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Foreword

Forward-looking behavior is at the heart of economics.
Choices over savings, occupations, earnings, invest-
ments, etc., all require forward planning under uncer-
tainty. Just how individuals and firms go about doing
this and how, as economists, we should best model
what they do are key to our understanding of eco-
nomic behavior and are the core concern of this book.
Few people have had such an impact on the devel-
opment of these aspects of economics as has Robert
Hall.

This volume makes a compelling case for the use
of the dynamic-programming approach to modeling
choices across a wide range of economic decision mak-
ing. Not just forward-looking consumption and labor
market decisions, but also health-care choices, where
the payoff is measured in terms of future quality of
life. Entrepreneurial startup decision making under
uncertainty is carefully examined too and a coherent
framework for examining moral hazard issues in the
provision of insurance to the risks faced on uncertain
investments is provided, using this to show the value
of venture investors.

The reader is introduced to the dynamic-program-
ming approach to modeling forward-looking behav-
ior in an accessible but rigorous way, emphasizing
the relationship to the choices being made by the de-
cision maker and the key issues the researcher will
face in practical implementation. The key preference
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viii Foreword

parameters required for modeling choices are de-
scribed as well as how to recover them from empir-
ical analysis in a fashion that is consistent with the
forward decision making framework.

We were extremely fortunate to have Robert Hall
present these ideas in the Gorman Lecture series and
it is wonderful to have them now brought together in
one volume.

Richard Blundell
University College London
Institute for Fiscal Studies
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Preface

When Richard Blundell asked me to give the Gorman
Lectures, I instantly accepted, but it raised the ques-
tion of whether there was any common theme in my
current research. In addition to my career-long strug-
gle to understand fluctuations in the labor market, my
recent work has looked at aggregate health spending,
entrepreneurship, and financial instability. It dawned
on me that I had approached this heterogeneous col-
lection of subjects with a common analytical core—a
family or personal dynamic program. In all of the mod-
els, people balance the present against the future. So
the unifying feature of the chapters in this volume is
a modeling approach.

The first chapter quickly reviews ideas about dy-
namic programs, a topic likely to be familiar to many
readers. I make some suggestions about numerical
solution and the representation of solved models as
Markov processes that may be novel to practition-
ers. Chapter 2 surveys recent research of the parame-
ters of preferences that often appear in personal dy-
namic programs: the intertemporal elasticity of sub-
stitution, the Frisch elasticity of labor supply, and the
Frisch cross-elasticity, a topic that has gained a lot of
attention recently.

Chapter 3 covers the first substantive model, one
of aggregate health spending, developed jointly with
Charles Jones. Here families divide current resources
between consumption and health care; the payoff to
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X Preface

health care is lowered mortality and increased qual-
ity of life. Formulating the dynamic program requires
close attention to modeling preferences for length of
life. We also use econometric estimates of the rela-
tion between health spending and life extension. We
argue that the rise in the share of GDP devoted to
health is consistent with optimal choice and is not an
automatic sign of waste. The dynamic program has a
large number of state variables, but is analytically be-
nign because the value function is linear in the state
variables.

Throughout my work using family dynamic pro-
grams, I have been aware that I was part of a large
group of applied economists using Richard Bellman’s
useful tool. We teach dynamic programming to all
first-year Ph.D. students, and, not surprisingly, they
reach for it to solve many problems of intertemporal
choice. Chapter 4 discusses a fine example of work
on an important policy issue by two leading applied
economists, Jeffrey Brown and Amy Finkelstein. They
study the adverse effects of the availability of pub-
lic insurance for nursing home and other long-term
care on the demand for private insurance for that risk.
Their dynamic program places a value on the gains to
families if private insurance could be used in conjunc-
tion with public benefits, a practice currently barred
in the United States.

Chapter 5 discusses my current thinking about fluc-
tuations in the labor market. The model seeks to ex-
plain a finding that has troubled me and many other
macroeconomists: the apparent inefficiency that oc-
curs in a recession, when idleness among workers
seems to signify a low marginal value of time, but
measures of the marginal product of labor do not
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Preface Xi

fall that low. A family dynamic program, using pref-
erences from chapter 2, seems to track consump-
tion and weekly hours of work quite reasonably, so
the remaining issue is movements in unemployment.
Here I incorporate ideas from the recent literature on
search-and-matching frictions.

Chapter 6 concerns family economics in two senses,
because it is joint work with my economist wife,
Susan Woodward, who has assembled a rich body
of data on outcomes for entrepreneurs who are in
venture-backed startup companies. The dynamic pro-
gram gives a unified treatment to two kinds of risk fac-
ing the entrepreneurs—the amount of the eventual fi-
nancial reward and the effort needed to achieve the re-
ward. Insurance against the risk would be hugely ben-
eficial to entrepreneurs but is impractical because of
moral hazard and adverse selection. Venture investors
limit the payoff to a share of the ultimate value of the
company to give a powerful incentive to the entrepre-
neur and to avoid giving money away to people who
do not have commercially valuable ideas.

Chapter 7 responds to current financial turmoil by
looking at one issue: the potential contribution to in-
stability from government guarantees of private debt.
The effect of a guarantee is to create a joint incentive
for borrowers and lenders to harvest the guarantee,
which enriches the borrower directly and thus influ-
ences the terms of the deal between the borrower and
lender. When financial institutions are facing substan-
tial probabilities of default, families consume more,
because the government may bail out their extra con-
sumption. The rise in consumption drives down inter-
est rates. Some of the features of financial crises may
result from the factors considered in the model.
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xii Preface

I am pleased to contribute to the activities that re-
member and honor Terence Gorman. He was a ma-
jor influence on my development as an economist,
though I spent little time with him personally. Un-
like many of his colleagues, he was not inclined to
spend much time touring the colonies. Reading the re-
marks at Terence’s memorial in 2003, including those
of my thesis adviser, Robert Solow, reminded me of
how thoroughly I was under Terence’s influence. His
favorite topics of capital aggregation and duality were
much in the air when I was a graduate student at
MIT in the mid 1960s. My first sole-authored profes-
sional publication—in the Review of Economic Studies,
naturally—dealt with exactly these topics.

I'was lucky enough to spend the amazing years 1967
to 1970 at Berkeley, and take part in a revolution in
thinking about household and production economics.
Dan McFadden taught me modern theory in this area,
much under Terence’s influence. Frank Hahn’s remark
at the memorial about Terence’s remaking of con-
sumer theory aptly captures what I learned in Berke-
ley: “It banished nasty bordered Hessians... it substi-
tuted the much deeper and simpler notions of con-
cavity and convexity, and made this branch of theory
really quite beautiful.”

I am grateful to University College London for host-
ing me for a week in connection with the lectures
and providing many opportunities to discuss the work
with many of the world’s experts in the areas of my
interests. I thank, as ever, the Hoover Institution for
supporting my research over the past thirty years and
Charlotte Pace for running my office and making many
improvements to the manuscript. The National Bureau
of Economic Research provided numerous opportuni-
ties to air the work and receive needed criticism.
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Preface xiii

My website (Google “Bob Hall”) contains a large
amount of supporting material for the research dis-
cussed in this book, including data and Matlab pro-
grams.

Chapters 2 and 5 draw from my paper, “Reconcil-
ing cyclical movements in the marginal value of time
and the marginal product of labor,” journal of Po-
litical Economy, April 2009, pp. 281-323, used with
permission of the publisher, © 2009 by the Univer-
sity of Chicago. Chapter 3 draws from my paper
with Charles I. Jones, “The value of life and the rise
in health spending,” Quarterly Journal of Economics,
February 2007, pp. 39-72, used with permission of
the publisher, © 2007 by the President and Fellows
of Harvard College and the Massachusetts Institute
of Technology. Figure 4.1 is used with permission
from Jeffrey R. Brown and Amy Finkelstein from their
paper, “The interaction of public and private insur-
ance: Medicaid and the long-term care insurance mar-
ket,” American Economic Review, September 2008,
pp- 1083-102, © 2008 by the American Economic As-
sociation. Chapter 6 draws from my paper with Susan
Woodward, “The burden of the nondiversifiable risk of
entrepreneurship,” American Economic Review, forth-
coming, used with permission of the publisher, © 2009
by the American Economic Association.
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1

Basic Analysis of
Forward-Looking
Decision Making

Individuals and families make the key decisions that
determine the future of the economy. The decisions
involve balancing current sacrifice against future ben-
efits. People decide how much to invest in health
care, exercise, and good diet, and so determine their
longevity and future satisfaction. They make choices
about jobs that determine employment and unem-
ployment levels. Their investment decisions are at the
heart of some issues of financial stability.

1.1 The Dynamic Program

Economists have gravitated to the dynamic program
as the workhorse model of the way that people bal-
ance the present against the future. The dynamic pro-
gram is one of the two tools economists tend to reach
for when solving problems of optimization over time.
The other is the Euler equation. The two approaches
are perfectly equivalent: if a problem is susceptible
to solution by a dynamic program, it is susceptible to
an Euler equation solution, and vice versa. The class
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2 1. Basic Analysis

of models suited to either method have the property
that the trade-off between this year and next year—
the marginal rate of substitution—depends only on
consumption this year and next year. Utility functions
with this property are additively separable. They have
the form,

> Blulxy), (1.1)
t

where x; is a vector of things the family cares about.
In words, the idea of a dynamic program is to sum-
marize the entire future in a value function, which
shows how much lifetime utility the family will enjoy
starting next year based on the resources for future
spending left after this year. People makes choices
about this year by balancing the immediate marginal
benefits from using resources this year against the
marginal value of the remaining resources as of next
year, according to the value function. A dynamic pro-
gram uses backward recursion. Start with a known or
assumed value function for some distant year. Find
the value function in the previous year by solving the
year-to-year balancing problem for all possible levels
of resources in that year. Keep moving backward in
time until you reach a year from now. Finally, solve
this year’s optimization by taking actual resources
and solving the balancing problem for this year’s
utility and next year’s value function. The dynamic-
programming approach is conceptually simple and
numerically robust. A famous book by Stokey and Lu-
cas (1989) helped persuade economists of the virtues
of dynamic programming for recursive problems.
The Euler equation approach considers a possible
choice this year and then uses the marginal rate of
substitution to map it into a choice next year. Apply
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1.1. The Dynamic Program 3

this as a forward recursion, to see where the immedi-
ate choice leads to at some distant future date. Again,
as in the dynamic program, you need to have some
concept of a distant target—for example, the family
cannot be deeply in debt at that time. Keep trying out
initial choices to find the one where the family meets
its distant target. Though this approach has some ap-
peal in explaining dynamic models, it fails completely
as a way to solve models numerically. The Euler equa-
tion is numerically unstable. Good methods exist for
dealing with the instability, but are rarely used in
modern dynamic economics because the dynamic pro-
gram approach works so well. The instability of the
Euler equation creates conceptual confusion as well,
because one might fall into the trap of thinking that
the aberrant paths that do not reach the target might
describe actual behavior.

All the models in this book rest on dynamic pro-
gramming. At the beginning of the year, the family
inherits some state variables as a result of choices
made last year and events during that year. These
could be wealth, health status, employment status, or
debt. The family picks values of choice variables: con-
sumption, health spending, job search, or borrowing.
A law of motion shows how the inherited values of
the state variables, the values of the choice variables,
and events during the year map into next year’s val-
ues of the state variables. The events include financial
returns, health outcomes, job loss, and fluctuations in
earnings.

The Bellman equation describes the condition for
recursive optimization:

Vi(st) = n}(Eth(ut(St,xt) + BEt Vis1(st+1)).  (1.2)
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4 1. Basic Analysis

Here V(s) is the value function, which assigns life-
time expected utility based on the state variables, s.
The choice variables are in the vector x;. The function
u(s,x) is the period utility that describes the flow of
satisfaction that the family receives when choosing x
given s. The general law of motion is

St+1 = ft(Se, xt, €¢). (1.3)

Here €; describes the random events that occur during
year t. Anything about year t that is known in advance
can be built into the function f;.

As a simple example, consider the standard life-
cycle saving model. The single state variable is wealth,
W;. The only choice variable is current consumption,
ct. The Bellman equation is

Ut (W) = Irng(u(ct) + BEe, Uts1(Wii1)) (1.4)

and the law of motion for wealth is
Wiv1 = (L+71) (W — ¢ + Vi + €). (1.5)

Here 7; is the known, time-varying return to savings,
y; is the known part of income, and €; is the random
part of income. Although it would be easy to write
down the first-order condition for the maximization
in the Bellman equation, the condition usually does
not add much to understanding. The best approach
is often just to leave the maximization to software
(Matlab).

As I noted earlier, to solve for the family’s optimal
choice this year, x;, start with a known value func-
tion in some distant year T, Vr(st), iterate backwards
to find Vi1, and then solve the Bellman equation for
the optimal x;. Sometimes (but never in this book),
the value functions have known functional forms. For
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1.2. Approximation 5

the great majority of interesting problems, the func-
tions need to be represented as well-chosen approx-
imations. Judd (1998) discusses this topic at an ad-
vanced level. The state variables may be discrete or
continuous. Discrete variables might tell whether a
person was employed or unemployed, or well or sick.
Discrete variables may also describe random outside
events, even some, such as financial returns, that
might be considered continuous. Endogenous state
variables such as wealth, that result from choices that
are continuous, need to be treated as continuous. One
should avoid the temptation to convert them to dis-
crete variables, as the resulting approximation is hard
to manage and gives unreliable results.

Handling discrete state variables is straightforward:
just subscript the value function by the discrete state.
Thus the Bellman equation when s; is discrete is

Vit = I’I}(Eth(ut(St, xXt) + BEt Vs oy t41). (1.6)

1.2 Approximation

Many interesting models have only a single continuous
state variable, including all the models in this book.
A useful family of approximations in that case is a
weighted sum of known functions of s. Let ¢;(s) de-
note these known functions—typically there are sev-
eral hundred of them. It is convenient to normalize
them so that they equal 1 at a give value s; and 0 at
the points corresponding to other of the functions:

¢i($;)) =1 and ¢;(5) =0, j=i. (1.7)
The approximation is
Ve(s) = 2 bi(s)Vir. (1.8)
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6 1. Basic Analysis

Under the normalization of the ¢s, the value V;; is
the value of V;(s) at s = s;. The approximation inter-
polates between the V; ; points for intermediate values
of s. The point defined by an s; and V; pair is called a

knot.
A convenient choice for the interpolation functions
is a tent:
pi(s) =0 if s <si1
S—Si-1 .
=2 -i-l ifsi 1 <s<s;
Si— Si-1
Siv1—S .
=20 e < s < si
Si+1 — Si
=0 if s > si41. (1.9)

The function V;(s) is then the linear interpolation be-
tween the knots.

Given a set of interpolation functions, the backward
recursion to find the current knot values is

Vit = H}g\X(ut(Si,Xt) + BE¢, Urs1(ft(si, Xt,€1))).

(1.10)
For the models in this book, with twenty years of back-
ward recursion and 500 knots in the approximation to
the value function, a standard PC, vintage 2008, takes
around half a minute to calculate the value functions.
When calculating the value functions, it is usually
a good idea to store away the choice functions, rep-
resented as values x;; of the optimal choice at time
t given state variable value s; (these are also called
policy functions).

1.3 Stationary Case

Sometimes the stationary value function is interest-
ing. Suppose that the decision maker is embedded

Copyright © Princeton University Press. Posting or other electronic distribution is not permitted.



1.4. Markov Representation 7

in an unchanging environment with the random es
drawn from an unchanging distribution. Suppose fur-
ther that the horizon is infinite. Then the value func-
tion becomes stationary, in the sense that it loses its
time subscript. The stationary approximating Bellman
equation is

Vi= m)gx(u(si,x) + BEV(f(si,x,€))). (1.11)

To find the values V; that solve this equation, we can
treat the Bellman equation as a big system of nonlin-
ear equations to be solved for the unknowns, V;. This
method is called projection and can be tricky, but when
it works it is usually fast. An alternative, foolproof
method is value function iteration. Start with arbitrary
Vi, put them on the right-hand side of the Bellman
equation, and calculate a new set. Iterate this oper-
ation to convergence, which is guaranteed (see Judd
1998, p. 412). This approach can be slow for bigger
problems (Judd discusses a number of ways to speed
it up).

1.4 Markov Representation

The solution to the dynamic program describes the
way a decision maker responds to an uncertain en-
vironment. From the stochastic driving force €, the
model generates the decision maker’s stochastic re-
sponse, in the sense of the joint distribution of the
endogenous variables of the model. Most researchers
describe the joint distribution by simulation. They
start at given values of the state variables s, evaluate
the choice functions x(s), draw a random ¢ from the
appropriate distribution, compute the new state vec-
tor from the law of motion, and continue for many
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8 1. Basic Analysis

simulated years. But simulation is extremely ineffi-
cient: to drive down the sampling errors from simu-
lation, which cause the joint distribution of the sim-
ulated data to differ from the true joint distribution
generated by the model, to acceptable low values, you
may need to simulate for days. Some (but not all) of the
aspects of the joint distribution are available with es-
sentially perfect accuracy by direct calculation rather
than simulation.

A recursive model is a Markov process. For given
current values of the state variables s, the choice func-
tions and the law of motion generate a probability dis-
tribution across states in the coming year. If the model
is stationary, the Markov process has constant proba-
bilities; otherwise, they vary with time. A Markov pro-
cess is fully defined by its transition matrix. Interest-
ing aspects of the joint distribution can be calculated
by standard matrix operations applied to the matrix.
For example, transition probabilities over more than
one year are powers of the transition matrix and the
stationary probabilities of a stationary model can be
calculated in no time by matrix inversion.

For a continuous state variable, the true transition
matrix is infinitely big, so again we need to use an ap-
proximation. I treat the model as assuming that the
state variables originate from only the grid of points
used in the earlier approximation, s;. Then I calculate
the transition probability from state s; this year to s;
next year as the probability that a person starting from
the exact point s; this year winds up in an interval con-
taining s;; next year. The interval runs from halfway
between s;/_; and s;- to halfway between s; and s;7,1.1
denote the transition probability as I1; ;; and calculate
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1.5. Distribution of the Stochastic Driving Force 9

it as
Sir—1 + fi'

Sir + 8741
> —_— .

