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Abstract

We propose a principled framework for designing random graph models from minimal assumptions.
Our central principle is to study the uniform measure over symmetric subsets of graphs. The symmetries
we require are far less limiting than those in existing graph models and flexible enough to encompass both
geometric features and properties of graph limits. Our main contribution is to derive natural sufficient
conditions under which the uniform measure over a set of graphs can be approximated by a product
measure over its edges. In particular, we prove that often the uniform measure over the set of graphs
with a highly complex, global graph property collapses asymptotically to a distribution in which edges
appear independently with different probabilities, the probability of each computable from the property.
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1 Introduction

Since their introduction in 1959 by Erdős and Rényi [23] and Gilbert [27], respectively, G(n,m) and
G(n, p) random graphs have nearly monopolized the mathematical study of random networks [10, 34].
Given n vertices, G(n,m) selects uniformly among all graphs with m edges, i.e., it includes a uniformly
random m-subset of edges, whereas G(n, p) includes each possible edge independently with probability
p. A refinement of G(n,m) are graphs chosen uniformly among all graphs with a given degree sequence,
a distribution made tractable by the configuration model of Bollobás [7, 10]. Due to their mathematical
tractability these three models are a cornerstone of Probabilistic Combinatorics [4] and have found nu-
merous applications in other domains such as the Analysis of Algorithms [1, 35], Coding Theory [55],
Economics [32, 22], Game Theory [60, 18], and Statistical Physics [48].

This mathematical tractability stems from symmetry: the probability of each edge is either the same, as
in G(n, p) and G(n,m), or merely a function of the overall potency of its endpoints, as in the configuration
model. This extreme symmetry bestows numerous otherworldly properties to them, most prominent of
which is near-optimal expansion. The homogeneity of the model can be interpreted as a lack of geometry,
a dramatic manifestation of which is that the shortest path metric of such graphs suffers maximal distortion
when embedded in Euclidean space [43]. In contrast, vertices of real networks are typically embedded
in some low-dimensional geometry, either explicit (physical networks), or implicit (social and other latent
semantics networks), with distance being a strong factor in determining the probability of edge formation.

While the shortcomings of the classical models have long been recognized, proposing more realistic
models is not an task. The difficulty lies in achieving a balance between realism and analytical tractability:
it is only too easy to create network models that are both ad hoc and intractable. By now there are thousands
of papers proposing different ways to generate graphs with desirable properties [29] and the vast majority
of them only provide heuristic arguments to back up their claims. For a gentle introduction the reader
is referred to the book of Newman [50] and for a more mathematical treatment to the books of Chung
and Lu [17] and of Durrett [21]. Roughly speaking, random graph models can be organized into three
broad categories: sequential generative models (e.g., preferential attachment, copying models, affiliation
networks), geometric models (e.g., geometric random graphs, dot-product random graphs), and Erdős-Rényi
variants (e.g., stochastic block models, Inhomogeneous Random Graphs).

Sequential generative models are based on the premise that there is an underlying evolutionary process
that drives graph formation [20]. The archetypical such process is Preferential Attachment [54, 6], while
other prominent examples are Copying models [37, 39] and models aiming for triadic closure [61, 41].
Although these models have been partly successful in explaining important phenomena, they employ a
number of parametric, uniformity, and independence assumptions that make the attained results non-robust
to even slight perturbations. Moreover, with few exceptions [8, 14], the very nature of the processes is only
loosely motivated and each analysis is conducted in an ad hoc manner.

Random graphs influenced by geometry comprise, on the other hand, a general paradigm for proposing
realistic models. The vanilla version [53] consists of fixing a geometry or a homogeneous spatial distribution
for the vertices and connecting nodes within a certain distance. Whilst this model has important applica-
tions in wireless and sensor networks [31], its too homogeneous to be used as a general network model.
One attempt to fix this deficiency is to repeat the Erdős-Rényi approach, i.e., to have conditionally inde-
pendent edges where the probability of each edge is a function of the distance between its endpoints, while
another is to incorporate some sequential growth process. Examples are the Watts-Strogatz Model [62], Dot-
Product Random graphs [63, 52], Geometric Preferential Attachment [24, 3, 33] and Hyperbolic Random
Graphs [38, 30]. These models can mimic first (e.g., degree distribution) and, in part, second order (e.g.,

2



clustering) properties of networks, but are still far [49, 58] from encompassing many other aspects, such
as community structure [42] and degree correlations [51]. Overall, while technically tractable and more
realistic, all too often this approach does not leave much to the imagination. In particular, the spatial homo-
geneity required for mathematical analysis, combined with the conditional independence of edges, means
that typical properties can often be gleaned by considering the characteristics of a single vertex.

