the
algorithm intophaseseach phase terminates with the occurrence of Event 1. Each phase is partitioned into
iterationswhich conclude with a new edge entering the equality subgraph. We will showy timtst be
proportional to the number of phases executed so far, hence showing that the surplus must vanish in bounded
time.

LetU = max;ep jca{ui;} and letA = nU™.

Lemma 8 At the termination of a phase, the prices of goods in the newly tight set must be rational numbers
with denominato< A.

Proof :  Let S be the newly tight set and consider the equality subgraph induced on the bipartition
(S,T'(S)). Assume w.l.0.g. that this graph is connected (otherwise we prove the lemma for each connected
component of this graph). Lete S. Pick a subgraph in whichican reach all other vertices € S. Clearly,

at most2|S| < 2n edges suffice. If reachesg’ with a path of lengtt2l, thenp; = ap;/b wherea andb

are products of utility parameters+;;’s) each. Since alternate edges of this path contributeandb, we

can partition theu;,'s in this subgraph into two sets such thaandb usew;;’s from distinct sets. These
considerations lead easily to showing thatS) = p;c/d wherec < A. Now,

p; = m(l(5))d/c,

hence proving the lemma.



Lemma 9 Each phase consists of at masiterations.

Proof :  Each iteration brings goods from the tight set to the active subgraph. Clearly this cannot happen
more tham times without a set going tight.

Lemma 10 Consider two phaseB and P’, not necessarily consecutive, such that ggdigs in the newly
tight sets at the end d? as well asP’. Then the increase in the price pfgoing fromP to P/, is > 1/A2.

Proof :  Let the prices ofj at the end ofP and P’ bep/q andr/s, respectively. Clearly; /s > p/q. By
Lemma 8, < A andr < A. Therefore the increase in price pf

1
P-

>

w3
Q3

Lemma 11 Afterk phasesf > k/A2.

Proof :  Consider phas® and letj be a good that lies in the newly tight set at the end of this phase. Let
P’ be the last phase, earlier thah such thatj lies in the newly tight set at the end &f as well. If there

is no such phase (becauBeis the first phase in which appears in a tight set), then I&t be the start of

the algorithm. Let us charge tB the entire increase in the price gf going from P’ to P (even though

this increase takes place gradually over all the intermediate phases). By Lemma 10>thigAg. In this
manner, each phase can be chargéfi?. The lemma follows.

Corollary 12 Algorithm 1 terminates with market clearing prices in at ma$n\? phases, and executes
O(Mn?A?%) max-flow computations.

Remark 13 The upper bound given above is quite loose, e.g., it is easy to shave off a fagtby giving a
tighter version of Lemma 9.

6 Establishing polynomial running time

For a given flowf in the networkN (p), define thesurplusof buyeri, ~;(p, f), to be the residual capacity of

the edg€(i, t) with respect tof, which is equal ton; minus the flow sent through the edget).

In this section we are trying to speed up Algorithm 1 by increasing the prices of goods adjacent only to
“high-surplus” buyers. However, the surplus of a buyer might be different for two different maximum flows
in the same graph. Therefore, we will restrict ourselves to a specific flow so that the surplus of a buyer is
well-defined. The following definition serves this purpose:

Define the surplus vectey(p, f) := (v1(p, f), v2(p, f), - - -, (D, f)). Let|lv|| denote thé; norm of vector

V.



Definition 14 Balanced flowFor any giverp, a maximum flow that minimizés/(p, f)|| over all choices of
f is called abalanced flow

If |v(p, )l < ll7(p, )], then we say is more balancethan f’.

For a givenp and a flowf in N(p), let R(p, f) be the residual network d¥ (p) with respect to the flovy.
We will give a characterization of balanced flow Vigp, f)

Lemma 15 Let f and f’ be any two maximum flows N (p). If v;(p, /') < vi(p, f) for somei € B, then
there exist g € B such thaty;(p, f) < v;(p, f') and

1. Thereis a path fromitoiin R(p, f) \ {s,t}.

2. There is a path fromto j in R(p, f') \ {s,t}.

Proof: Consider the flowf’ — f. It defines a feasible circulation in the netwdikp, f). Sincey;(p, f’) <
vi(p, f), there is a positive flow along the ed@et) in f' — f. By following this flow all the way back to

in the circulation, one can find a nogesuch that there is a positive flow fronto ;7 and then ta in f/ — f.
Since both flows are maximuna,is an isolated vertex irf’ — f and this flow does not go through Now,

' — fisavalid flow inR(p, f) and therefore there exists a path frgrto i in R(p, f) \ {s,t}. Moreover
having a positive flow from to j implies thaty;(p, f) < v;(p, f’). A similar argument shows that there is
also a path fromito j in R(p, f') \ {s,t}.

Lemmal6lfa > b > 0,7 = 1,2,...,nanddé > 37 ,6; whered,d; > 0,j = 1,2,...,n, then
H(a,bl,bg,...,bn>H2§H(a—i—é,bl—(51,()2—(52,...,[)”—(5“)”2—(52.