My =P
ii rob [ >

< f(si,xi,€) <

(1.12)
Solve the linear system 7tIT = 1T and > ; 1; = 1 to find
stationary probabilities ;.

1.5 Distribution of the Stochastic Driving Force

The calculation of the Bellman equation requires the
evaluation of an expectation over the distribution of
the random €. One could imagine assuming a continu-
ous distribution of the disturbance with a known func-
tional form and performing an analytic or numerical
integration to form the expectation. But it is rare to
know that the disturbance has a particular functional
form and often impossible to do the integration ana-
lytically and challenging to do it numerically. It is usu-
ally better to use a purely empirical distribution. For
example, if the disturbance is productivity, one can
take 50 realizations of actual productivity. The inte-
gration is replaced by adding up the value function
at 50 values and dividing by 50. Chapter 6 takes this
approach with 14,000 values of startup companies.
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2

Research on Properties
of Preferences

The studies in this book use information about pref-
erences from research on individual behavior. Con-
sider the standard intertemporal consumption-hours
problem without unemployment,

max By > 87U (crer, hevr), (2.1)
=0
subject to the budget constraint,
z Rt r(Wiythesr — crer) = 0. (2.2)
=0
Here R is the price at time ¢ of a unit of goods
delivered at time t + T.

I let c(A,Aw) be the Frisch consumption demand
and h (A, Aw) be the Frisch supply of hours per worker.
See Browning et al. (1985) for a complete discussion of
Frisch systems in general. The functions satisfy

Ucs(c(A Aw),h(A, Aw)) = A (2.3)
and
Up(c(A,Aw),h(A, Aw)) = —Aw. (2.4)
Here A is the Lagrange multiplier for the budget con-
straint.
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2. Research on Properties of Preferences 11

The Frisch functions have symmetric cross-price re-
sponses: ¢c2 = —h1. They have three basic first-order
or slope properties:

o Intertemporal substitution in consumption,
c1(A, Aw), the response of consumption to
changes in its price.

e Frisch labor-supply response, h» (A, Aw), the
response of hours to changes in the wage.

e Consumption-hours cross-effect, co (A, Aw), the
response of consumption to changes in the
wage (and the negative of the response of hours
to the consumption price). The expected
property is that the cross-effect is positive,
implying substitutability between consumption
and hours of nonwork or complementarity
between consumption and hours of work.

Consumption and hours are Frisch complements if
consumption rises when the wage rises (work rises
and nonwork falls); see Browning et al. (1985) for a
discussion of the relation between Frisch substitution
and Slutsky-Hicks substitution. People consume more
when wages are high because they work more and con-
sume less leisure. Browning et al. (1985) show that
the Hessian matrix of the Frisch demand functions is
negative semi-definite. Consequently, the derivatives
satisfy the following constraint on the cross-effect
controlling the strength of the complementarity:

C22 < —ciho. (2.5)

Each of these responses has generated a body of lit-
erature. In addition, in the presence of uncertainty, the
curvature of U controls risk aversion, the subject of
another literature.
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12 2. Research on Properties of Preferences

To understand the three basic properties of con-
sumer-worker behavior listed earlier, I draw primarily
upon research at the household rather than the ag-
gregate level. The first property is risk aversion and
intertemporal substitution in consumption. With ad-
ditively separable preferences across states and time
periods, the coefficient of relative risk aversion and
the intertemporal elasticity of substitution are recip-
rocals of one another. But there is no widely accepted
definition of measure of substitution between pairs of
commodities when there are more than two of them.
Chetty (2006) discusses two natural measures of risk
aversion when hours of work are also included in pref-
erences. In one, hours are held constant, while in the
other, hours adjust when the random state becomes
known. He notes that risk aversion is always greater
by the first measure than the second. The measures
are the same when consumption and hours are neither
complements nor substitutes.

The rest of this chapter summarizes the findings
of recent research on the three key properties of the
Frisch consumption demand and labor supply sys-
tem. The own-elasticities have been studied exten-
sively. I believe that a fair conclusion from the re-
search is that Frisch elasticity of consumption demand
is Bc,c = —0.5 and the Frisch elasticity of hours supply
is B hh = 0.7.

The literature on measurement of the cross-elastici-
ty is sparse, but a substantial amount of research has
been done on the decline in consumption that occurs
when a person moves from normal hours of work to
zero because of unemployment or retirement. The ra-
tio of unemployment consumption ¢, to employment
consumption c. reflects the same properties of pref-
erences as does the Frisch cross-elasticity. I use the
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2.1. Research Based on Labor Supply 13

parametric utility function in Hall and Milgrom (2008)
to find the cross-elasticity that corresponds to the con-
sumption ratio of 0.85. It is a Frisch cross-elasticity of
Bc,h = 03.

2.1 Research Based on Marshallian and Hicksian
Labor Supply Functions

The Marshallian labor supply function gives hours of
work as a function of the wage and the individual’s
wealth. The Hicksian labor supply function replaces
wealth with utility. The elasticity of the Marshallian
function with respect to the wage is the uncompen-
sated wage elasticity of labor supply and the elastic-
ity of the Hicksian function is the compensated wage
elasticity. Both are paired with consumption demand
functions with the same arguments.

For simplicity, I will discuss the relation of the Mar-
shallian and Hicksian functions to the Frisch functions
used in chapter 5 with a normalization such that the
elasticities are also derivatives. I consider the prop-
erties of the functions at a point normalized so that
consumption, hours, the wage, and marginal utility A
are all 1. In this calibration, nonwage wealth is taken
to be zero; this is not a normalization. The research I
consider treats wage changes as permanent, in which
case we can examine a static Marshallian labor sup-
ply function where wealth is replaced by permanent
income.

From the budget constraint,

c(A Aw) —wh(A, Aw) = x, (2.6)

where x is nonwage permanent income, I differentiate
with respect to x, replace the derivatives of the Frisch
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14 2. Research on Properties of Preferences

functions with the S elasticities, and set x = 0 to find
the Marshallian income effect:

~ Bnn=Bcn
Bnh —Bee —2Ben’

By a similar calculation, the Marshallian uncompen-
sated labor elasticity is

(B = Be,n)® + Buh = Beyn
Bhn = Be,e = 2Be,n

The Hicksian compensated wage elasticity of labor
supply is the difference between the Marshallian elas-
ticity and the income effect:

By (Bnn = Be,n)®
R B — Bee — 2Ben’

The compensated elasticity is nonnegative.

Chetty (2006) takes an approach similar to the one
suggested by these relations, though without explicit
reference to the Frisch functions. He shows that the
value of the coefficient of relative risk aversion (or,
though he does not pursue the point, the inverse of the
intertemporal elasticity of substitution in consump-
tion, —1/B¢,) is implied by a set of other measures.
He solves for the consumption curvature parameter by
drawing estimates of responses from the literature on
labor supply. One is consumption-hours complemen-
tarity. The others are the compensated wage elasticity
of static labor supply and the elasticity of static labor
supply with respect to unearned income.

The following exercise gives results quite similar to
Chetty’s. From his table 1, reasonable values for the
income elasticity and the compensated wage elastic-
ity from labor supply estimates in the Marshallian-
Hicksian framework are —0.11 and 0.4. For the income

(2.7)

Bn,n (2.8)

(2.9)
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elasticity, the work of Imbens et al. (2001) is partic-
ularly informative. The paper tracks the response of
earnings of winners of significant prizes in lotteries. It
finds an income elasticity of 0.10. The range of values
of the Frisch parameters that are consistent with these
responses is remarkably tight with respect to the wage
elasticity Bp p. If the elasticity is 0.45, the complemen-
tarity parameter is B, = 0, its minimum reasonable
value, and the own-price elasticity of consumption is
Bc,c = —3.67, an unreasonable magnitude. The mini-
mum compensated wage elasticity is 0.4, in which case
the own-price elasticity of consumption is -0.4 and the
complementarity parameter is 0.4, at the outer limit
of concavity. At B, n = 0.402, the other elasticities are
Bc,c = —0.53 and B, = 0.38, not too far from the val-
ues used in chapter 5 of B = 0.7, Bcc = —0.5, and
Be.n = 0.3. The static labor-supply literature is reason-
ably consistent with the other research considered in
this chapter. It is completely inconsistent with com-
pensated or Frisch elasticities of labor supply in the
range of 1 or above.

2.2 Risk Aversion

Research on the value of the coefficient of relative risk
aversion (CRRA) falls into several broad categories.
In finance, a consistent finding within the framework
of the consumption capital-asset pricing model is
that the CRRA has high values, in the range from
10 to 100 or more. Mehra and Prescott (1985) be-
gan this line of research. A key step in its develop-
ment was Hansen and Jagannathan’s (1991) demon-
stration that the marginal rate of substitution—the
universal stochastic discounter in the consumption
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CAPM—must have extreme volatility to rationalize the
equity premium. Models such as that of Campbell and
Cochrane (1999) generate a highly volatile marginal
rate of substitution from the observed low volatil-
ity of consumption by subtracting an amount almost
equal to consumption before measuring the MRS. I am
skeptical about applying this approach in a model of
household consumption.

A second body of research considers experimental
and actual behavior in the face of small risks and gen-
erally finds high values of risk aversion. For example,
Cohen and Einav (2007) find that the majority of car in-
surance purchasers behave as if they were essentially
risk neutral in choosing the size of their deductible,
but a minority are highly risk averse, so the average
coefficient of relative risk aversion is about 80. But any
research that examines small risks, such as having to
pay the amount of the deductible or choosing among
the gambles that an experimenter can offer in the lab-
oratory, faces a basic obstacle. Because the stakes are
small, almost any departure from risk neutrality, when
inflated to its implication for the CRRA, implies a gi-
gantic CRRA. The CRRA is the ratio of the percentage
price discount off the actuarial value of alottery to the
percentage effect of the lottery on consumption. For
example, consider a lottery with a $20 effect on wealth.
At a marginal propensity to consume out of wealth of
0.05 per year and a consumption level of $20,000 per
year, winning the lottery results in consumption that
is 0.005% higher than losing. So if an experimental sub-
ject reports that the value of the lottery is 1%—say, 10
cents—lower than its actuarial value, the experiment
concludes that the subject’s CRRA is 200!

Remarkably little research has investigated the
CRRA implied by choices over large risky outcomes.
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One important contribution is Barsky et al. (1997).
This paper finds that almost two thirds of respondents
would reject a new job with a 50% chance of doubling
income and a 50% chance of cutting income by 20%.
The cutoff level of the CRRA corresponding to reject-
ing the hypothetical new job is 3.8. Only a quarter of
respondents would accept other jobs corresponding
to CRRAs of 2 or less. The authors conclude that most
people are highly risk averse. The reliability of this
kind of survey research based on hypothetical choices
is an open question, though hypothetical choices have
been shown to give reliable results when tied to more
specific and less global choices, say, among different
new products.

2.3 Intertemporal Substitution

Attanasio et al. (1999) and Attanasio and Weber (1993,
1995) are leading contributions to the literature on in-
tertemporal substitution in consumption at the house-
hold level. These papers examine data on total con-
sumption (not food consumption, as in some other
work). They all estimate the relation between con-
sumption growth and expected real returns from sav-
ing, using measures of returns available to ordinary
households. All of these studies find that the elasticity
of intertemporal substitution is around 0.7.

Barsky et al. (1997) asked a subset of their respon-
dents about choices of the slope of consumption un-
der different interest rates. They found evidence of
quite low elasticities, around 0.2.

Guvenen (2006) tackles the conflict between the be-
havior of securities markets and evidence from house-
holds on intertemporal substitution. With low sub-
stitution, interest rates would be much higher than
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are observed. The interest rate is bounded from be-
low by the rate of consumption growth divided by
the intertemporal elasticity of substitution. Guvenen’s
resolution is in heterogeneity of the elasticity and
highly unequal distribution of wealth. Most wealth is
in the hands of those with elasticity around 1, whereas
most consumption occurs among those with lower
elasticity.

Finally, Carroll (2001) and Attanasio and Low (2004)
have examined estimation issues in Euler equations
using similar approaches. Both create data from the
exact solution to the consumer’s problem and then
calculate the estimated intertemporal elasticity from
the standard procedure, instrumental-variables es-
timation of the slope of the consumption-growth-
interest-rate relation. Carroll’s consumers face perma-
nent differences in interest rates. When the interest
rate is high relative to the rate of impatience, house-
holds accumulate more savings and are relieved of
the tendency that occurs when the interest rate is
lower to defer consumption for precautionary rea-
sons. Permanent differences in interest rates result in
small differences in permanent consumption growth
and thus estimation of the intertemporal elasticity in
Carroll’s setup has a downward bias. Attanasio and
Low solve a different problem, where the interest rate
is a mean-reverting stochastic time series. The stan-
dard approach works reasonably well in that setting.
They conclude that studies based on fairly long time-
series data for the interest rate are not seriously bi-
ased. My conclusion favors studies with that character,
accordingly.

I take the most reasonable value of the Frisch own-
price elasticity of consumption demand to be —0.5.
Again, I associate the evidence described here about

Copyright © Princeton University Press. Posting or other electronic distribution is not permitted.



2.4. Frisch Elasticity of Labor Supply 19

the intertemporal elasticity of substitution as reveal-
ing the Frisch elasticity, even though many of the stud-
ies do not consider complementarity of consumption
and hours explicitly.

2.4 Frisch Elasticity of Labor Supply

Pistaferri (2003) is a leading recent contribution to es-
timation of the Frisch elasticity of labor supply. This
paper makes use of data on workers’ personal expecta-
tions of wage change, rather than relying on economet-
ric inferences, as has been standard in other research
on intertemporal substitution. Pistaferri finds the elas-
ticity to be 0.70 with a standard error of 0.09. This
figure is somewhat higher than most earlier work in
the Frisch framework or other approaches to measur-
ing the intertemporal elasticity of substitution from
the ratio of future to present wages. Here, too, I pro-
ceed on the assumption that these approaches mea-
sure the same property of preferences as a practical
matter. Kimball and Shapiro (2003) survey the earlier
work.

Mulligan (1998) challenges the general consensus
among labor economists about the Frisch elasticity
of labor supply with results showing elasticities well
above 1. My discussion of the paper, published in
the same volume, gives reasons to be skeptical of
the finding, as it appears to flow from an implausible
identifying assumption.

Kimball and Shapiro (2003) estimate the Frisch elas-
ticity from the decline in hours of work among lottery
winners, based on the assumption that the uncompen-
sated elasticity of labor supply is 0. They find the elas-
ticity to be about 1. But this finding is only as strong
as the identifying condition.
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Domeij and Floden (2006) present simulation results
for standard labor supply estimation specifications
suggesting that the true value of the elasticity may
be double the estimated value as a result of omitting
consideration of borrowing constraints.

Pistaferri studies only men and most of the rest of
the literature in the Frisch framework focuses on men.
Studies of labor supply generally find higher wage
elasticities for women.

Rogerson and Wallenius (2009) introduce a distinc-
tion between micro and macro estimates of the Frisch
elasticity, with the conclusion that the two can be quite
different. Their vocabulary is different from that of
chapter 5, so their conclusion does not stand in the
way of the philosophy employed there, of building a
macro model based on micro elasticities. By micro,
they refer specifically to estimating the Frisch elastic-
ity as the ratio of the slope of the log of hours of work
over the life cycle to the slope of log-wages over the
life cycle. They build a life-cycle model where most of
the effects of wage variation take the form of changes
in the age when people enter the labor force and when
they leave, so the slope while in the labor force seri-
ously understates the true Frisch elasticity. A noncon-
vex production technology is key to the understate-
ment. Although early attempts to measure the Frisch
elasticity used the approach that Rogerson and Wal-
lenius consider, the literature I have cited here uses
more robust sources of variation.

2.5 Consumption-Hours Complementarity

No research that I have found estimates the Frisch
cross-elasticity directly. A substantial body of work
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has examined what happens to consumption when a
person stops working, either because of unemploy-
ment following job loss or because of retirement,
which may be the result of job loss. Under some strong
assumptions, the decline in consumption identifies
the cross-elasticity.

Browning and Crossley (2001) appears to be the
most useful study of consumption declines during pe-
riods of unemployment. Unlike most earlier research
in this area, it measures total consumption, not just
food consumption. They find that the elasticity of a
family member’s consumption with respect to fam-
ily income is 56%, for declines in income related to
unemployment of that member. The actual decline in
consumption upon unemployment is 14%. Low et al.
(2008) confirm Browning and Crossley’s finding in U.S.
data from the Survey of Income Program Participation.

A larger body of research deals with the “retire-
ment consumption puzzle,” the decline in consump-
tion thought to occur upon retirement. Most of this re-
search considers food consumption. Aguiar and Hurst
(2005) show that, upon retirement, people spend more
time preparing food at home. The change in food
consumption is thus not a reasonable guide to the
change in total consumption. Hurst (2008) surveys this
research.

Banks et al. (1998) use a large British survey of an-
nual cross sections to study the relation between re-
tirement and consumption of nondurables. They com-
pare annual consumption changes in four-year-wide
cohorts, finding a coefficient of —0.26 on a dummy for
households where the head left the labor market be-
tween the two surveys. They use earlier data as instru-
ments, so they interpret the finding as measuring the
planned reduction in consumption upon retirement.

Copyright © Princeton University Press. Posting or other electronic distribution is not permitted.



22 2. Research on Properties of Preferences

Miniaci et al. (2003) fit a detailed model to Italian
cohort data on nondurable consumption, in a specifi-
cation of the level of consumption that distinguishes
age effects from retirement effects. The latter are bro-
ken down by age of the household head. The pure re-
tirement reductions range from 4 to 20%. This study
also finds pure unemployment reductions in the range
discussed above.

Fisher et al. (2005) study total consumption changes
in the Consumer Expenditure Survey, using cohort
analysis. They find small declines in total consump-
tion associated with rising retirement among the
members of a cohort. Because retirement in a cohort is
a gradual process and because retirement effects are
combined with time effects on a cohort analysis, it is
difficult to pin down the effect.