1.1 Related Work and Erdős-Rényi variants

The most general tractable model to date are Inhomogeneous Random Graphs, introduced by Bollobás, Jan-
son, and Riordan [11]. The generality and utility of the model stems from allowing two levels of modeling,
i.e., both on vertices and on edges. Specifically, each of the n vertices is assigned a feature vector xi in some
separable metric space S and one takes a joint probability distribution µ on Sn , such that the corresponding
point process on S is well-defined and has a limit. Then, conditional on the vector xn, edges are formed
independently, with probability pij = min{κ(xi, xj)/n, 1}, where κ is a kernel on S × S. The authors
provide very general results about many graph properties, most notably regrading the existence or not of a
giant component, but also about the asymptotic degree distribution and diameter. Inhomogeneous random
graphs form a general theoretical framework within which many different models can be unified. At the
same time, though, it offers no insight on how to set either of the two key global components µ and κ in
order to focus the measure on graphs with a desired set of properties.

A different approach was undertaken by Frieze, Vempala, and Vera [26] in introducing Log-concave
random graphs. Such graphs are formed by first sampling a vector x = (x1, . . . , x(n2)

) from a log-concave
density F , and then considering the edge set EF,p = {e : Xe ≤ p} for given p > 0. The authors pro-
vide many results about monotone properties like the existence of the giant component, connectivity and
Hamiltonicity. The analysis of the model is enabled by expressing events of interest in terms of moments of
individual coordinates (edges) of the distribution F . This indicates that biases on individual edges are only
present through the marginals, and hence, due to the high-dimensionality of the setting, the sampling distri-
bution F must be severely “biased” in order for interesting phenomena to appear. For instance, they propose
to construct an explicit vector xH , such that for a given subgraph H the probability of H appearing is zero.
The caveat is that this is achieved by explicitly setting the probability of each such possible subgraph to be
zero. Arguably, one would like a model instead, that might not require such strict control on the micro-level
of individual edges, but can still be used to generate graphs with prescribed properties.

The work most closely related to ours is the much heralded idea of Exponential Random Graphs [59, 56].
In this model, one seeks to define a probability distribution on the set Gn of all graphs with n vertices such
that the expectation of m functions Hk(G) satisfy some affine constraints. Out of all valid distributions,
the max-entropy distribution is selected, having the form Pβ(G) = 1

Z(β) exp(β ·H(G)), where β is a pa-
rameter vector acting as an inverse temperature and H(G) = (H1(G), . . . ,Hm(G)) is an (energy) function
measuring the deviation from the different prescribed expectations. While this is a very general way of
incorporating desired features without making independence assumptions, there are a number of issues. A
first one, at least conceptually, is that constraints are imposed only in expectation. That means that there
is no hope of having the distribution’s support confined on a particular set, except of course in the “zero
temperature” limit |βi| → ∞. Moreover, in many natural sub-cases, it was proven that even sampling com-
putationally, can take exponential time [9]. Lastly, in most cases were the model is interesting, it becomes
analytically intractable as probabilities of events can be calculated only through simulation. All in all, al-
though this approach is conceptually appealing, it has remained largely unsatisfactory as a general modeling
tool, as in the absence of structural assumptions the measure rapidly becomes impenetrable.
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1.2 Motivation

In trying to replicate real networks one approach is to pile on features, creating increasingly complicated
models, in the hope of matching observed properties. Arguably, though, the point of any model is prediction.
The reason we study random graphs is to understand what (unknown) graph properties are typically implied
by other (known) graph properties. For example, when we study G(n,m) we are asking “what properties
are typically implied by the property of having m edges?” and we cast the answer in terms of properties that
hold with high probability in a uniformly random element of the set of all graphs with m edges.