Proof :

n

(@+0)°+> (bi—06)"—a*> =D b>>06*+2a(6—) &) >0

=1 i=1 i=1

The following property characterizes all balanced flows. It defines the flows for which there is no path from
a low-surplus node to a high-surplus node in the residual network.

Property 1 There is no path from nodec B to nodej € B in R(p, f) if surplus ofi is more than surplus

Theorem 17 A maximum-flowf is balanced iff it has Property 1.

Proof :  Supposef is a balanced flow. Let;(p, f) > v;(p, f) for somei andj, and suppose for the sake
of contradiction, that there is a path frgnto i in R(p, f) \ {s, t}. Then one can send a circulation of positive
value along — j — i — tin R(p, f), decreasing; and increasing;. ¢ From Lemma 16 the resulting flow
is more balanced thafiy contradicting the fact that is a balanced flow.



To prove the other direction, suppose tlfais not a balanced maximum flow. Lé¢t be a balanced flow.
Sincel||y(p, )| < [[7(p, f)||, there exists € B such thaty;(p, ') < vi(p, f).

By Lemma 15, there exists€ B such thaty;(p, f) < v;(p, f’) and there is a path fromto i in R(p, f) \
{s,t}. Sincef has Property 1v;(p, f) < v;(p, f). The above three inequalities imply(p, /') < v;(p, f).
But again by Lemma 15, there is a path fréro j in R(p, f') \ {s,t} so f’ doesn’t have Property 1. This
contradicts the assumption thtis a balanced flow by what we proved in the first half the theorem.

The following lemma provides our main tool for proving polynomial running time of Algorithm 2. We will
use it to prove an upper bound on thenorm of the surplus vector of buyers at the end of every phase.

Lemma 18 If f and f* are respectively a feasible and a balanced flow\ilp) and for some € B and
d > 0 (f) = ~v(f*) + 4, then there is a flow’ and for somek: there is a set of vertices, is, - - - , iy, and
valuesdy, do, - - -, §;. such that

° Zle 0 <é

o Yi(f")=(f) -9

o i (f) = (f)+d

o %ilf) =7 (f).
Proof :  Considerf* — f in R(p, f) and in a similar fashion as in Lemma 15 follow the incoming flow
of nodei until you reachs or the nodei itself. Let f’ be the flow augmented frornfi by sending back the
flow through all these circulations and paths. We will hayef’) = ~;(f) — ¢ and for a set of vertices

11,19, - -, 1 and value9y, do, - - -, oy, S.t. Ef‘;l & < 4, we havey;, (') = 7;,(f) + 6;. Moreover, since™* is
balancedy; (f') = v (f*) = v, (f*) = v, (f')-

Corollary 19 ||v(p, NII? > |7 (p, f*)|I? + 62

Proof : By Lemma 16,|v(f,p)|* > [l7v(f,p)|* + 6* and sincef* is a balanced flow inV(p),
Iy (£ p)II? > v (f*, p)|*

Corollary 20 For any givenp, all balanced flows inV(p) have the same surplus vector.
As a result, one can define the surplus vector for a given priegmas:= ~(p, f) wheref is the balanced
flow in N(p). This vector can be found by computing a balanced flow in the equality subgraph in the

following way:

Corollary 21 For a given price vectop the balanced flow can be computed by at mostax-flow compu-
tation.
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Proof :  We will use the divide and conquer method. Lef,, := izlmz; =P Compute the
maximum flow in the equality subgraph after subtractimg, from the capacity of each edge adjaceritet

(S,T) be the maximal min-cut in that network.€ S,t € T. If A C S then the current maximum flow is
balanced. Otherwise, léf; and N, be the networks induced B U {s} and.S U {t} respectively. Claim

that the union of balanced flows i¥; and NV, is a balanced flow iQV.

In order to prove the claim, it is enough (from Theorem 17) to show that the surplus of all buy€rgiim

a balanced flow) is at least,,, and that of all buyers iV, is at mostmn,,,. We will prove the former; the
proof of the latter is similar. Lel be the set of all buyers i?V; with the lowest surplus, say. Suppose
5 < Mmayg- Let K be the set of goods reachable byn the residual network aiV; w.r.t a balanced flow. By
Theorem 17 no other buyers are reachable fiom this network. Hencel'n, (K') C L. Since the surplus
of all buyers inL is s, m(K) = m(L) — s|L| > m(L) — maw|L|. This is a contradiction to the fact that
(S, T) was a min-cut.

In a set of feasible vectors, a vectois calledmin-max fairiff for every feasible vector; and an index such
thatu; < v; there is g for whichu; < v; andv; < v;. Similarly, v is max-min fairiff «; > v; implies that
there is g for whichu; < v; andv; > v;.

Remark: The surplus vector of a balanced flow is both min-max and max-min fair.