In the parametric preferences considered in Hall
and Milgrom (2008), a difference in consumption be-
tween workers and nonworkers of 15% corresponds
to a Frisch cross-price elasticity of demand of 0.3, the
value I adopt.
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Health

3.1 The Issues

In the American health system, families make some of
the important decisions about health spending. They
do so directly by some choices about when to seek
care, and more indirectly as voices at their employers,
who make choices about insurance coverage, and as
citizens, because the government has a large role in
financing health care for people over 64. In this chap-
ter, based on a joint paper with my colleague Charles
Jones (Hall and Jones 2007), a family dynamic pro-
gram governs the choice between current consump-
tion and investment in health. The model helps explain
the growth of GDP spent on health.

Over the past half century, Americans spent a ris-
ing share of total economic resources on health and
enjoyed substantially longer lives as a result. Debate
on health policy often focuses on limiting the growth
of health spending. Is the growth of health spending a
rational response to changing economic conditions—
notably the growth of income per person? A dynamic-
programming model of family choice about health
spending and consumption suggests that this is in-
deed the case. Standard preferences—of the kind used
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widely in economics to study consumption, asset pric-
ing, and labor supply—imply that health spending is
a superior good with an income elasticity well above
1. As people get richer and consumption rises, the
marginal utility of consumption falls rapidly. Spend-
ing on health to extend life allows individuals to pur-
chase additional periods of utility. The marginal util-
ity of life extension does not decline. As a result,
the optimal composition of total spending shifts to-
ward health, and the health share grows along with
income. In projections based on the quantitative analy-
sis of our model, the optimal health share of spend-
ing seems likely to exceed 30% by the middle of the
century.

The share of health care in total spending was 5.2%
in 1950, 9.4% in 1975, and 15.4% in 2000. Over the
same period, health has improved. The life expectancy
of an American born in 1950 was 68.2 years, of one
born in 1975, 72.6 years, and of one born in 2000,
76.9 years.

Why has this health share been rising, and what is
the likely time path of the health share for the rest of
the century? In the model, the key decision is the divi-
sion of total resources between health care and non-
health consumption. Utility depends on quantity of
life—life expectancy—and quality of life—consump-
tion. People value health spending because it allows
them to live longer and to enjoy better lives.

Standard preferences imply that health is a superior
good with an income elasticity well above 1. As people
grow richer, consumption rises but they devote an in-
creasing share of resources to health care. The quanti-
tative analysis suggests these effects can be large: pro-
jections in our model typically lead to health shares
that exceed 30% of GDP by the middle of this century.
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Figure 3.1. The health share in the United States.

The model abstracts from the complicated institu-
tions that shape spending in the United States and
asks a more basic question: from a social welfare
standpoint, how much should the nation spend on
health care, and what is the time path of optimal
health spending?

3.2 Basic Facts

The appropriate measure of total resources is con-
sumption plus government purchases of goods and
services. Investment and net imports are intermedi-
ate products. Figure 3.1 shows the fraction of total
spending devoted to health care, according to the U.S.
National Income and Product Accounts. The numer-
ator is consumption of health services plus govern-
ment purchases of health services, and the denomina-
tor is consumption plus total government purchases
of goods and services. The fraction has a sharp up-
ward trend, but growth is irregular. In particular, the
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Figure 3.2. Life expectancy in the United States.

fraction grew rapidly in the early 1990s and flattened
in the late 1990s. Not shown in the figure is the
resumption of growth after 2000.

Figure 3.2 shows life expectancy at birth for the
United States. Following the tradition in demography,
this life expectancy measure is not expected remain-
ing years of life (which depends on unknown future
mortality rates), but is life expectancy for a hypothet-
ical individual who faces the cross section of mortal-
ity rates from a given year. Life expectancy has grown
about 1.7 years per decade. It shows no sign of slowing
over the fifty years reported in the figure. In the first
half of the twentieth century, however, life expectancy
grew at about twice this rate, so a longer times series
would show some curvature.

3.3 Basic Model

The basic model makes the simple but unrealistic as-
sumption that mortality is the same in all age groups.
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Preferences are unchanging over time, and income and
productivity are constant. This model sets the stage
for the full model incorporating age-specific mortality
and productivity growth.

The economy contains people of different ages who
are otherwise identical, grouped in families who make
the economic decisions. All families and all family
members are identical. Let x denote a person’s health
status. The mortality rate of an individual is the in-
verse of her health status, 1/x. Because people of all
ages face this same mortality rate, x is also equal
to life expectancy. For simplicity at this stage, time
preference is zero.

In the stationary environment, the family’s value
function is a constant V times the number of mem-
bers of the family N, which is the only state variable.
The family’s dynamic program is

VN = max(ngu(c) + VNii1). (3.1)

The law of motion of family size is

Nt = (1 - %)Nt. (3.2)

Putting the law of motion into the dynamic program
and solving for V yields expected lifetime utility per
family member:

V =xu(c). (3.3)

In this stationary environment, consumption is con-
stant so that expected utility is the number of years
an individual expects to live multiplied by per-period
utility. Period utility depends only on consumption;
see Hall and Jones (2007) for a discussion of the exten-
sion to making the quality of life depend on health sta-
tus. Here and throughout the paper, utility after death
is zero.
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Rosen (1988) pointed out the following important
implication of a specification of utility involving life
expectancy. When lifetime utility is per-period utility,
u, multiplied by life expectancy, the level of u matters
a great deal. In many other settings, adding a constant
to u has no effect on consumer choice. Here, adding
a constant raises the value the consumer places on
longevity relative to consumption of goods. Negative
utility also creates an anomaly—indifference curves
have the wrong curvature and the first-order condi-
tions do not maximize utility. As long as u is positive,
preferences are well behaved.

The representative family member receives a con-
stant flow of resources 7y that can be spent on con-
sumption or health:

c+h=y. (3.4)

The economy has no physical capital or foreign trade
that permits shifting resources from one period to an-
other.

Finally, a health production function governs the in-
dividual’s state of health:

x = f(h). (3.5)

The family chooses consumption and health spend-
ing to maximize the utility of the individual in equa-
tion (3.3) subject to the resource constraint of equa-
tion (3.4) and the production function for health status
equation (3.5). That is, the optimal allocation solves

ma;le(h)u(c) st.c+h=y. (3.6)

The optimal allocation equates the ratio of health
spending to consumption to the ratio of the elasticities
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of the health production function and the flow utility
function. With s = h/y, the optimum is
s* h* np

1—s* c¢* no 3.7)

where
’ h ’ C
r”’LEf (h); and Ne=U (C)a

Now ignore the fact that income and life expectancy
are taken as constant in this static model and instead
consider what happens if income grows. The short-
cut of using a static model to answer a dynamic ques-
tion anticipates the findings of the full dynamic model
quite well.

The response of the health share to rising income
depends on the movements of the two elasticities in
equation (3.7). The crux of the argument is that the
consumption elasticity falls relative to the health elas-
ticity as income rises, causing the health share to rise.
Health is a superior good because satiation occurs
more rapidly in nonhealth consumption.

Why is n. decreasing in consumption? In most
branches of applied economics, only marginal utility
matters. For questions of life and death, however, this
is not the case. The utility associated with death is
normalized at zero in our framework, and how much
a person will pay to live an extra year hinges on the
level of utility associated with life. In our application,
adding a constant to the flow of utility u(c) has a ma-
terial effect: it permits the elasticity of utility to vary
with consumption. Thus the approach takes the stan-
dard constant-elastic specification for marginal utility
but adds a constant to the level of utility.

What matters for the choice of health spending,
however, is not just the elasticity of marginal utility,
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but also the elasticity of the flow utility function itself.

With the constant term added to a utility function with

constant-elastic marginal utility, the utility elasticity

declines with consumption for conventional parame-

ter values. The resulting specification is then capable

of explaining the rising share of health spending.
Period utility is

cl-y

u(c) =b + ,
-y
where y is the constant elasticity of marginal utility.
Based on the evidence in chapter 2, y > 1 is the likely
case. Accordingly, the second term is negative, so the
base level of utility, b, needs to be positive enough to
ensure that flow utility is positive over the relevant
values of c. The flow of utility u(c) is always less than
b, so the elasticity n. is decreasing in consumption.
More generally, any bounded utility function u (c) will
deliver a declining elasticity, at least eventually, as will
the unbounded u(c) = « + Blogc. Thus the key to
the explanation of the rising health share—a marginal
utility of consumption that falls sufficiently quickly—
is obtained by adding a constant to a standard class
of utility functions.

A rapidly declining marginal utility of consumption
leads to a rising health share provided the health pro-
duction elasticity n; does not itself fall too rapidly.
For example, if the marginal product of health spend-
ing in extending life were to fall to zero—say, it was
technologically impossible to live beyond the age of
100—then health spending would cease to rise at that
point. Whether or not the health share rises over time
is then an empirical question: there is a race between
diminishing marginal utility of consumption and the
diminishing returns to the production of health. As

(3.8)
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discussed later, for the kind of health production func-
tions that match the data, the production elasticity de-
clines very gradually, and the declining marginal util-
ity of consumption does indeed dominate, producing
a rising health share.

The simple model develops intuition, but it falls
short on a number of dimensions. Most importantly,
the model assumes constant total resources and con-
stant health productivity. This means it is inappropri-
ate to use this model to study how a growing income
leads to a rising health share, the comparative static
results notwithstanding. Still, the basic intuition for a
rising health share emerges clearly. The health share
rises over time as income grows if the marginal util-
ity of consumption falls sufficiently rapidly relative to
the joy of living an extra year and the ability of health
spending to generate that extra year.

3.4 The Full Dynamic-Programming Model

The full dynamic-programming model has age-specific
mortality, growth in total resources, and productivity
growth in the health sector. All families have the same
age composition.

An individual of age a in period t has an age-specific
state of health, x4,¢. As in the basic model, the mor-
tality rate for an individual is the inverse of her health
status. Therefore, 1 — 1/x,4, is the per-period survival
probability of an individual with health x, .

Anindividual’s state of health is produced by spend-
ing on health hg:

Xar = f(hap;a,t). (3.9)

In this production function, health status depends on
both age and time. Forces outside the model that vary
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with age and time may also influence health status—
examples include technological change and education.

The flow utility of the individual is

Cai’
u(cai,Xar) =b+ ———. (3.10)
: : 1-y
The first term is the baseline level of utility discussed
earlier. The second is the standard constant-elastic
specification for consumption.

In this environment, consider the allocation of re-
sources that would be chosen by a family who places
equal weights on each person alive at a point in time
and who discounts future flows of utility at rate S.
Let Nyt denote the number of people of age a alive
at time t. Let V;(N;) denote the family’s value func-
tion when the age distribution of the population is the
vector Nt = (N1,t,N2,t,...,Nayt,...). Then the family’s
dynamic program is

Vi (Nt)
= Tmax ( > Naiu(cat, Xayp) + 13Vt+1(Nt+1)>
{ha,t,cat} a=0
(3.11)
with law of motion
1
Nai1t+41 = (1 - 7)Na,t, (3.12)
Xa,t
subject to
> Nai(Yt = cap — hay) =0, (3.13)
a=0
No,+ = No, (3.14)
Xat = f(hat;a,t), (3.15)
Yir1 = €97 yp. (3.16)
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The law of motion for the population assumes a
large enough family so that the number of people aged
a + 1 next period can be taken equal to the num-
ber aged a today multiplied by the survival proba-
bility. This assumption is plainly unrealistic as far as
family composition. The assumption eliminates the
need to keep track of the distribution of age com-
positions across families. General-equilibrium models
often make this kind of assumption for tractability.

The first constraint is the family-wide resource con-
straint. Note that people of all ages contribute the
same flow of resources, y;. The second constraint
specifies that births are exogenous and constant at Ng.
The final two constraints are the production function
for health and the law of motion for resources, which
grow exogenously at rate g, .

Let A; denote the Lagrange multiplier on the re-
source constraint. The optimal allocation satisfies the
following first-order conditions for all a:

Uc(cat) = At, (3.17)

oVis1  f'(hay)

aNm—l,Hl X(Zl,t

+ ux(ca,t)f,(ha,t) =A¢, (3.18)

where f’(hg,) represents 0 f (ha;a,t)/0ha. Thatis,
the marginal utility of consumption and the marginal
utility of health spending are equated across family
members and to each other at all times. This condi-
tion together with the additive separability of flow util-
ity implies that members of all ages have the same
consumption c; at each point in time, but they have
different health expenditures h,; depending on age.
Normally, a value function with many state variables
creates substantial computational challenges. In this
model, none arise because the value function is known

Copyright © Princeton University Press. Posting or other electronic distribution is not permitted.



34 3. Health

to be linear:
Vi(Nt) = > VatNay; (3.19)
a

Vg, is the value of life at age a in units of utility.
Combining the two first-order conditions yields

2 2
Bva+1,t+1 + UxXagr  Xap

'I/LC uC B f’(ha,t).

The optimal allocation sets health spending at each
age to equate the marginal benefit of saving a life to its
marginal cost. The marginal benefit is the sum of two
terms. The first is the social value of life Bvg+1,t41/Uec.
The second is the additional quality of life enjoyed by
people as a result of the increase in health status.

Taking the derivative of the value function shows
that the social value of life satisfies the recursive
equation:

(3.20)

1
Va,r = ul(ce) + B(l - 7>Ua+1,t+l
Xa,t

+ At (Yt — ¢t — hgyt). (3.21)

The additional social welfare associated with having
an extra person alive at age a is the sum of three
terms. The first is the level of flow utility enjoyed by
that person. The second is the expected social wel-
fare associated with having a person of age a + 1 alive
next period, where the expectation employs the sur-
vival probability 1 — 1/x,4,. Finally, the last term is
the net social resource contribution from a person of
age a, her production less her consumption and health
spending.

The literature on competing risks of mortality sug-
gests that a decline in mortality from one cause may
increase the optimal level of spending on other causes,
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as discussed by Dow et al. (1999). This property holds
in this model as well. Declines in future mortality will
increase the value of life, v, ¢, raising the marginal
benefit of health spending at age a.

3.5 The Health Production Function

A period in the model is five years. The data are in
twenty five-year age groups, starting at 0-4 and end-
ing at 95-99. The historical period has eleven time pe-
riods in running from 1950 through 2000. See Hall and
Jones (2007) for a discussion of data sources.

The inverse of the nonaccident mortality rate (ad-
justed health status), X, is a Cobb-Douglas function
of health inputs:

ka,t = Aa(ztha,twa,t)ea- (3.22)

In this production function, A; and 6, are parame-
ters that depend on age. z; is the efficiency of a unit
of output devoted to health care, taken as an exoge-
nous trend; it is the additional improvement in the
productivity of health care on top of the general trend
in the productivity of goods production. The unob-
served variable w,; captures the effect of all other
determinants of mortality, including education and
pollution.

Hall and Jones (2007) discusses estimation of the
production parameters. Figure 3.3 shows the esti-
mates of 0,, the elasticity of adjusted health status,
X, with respect to health inputs, by age category. The
groups with the largest improvements in health sta-
tus over the fifty-year period, the very young and
the middle-aged, have the highest elasticities, rang-
ing from 0.25 to 0.40. The fact that the estimates of
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Figure 3.3. Estimated effects of
health inputs on health status.

0, generally decline with age, particularly at the older
ages, constitutes an additional source of diminishing
returns to health spending as life expectancy rises. For
the oldest age groups, the elasticity of health status
with respect to health inputs is only 0.042.

3.6 Preference Parameters

Chapter 2 discussed evidence on the curvature param-
eter of the utility function, y, with the conclusion that
y = 2 is the most reasonable value. Alternative val-
ues range from near-log utility (y = 1.01) to y = 2.5.
The discount factor, 8, is consistent with the choice
of y and a 6% real return to saving. With consumption
growth from the data of 2.08% per year, a standard Eu-
ler equation gives an annual discount factor of 0.983,
or, for the five-year intervals in the model, 0.918.

The intercept of flow utility b is determined to imply
a $3 million value of life for 35-39-year-olds in the year
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2000. Hall and Jones (2007) discusses this calculation
in detail, including many references to research on the
value of life.

3.7 Solving the Model

For the historical period 1950-2000, the solution uses
resources per person, y, at its actual value. For the
projections into the future, it assumes income contin-
ues to grow at its average historical rate of 2.31% per
year. Solution is by value function iteration, starting
with arbitrary values of the coefficients of the value
function v, 1 for a distant horizon T, solving equa-
tion (3.20) successively for each earlier period, evalu-
ating the v coefficients for the next earlier period, and
repeating back to 1950.

Figure 3.4 shows the calculated share of health
spending over the period 1950 through 2050 for y
between 1.01 and 2.5. A rising health share is a ro-
bust feature of the optimal allocation of resources in
the health model, as long as y is not too small. The
curvature of marginal utility, y, is a key determinant
of the slope of optimal health spending over time. If
marginal utility declines quickly because y is high,
the optimal health share rises rapidly. This growth
in health spending reflects a value of life that grows
faster than income. In fact, in the simple model, the
value of a year of life is roughly proportional to c?,
illustrating the role of y in governing the slope of the
optimal health share over time.

For near-log utility (where y = 1.01), the optimal
health share declines. The reason for this is the de-
clining elasticity of health status with respect to health
spending in our estimated health production technol-
ogy (recall figure 3.3). In this case, the marginal utility
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Figure 3.4. Health share of spending from the model
for various values of the curvature parameter y.

of consumption falls sufficiently slowly relative to the
diminishing returns in the production of health that
the optimal health share declines gradually over time.
The careful reader might wonder why all of the opti-
mal health shares intersect in the same year, around
2010. This intersection follows from choosing the util-
ity intercept b to match a specific level for the value
of life for 35-39-year-olds and to the fact that our
preferences feature a constant elasticity of marginal
utility.

3.8 Concluding Remarks

A model based on standard economic assumptions
yields a strong prediction for the health share. Pro-
vided the marginal utility of consumption falls suf-
ficiently rapidly—as it does for an intertemporal
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elasticity of substitution well under 1—the optimal
health share rises over time. The rising health share
occurs as consumption continues to rise, but con-
sumption grows more slowly than income. The intu-
ition for this result is that in any given period, people
become saturated in nonhealth consumption, driving
its marginal utility to low levels. As people get richer,
the most valuable channel for spending is to purchase
additional years of life. The numerical results suggest
the empirical relevance of this channel: optimal health
spending is predicted to rise to more than 30% of GDP
by the year 2050 in most of our simulations, compared
with the current level of about 15%.