Our work departs from efforts to explicitly bake-in features, adopting instead an agnostic approach.
Specifically, we propose a framework for designing random graph models from minimal assumptions via
the following general paradigm: given a space of objects X , e.g., graphs on n vertices, delineate subsets
S ⊂ X of interest by imposing some set of constraints, and study the uniform measure on S. To enable the
study of complex sets S, develop tools for approximating the uniform measure on S by product measures
and use the latter as a proxy. Following this program, we propose a hierarchy of random graph models
leading to a general and tractable class of models we call Convex Random Graphs. As this probably sounds
rather abstract, consider the following thought experiment which germinated our work:

Given a collection of n points on the plane and a finite spool of wire, what can be said about the set of
all graphs that can be built on the given points with the given wire? What does a uniformly random such
graph look like? How does it change as a function of the available wire?

If all edges had unit length, the thought experiment would, essentially, recover G(n,m) random graphs,
wherem is the total wire length. (More precisely, conditional on the number m̃ of edges present the measure
would be G(n, m̃), where m̃ would typically be very close to m.) Because, though, edges have different
lengths, the cap on the wire breaks the symmetry, removing the independence among them.

This thought experiment motivates our work as follows. Moving towards greater realism, at a minimum,
requires moving towards models in which not all edges have the same probability. At the same time, both
the act of explicitly imposing independence and asking the modeler to specify each edge probability defeats
a large part of the predictive purpose. A natural way to address both of these issues is to give up on a priori
independence between edges, take an agnostic stance with respect to everything not explicitly modeled, and
study the induced uniform measure. This is not because there are no independences among edges (and more
general events) in real networks. On the contrary. The point is that besides being far more intellectually
honest, the discovery of independences is extremely useful in and of itself.

1.3 Outline of the paper

In Section 2, we briefly sketch our approach and state our results concerning Convex Random Graphs. We
then discuss the utility of our model as part of a framework for deriving probability distribution on graphs
with desired properties and present examples of its applicability (Section 3). In Sections 4–6 we present the
derivation of our model and discuss the various assumptions made in comparison to other existing models.
In Section 7 we present the proof of our main result (Theorem 1) and in Section 8 we establish rigorous
connection of our model with a model with independent edges, by proving Theorems 25 and 3. Lastly, we
discuss in greater extent the range of properties that are expressible under the assumptions of our model in
Section 9.
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2 Our Contribution

Our aim are models that can readily incorporate diverse prior knowledge about the context at hand, most
notably geometry or class membership, while avoiding defining the probability distribution explicitly at the
level of individual edges or forcing independence assumptions. In spite of such genericity, we would still
like for the model to be amenable to rigorous analysis and to support precise mathematical statements.

Our central premise is to study the uniform measure over structured subsets of Gn, the set of all edges on
n vertices. We interpret structure as a class of symmetries with respect to an arbitrary partition P of the set
of all possible edges. Specifically, our symmetry requirement is that edges within each part are exchangeable
(permutation invariant), and we call the related sets of graphs P-symmetric. This reduces the complexity
of, otherwise arbitrary sets, while allowing the encoding of prior-information such as geometry. We wish
to emphasize that considering partitions of edges rather than of vertices is a key conceptual contribution of
our work, as it is precisely what enables the expression of geometry. As we show next, a host of previously
studied models obey (more restrictive forms of) our symmetry requirement and that, interestingly, a strictly
more restrictive symmetry is also embedded in the recent theory of Graph Limits. We define a Partially
Symmetric Random Graph (PSRG) as the uniform measure over an arbitrary P-symmetric set S.

As we will see, P-symmetric sets and the corresponding PSRG model posses a number of appealing
mathematical properties. First, the assumed invariance under permutations of edges within parts implies
that membership in the set depends only on the edge-profile m(G), the number of edges selected from each
part, of a graph. Thus, conditioning on the edge-profile causes the uniform measure over the set to factorize
in G(n,m)-like distributions with edges in different parts becoming conditionally independent. As a result,
a PSRG can be generated by first drawing an edge-profile and then selecting uniformly the resulting number
of edges from each part. In other words, the study of PSRG over S is reduced to the study of the induced
distribution of the set of the edge-profile vectors m(S).