6.1 The polynomial time algorithm

The main idea of Algorithm 2 is that it tries to reduftg(p, f)|| in every phase. Intuitively, this goal is

achieved by finding a set of high-surplus buyers in the balanced flow and increasing the prices of goods in

which they are interested. If a subset becomes tight as a result of this increase, we have |fgdoceq|

because the surplus of a formerly high-surplus buyer is dropped to zero. The other event that can happen is
that a new edge is added to the equality subgraph. In that case, this edge will help us to make the surplus
vector more balanced: we can reduce the surplus of high-surplus buyers and increase the surplus of low-

surplus ones. This operation will result in the reductiof{®fp, f)]|.

The algorithm starts with finding a price vector that does not violate the invariant. The rest of the algorithm

is partitioned intgphasesIn each phase, we have an active grafgh H') with H ¢ B andH’' C A and we
increase the prices of goods HY like Algorithm 1. Letd be the maximum surplus iB. The subsefd is
initially the set of buyers whose surplus is equadtdi’ is the set of goods adjacent to buyersin

Each phase is divided intiterations In each iteration, we increase the prices of good&fruntil either

a new edge joins the equality subgraph or a subset becomes tight. If a new edge is added to the equality

subgraph, we recompute the balanced flowlhen we add td? all vertices that can reach a memberif

in R(p, f) \ {s,t}. If a subset becomes tight as a result of increase of the prices, then the phase terminates.

Consider a phase in the execution of Algorithm 2. Defineand H; to be the price vector and the set of
nodes inH after executing the'th iteration in that phase. Lell, denote the set of nodes fi before the
first iteration.

Lemma 22 The number of iterations executed in a phase is at mostoreover, in every phase, there is an
iteration in which surplus of at least one of the vertices is reduced by at feast
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Initialization:

Vje A, pj— 1/n;

Vi € B, a; +— minj uij/pj;

DefineG(A, B, E) with (Z,]) € Fiff a; = uij/pj;

Vj € Aif degreeg(j) = 0then p; «— max; u;;/a;;

Recomputes; 6 = M,

repeat

Compute a balanced floyin G;

Defined to be the maximum surplus iB;

Define H to be the set of buyers with surplas

repeat

Let H' be the set of neighbors @&f in A ;

Remove all edges from3 \ H to H';

z « 1; DefineV;j € H', price ofj to bep;x;

Raisex continuously until one of the two events happens:

Event 1: An edge(i, j),i € H,j € A\ H' attains equalitye; = u;;/pj;
Add (i, j) to G;
Recomputef;
In the residual network corresponding fdn G, definel to be the set of buyers that can
reachH; H — HUI;

Event 2: S C H becomes tight;

until some subsef C H is tight,
until A istight;

Proof : Let k denote the number of iterations in the phase. Every time an edge is added to the equality
subgraph|H’| is increased by at least one. Thereféris at mostn.

Defined; = minjc g, (v;(p;)), for 0 < i < k. 5o = ¢ and the phase ends when the surplus of one buy&r in
becomes zero sf), = 0. So there is an iterationin whichd; — ;1 > %

Consider the residual network corresponding to the balanced flow computed at iterdtidhat network,
every vertex inH; \ H;_; can reach a vertex if/;_; and therefore, by Theorem 17, its surplus is greater
than or equal to the surplus of that vertex. This means that minimum suipkischieved by a vertekin
H; ;. Hence, the surplus of vertéxs decreased by at leakt ; — §; during iteratiort.

Lemma 23 If p, andp* are price vectors before and after a phasig(p*)||> < ||v(po)[I2(1 — 25).

n3

Proof :  In every iteration we increase prices of goodsHnor add new edges to the equality subgraph.
Moreover, all the edges of the network that are deleted in the beginning of a phase have zero flow. Therefore,
the balanced flow computed at iteratiois a feasible flow forV (p; . ;). Therefore by Lemma 19y (p,)| >

Iv(p)ll = [[v(p2)|l = -+ = ||v(pg)||- Furthermore, by the previous lemma there is an iteratiemd node

i such thaty; (p,_,) — vi(p,) > 2 . So we haveivy(p,)||? < [[v(Pi_1)||? — (2)? which means that

—

3>

V@I < @) I < )l = () < ol - ()2
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Now [[v(pyo)||* < 6°n so

IV EI? < o) (1 - ).

Remark 24 The upper bound given above is quite loose e.g. one can reduce the upper b()hnd;}p) by
considering all iterations in whichd;_1 — 6; > 0.

By the bound given in the above, it is easy to see that &fter’) phases||y(p)|? is reduced to at most half

of its previous value. In the beginninfy(p)||> < M2. Once the value ofy(p)||> < <, the algorithm

takes at most one more step. This is because Lemma 8, and consequently, Lemma 10 holds for Algorithm 2
as well. Hence, the number of phases is at most

0 <n2 log (A4M2)> =0 (nQ(logn +nlogU + log M))

As noted before, the number of iterations in each phase is atimdsach iteration requires at modSt(n)
max-flow computations.

Hence we get:

Theorem 25 Algorithm 2 executes at most
(0] (n4(log n+ nlogU + log M))

max-flow computations and finds market clearing prices.
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