This fundamental mechanism in the model is sup-
ported empirically in a number of different ways. First,
as discussed earlier, it is consistent with conventional
estimates of the intertemporal elasticity of substitu-
tion. Second, the mechanism predicts that the value of
a statistical life should rise faster than income. This is
a strong prediction of the model, and a place where
careful empirical work in the future may be able to
shed light on its validity. Costa and Kahn (2004) and
Hammitt et al. (2000) provide support for this predic-
tion, suggesting that the value of life grows roughly
twice as fast as income, consistent with our baseline
choice of y = 2. Cross-country evidence also suggests
that health spending rises more than one-for-one with
income; this evidence is summarized by Gerdtham and
Jonsson (2000).

One source of evidence that runs counter to our
prediction is the micro evidence on health spend-
ing and income. At the individual level within the
United States, for example, income elasticities appear
to be substantially less than 1, as discussed by New-
house (1992). A serious problem with this existing
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evidence, however, is that health insurance limits the
choices facing individuals, potentially explaining the
absence of income effects. Future empirical work will
be needed to judge this prediction.

As mentioned in the introduction, the recent health
literature has emphasized the importance of techno-
logical change as an explanation for the rising health
share. In the view developed here, technology change
is a proximate rather than a fundamental explanation.
The development of new and expensive medical tech-
nologies is surely part of the process of rising health
spending, as the literature suggests; Jones (2004) pro-
vides a model along these lines with exogenous tech-
nical change. However, a more fundamental analysis
looks at the reasons that new technologies are devel-
oped. Distortions associated with health insurance in
the United States are probably part of the answer, as
suggested by Weisbrod (1991). But the fact that the
health share is rising in virtually every advanced coun-
try in the world—despite wide variation in systems
for allocating health care—suggests that deeper forces
are at work. A fully worked-out technological story
will need an analysis on the preference side to explain
why it is useful to invent and use new and expensive
medical technologies. The most obvious explanation
is the model here: new and expensive technologies are
valued because of the rising value of life.

Viewed from every angle, the results support the
proposition that both historical and future increases
in the health spending share are desirable. The mag-
nitude of the future increase depends on parameters
whose values are known with relatively low precision,
including the value of life, the curvature of marginal
utility, and the fraction of the decline in age-specific
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mortality that is due to technical change and the in-
creased allocation of resources to health care. Never-
theless, it seems likely that maximizing social welfare
in the United States will require the development of
institutions that are consistent with spending 30% or
more of GDP on health by the middle of the century.
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Insurance

The study of insurance fits naturally into a dynamic
program. The family’s value function is almost al-
ways concave in wealth, so the family will want to
trade a small payment made with certainty—the insur-
ance premium—to avoid a large loss in wealth from
an insurable event, such as a car accident, fire, or
disability.

This chapter looks at one important type of in-
surance, for long-term care, through the lens of a
study by Brown and Finkelstein (2008) that exemplifies
the modern approach to the analysis of policy ques-
tions. Long-term care in nursing homes and similar
facilities accounts for 1.2% of GDP and almost 9% of
health spending. But only 10% of likely customers—
family members over 65—purchase private insurance
for long-term care. Most people go without insurance
and pay for care as they receive it, or take advantage
of Medicaid, the public program that pays for care for
families whose savings are exhausted and whose in-
comes are below a threshold (the social security pro-
gram for people over 64, Medicare, does not pay for
long-term care). The policy question is whether the
availability of Medicaid discourages the purchase of
private insurance. The answer is emphatically yes. The
authors’ dynamic program model sheds important
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light on how Medicaid could be redesigned to improve
the efficiency of the allocation of long-term care, by
bringing a larger fraction of the population under in-
surance. A big problem currently is that the limited in-
surance under Medicaid is enough to discourage peo-
ple from buying private insurance, even though they
are not always eligible for Medicaid support.

4.1 The Model

People in the model are in one of five states, indexed
by a discrete state variable s:

(i) no care needed;
(ii) receiving care at home;
(iii) receiving care in an assisted-living facility;
(iv) receiving care in a nursing home;
(v) dead.

The use of nonhome care is fairly high—12% of men
and 20% of women are in assisted-living facilities at
some time after age 65, and 27% of men and 44%
of women are in nursing homes at some time. Be-
cause married women substantially outlive their hus-
bands on average, men are often cared for at home by
their wives, who then enter nursing homes after their
husbands die.

Although the paper is firmly rooted in a dynamic
program, you need to download the appendix from the
AER website to see it written out (Google “AER Brown
Finkelstein”).

The individual’s period utility function has constant
elasticity:

1—
UC+F) = w. (4.1)
L-Yy

Copyright © Princeton University Press. Posting or other electronic distribution is not permitted.



44 4. Insurance

People consume in two ways, as an amount chosen and
paid for directly by the individual, C, and an amount
provided by a facility, Fs, for s = 3 and s = 4; F; =
F> =0.

A person has a continuous state variable, assets, W.
The law of motion for wealth contains all the special
institutional aspects of long-term care and Medicaid.
The ingredients are A, the individual’s annuity retire-
ment income, B, the maximum benefit that private
insurance pays, X, out-of-pocket long-term care ex-
penditures by the individual, P, the private insurance
premium, and 7, the monthly real rate of interest.

The first issue is eligibility for Medicaid. An eligible
person needs care (s = 2, 3, or 4), has assets below a
threshold (W < W), and has income A + *W below a
threshold C plus expenditures on care not reimbursed
by private insurance. Although eligibility depends on
past choices, given the state variables, it is determined
as of the beginning of the period.

For an individual not eligible for Medicaid, the law
of motion for assets is

Wi = (1+7) (W +Ar+min(Bs ¢, Xs,t) —Ps —C) (4.2)
and for those on Medicaid

Wiir = (1 +7)(min(We, W) + C - C). (4.3)
The individual’s dynamic program is
1 ,
Vae(W) = max (U(C+Fe) + 1 > VW) ).
(4.4)

Here p is the rate of impatience and q is the transition
matrix from state s to state s’.

The authors solve the dynamic program by back-
ward value-function recursion, starting at age 105,
using a grid of 1,400 values of W.
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Table 4.1. Annual transition matrix
among health-care states.

State next year

e
r \

No Home Assisted Nursing
State this year care care living home Dead

No care 91 2.1 0.4 1.9 4.4
Home care 12 63 1.2 10 14
Assisted living 14 41 19 15 11
Nursing home 7.4 19 7.7 48 17
Dead 0 0 0 0 100

4.2 Calibration

Brown and Finkelstein take the coefficient of relative
risk aversion as y = 3, higher than the value advocated
in chapter 2, but they report that the conclusions also
hold with less risk aversion.

The authors use a transition matrix that is an ap-
proximation of a well-established model of the dynam-
ics of health care. The model has a number of state
variables and complicated patterns of time depend-
ence. The approximation is a monthly time-varying
Markov process. Table 4.1 shows the 12th power of the
transition matrix for eighty-year-old women. Those re-
ceiving no care are 91% likely to require no care in the
following year and only 4.4% likely to die. Those re-
ceiving home care have a 12% likelihood of recovering
and requiring no care and about a 25% likelihood of
moving on to more intensive care or dying. Assisted
living is by far the least persistent state—more than
half in that state will improve to no care or home care
in the following year and about a quarter will move
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to nursing homes or die. The mortality rate in nursing
homes is 17% per year.

Costs for care are $2,160 per month for assisted liv-
ing and $4,290 for nursing homes. They do not re-
port the cost of home care but state that it is sub-
stantially less expensive. The Medicaid ceiling on as-
sets, W, is $2,000 and the ceiling on income, C, is
$30 per month for those in assisted living and nurs-
ing homes and $545 per month for home care. The
value of consumption supplied in facilities is $515 per
month.

4.3 Results

The authors state the results of the analysis in terms
of the willingness to pay for insurance. They find the
value function V for an individual in the environment
of the model, except that private insurance is not
available. They then solve the equation,

V(W) =V(W +P(W)), 4.5)

for the extra wealth, P(W), needed to compensate the
individual denied access to insurance so she achieves
the same level of expected utility as she would with in-
surance. Willingness to pay depends on the reference
level of wealth, W. Chapter 6 shows how to build this
calculation directly into the dynamic program, rather
than doing it later, but the results are the same.
Figure 4.1 shows the willingness-to-pay function
P (W) for men and women. The horizontal axis is the
location of the individual in the relevant wealth dis-
tribution, specified as a percentile. The median (50th
percentile) wealth is about $220,000. About 60% of
this wealth takes the form of the present value of re-
tirement annuities. The private insurance pays up to
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Figure 4.1. Willingness to pay for
private long-term care insurance.

$3,000 per month and its price involves a load, the dif-
ference between the price and the actual present value
of the benefit. Men and women pay the same price, but
the insurance is way more valuable to women than to
men, for the reason mentioned before—men are much
more likely to have a wife to provide care at home
than women are to have a husband. The load for men
is 50%—the benefits are only half the price—and for
women, —6%. Equal pricing for men and women gener-
ates a large cross-subsidy, because the costis so much
higher for women. Brown and Finkelstein do not take
up the policy issue of whether equal pricing has social
benefits over pricing closer to cost.

For both men and women, willingness to pay rises
with wealth. The slope is the reverse of what would
be found for most kinds of insurance. Chapter 6 will
show that insurance against the idiosyncratic risk of
entrepreneurship is more valuable for those with less
wealth. The unusual upward slope arises from the role
of Medicaid—people with less wealth are much more
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likely to deplete their wealth down to the low level that
makes them eligible for Medicaid coverage of long-
term care. People with, say, half a million dollars of
wealth (at the 80th percentile) are unlikely to pur-
sue that strategy, so, lacking insurance from Medicaid,
they value private insurance.

For both men and women, the cutoff level of wealth
is a little below $300,000 (60th percentile). Above this
level, the model says that people should buy long-term
care insurance. Below the cutoff, Medicaid provides
enough insurance that private insurance is not worth
the cost.

If loads were zero for private insurance separately
priced for men, the situation would not be terribly dif-
ferent (loads are close to zero for women already). The
cutoff wealth level would fall to $220,000 (50th per-
centile). Medicaid would continue to crowd out private
insurance for half of the men.

The role of Medicaid in discouraging the purchase
of private long-term care insurance can be expressed
in the form of an implicit tax on private insurance. For
men the tax rate is 99.8% in the lowest wealth decile,
59% at the median wealth, and 3% in the highest decile.
Implicit tax rates are even higher for women, at 99.9%,
77%, and 5%.

Medicaid prohibits people from buying insurance
that coordinates with Medicaid benefits by covering
only the cost of long-term care that Medicaid does not
cover. The authors calculate the lost value from this
prohibition as the willingness to pay for an actuari-
ally fair (zero load) insurance policy of the prohibited
type. The lost value is zero for those in the bottom
20% of the wealth distribution, is $20,000 for men and
$30,000 for women at median wealth, and is $101,000
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for men and $166,000 for women in the top 10% of the
wealth distribution.

The constant-elastic (constant relative risk aversion)
utility function in the Brown-Finkelstein model has
the property that people are enormously concerned
about even small probabilities of low consumption—
the marginal utility of consumption approaches in-
finity as consumption approaches zero. They investi-
gate the possible role of this property in two ways: by
adopting a constant absolute risk aversion (exponen-
tial) utility function and by positing that relatives and
charity place a floor on consumption. Both alternative
specifications replicate the main finding that Medicaid
substantially displaces private insurance. They also
make a general argument that the displacement in-
variably implies that the total amount of insurance is
less than would be purchased if Medicaid did not exist
but the public could buy actuarially fair zero-load pri-
vate insurance. The reason is that even the wealthiest
risk-averse people will buy such insurance.

The authors caution that all of these conclusions
flow from a model with strong assumptions about
rational economic behavior. Not everybody buys insur-
ance when it is reasonably priced. The model omits
factors such as adverse selection that are known to
impede insurance markets. But the paper is a lead-
ing example of what can be learned from a family
dynamic program that makes a serious attempt to
build in features of the economy that matter for policy
making.

Copyright © Princeton University Press. Posting or other electronic distribution is not permitted.



D

Employment

Dynamic choices of families are central to aggregate
movements of key variables: hours of work, the em-
ployment rate, and consumption. This chapter asks
how far the received principles of family choice can
take the economist in understanding the cyclical prop-
erties of these variables. Figure 5.1 shows the data
whose joint movements I seek to understand. The data
are detrended to focus on the cyclical movements. The
series are nondurables and services consumption per
person, weekly hours per worker, the employment rate
(fraction of the labor force working in a given week, 1
minus the unemployment rate), and the average prod-
uct of labor for the United States. Common move-
ments associated with the business cycle are promi-
nent in all four measures. Consumption and produc-
tivity are fairly well correlated with each other and so
are hours and employment. The correlation of produc-
tivity with hours and employment is lower, especially
in the last fifteen years of the sample.

The model in this paper considers a worker in a rep-
resentative family that maximizes the expected dis-
counted sum of future utility. Unlike the models in the
other chapters, I do not actually solve a dynamic pro-
gram. Instead I ask if behavior is consistent with time-
separable preferences with the elasticities discussed
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Figure 5.1. Detrended consumption, hours per worker,
employment rate, and productivity. The tick marks on the
vertical axis are one percentage point apart. Constants are
added to the series to separate them vertically.

in chapter 2. The family chooses consumption and
the hours of workers according to completely stan-
dard principles. I find the Frisch system of consump-
tion demand and weekly hours supply equations the
most convenient way to embody these principles.

I do not assume that the members of the family are
on their labor supply functions. Frictions in the labor
market prevent market clearing in that sense. The fam-
ily takes friction in the labor market as given—though
the family would allocate all of its eligible members
to working if it could, in fact only a fraction of them
are working at any moment because the remainder are
searching for work. A key element of the model is a
function that relates the employment rate to the same
variables that control the consumption and hours
choices of the family. Even though the family takes
the employment rate as a given feature of the labor
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market, the employment rate resulting from the inter-
action of all workers and firms depends on marginal
utility of goods consumption and the marginal prod-
uct of labor. Thus the model describes consumption,
hours, and the employment rate in terms of just two
factors.

In this chapter, I do not consider the small procycli-
cal movements of participation in the labor force—
Hall (2008) documents these movements. For simplic-
ity, I treat the labor force as exogenously determined.

I treat marginal utility and the common value of the
marginal value of time and the marginal product of
labor as unobserved latent state variables. I take each
of the four indicators—consumption, hours, the em-
ployment rate, and productivity—as a function of the
two latent variables plus an idiosyncratic residual. I
do not use macro data to estimate the model’s slope
parameters. One reason is that the model falls short
of identification. The main reason is that macro data
are probably not the best way to estimate parameters;
data at the household level are generally more power-
ful. Tuse information from extensive research on some
of the coefficients.

5.1 Insurance

By adopting the same device as in chapter 3—an as-
sumption that people live in such large families that
the law of large numbers applies to them—the analysis
in this chapter makes the assumption that workers are
insured against the personal risk of the labor market
and that the insurance is actuarially fair. The insur-
ance makes payments based on outcomes outside the
control of the worker that keep all workers’ marginal
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utility of consumption the same. This assumption—
dating at least back to Merz (1995)—results in enor-
mous analytical simplification. In particular, it makes
the Frisch system of consumption demand and labor
supply the ideal analytical framework. Absent the as-
sumption, the model is an approximation based on
aggregating employed and unemployed individuals,
each with a personal state variable, wealth. Blundell
et al. (2008) find evidence of substantial insurance of
individual workers against transitory shocks such as
unemployment.

I do not believe that, in the U.S. economy, consump-
tion during unemployment behaves literally accord-
ing to the model with full insurance against unem-
ployment risk. But families and friends may provide
partial insurance. I view the fully insured case as a
good and convenient approximation to the more com-
plicated reality, where workers use savings and par-
tial insurance to keep consumption close to the levels
that would maintain roughly constant marginal util-
ity. I make no claim that workers are insured against
idiosyncratic permanent changes in their earnings ca-
pacities, only that the transitory effects of unemploy-
ment can usefully be analyzed under the assumption
of insurance.

5.2 Dynamic Labor-Market Equilibrium

This section develops a unified model of the labor
market and production. The outcome is a set of four
equations relating the four observed variables in fig-
ure 5.1—consumption, weekly hours, the employment
rate, and the tax-adjusted marginal product of labor—
to a pair of latent variables: the marginal utility of
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consumption and the marginal value of time. For con-
sumption and hours, I use the Frisch consumption de-
mand and hours supply equations, which provide a
direct connection to alarge body of research on house-
hold behavior in the Frisch framework. For the em-
ployment rate, I use an equation relating the employ-
ment rate to marginal utility and the marginal value of
time derived from a generalization of the search and
matching model.

I consider an economy with many identical fami-
lies, each with a large number of members. All work-
ers face the same pay schedule and all members of
all families have the same preferences. The family in-
sures its members against personal (but not aggre-
gate) risks and satisfies the Borch-Arrow condition
for optimal insurance of equal marginal utility across
individuals. In each family, a fraction n; of workers
are employed and the remaining 1 — n; are searching.
These fractions are outside the control of the family—
they are features of the labor market. In my calibra-
tion, a family never allocates any of its members to
pure leisure—it achieves higher family welfare by as-
signing all nonworking members to job search and it
never terminates the work of an employed member.
Thus, as I noted earlier, Ineglect the small variations in
labor-force participation that occur in the actual U.S.
economy. To generate realistically small movements
of participation in the model I would need to introduce
heterogeneity in preferences or earning powers.

5.2.1 Concepts of the Wage

In the exposition of the model in this section, I will
refer to the variable w as the wage, in the sense of the
common value of the marginal value of time and the
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marginal product of labor that would occur in equi-
librium in an economy with a market wage with the
property that hours of work are chosen on the sup-
ply side to equate the marginal value of time to w,
and hours of work are chosen on the demand side to
equate the marginal product of labor to the same w.
This terminology seems most natural for describing
the model. On the other hand, I need to distinguish
between the supply side and the demand side in the
empirical section, because the model includes a wedge
separating the marginal value of time and the marginal
product of labor. At that point, I will switch to calling
the marginal value of time v and the marginal product
of labor m.