Understanding this structure is no trivial matter as m(S) can be arbitrarily complex. Hence, some sort
of regularity is required. Our approach is to consider P-symmetric sets such that m(S) is convex and dub
the uniform measure over any such set S a Convex Random Graph (CRGP(S)). To analyze convex random
graphs we identify a subset of m(S) within which the uniform measure on S is concentrated. Our main
result is the following concentration theorem.

Theorem 1 (Implicit). Given a P-symmetric set S, let m∗ ∈ Nk be the solution of an entropy-optimization
problem over m(S) and λ(S), r(S), µ(S) be some explicitly defined functions of m∗. If µ(S) > 5k log n,
then for ε > r(S):

PS (|m(G)−m∗| ≤ εm̃∗) ≥ 1− exp

[
−µ(S)

(
ε2

1 + ε
− λ(S)

)]
(1)

where x ≥ y means xi ≥ yi for all i ∈ [k] and m̃i
M
= min{mi, pi −mi}.

The strength of the theorem depends on the geometry of m(S) which is captured by: the thickness
µ(S) (minimum number of edges of a part at the optimum), the condition number λ(S) = 5k log n/µ(S),
and r(S) ≈ λ/2 +

√
λ the resolution of the set. Furthermore, for each set S we consider a corresponding

Edge Block Model (EBMP(q∗)) on the same partition P , wherein edges are added independently, with the
probabilities of edges, q∗(S), depending only on the part they belong. Drawing upon the concentration
theorem and the equivalence of G(n,m) with G(n, p) conditional on the number of edges, we prove that a
convex random graph is sandwiched between two edge-block models.
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Theorem 2. Let G± ∼ EBMP(q±) and G ∼ CRGP(S), where q± is defined by q±i = 1−ε
1∓εq

∗
i for all

i ∈ [k], and q∗(S) is as before. For sets S ⊂ Gn, satisfying the conditions of Theorem :

G− ⊂ G ⊂ G+ (2)

with probability at least 1− 2 exp
[
−µ(S)

(
ε2

12 − λ(S)
)]

and ε < 1/2.

The sandwich theorem provides a concise summary of the properties of Convex Random Graphs in the
regime where concentration holds: for most purposes the model is approximately equivalent to an edge block
model where probabilities are given by the optimal entropic point. In fact, we can make a related statement
about the probability of “local” events (precisely defined later) on a convex random graph, thus providing a
rather complete picture about their local properties (e.g. subgraph counts)

Theorem 3. Given a P-symmetric convex set S ⊂ Gn with µ(S)� (5k log n)2, define ε̂ M
=
√
c∗λ(S) where

c∗ ≈ 2 is explicitly defined. For an (ε̂, γ)-local event A involving at most m ≤
4
√
µ(S)√

c∗5k logn
edges, it holds:∣∣∣∣ PS(A)

Pq∗(A)
− 1

∣∣∣∣ ≤ 8γ
4
√
µ(S)

, (3)

where Pq∗(A) denotes the probability under EBMP(q∗).

Recap Our results on Convex Random Graphs have identified an interesting phenomenon: independence
can arise from minimal symmetry and smoothness assumptions (convexity) at a level of specification far
removed from individual edges. The concomitant analytical tractability promotes the use of Convex Random
Graphs for designing random graph models with desired properties.

3 Convex Random Graphs as a Meta-model

Our investigation of Partially Symmetric and Convex Random Graphs was spurred by the desire to induce
realism in random graph models in a principled, agnostic way. The language of edge partitions is used to
express the specification of prior information while the concentration results obtained and the corresponding
close connection with an Edge Block Model, under the convexity assumption for edge-profiles, are very
powerful in terms of analytical tractability. Next we explore, in brief, the range of properties that are
expressible in terms of edge-profiles for a given partition and outline the general paradigm we are proposing.