A related point is that none of these three con-
cepts of the wage is the amount workers receive
per hour—they are all shadow concepts reflecting
marginal rather than average wages. I use the term
compensation for actual cash payments to workers. I
do not consider data on compensation.

5.2.2 The Family’s Decisions

As in most research on choices over time, I as-
sume that preferences are time-separable, though I am
mindful of Browning et al.’s (1985) admonition that
“the fact that additivity is an almost universal assump-
tion in work on intertemporal choice does not suggest
that it is innocuous.” In particular, additivity fails in
the case of habit.

The family orders levels of hours of employed mem-
bers, ht, consumption of employed members, ce ¢, and
consumption of unemployed members, ¢y ¢, within a
period by the utility function,

neU (e, he) + (1 —n)Ulcy, 0). (5.1)
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The family orders future uncertain paths by expected
utility with discount factor §. I view the family util-
ity function as a reduced form for a more compli-
cated model of family activities that includes home

production.
The family solves the dynamic program,
V (W, nt)
= max {n;U(cet,ht) + (1 —n¢)U(cu,0)
Rt CetsCu,r

+ Eppyy OV(1 +77¢)
X [We —d(ne) —nicer — (1 —ng)cu]

—Ppmy) (1 —ng)yt +wnehe, Nes1) }-
(5.2)

Here V(Wi ne) is the family’s expected utility as of
the beginning of period t, W; is wealth, and d(n;) is
a deduction from wealth depending on the random
driving forces n; that could, for example, arise from
the lump-sum component of taxation. The expecta-
tion is over the conditional distribution of n¢,1. The
amount ¢ (n;) (1-n;) is the flow of new hires of family
members, each of which costs the family y;.

5.2.3 State Variables

I let A; be the marginal utility of wealth (and also
marginal utility of consumption):

_v
= 37 =

I take A; and the hourly wage w; as the state variables
of the economy relevant to labor-market equilibrium.
Both state variables are complicated functions of the
underlying exogenous driving forces, n. Marginal util-
ity, A¢, is an endogenous variable that embodies the

At 6(1+1’t)Et (53)

0 t+1
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entire forward-looking optimization of the household
based on its perceptions of future earnings and deduc-
tions. The common value of the marginal product of
labor and the marginal value of time, w, is an endoge-
nous variable that depends on the amounts of capital
and labor used in production, which depend in turn on
all of the elements of the labor-market model and on
features of the economy not included in that model.

The strategy pursued in the rest of the chapter ex-
ploits the property that a vector of four key observable
endogenous variables—consumption, hours of work,
the employment rate, and the marginal product of
labor—are all functions of the two endogenous state
variables, A and w. The four observable variables have
a factor structure, with just two latent factors.

5.2.4 Hours, Consumption, and Employment

The family’s first-order conditions for hours and the
consumption levels of employed and unemployed
members are

Un(cet,ht) = —Arwy, (5.4)
Uc(Ceyt, he) = Ag, (5.5)
Uc(cut,0) = Ag. (5.6)

These conditions define three Frisch functions,
Ce(At, \pwy), h(Ag, Apwy), and  cyu(Ag)

giving the consumption and hours of the employed
and the consumption of the unemployed. I write the
functions in this form to connect with research on
Frisch labor supply and consumer demand equations.
With consumption-hours complementarity, the fam-
ily assigns a lower level of consumption to the unem-
ployed than to the employed: ¢y < ce.
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5.3 The Employment Function

Hall (2009) develops the concept of the employment
function, n(A, w). It maps the same two variables cen-
tral to the Frisch household system into the employ-
ment rate, 1 minus the unemployment rate. The em-
ployment function does not describe family choice
alone. Rather, it describes the equilibrium in the la-
bor market resulting from the interaction of work-
ers and employers. Part of the apparatus underlying
the employment function comes from Mortensen and
Pissarides (1994)—a fairly constant flow of workers
out of jobs, a matching function delivering a flow of
matches of job seekers to employers depending on un-
employment and vacancies, and endogenous recruit-
ing effort with a zero-profit equilibrium for employers.
In that model, the factor determining the tightness of
the labor market is recruiting effort, which in turn de-
pends on the part of the surplus from a job match that
accrues to the employer. In the Mortensen-Pissarides
model, the fraction of the surplus going to employ-
ers is a constant set by a Nash bargain, so, as Shimer
(2005) showed, there is little variation in the amount
of the surplus and hence little volatility of unemploy-
ment. The employment function allows a more gen-
eral type of bargaining outcome, where a recession is
a time when the share of the surplus accruing to em-
ployers declines. I show that a reasonably wide class
of bargaining outcomes depends on just the variables
A and w.

Hall and Milgrom (2008, table 3) report that the ob-
served elasticity of the unemployment rate with re-
spect to productivity is about 20. This calculation
holds the flow value of nonemployment constant, so
it corresponds in the framework of this chapter to
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holding A constant. The corresponding elasticity of the
employment rate with respect to w is 1.2, the value I
use.

I have not found any outside benchmark for the elas-
ticity of n(A, w) with respect to A. The general view of
wage bargaining developed earlier in the chapter does
not speak to the value of the elasticity. Accordingly, I
choose a value, ;A = 0.6, that yields approximately
the best fit.

The parameters of the employment function are the
only ones chosen on the basis of fit to the aggre-
gate data. Research on search and matching models
with realistic nonlinear preferences, non-Nash wage
bargaining, and other relevant features has flourished
recently and may provide more guidance in the future.

5.4 Econometric Model

I approximate the consumption demands, hours sup-
ply, and employment functions as log-linear, with . ¢
denoting the elasticity of consumption with respect
to its own price (the elasticity corresponding to the
partial derivative c¢; in the earlier discussion), B¢ n
the cross-elasticity of consumption demand and hours
supply, and By, the own-elasticity of hours supply. I
further let S, A denote the elasticity of employment
with respect to marginal utility A and B4, the elastic-
ity with respect to the marginal product w. The model
is as follows.

Consumption of the employed:
logce = Be,clogA + Ben(logA +logw). (5.7)
Consumption of the unemployed:
log cu = Be,clogA. (5.8)

Copyright © Princeton University Press. Posting or other electronic distribution is not permitted.



60 5. Employment

Hours:
logh = —BcnlogA + Bpn(logA +logw). (5.9)
Employment rate:
logn = BpalogA + Buwlogw. (5.10)

Productivity:
logm =logw + log «. (5.11)

Table 5.1 summarizes the parameter values I use as
the base case. The upper panel gives the elasticities
described in the previous section and the lower panel
restates them as the coefficients governing the rela-
tion (in logs) between the observed variables and the
underlying factors, A and w. The lower panel takes
into account the double appearance of A in the Frisch
hours supply and consumption demand functions.

Notice that the employment equation resembles the
hours equation, but with larger coefficients. The elas-
ticities of annual hours, nh, with respect to A and w,
are the sums of the coefficients in the second and third
lines of the lower panel of table 5.1. The effect of in-
cluding a substantially elastic employment function
is to make annual hours far more elastic than is labor
supply in household studies. The introduction of an
employment function is a way to rationalize the fact
of elastic annual hours with the microeconomic find-
ing that the weekly hours of individual workers are
not nearly so elastic. The employment function is not
a feature of individual choice, but of the interaction of
all workers and all employers.

5.4.1 Long-Run Properties and Detrending

Hours of work, h, have been roughly constant over
the past sixty years. Given constant hours, the family’s
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Table 5.1. Parameters and corresponding
coefficients in the equations of the model.

Elasticities

Consumption with respectto A —0.5
Consumption with respect to Aw 0.3
Hours with respect to A -0.3
Hours with respect to Aw 0.7
Employment with respect to A 0.6
Employment with respect to w 1.2
Coefficients
A w
Consumption -0.2 0.3
Hours 04 0.7
Employment 06 1.2
Productivity 0 1

budget constraint requires, roughly, that consumption
grow at the same rate as the marginal product of labor,
w. Putting these conditions into the equations above
yields the standard conclusion that the own-price elas-
ticity of consumption demand, B¢, is —1 (log pref-
erences) and that the cross-effect, ., is 0. Neither
of these conditions is consistent with evidence from
household studies. Therefore, I interpret the model as
describing responses at cyclical frequencies but not
at low frequencies, where trends in household tech-
nology and preferences come into play. Thus I study
detrended data, specifically, the residuals from regres-
sions of the data, in log form, on a third-order poly-
nomial in time. Figure 5.1 showed the detrended data.
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The detrending also removes the production elasticity,
«, which I assume moves only at low frequencies.

The uncompensated hours supply function is back-
ward-bending for the parameter values I use. By un-
compensated, I mean subject to a budget constraint
where consumption equals the amount of earnings,
wh. Solving equations (5.7) and (5.9) for the change
in h and c for a doubling of w subject to constancy
of log(wh/c), I find that hours would fall by 15%
and consumption would rise by 70%. With prefer-
ences satisfying the restriction of zero uncompen-
sated wage elasticity, hours would remain the same
and consumption would double.

My approach here is the opposite of Shimer’s (2008).
He requires that preferences satisfy the long-run re-
strictions and therefore does not match the elastic-
ities I use. Because preferences are a reduced form
for a more elaborate specification including home pro-
duction, where productivity trends might logically be
included, it is a matter of judgment whether to im-
pose the long-run restrictions. Of course, the best so-
lution would be a full treatment of the household with
explicit technology and measured productivity trends.

5.4.2 Consumption

The model disaggregates the population by the em-
ployed and unemployed, who consume c. and ¢, re-
spectively. Only average consumption c is observed.
It is the average of the two levels, weighted by the
employment and unemployment fractions:

Cc=MncCe+ (1—n)cy. (5.12)

I solve this equation for c. given the hypothesis that
the consumption of the unemployed is a fraction p of
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the consumption of the employed:
c

= i (5.13)

Ce
The effect of this calculation is to remove from c the
mix effect that occurs when employment falls and
more people are consuming the lower amount c. The
adjustment is quite small. I drop ¢y from the model
because it is taken to be strictly proportional to ce.
The evidence discussed in chapter 2 suggests that
p = 0.85.

5.4.3 Disturbances and Their Variances

The data do not fit the model exactly. I hypothesize ad-
ditive disturbances €., €j, €5, and €;, in the equations
for the four observed variables. I assume that these are
uncorrelated with A and w. This assumption is easiest
to rationalize if the €s are measurement errors.

See Hall (2009) for a discussion of the estimation of
the variances of the disturbances associated with the
four observed variables and the variances and covari-
ance of A and w, together with the inference of the
time series for the disturbances, A and w.

5.4.4 Restatement of the Model
The model as estimated is as follows.
Consumption of the employed:

logce = Be,clogA + B n(logA +logv) +logec. (5.14)
Hours:

logh = —BcnlogA+Bpn(logA+logv)+logep. (5.15)
Employment rate:

logn = BpalogA + Buvlogv +logey. (5.16)

Copyright © Princeton University Press. Posting or other electronic distribution is not permitted.



64 5. Employment

Table 5.2. Covariances, standard deviations, and corre-
lations of logs of consumption, hours, employment, and
productivity.

@O G @G v

Covariances x10,000
Consumption of employed 1.27 —-0.12 0.36 1.46

Hours per worker 1.11 0.96 -0.03
Employment rate 1.61 0.48
Productivity 2.80
Standard deviations (%) 1.13 1.05 1.27 1.67
Correlations
Consumption of employed 1.00 —0.10 0.25 0.78
Hours per worker 1.00 0.72 -0.01
Employment rate 1.00 0.23
Productivity 1.00

(i) Consumption of employed; (ii) hours per worker; (iii) employ-
ment rate; (iv) productivity.

Productivity:
logm =logv + €. (5.17)

5.5 Properties of the Data

For information about the data, see Hall (2009) and the
further information available in connection with that
paper on my website.

Table 5.2 shows the covariance and correlation ma-
trixes of the logs of the four detrended series. Con-
sumption is correlated positively with employment—
it is quite procyclical. Consumption-hours comple-
mentarity can explain this fact. Not surprisingly,
hours and employment are quite positively correlated.
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Figure 5.2. Inferred values of marginal
utility and marginal value of time.

Consumption also has by far the highest correlation
with productivity.

The standard deviation of the employment rate
is about 25% higher than the standard deviation of
hours—the more important source for the added total
hours of work in an expansion is the reduction in un-
employment. Hours are not very correlated with pro-
ductivity. Note that productivity has the highest stan-
dard deviation of the four variables—amplification of
productivity fluctuations need not be part of a model
in which productivity is the driving force.

5.6 Results

Figure 5.2 shows the estimates of detrended log
marginal utility, log A, and marginal value of time,
log v. The figure shows the pronounced negative cor-
relation (—0.81) between marginal utility and the
marginal value of time.
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Figure 5.3. Actual and fitted
values of the four observables.

5.6.1 Fitted Values for Observables

Figure 5.3 shows the fitted values for the four observ-
ables from the time series for A and v, using the co-
efficients in the bottom panel of table 5.1. The two-
factor setup is highly successful in accounting for
the observed movements of all four variables. Little
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Figure 5.3. Continued.

is left to the idiosyncratic disturbances. Of course,
two factors are likely to be able to account for most
of the movement of four macro time series, espe-
cially when two pairs of them, hours-employment
and consumption-productivity, are fairly highly cor-
related. But the choices of the factors and the factor
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loadings are not made, as in principal components,
to provide the best match. The loadings are based
in part on preference parameters drawn from earlier
research. The success of the model is not so much
the good fit shown in the figure, but rather achiev-
ing the good fit with coefficients that satisfy economic
reasonability.

5.6.2 Reconciliation of the Marginal Value of Time
and the Marginal Product of Labor

Figure 5.3(d) shows the extent that the model is able
to generate estimates of the marginal value of time
that track data on the tax-adjusted marginal product
of labor. The marginal value of time follows measured
productivity quite closely. The figure does not sup-
port any diagnosis of repeated or severe private bilat-
eral inefficiency. Of course, one of the major factors
accounting for the absence of bilateral inefficiency is
to shift the efficiency issue from the bilateral situa-
tion of a worker and an employer to the economy-
wide situation of job seekers and employers interact-
ing collectively and anonymously. Though the model
portrays the movements in figure 5.3 as privately bi-
laterally efficient, it does not portray socially efficient
allocations.

The biggest departure from the normal view of the
U.S. business cycle in the value of time-productivity
plot occurred in the middle of the 1990s, usually
viewed as a time of full employment and normal con-
ditions, but portrayed here as an extended period of
low productivity matched to low marginal value of
time. Low productivity, trend- and tax-adjusted, comes
straight from the data. How does the model infer that
the marginal value of time was equally depressed?
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Figure 5.3(a) shows that consumption was low, so
marginal utility was high. Both hours and employment
respond positively to A—people work harder when
they feel poorer, according to the standard theory of
the household—and the employment function also re-
sponds positively—the labor market is tighter when A
is higher. Thus the slump in the mid 90s was a time
when people worked hard because they did not feel
well off. It was not a recession in the sense of a period
of a slack labor market but it was a transitory period of
depressed productivity and depressed value of time.

5.7 Concluding Remarks

A model that combines a standard Frisch consump-
tion demand and hours supply system with a gen-
eralized Mortensen-Pissarides employment function
gives a reasonably complete accounting for the cycli-
cal movements of four key variables: consumption,
weekly hours, the employment rate, and productiv-
ity. The employment rate, not a feature of family de-
cision making alone, accounts for well over half of
the observed movements in labor input. Family de-
cisions matter directly for consumption and weekly
hours and enter the determination of the employment
rate through the household’s role in the wage bargain.
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Idiosyncratic Risk

Like chapter 3, this chapter considers the burden on
the individual or family from lack of insurance. In
chapter 3, people did not buy insurance even though
it was available—and even subsidized, in the case of
women. In this chapter, insurance is nonexistent, even
though the risk is enormous and the payoff to insur-
ance would be gigantic if a market were possible. For
good reasons, no insurance is possible.

The chapter is about the risk that an entrepreneur in
a high-tech startup faces. An entrepreneur’s primary
incentive is ownership of a substantial share of the en-
terprise that commercializes the entrepreneur’s ideas.
An inescapable consequence of this incentive is the en-
trepreneur’s exposure to the idiosyncratic risk of the
enterprise. Diversification or insurance to ameliorate
the risk would necessarily weaken the incentives for
success.

The startup companies studied here are backed
by venture capital. These startups are mainly in in-
formation technology and biotechnology. They har-
ness teams comprising entrepreneurs (scientists, en-
gineers, and executives), venture capitalists (general
partners of venture funds), and the suppliers of capi-
tal (the limited partners of venture funds). During the
startup process, entrepreneurs collect only submarket
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salaries. The compensation that attracts them to start-
ups is the share they receive of the value of a company
if it goes public or is acquired.

For much more information about the venture-capi-
tal process and the data, see Hall and Woodward
(2007, 2009).

The most important finding is that the reward to the
entrepreneurs who provide the ideas and long hours
of hard work in these startups is zero in almost three
quarters of the outcomes, and small on average once
idiosyncratic risk is taken into consideration.

Although the average ultimate cash reward to an
entrepreneur in a company that succeeds in land-
ing venture funding is $3.6 million, most of this ex-
pected value comes from the small probability of a
great success. An individual with a coefficient of rel-
ative risk aversion of 2 and assets of $140,600 is
indifferent between employment at a market salary
and entrepreneurship. With lower risk aversion or
higher initial assets, the entrepreneurial opportunity
is worth more than alternative employment. Entrepre-
neurs are drawn differentially from individuals with
lower risk aversion and higher assets. Other types of
people that may be attracted to entrepreneurship are
those with preferences for that role over employment
and those who exaggerate the likely payoffs of their
own products. The model does not include these fac-
tors, however—it uses standard preferences based on
consumption levels alone.

The analysis focuses on the joint distribution of the
duration of the entrepreneur’s involvement in a start-
up—what we call the venture lifetime—and the value
that the entrepreneur receives when the company ex-
its the venture portfolio. Exits take three forms: (1) an
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initial public offering, in which the entrepreneur re-
ceives liquid publicly traded shares or cash (if she sells
her own shares at the IPO or soon after) and has the
opportunity to diversify; (2) the sale of the company to
an acquirer, in which the entrepreneur receives cash or
publicly traded shares in the acquiring company and
has the opportunity to diversify; and (3) shutdown or
other determination that the entrepreneur’s equity in-
terest has essentially no value. Most IPOs return sub-
stantial value to an entrepreneur. Some acquisitions
also return substantial value, while others may deliver
a meager or zero value to the entrepreneur.

The joint distribution shows a distinct negative
correlation between exit value and venture lifetime.
Highly successful products tend to result in IPOs or ac-
quisitions at high values relatively quickly. These out-
comes are favorable for entrepreneurs in two ways.
First, the value arrives quickly and is subject to less
discounting. Second, the entrepreneur spends less
time being paid a low startup salary and correspond-
ingly more time with higher post-startup compensa-
tion, in the public version of the original company, in
the acquiring company, or in another job. A fraction of
entrepreneurs launch new startups after exiting from
an earlier startup.

The chapter studies exit values from the point of
view of the individual entrepreneur. About a quar-
ter of entrepreneurs do not share the proceeds with
other entrepreneurs; they operate solo. Another quar-
ter share the entrepreneurial role equally with another
founder. In the remaining cases, entrepreneurial own-
ership is distributed asymmetrically between a pair of
entrepreneurs or there are three or even more entre-
preneurs. The total entrepreneurial return delivered
by each venture company allows an inference of the
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returns to the individual entrepreneurs from infor-
mation about the distribution among entrepreneurs.
All of the tabulations in the chapter refer to entrepre-
neurs, not to companies.

A family dynamic program delivers a unified analy-
sis of the factors affecting the entrepreneur’s risk-
adjusted payoff. The analysis takes account of the
joint distribution of exit value and venture lifetime
and of salary and compensation income. It allows
the calculation of the certainty-equivalent value of
the entrepreneurial opportunity—the amount that a
prospective entrepreneur would be willing to pay to
become a founder of a venture-backed startup. For
a risk-neutral individual, the certainty-equivalent is
$3.6 million. With mild risk aversion and savings of
$100,000, however, the amount is only $0.7 million
and with normal risk aversion and that amount of
savings, the certainty-equivalent is slightly negative.

6.1 The Joint Distribution of Lifetime and
Exit Value

The lifetime of a startup—the time from inception to
the entrepreneurs’ receipt of cash from an exit event—
plays a key role in the analysis. Entrepreneurs prefer
short lifetimes for two reasons. First, their salaries at
a venture-backed startup are modest; they forgo a full
return to their human capital during the lifetime. Sec-
ond, the time value of money places a higher value on
cash received sooner.

Lifetimes and exit values are not distributed in-
dependently. In particular, a substantial fraction of
startups linger for many years and then never deliver
much cash to their founders. And some of the highest

Copyright © Princeton University Press. Posting or other electronic distribution is not permitted.



74 6. Idiosyncratic Risk

exit values occurred for companies like YouTube that
exited soon after inception.

The calculations also need to make the transition
from data based on companies to distributions over
entrepreneurs and to account for companies that have
not yet exited. Hall and Woodward (2009) describe
how this is done.

We take a flexible view of the joint distribution, as
appropriate for our rich body of data. We place life-
times T and values v in 9 and 11 bins respectively and
estimate the 99 values of the joint distribution defined
over the bins. Table 6.1 shows the joint distribution in
these bins.

6.2 Economic Payoffs to Entrepreneurs

Venture-backed companies typically have a scientist
or similar expert, or a small group, who supply the
original concept, contribute a small amount of capital,
and find investors to supply the bulk of the capital.
These entrepreneurs, together with any angels, own all
of the shares in the company prior to the first round
of venture funding.

The entrepreneurs are specialized in ownership of
the venture-stage firm. The approach to valuation
takes account of the heavy exposure of the entrepre-
neur to the idiosyncratic volatility of the company. It
also takes account of the modest salaries that entre-
preneurs generally receive during the venture phase
of the development of their companies and of the life-
time of the company, which affects the discounting
applied to the exit value and the burden of the low
salary.
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76 6. Idiosyncratic Risk

The model assumes that the entrepreneurs in a com-
pany have already made all of their financial invest-
ments in their company; all further funds will come
from venture investors. This assumption seems to
be generally realistic, though of course some entre-
preneurs are able to continue financing their com-
panies alongside venture investors. An entrepreneur
has some savings available to finance consumption
beyond what the relatively low venture salary will
support. Entrepreneurs cannot borrow against future
earnings or against the possible exit value of the com-
pany. This assumption is entirely realistic. Thus the
entrepreneur makes a decision each year about how
much to draw down savings during the year; that is, by
how much consumption will exceed the venture salary.

6.2.1 Analytical Framework

The framework starts from a standard specification
of intertemporal preferences for entrepreneurs—they
order random consumption paths according to

E > (1 ir)tu(ct). (6.1)
t

Here 7 is the entrepreneur’s rate of time preference
and the rate of return on assets; u(c) is a concave pe-
riod utility. We define the function U (W) as the util-
ity from a constant path of consumption funded by

wealth W:
Uw) = 1“’u( r W). 6.2)
r 1+7r
The multiplication by
1+7r
v
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6.2. Economic Payoffs to Entrepreneurs 77

turns flow utility into discounted lifetime utility. The

quantity
r

1+7r

is the flow of consumption to be financed by the return
on the wealth at rate r.

The variable wealth, W;, measures the entrepre-
neur’s total command over resources, and so incor-
porates the expected value of future compensation
(human wealth), while assets, A;, denotes holdings
of nonhuman wealth as savings. A; does not include
the entrepreneur’s holdings of shares in the startup.
For an entrepreneur in year ¢ of a startup that has
not yet exited, W;(A;) is the wealth-equivalent of
the entrepreneur’s command over resources, counting
what remains of the entrepreneur’s original nonhu-
man wealth, A;, and the entrepreneur’s random future
payoff from the startup, conditional on not having ex-
ited to this time. The definition is implicit: U(W;(A;))
is the expected utility from maximizing (6.1) over
consumption strategies.

Now let U(W;(A;)) be the value, in utility units, as-
sociated with an entrepreneur in a nonexited company
t years past venture funding, as a function of cur-
rent nonentrepreneurial assets A;. The model could
use a value function U;(Ay) without interposing the
function W¢(A;). With W;(A;) as the value function,
the model needs to incorporate the concave transfor-
mation U (W;(A;)) so that the Bellman equation adds
up utility, according to the principle of expected util-
ity. The slightly roundabout approach of stating the
findings in terms of the wealth-equivalent W;(A;))
makes the units meaningful, whereas the units of util-
ity are not. Furthermore, in the benchmark case, util-
ity is negative, a further source of confusion. Note
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78 6. Idiosyncratic Risk

that W captures initial assets, venture salary, venture
exit value, and subsequent compensation in a post-
venture position, when it is calculated at time zero for
an entrepreneur.

The company has a conditional probability or haz-
ard 1y of exiting at age t. At exit, it pays a random
amount X; to the entrepreneur. Upon exiting, the en-
trepreneur’s value function is U(W*(A)), where A
now includes the cash exit value. The entrepreneur’s
consumption is limited by assets left from the previ-
ous year—no borrowing against future earnings may
occur. The entrepreneur’s dynamic program is

UWy)
= max [u(ct)
Cr<Ag
+ 1 +1’(1 — TTt+1)
XUWes1((Ap —c) (L +7) +w))
+ g e Ex
X UMW (A= (1 +7) + X)) .
(6.3)
The post-venture value function is
*
U(W*(A)) = 1+Tu<TA+w ) (6.4)
1+7r

Here w* is post-venture compensation, including em-
ployee stock options, at the nonventure continuation
of this company or another company. From equations
(6.2) and (6.4), we have

W*(A) =A+u;*. (6.5)
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6.2. Economic Payoffs to Entrepreneurs 79

Note that this is additive in A. But when future earn-
ings are random, the entrepreneur’s risk aversion
enters the calculation of the wealth-equivalent.

Each of the value functions U (W;(A;)) is piecewise
linear with 500 knots between zero and $49 million,
spaced exponentially. Calculation is by backward re-
cursion (value function iteration). The utility function
has constant relative risk aversion, y. The base case is
y = 2, a venture salary w equal to the post-tax value
of $150, 000, post-venture compensation w* equal to
the post-tax value of $300, 000, and starting assets of
Ap = $1 million.

A useful feature of the wealth-equivalent is that
the difference between its value for an entrepreneur
with given initial assets and its value for an individual
who holds a nonventure position paying w* and with
the same initial assets is the amount that the second
would be willing to pay to become an entrepreneur, the
certainty-equivalent value of the entrepreneurial op-
portunity, denoted A. This property follows from the
additivity of the nonentrepreneurial wealth-equivalent
we noted earlier. Chapter 4 noted that Brown and
Finkelstein could have set their insurance problem up
this way.

6.2.2 Results

Figure 6.1 shows Wy(Ap), the wealth-equivalent for
an entrepreneurial experience as of its beginning and
W*(Ap), the wealth-equivalent for a nonentrepreneur,
both as functions of the common value of their initial
assets, shown on the horizontal axis. The certainty-
equivalent value of the venture opportunity is the
vertical difference between the two curves. The non-
entrepreneurial value is a straight line with unit
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Figure 6.1. Certainty-equivalent career wealth for
entrepreneurs and nonentrepreneurs.

slope—a dollar of extra initial assets becomes a dol-
lar of wealth, because we assume that the nonventure
individual faces no uncertainty. On the other hand, a
dollar of extra initial assets becomes more than a dol-
lar of equivalent wealth, because initial wealth has no
uncertainty and thus dilutes the uncertainty from the
venture outcome. This property is a cousin of the prin-
ciple that people should treat risky outcomes as if they
were worth essentially their expected values, when the
outcomes are tiny in relation to their wealth. The slope
of the entrepreneur’s value is more than 3 at low levels
of assets but declines to 1.03 at assets of $20 million.

The figure shows that, despite the chance of making
hundreds of millions of dollars in a startup, the eco-
nomic advantage of entrepreneurship over an alter-
native career is not substantial. The burden of the id-
iosyncratic risk of a startup falls most heavily on those
with low initial assets. The entrepreneur with less than
a million dollars of initial assets faces a heavy burden
from the risk and has a lower career wealth than the
nonentrepreneur.
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Table 6.2. Certainty-equivalent
value of the venture opportunity.

CEEO
(millions of dollars)

e
r a

Assets at beginning
(millions of dollars)

e

13 01 1 5 20

300 3.6 3.6 3.6 3.6

600 2.9 2.9 2.9 2.9
2,000 0.1 0.1 0.1 0.1
0.9 300 0.7 0.9 1.2 1.6
0.9 600 -0.2 0.3 0.7 1.0
0.9 2,000 -58 —-4.0 -22 -1.7
2 300 -0.1 0.3 0.6 1.1
2 600 -1.8 -0.5 0.0 0.6
2 2,000 -13.8 -8.8 -3.6 -2.1

[N eNeR

y is the coefficient of relative risk aversion; &£ is the pretax
compensation at the nonentrepreneurial job (in thousands of
dollars per year); CEEO, certainty-equivalent of entrepreneurial
opportunity.

Table 6.2 gives the certainty-equivalent value of the
entrepreneurial opportunity for thirty-six combina-
tions of the three determinants: the coefficient of rel-
ative risk aversion, the compensation at an alterna-
tive, nonentrepreneurial job, and the entrepreneur’s
assets at the beginning of entrepreneurship. The first
three lines take the entrepreneur to be risk neutral,
so the values are just present values at the 5% annual
real discount rate. In this case, the value is the same
for any level of initial assets. The value is $3.6 mil-
lion. The value is $2.9 million for an individual with a
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82 6. Idiosyncratic Risk

nonentrepreneurial opportunity to earn $600,000 per
year before tax. If the nonentrepreneurial opportunity
pays $2 million per year before tax, the venture op-
portunity has barely positive value. A typical startup
probably cannot attract an established top executive
from alarge public corporation, even if the executive is
risk neutral, as their earnings are generally even higher
than $2 million.

The conclusions from the table are similar if the
individual is mildly risk averse, with a coefficient
of relative risk aversion of 0.9. The advantage of
the entrepreneurial opportunity, stated as a wealth-
equivalent, is only $0.7 million for an entrepreneur
with $0.1 million in assets and only $1.2 million for an
entrepreneur with $5 million. These figures are nega-
tive or only slightly positive if the nonentrepreneurial
opportunity pays $600,000 per year before tax.

At the standard value of 2 of the coefficient of rel-
ative risk aversion from chapter 2, the advantage of
the entrepreneurial opportunity is generally small or
negative—deeply negative if the nonentrepreneurial
opportunity pays $2 million per year. In the base case,
with nonentrepreneurial compensation of $300,000
per year before tax and $1 million in assets, the advan-
tage of the entrepreneurial opportunity is only $0.3
million. The incentive is not impressive for larger as-
set holdings. With higher compensation at the non-
entrepreneurial job, the advantage disappears unless
the individual is quite rich.

6.3 Entrepreneurs in Aging Companies

The discussion so far has focused on the risk-adjusted
payoff to a potential entrepreneur at the decision
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Figure 6.2. Entrepreneurial value and
nonentrepreneurial value prior to exit.

point when venture funding first becomes available.
This section considers the same issue at later deci-
sion points, as the startup ages. The discussion is
conditional on the company not having exited.

The dynamic program of equation (6.3) assigns a
value W;(A;) to the entrepreneur’s position in each
year t that the company has not exited. The path is
the same for all companies, under the assumptions of
the model. The entrepreneur’s value falls as the com-
pany ages for two reasons. First, the entrepreneur gen-
erally consumes out of assets, so assets decline. Sec-
ond, early exits are the most valuable exits, so aging
another year means that the remaining potential exit
values are not as valuable. Figure 6.2 shows the path
of Wi (A¢). It declines from $5.2 million at the outset
to $4.3 million at age 10, conditional on no exit. From
that point the value rises, because the distribution of

Copyright © Princeton University Press. Posting or other electronic distribution is not permitted.



84 6. Idiosyncratic Risk

1.2
1.0
Assets

0.8

0.6

US$ millions

0.4
c(W,)

0.2 Consumption

1 23 45 6 7 8 91011121314151617
Year

Figure 6.3. Consumption and assets prior to exit.

exit values becomes more favorable, though not as
favorable as for young startups.

The figure also shows the individual's value of a
nonentrepreneurial job, W*(A;). It declines as well,
but only for the first reason, the drawdown of assets
to finance consumption in excess of the low startup
salary.

Figure 6.3 shows the paths of assets and consump-
tion as a company ages. For the first decade, as-
sets decline because consumption exceeds the mod-
est startup salary and the entrepreneur has no other
source of current cash, pending a favorable exit. Dur-
ing this period consumption declines, because, as an
exit fails to occur during the early years, the entre-
preneur learns that risk-adjusted well-being, as mea-
sured by W;(A;), has declined. Eventually, assets fall
to the point of consumption. From this point until exit,
the entrepreneur lives on the salary and maintains as-
sets only as a way to spread consumption between
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paychecks (we assume, for simplicity, that the entre-
preneur receives the salary at the end of each year
and we measure assets at the beginning of the year).
The line labeled c(W;) shows the level of consump-
tion that a consumer without a cash-flow constraint
would choose, given lifetime prospects as measured
by W;. Consumption starts out only slightly below
this level, but as the entrepreneur depletes assets,
consumption falls toward the cash-flow limit. In the
event that the startup ages into its second decade, the
cash-flow constraint keeps consumption far below its
unconstrained level.

6.4 Concluding Remarks

The contract between venture capital and entrepre-
neurs does essentially nothing to alleviate their fi-
nancial extreme specialization in their own compa-
nies. Given the nature of the gamble, entrepreneurs
would benefit by selling some of the value that they
would receive in the best outcome on the right, when
they would be seriously rich, in exchange for more
wealth in the most likely of zero exit value on the
left. It would be hard to find a more serious violation
of the Borch-Arrow optimality condition—equality of
marginal utility in all states of the world—than in the
case of entrepreneurs.

A diversified investor would be happy to trade this
off at a reasonable price, given that most of the risk
is idiosyncratic and diversifiable. But venture capital-
ists will not do this—they do not buy out startups at
the early stages and they do not let entrepreneurs pay
themselves generous salaries. They use the exit value
as an incentive for the entrepreneurs to perform their
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jobs. Moral hazard and adverse selection bar the pro-
vision of any type of insurance to entrepreneurs—they
must bear the huge risk.

The venture capital institutions of the United States
convert ideas into functioning businesses. We show
that the process contains an important bottleneck—
for good reasons based mainly on moral hazard, the
venture contract cannot insure entrepreneurs against
the huge idiosyncratic risk of a startup. Risk-adjusted
payoffs to the entrepreneurs of startups are remark-
ably small. Although our results are based entirely on
the venture process, we believe that no other arrange-
ment is much better at solving the problem of getting
smart people to commercialize their good ideas.
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Financial Stability with
Government-Guaranteed Debt

7.1 Introduction

In modern economies, the government guarantees the
debt of many borrowers. In a few cases, the promise is
explicit; in others it is implicit but known to be likely;
and in others, the guarantee occurs because the alter-
native is immediate collapse, with substantial harm to
the rest of the economy. The modern government can-
not stop itself from making good on the obligations of
many borrowers, large and small. I demonstrate that
debt guarantees deplete equity from firms at times of
declines in asset values. Not only do firms fail to re-
place equity lost when leveraged portfolios lose value,
but they have an incentive to deplete equity further,
by paying unusually high dividends.

The government adopts a safeguard to protect the
taxpayers against the worst abuses of guarantees—
it imposes a capital requirement to limit the ratio
of guaranteed debt to the value of the underlying
collateral.

In the United States, organizations with explicit
guarantees on some debt (deposits) are mainly
banks. The nondeposit obligations of banks and
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other intermediaries, notably the two huge mortgage-
holders Fannie Mae and Freddie Mac, enjoy market val-
ues that only make sense on the expectation of a gov-
ernment guarantee. The recent interventions to avert
the collapse of Bear Stearns and AIG confirmed that
the government will pay off on private debt obligations
in times of stress even in sectors distant from any for-
mal debt guarantees. The Federal Housing Administra-
tion guarantees the debt of individual mortgage bor-
rowers; the government is extending this guarantee
to a larger set of individual borrowers under pressure
from declining housing prices. Almost any borrower
faces some probability that adverse future events will
result in the government repaying the borrower’s debt.

A key issue is the withdrawal of equity capital from
firms with guaranteed debt—the phenomenon I call
equity depletion. A counterpart is the unwillingness of
investors to supply equity to firms that face positive
probabilities of insolvency and payoffs on government
guarantees. Equity depletion rises along with the prob-
ability of default. Withdrawing equity from a firm in
one period has zero marginal cost in states next pe-
riod where default occurs and the government pays
off on guaranteed debt—the value of equity claims
is zero in those states. If a larger fraction of future
states has zero equity value, the expected payoff to
equity investments this period declines. In a partial
equilibrium setting, this factor would result in knife-
edge behavior—the owners of a firm would pay out
all of the equity value of a firm as a dividend so as to
maximize the value of the government bailout. Akerlof
and Romer (1993) describe actions of this type leading
up to the savings and loan crisis in the United States
in the 1980s. In the model of this chapter, however,
a countervailing force limits the depletion of capital.
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Any injection of equity to firms in general comes from
reduced consumption and any removal of capital takes
the form of a consumption binge. With a nonzero value
of the elasticity of marginal utility with respect to con-
sumption, the desire to smooth consumption keeps
equity flows into and out of firms at finite rates. But
consumption does rise substantially in periods when
expected defaults and accompanying bailouts become
more likely.

The chapter reaches these conclusions in a simple
general-equilibrium model. Capital is the only factor
of production; output is proportional to capital. The
real return to capital is a random variable. Each pe-
riod, consumers decide between consuming and sav-
ing. The government guarantees debt secured by cap-
ital. If the borrower’s capital falls far enough, because
of negative returns, the firm may default because its
quantity of capital falls below the amount of its debt.

I characterize the limitations on the government’s
debt guarantee in what I believe is a realistic way.
The government enforces a capital requirement. At
the time a company issues debt, the amount borrowed
may not exceed a specified fraction of the firm’s capi-
tal. The remaining value is the borrower’s equity, suf-
ficient to meet the capital requirement. If the return
is negative enough so that the new quantity of cap-
ital falls short of the value of the debt, the govern-
ment makes up the difference. The lender receives a
payment of the difference. Equity shareholders in the
firm receive nothing back when default occurs and the
government pays off.

My characterization of the government’s capital re-
quirement has an important dynamic element. If the
quantity of capital falls, but not enough to push the
borrower into insolvency, the borrower may keep debt
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at its earlier level. The government fails to follow the
principle of prompt corrective action. Under that prin-
ciple, the borrower would mark its collateral to mar-
ket and could borrow only the specified fraction of the
new, lower value of the collateral. Instead, the govern-
ment acts as if the collateral had its historical value
and permits the borrower to keep the historical level
of debt, which the government guarantees.

Figure 7.1 shows the operation of the model in an ex-
ample of fifty years of experience. Figure 7.1(a) shows
the cumulative return to capital, the exogenous driv-
ing force of the model, the only source of departures
from a smooth growth path. This part also shows a
key variable of the model, the fraction of the value of
capital financed by equity. In periods when the return
is positive, the fraction is about 30%, reflecting the
government’s capital requirement of that amount. But
when returns are negative, equity depletion occurs—
the equity fraction declines. One reason is the govern-
ment’s rule that firms may keep debt at its previous
level even capital declines. Capital requirements are
based on the book value of assets, not the current
value. But another reason is the incentive for firms to
increase their payouts when default looms.

In the fifty-year history shown in the figure, de-
fault occurs twice. In the first one, several consecu-
tive negative returns cause severe equity depletion,
followed by default. In the second default, consecu-
tive shocks deplete equity less severely, and equity
depletion is smaller, but default does occur. In the
middle of the fifty years, a group of negative returns
depresses equity to about 5% of capital but does not
cause default.

Figure 7.1(b) shows the resulting volatility in the
consumption/capital ratio and in the interest rate on

Copyright © Princeton University Press. Posting or other electronic distribution is not permitted.



7.1. Introduction 91
24 Default Default 0.4 o
22 N_103 3

8 g

g 20 02 2
c 0.1 =
E 1.8 . 3
2 16 0 &
3 =
2 14 -0.1%5
< ]
2 12 -0.2 '%
= \/\ ©
% 1.0 035
§ 038 0.4 g
_ <
061 (a) 0.5 £
0.4 -0.6
1 6 11 16 21 26 31 36 41 46
Years
0.30 0.06
Default Default
0.20 /\ 0.05 E
o
S AL 5
0.10 004 B

Q =

= 2N 3

Z 0 003 2

2 o

E £

-0.10 0.02 g-
2
-0.20 0.01 §
(b)
-0.30 0

._.
@)}
—
=
—
(@)
S}
—
[\
=N
w
—
w
@)}
~
—
~
@)}

Years

Figure 7.1. Example of a history from the model. (a) Cu-
mulative asset return ratio (black line, left axis), fraction of
capital financed by equity (gray line; right axis). (b) Interest
rate (black line, left axis), consumption per unit of capital
(gray line, right axis).

safe debt. Consumption rises whenever equity deple-

tion occurs from negative returns. Consumption re-
mains high as long as equity is positive and below
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normal. Consumers perceive that extracting equity
from firms and consuming it may be free in a year
when default is unusually likely, because the increased
guarantee pays for the consumption should default
occur. Consumption is strongly mean-reverting in this
economy. When consumption is high, it will probably
decline next year either because a positive return re-
turns equity to normal or because a negative return
will cause default, in which case consumption also
returns to normal. Thus periods of depleted equity
are also periods of negative expected consumption
growth. The interest rate tracks expected consump-
tion growth. As the figure shows, the interest rate
falls dramatically to negative levels during periods of
depleted equity.

It should go without saying that the model in this
chapter falls short of capturing reality. It makes no
claim to portray the actual events in financial mar-
kets in 2007 and 2008. Rather, it is a full working out
of the implications in a fairly standard model of one
important feature of financial markets, widespread
government guarantees of debt.

7.2 Options

Black and Scholes (1973) identified an incentive for eq-
uity depletion for a firm with nonguaranteed debt. In
that situation, the shareholders hold a call option on
the firm’s assets with an exercise price equal to the
face value of the debt. If the firm depletes equity by,
for example, paying a dividend of $1, the sharehold-
ers gain $1 in hand but lose less than $1. The 6 of
the option—the derivative of its value with respect to
the value of the firm’s assets—is less than 1. Hence it
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would appear that the shareholders have an unlimited
incentive to deplete equity. But every dollar the share-
holders gain is a dollar lost by the bondholders. Black
and Scholes went on to observe that bondholders have
contractual protections against this conduct.

Equity depletion without a debt guarantee is the re-
sult of exploitation of bondholders by shareholders.
If investors all held shares and bonds in the same
proportion, the incentive for equity depletion would
not exist. Equity depletion arising from the incen-
tive identified by Black and Scholes is the result of
agency frictions between shareholders and bondhold-
ers. This chapter is not about that incentive. I assume a
frictionless solution to the potential agency problem.

With guaranteed debt, the Black-Scholes analysis
continues to hold—paying out $1 in dividends low-
ers the value of the shareholders’ call option by less
than $1. The guarantee immunizes the bondholders
from any loss, however. The shareholders capture ex-
tra value not from the bondholders but from the gov-
ernment. Equity depletion appears to be an unlimited
opportunity to steal from the government.

Just as the bondholders have at least some contrac-
tual protection in the case of nonguaranteed debt,
the government, in the model developed here, im-
poses restrictions on equity depletion. In particular,
firms cannot steal directly by paying out such high
dividends that debt exceeds the current value of as-
sets. Firms may only gamble that a decline in as-
set values next period will trigger a guarantee pay-
ment. But it turns out that this constraint rarely binds.
In the aggregate, equity depletion requires increased
consumption. With a reasonable value of the elas-
ticity of intertemporal substitution, consumers’ de-
sire to smooth consumption limits equity depletion,

Copyright © Princeton University Press. Posting or other electronic distribution is not permitted.



94 7. Government-Guaranteed Debt

though equilibrium consumption in the model is quite
volatile.

7.3 Model

7.3.1 Basic Stochastic Growth Model

Capital K is the only factor of production. The return
ratio for capital is the random variable A, so one unit
of capital becomes A units of output at the beginning
of the next period. The return ratio is exogenously,
independently, and identically distributed over time. I
will refer to a value of A greater than 1 as a positive re-
turn and a value below 1 as a negative return. I will also
refer to a value below 1 as reducing the value of capi-
tal. Each person consumes c. Ilet a prime denote next
period’s value of a variable. I denote state variables
with a hat. The state variable associated with capital
is the quantity of output available for reinvestment or
consumption, K. Its law of motion is

K' = A(K - ¢). (7.1)

Consumers have power utility functions with coeffi-
cient of relative risk aversion of y and intertemporal
elasticity of substitution of 1/y. Consumers solve the
dynamic program,

1-y

V(K) = max lc + BEAV(R). (7.2)

Here B is the consumer’s discount ratio. The value
function takes the form

V(K) = VK177, (7.3)
so the dynamic program becomes

1-y R
+ BVEAK'Y, (7.4)

VE!Y = max <
c 1
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The solution for the constant V does not have a
closed form but is unique and computationally be-
nign. Notice that one could divide both sides by K1~
to eliminate capital as a state variable, replacing c
with ¢ = ¢/K. Thus the model implies a constant
consumption/capital ratio.

Throughout the chapter, I measure all values in con-
sumption units.

7.3.2 Firms and Consumers

The basic growth model has constant returns to scale,
so the boundaries of the firm are indeterminate. With-
out loss of generality, I assume that each consumer
has an equity interest in one firm. The consumer’s
claims on the firm are a mixture of a one-period
debt claim and a residual equity claim. The consumer
makes all decisions for the firm, including the level of
capital and the amount of debt. In the absence of gov-
ernment guarantees on the debt, the firm satisfies the
Modigliani-Miller property of indifference to the mix
of debt and equity.

7.3.3 Government

The government guarantees debt secured by capital.
If the return next period is sufficiently negative to
make capital less than the debt, the government pays
the shortfall. The payout is the difference between
the amount of debt and the amount of the collat-
eral capital—the usual amount of a government pay-
ment for defaulted guaranteed debt or the cost of a
bailout. The guarantee includes interest due on the
debt, provided the interest rate is the economy’s rate
for default-free one-year obligations.
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The government enforces capital requirements to
limit its exposure. At the beginning of a period, the
consumer invests debt and equity in the firm, which
the firm uses to buy capital. The standard capital re-
quirement limits debt to a fraction 1 — « of the value
of the capital held. But there is an exception and an ex-
ception to the exception. The exception is that firms
may have higher leverage if the debt they bring into a
period exceeds the fraction 1 — « of the value of the
capital. In that case they may keep debt at its previ-
ous level but may not take on any additional debt. The
government forbears action against still-solvent firms
that are in violation of the capital requirement. The
exception to the exception is that debt may never ex-
ceed the value of the capital—the firm must be solvent
during the period.

In principle, capital requirements for firms selling
guaranteed debt often have the objective of disciplin-
ing firms that are solvent but lack all of the required
capital, according to the doctrine of prompt correc-
tive action (see Kocherlakota and Shim (2007) for an
analysis of the doctrine that covers rather different
issues from this chapter). The obstacles to enforcing
marking to market are serious, however. Asset valu-
ations tend to use historical rather than market val-
ues. If the government pushes guaranteed borrowers
to mark their portfolios to market, the borrowers shift
to assets that defy reliable valuation. Financial institu-
tions are remarkably willing and able to create these
assets, as recent experience has shown.

When a firm becomes insolvent because a decline
in the asset value lowers the value of capital below
the value of debt, the government makes its payoff.
The firm starts the next year without any legacy debt.
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Its new debt is constrained by the normal capital
requirement.

The Modigliani-Miller property applies to any non-
guaranteed debt the firm might issue. Such debt would
have no effect on allocations in the model. For sim-
plicity, I assume that firms issue only guaranteed
debt.

In addition to capital requirements, I assume that
the government can prevent specialization among
firms that increases the government’s exposure to
payouts on debt guarantees. The danger is that some
firms will pay out dividends to the point of borderline
current solvency and that consumers, having reached
the point where they prefer not to consume the divi-
dends, invest them in another group of firms that are
debt-free. I constrain all firms to have the same capital
structures. The model would behave much the same
way if specialization were permitted, but I exclude it
to simplify the exposition.

The government finances the payments to honor
its debt guarantees from a lump-sum tax, T. The ef-
fects from the guarantee are accordingly pure sub-
stitution effects. The government balances its budget
separately for each value of the state variables of the
model and for each realization of the random return
to capital.

7.3.4 Flows and Returns

Debt pays an interest rate of 7q. I discuss the determi-
nation of this rate in section 7.5.1. Because the govern-
ment guarantee of debtis a giveaway, the consumer al-
ways lends the maximum permissible amount, which
I write as

D = min(K, max(D, (1 — ®)K)). (7.5)
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Here D is the amount to be repaid, including interest
and D is the legacy from last year’s debt that might
permit a higher level of debt to be held this year. The
quantity K = K — ¢ is the value of the capital the
firm will carry through the period, The outside min en-
forces the solvency requirement during the year, the
exception to the exception. The quantity (1-«)K is the
standard capital requirement, but the max grants the
exception for legacy shadow debt, D. The consumer
invests D/ (1 + ¥q) at the beginning of the year and re-
ceives D at the end of the year. Note that the capital
requirement applies to the interest to be paid as well
as the principal.
The consumer holds equity, Q, in the amount

D
1+7rq

Q=K- (7.6)
at the beginning of the year, to make up the total assets
of the firm, K, at the beginning of the year. The return
the consumer earns on the equity investment is

max(AK — D, 0). (7.7)

This is the residual after payment of interest and
principal.

7.3.5 Consolidating Consumers and Firms

To study the allocations in the model, I consolidate
each consumer with the corresponding firm. The de-
cisions the consumer makes directly as the manager
of the consolidated entity are the same as those that
would occur under any efficient alternative managerial
arrangement that operated the firm on behalf of its
stakeholders. The allocations in the economy are the
same when each firm is affiliated with one consumer
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as they would be if firms and consumers participated
in capital and product markets, because of constant
returns.

If the government did not guarantee debt, con-
sumers would solve the dynamic program of equation
(7.4). The debt guarantee gives the consumer an op-
portunity to capture additional value from the govern-
ment payoff for default. The consolidated entity does
not care about default itself, as it is a gain to the firm
just offset by the loss to the consumer, but it does gain
from the payment that the government makes when
guaranteed debt defaults. Suppose first that the return
ratio A is enough to pay off all the debt and interest.
Then the combined return to the consumer is AK, the
sum of the face value of debt and interest, D, and the
return to equity in equation (7.7). Now suppose that
the return is low enough that default occurs so that
equity gets nothing and debt receives D in the form
of the value of the capital AK and a guarantee pay-
ment G = D — AK. The consumer’s combined return is
AK + G. The only substantive effect of the guarantee is
to add value not otherwise attainable when the asset
value falls enough to trigger default. The optimizing
consumer arranges to capture this value by taking on
as much debt as possible. The availability of the sub-
sidy has striking effects on the consumer’s incentives
to save and consume.

7.3.6 Consumer Decision Making

A consumer has two state variables, total debt D and
the quantity of capital K. At the beginning of a period,
the consumer chooses a level of debt, D, to apply dur-
ing the period and a level of consumption, c. The con-
sumer always lends the maximum permissible amount
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in equation (7.5). The consumer invests K = K - cin
the firm for the period.

The indicator variable z’ takes the value 1 if default
occurs next period and 0 if not. The law of motion for
capital is

K =(1 —z’)AK+z’D—T<%A)I€. (7.8)

Under solvency in the next period, the consumer earns
the return AK for the capital K held during the period.
Under insolvency, the new quantity of capital is the
defaulted debt—the government makes up the differ-
ence between the actual amount of capital and the real
value of the debt, so total capital is the real value of
the debt. The tax payment T(D/K, A)K is a function
of the state variables and the realization of the return,
A, so that the government’s budget can be balanced in
each possible outcome.
The law of motion for the debt legacy is

D' =(1-2z)D. (7.9)

Legacy debt at the beginning of a period is the amount
held through the earlier period unless the consumer
defaults, in which case it becomes 0.

As in the simple growth model, capital enters the
value function as K177, The consumer’s dynamic pro-
gram is

V(D) —ma (£ 1 v (2)i1),
K K’

c 1- Y
(7.10)

7.4 Calibration

I use the value y = 2 for the coefficient of relative
risk aversion, as in chapter 2, and f = 0.95 for the
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Figure 7.2. Density of annual return ratio.

discount ratio. I take the annual return ratio of cap-
ital to be log normal with log-mean « = 0.04 and
log-standard deviation o = 0.1, truncated at the 1st
and 99th percentiles. Figure 7.2 shows the density of
the distribution. I take the capital requirement to be
o = 30%.

7.5 Equilibrium

I will generally discuss the equilibrium of the model in
terms of the ratio of consumption to the capital stock,
c/K, and the ratio of debt to the value of the capi-
tal stock, D/K. Recall that in the basic growth model
without debt guarantees, c/K is constant.

At a time when legacy debt is low—just after de-
fault or following a positive return—the consumer will
choose a value of debt controlled by the (1 — x)K
in equation (7.5). If the return is positive in the next
period, the consumer faces the same constraint and
makes the same choice. If the return is negative, the
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consumer becomes subject to the exception of keep-
ing the old value of debt, D. The ratio D/K, the
consumer’s debt-related state variable, is correspond-
ingly higher. Because the consumer is closer to insol-
vency, the probability of default next period rises. This
change triggers the key behavioral response of the
model. The price of consumption is lower when the
probability of default is higher. Writing out equation
(7.10) as

A\ 1oy
V(Q)Kl‘y = max <
K c 1-y
D/
+ E [1—Z’V(A—
AB|( ) ©

)(K—C—T)I_Y

+ z’V(O)D'H]
(7.11)

shows that when z’ = 1 and the consumer defaults,
consumption turns out to have been free on the mar-
gin. The understanding of the possibility that con-
sumption will turn out to be free results in a higher
consumption choice before z’ is realized. As random
negative returns push the consumer into higher values
of ﬁ/K, consumption rises.

The consumer’s Euler equation is instructive on this
point. Suppose that neither the regular capital require-
ment nor the exception to the exception capital re-
quirement is binding, so the exception permitting the
carrying forward of legacy debt is in effect—see equa-
tion (7.5). Consider the standard variational argument
where the consumer reduces current consumption by
a small amount, saves that amount for one year, and
then consumes that amount plus its earnings for the
year. This variation has no implications for the level of
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debt. Let ¢’ be the level of consumption next year when
the return A is known. Also let f(A) be the density of
the return ratio for capital. Then the Euler equation is

B LZ ¢ YAf(A)dA =c7Y. (7.12)

Here A* is the value of the return ratio separating sol-
vency from default. The Euler equation differs from
the standard one only in the truncation of the inte-
gral on the left side. The omission of part of the dis-
tribution of marginal utility on the left, for the cases
where the bailout makes consumption free, results in
a lower current marginal utility and thus a higher level
of current consumption. The consumer chooses high
current consumption and plans that consumption will
fall in the next year, on the average.

To find an equilibrium of the model, I approximate
the consumer’s value function V(D/K) as piecewise
linear on a lattice of 200 knots of values of D/K. I ap-
proximate the truncated log-normal distribution of A
by assigning probability 0.01 to each of the quantiles
of the distribution running from 1/101 to 100/101,
the truncation points. I start with an arbitrary tax func-
tion defined as a matrix of values whose rows corre-
spond to the lattice values of the state variable and
whose columns correspond to the 100 values of A.
Then I solve the dynamic program given the tax func-
tion, by value-function iteration. Next I update the tax
function to be the amounts of the guarantee paid out
in each state and realization of A. I iterate this process
to convergence, which is rapid.

The model implies a Markov transition process for
the financial position of the consumer as measured
by D/K. Figure 7.3 shows the stationary distribution
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Figure 7.3. Distribution of leverage ratio.

of the process. I approximate the process by a 200-
state version and then aggregate to the bins shown in
the figure. About half the time, D/K is at or below the
notional limit of 70%. Although consumers will move
up to the 70% level in any period when D/K falls be-
low 70%, positive returns are common and large, so
the state variable is often below 70% because the most
recent return was positive. For 5.5% of the time, con-
sumers have no legacy debt because they defaulted
in the previous period. For the other half of the time,
consumers have higher leverage than 70% because the
cumulative return to capital is below its previous peak
and the legacy exception permits the extra debt.
Figure 7.4 shows the consumer’s choice of debt for
the coming period, D, which I normalize as D /K. Much
of the time the choice is (1 — @)K, the 70% mentioned
above. This is the choice of a consumer just past in-
solvency and of a consumer who is not eligible for

Copyright © Princeton University Press. Posting or other electronic distribution is not permitted.



7.5. Equilibrium 105

1.20
1.00 -
>, 0.80 = T
2 ..
E
s 0.60
o
o
&
0.40
0.20
0 ‘SOOOMWI\@NQ'\D@'—‘MWOOONW[\C\
2 NLeLYLYLVLOVRERFRRRXRRXRRRRNSDD
FCooSoSSSSSS eSS SS
g Leverage ratio coming into period
S
[a W

Figure 7.4. Chosen leverage ratio.

the legacy exception. Whenever the return is negative,
the consumer is eligible for the legacy exception, ei-
ther as a continuation and extension of the excep-
tion or for the first time. In years following multi-
ple negative returns, consumers may enjoy values of
the leverage ratio D/K close to its upper limit of al-
most exactly 1—the exception to the exception, where
D/K = (1 -¢/K).

Figure 7.5 shows the probability of default condi-
tional on the leverage ratio. It rises monotonically to
its highest possible level of 35%.

Figure 7.6 shows how consumption responds to the
state of the economy. In the region of the legacy excep-
tion (0.703 < D/K < 0.987) consumption rises with
the leverage ratio because the probability of default
rises, making consumption this period cheaper be-
cause the government finances it when default occurs.
At the highest values of the debt ratio, consumption is
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Figure 7.7. Expected consumption growth
rate as a function of the leverage ratio.

much lower, because of the exception to the exception
requiring solvency during the period.

7.5.1 Interest Rate on Debt

The interest rate on debt, 7g, satisfies the consumption
CAPM asset-pricing condition,

IN-Y
(1+74)BEA (%) ~ 1. (7.13)

As usual in the consumption CAPM, the rate varies
positively with expected consumption growth. It also
varies because consumption growth covaries with A
(the conditional distribution of A is invariant but
the conditional distribution of c¢’/c varies by cur-
rent state). Figure 7.7 shows expected consumption
growth as a function of the financial condition of the
consumer. Consumption hardly changes at all when
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a function of the leverage ratio.

the consumer is in the post-default state, so the ex-
pected growth rate in that state is essentially zero.
Consumers near or below their capital requirements
expect consumption to grow, as there is a chance that
they will move next year into a more leveraged po-
sition where a higher level of consumption is opti-
mal. But once consumers reach higher leverage, they
face the high likelihood of default with a sharp drop
of consumption back to the normal leverage level, so
expected consumption growth is negative.

Figure 7.8 shows the interest rate on guaranteed
debt as a function of leverage. When leverage is low,
the rate is 13%: 5% real return to capital plus 4% ex-
pected inflation plus about 4% from expected con-
sumption growth. As long as leverage does not exceed
85%, the rate remains above 3%. For higher amounts of
leverage, the force of expected declines in consump-
tion takes over. Above 90% leverage, the rate becomes
negative as participants know that default and the ac-
companying resumption of the normal, lower level of
consumption is fairly likely (see figure 7.5).
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7.5.2 Return to Equity

The equity investment Q = pK — D/(1 + ¥q) in one
period pays off

(1+79)Q = max(AK - D, 0). (7.14)

The return satisfies the pricing condition,
¢\
Ea |:(1+TQ)B<?) } = 1. (7.15)

7.5.3 Financial Flows

In one year, after consuming the amount c, the owner
lends the firm D/ (1 +74) and provides equity Q which
adds up to capital worth K in the hands of the firm.
Production AK occurs before the next year. The firm
pays this amount to its owner as the return of bor-
rowed funds, interest on those funds at rate rq, and
the payout of the owner’s residual equity, if the firm
has not defaulted. The government makes up the dif-
ference to the owner if AK falls short of D. The model
generates matrices of flows, indexed by the state of
the economy in the first year, D /K, and by the random
return A. I describe these matrices in two ways.

First, figure 7.9 shows the expectation of the ratio
of the flows to the original value of capital, K. The
horizontal axis shows D/K, the debt legacy, as a ra-
tio to the value of capital brought into the period. If
the legacy leverage ratio is less than the notional up-
per limit of 1 — &, 70%, the consumer lends the firm
70% of the value of the capital, (1 — &)(K — ¢). De-
fault has a low probability, so the firm is able to repay
the debt with interest, as shown in the top line, and
to return the consumer’s equity at a level with a rea-
sonable return. The expected government guarantee
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Figure 7.9. Expected flows as
functions of the leverage ratio.

payment, shown at the bottom, is 0. The firm issues
new debt and new equity with values somewhat be-
low the amounts returned, reflecting the interest and
return to equity from the earlier investments. The ex-
pected net outflow, shown close to the bottom, is the
expected value of the consumer’s consumption at the
beginning of the new period.

On the right side of figure 7.9, the consumer bene-
fits from the exception for legacy debt. Earlier negative
returns have left the consumer with the right to is-
sue more debt to replace the high level of legacy debt.
The rising lines show the expected repayment of debt
including interest and the expected issuance of new
debt. Their upward slope reflects the higher value of
legacy debt. The bottom line shows the government’s
expected guarantee payoff. Expected return of equity
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Figure 7.10. Flows as functions of the asset
return ratio when prior leverage is 0.85.

and issuance of new equity decline with leverage. Eqg-
uity depletion is visible as the excess of expected new
debt over repayment of debt and the shortfall of new
equity over the return of equity. Notice that the net
outflow, equal to consumption, is essentially flat. Here,
consumption next year is stated as a ratio to the value
brought into this year; it is not next year’s consump-
tion/capital ratio, which is shown in figure 7.6. The rise
in the consumption/capital ratio that occurs when the
consumer moves closer to default is largely offset by
the fact that the move occurs when returns are nega-
tive, which lowers next year’s capital. The ratio rises,
but the actual amount of consumption remains about
the same.

The second view of the matrix of flows is along one
row, showing the various possible outcomes at a given
level of prior leverage. Figure 7.10 plots the flows with
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the asset return ratio on the horizontal axis and the
flows as fractions of the earlier value of capital on the
vertical axis, for D/K = 0.85. For consistency with the
other plots in the chapter, where declines in asset val-
ues move the economy to the right, the horizontal axis
has a high new value on the left and a low new value
on the right. The left side of the figure shows what
happens when the economy retreats from high lever-
age because the asset value rises. No default occurs,
so all debt is repaid with interest. Newly issued debt
is about equal to debt repayments. For modest nega-
tive returns, the interest rate turns negative because of
the impending decline in consumption—see figure 7.8.
Now an obligation to repay principal and interest at
the end of the year yields more than a dollar of cur-
rent funds for each dollar returned at the end of the
year. New debt issuance rises to a peak, offset by a
reduction in equity. Firms are borrowing heavily and
paying out the proceeds as dividends or share repur-
chases. Consumption remains constant, but the con-
sumption/capital ratio rises, as shown in figure 7.6.
Farther to the right of figure 7.10, default occurs. Re-
payment of debt drops because the firm’s collateral
has fallen below the face value of debt and interest.
The guarantee payment rises. New debt is below the
level on the left, because the firm loses its legacy right
to issue more debt upon default and is limited by its
now lower amount of capital. Issuance of equity makes
up the difference.

7.5.4 Equity Depletion

Equity depletion occurs when a decline in the asset
value causes the probability of default to rise. Fig-
ure 7.10 shows how depletion occurs. If the asset value
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falls, the firm pays out a substantial amount of equity.
Most is replaced by corresponding debt investment.
Two factors account for the equity outflow that is re-
placed by debt. First is the compelling advantage of
leverage when the government guarantees debt. From
the joint perspective of the firm and investor, debt is
unambiguously a good thing and the firm is always
at a corner solution with maximum permissible guar-
anteed debt. A fall in the asset value relaxes the debt
constraint because it lowers the interest rate. The firm
immediately borrows up to the new, higher limit. Re-
call that the amount borrowed is D/ (1 + rq). The firm
then pays out the difference as dividends and thereby
reduces equity. The second factor is that investors re-
duce their total funding when the asset value falls,
because they increase consumption. The new level of
funding to the firm is (K’ — ¢’) and ¢’ rises when A’ is
less than 1. Although the decline in total funds avail-
able is small relative to the shift from equity to debt,
the increase in consumption is critical to the process,
because the rise in consumption as firms approach
default creates a decrease in expected consumption
growth and thus the lower interest rate that permits
the expansion of debt.

7.6 Roles of Key Parameters

Figure 7.11 compares economies with different values
of the key parameters, in terms of the way consump-
tion depends on the leverage state variable, D/(pK).
The first case is a capital requirement of &« = 0.1 in-
stead of 0.3 as in the base case. Firms coming into
the year with leverage less than 90% immediately issue
debt up to that point. The behavior of consumption is
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Figure 7.11. Comparison of consumption as
a function of leverage for four cases.

different from the base case only in the region where
the base-case consumer is levered beyond the basic
70% level but less than the 90% level that is advan-
tageous to the consumer in the economy with lower
capital requirements. In interpreting this finding, one
should keep in mind that these are substitution ef-
fects. The actual amounts of guarantee payoffs are
much higher with the lower capital requirement, but
these are taxed away.

The second case is less risk aversion and higher in-
tertemporal substitution—specifically, a value of the
curvature parameter y of 1.1 in place of its value of 2
in the base case. Higher substitution greatly increases
the volatility of consumption. Consumers concentrate
their spending in times of cheap consumption to a
greater extent, so consumption is lower when lever-
age is at or below the capital requirement and higher
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when leverage is higher and the probability of default
is higher, so consumption is cheaper in expectation.
Notice that the consumption/capital ratio is always
higher for the economy with more intertemporal sub-
stitution. As a result, its endogenous growth rate is
lower.

The third case is lower volatility of the return ratio.
I reduce the standard deviation of the return ratio, A,
to 0.05. The result is, as expected, lower volatility of
the consumption/capital ratio.

Volatility in other variables follows closely from the
volatility in consumption shown in figure 7.11. In par-
ticular, movements in the interest rate track expected
consumption growth, which is more volatile when in-
tertemporal substitution is higher (y is lower), but less
volatile with lower asset-return volatility.

7.7 Concluding Remarks

The essential feature of a government guarantee of
debt that yields the results in this chapter is the gov-
ernment’s failure to take prompt corrective action.
Asset-value declines permit higher leverage, with a
higher probability of government payoff. The con-
sumption bulge that is the source of the volatility
would not occur if the government insisted on equity
contributions to make up for asset-value declines so
as to keep leverage constant. Thus the relevance of
the basic mechanism studied in this chapter to mod-
ern economic instability rests on the government’s
failure to measure the market value of the collateral
backing guaranteed debt and the government’s result-
ing failure to require equity infusions following nega-
tive returns. My impression is that these failures are
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the rule. Many organizations enjoying effective guar-
antees, such as investment banks, do not even have
stated capital requirements. Financial intermediaries
have shown great ingenuity in creating instruments
that defy current valuation.

Government guarantees are only one of many is-
sues raised by recent financial events. The point of
this chapter is to pursue the effects of guarantees
in a dynamic general-equilibrium setting. Guarantees
introduce volatility in key variables in an economy
that would otherwise evolve smoothly. In particular,
if the government administers guarantees in terms
of nominal measures, then otherwise neutral nominal
developments have profound real effects.

7.8 Appendix: Value Functions

Proposition 7.1. The value function for the basic
growth model has the form
VK=Y, (7.16)

Proof. If a function satisfies
1-y

V(K) = max lc F V(A +r(K=c)), (7.17)

it is the unique value function (see Mas-Colell et al.
1995, p. 969). Suppose that V satisfies
- Fl-y

V=maxc
¢ 1-y

+BVIA+1r)A =&)Y, (7.18)

Then

_ FR)L-Y

; N
: Ty +BVI(1+7r)(K—-EK)]' Y.

(7.19)
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Because maximization over ¢ is equivalent to maximiz-
ing over c, equation (7.19) is equivalent to (7.17). O

Proposition 7.2. The value function for the model
with guaranteed shadow debt has the form

Vo(£>K1‘Y and V K'77. (7.20)
pK
Proof. Suppose that Vo(D/pK) satisfies
_ (D cl-v F;
Vol — | = E 7.21
O(pK) mcgixl_y+ 1+7’ (7.21)
where
Fi = (1= 2070 (4 JIA+ 1) (1= O
p’'K
. -y
+2'V) <£E, - T’) . (7.22)
pKp
Note that if the consumer remains solvent, z’ = 0,
K/
1 1-¢) =— 7.2
(1+7r)(1-2) X (7.23)
while if the consumer defaults,
D-T'p K
— = —, 7.24
K p K ( )

Substituting these two equations into (7.11) and mul-
tiplying by K1=¥, I find

v D cl-v
0(101'() —méaxl -y

1 - D’
E——|1-2 K'Y
* 1+r[( Z)Vo(p’K’)
+ Z/"/lel—y]’
(7.25)
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which is the same as the Bellman equation (7.10) when
z = 0. The demonstration for z = 1 follows the same
principles as in proposition 7.1. O
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The Gorman Lectures
in Economics

Richard Blundell, Series Editor

Terence (W. M.) Gorman was one of the most distinguished
economists of the twentieth century. His ideas are so in-
grained in modern economics that we use them daily with
almost no acknowledgment. The relationship between in-
dividual behavior and aggregate outcomes, two-stage bud-
geting in individual decision making, the “characteristics”
model which lies at the heart of modern consumer eco-
nomics, and a conceptual framework for “adult equiva-
lence scales” are but a few of these. For over fifty years he
guided students and colleagues alike in how best to model
economic activities as well as how to test these models
once formulated.

During the late 1980s and early 1990s Gorman was a Vis-
iting Professor of Economics at University College London.
He became a key part of the newly formed and lively re-
search group at UCL and at the Institute for Fiscal Studies.
The aim of this research was to avoid the obsessive labeling
that had pigeonholed much of economics and to introduce
a free flow of ideas between economic theory, economet-
rics, and empirical evidence. It worked marvelously and
formed the mainstay of economics research in the Eco-
nomics Department at UCL. These lectures are a tribute
to his legacy.

Terence had a lasting impact on all who interacted with
him during that period. He was not only an active and inno-
vative economist but he was also a dedicated teacher and
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mentor to students and junior colleagues. He was gener-
ous with his time and more than one discussion with Ter-
ence appeared later as a scholarly article inspired by that
conversation. He used his skill in mathematics as a frame-
work for his approach but he never insisted on that. What
was essential was coherent and logical understanding of
eCconomics.

Gorman passed away in January 2003, shortly after the
second of these lectures. He will be missed but his written
works remain to remind all of us that we are sitting on the
shoulders of a giant.

Richard Blundell, University College London and
Institute for Fiscal Studies
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retirement. He was Visiting Professor of Economics at UCL
from 1986 to 1996. Honorary Doctorates have been con-
ferred upon him by the University of Southampton, the
University of Birmingham, the National University of Ire-
land, and University College London. He was a Fellow of
the British Academy, an honorary Fellow of Trinity College
Dublin and of the London School of Economics, an hon-
orary foreign member of the American Academy of Arts
and Sciences and of the American Economic Association.
He was a Fellow of the Econometric Society and served as
its President in 1972.
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