Probabilistic Reductions. At first glance, Partially Symmetric Random Graphs only allow the study of
sets defined in terms of the edge-profile m. While strictly true, this is grossly misleading. The reason being
that while not many graph properties are exactly expressible in terms of m, many interesting properties are
probabilistically reducible to a specification over MP , the set of edge-profiles. Specifically, the precise
knowledge of the conditional distribution P(·|m), arising from its factorization, motivates the following
(P, ε)-approximation of any (non-symmetric) set S:

ŜP(ε)
M
= {m ∈MP : P(S|m) ≥ 1− ε} . (4)

Observe that membership in ŜP(ε) depends only on m and, hence, the set is P-symmetric. Of course, a
priori, one is not guaranteed that ŜP(ε) has a concise description. The extent to which this is true depends on
the amount of information about S encoded in the partition P . Nevertheless, there are two general avenues
to obtain a succinct approximation:
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1. Phase Transitions: a large part of random graph theory consists of establishing threshold functions
for monotone properties. Such, results have been attained for Erdős–Rényi-like models and include
properties such as the existence of a giant component, connectivity, the appearance of subgraphs etc.
In cases where the partition at hand is congruent to those models, the set ŜP(ε) is reduced to a simply
inequality of the form {fS(m) ≥ t(ε)}. In such cases, the approximation is also tight, enabling the
study of S itself.

2. Sufficient Conditions: in many settings, where we are not interesting in studying property S per-se
but rather graphs with the property S (among other properties), sufficient conditions are acceptable.
Such conditions can be extracted both deterministically, through graph theory, as well as probabilis-
tically, by exploiting tractability of the conditional probability distribution.

Meta-model of Random Graphs. Imagine that one has information about vertices in a network, given
by a set of features Xn for vertices and potentially a set of features Yn for edges. The features can reflect
membership in groups, geometric location, or even frequency of communication between two vertices. We
are interested in incorporating this information and generate a random graph that, in addition, satisfies a set
of properties S1, . . . , S`. Observe now that, crucially, convex sets are closed under intersection, so that our
results on Convex Random Graphs motivate the following general paradigm for deriving structured random
graph models:

Algorithm 1 Convex Random Graph Approximation
Input: a collection of features Fn = (Xn,Yn), and properties S1, . . . , S` ⊂ Gn.

1: Partition: using Fn obtain a partition PF of the
(
n
2

)
possible edges between vertices.

2: Symmetrization: obtain P-symmetric approximations Ŝ1, . . . , Ŝ` of the properties.
3: Convex Approximation: approximate Ŝ = Ŝ1 ∩ . . . Ŝ` by a convex set S̃.
4: Optimization: Solve a max-entropy optimization problem to obtain q∗(S̃), a vector of probabilities.

Output: the (PF ,q∗)-Edge Block Model.

Note that the above approach could also be carried out by starting with an Edge Block Model and
expressing the desired constraints in terms of the edge-probabilities. However, in such a case, the end result
would be yet another arbitrarily constructed random graph model making strong independence assumptions,
specifying the probability distribution at the level of individual edges. Our work can also be seen as a
rigorous exploration of sufficient conditions for such proposals to be justified, as capturing the uniform
measure on a set of interest. We next present two natural examples where the modeling capabilities of our
framework are clearly manifest.

3.1 Application to Social Networks

Consider a social network with n vertices that are partitioned in ` communities with sizes ρin for i ∈ [`]. The
vertex-partition induces a natural edge-partition PSBM , by assigning edges between different communities
to different parts. Assume now that one wants to impose a number of constraints, e.g., that there is an overall
density of edges S1 = {1Tm ≥ c · n} and that the number of triangles in a particular class i is small S2 =

{
(
nρi
3

) (
mii
n2ρ2i

)3
≤ t}. Observe, that in order to express the second property in the symmetry specifications,

we considered an approximation of the number of triangles by its expectation under P(·|m). Approximating
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the number of subgraphs by its expectation is a choice that is justified only when concentration holds.
Standard conditions for the latter, in case of Erdős-Rényi random graphs can be found in [34].

The last point illustrates that, in general, there are ways to construct reasonable and accurateP-symmetric
approximations of properties of interest. To make the point even more strongly, imagine that we now require
additionally that out of the ` classes there is a specific class j that must act as the “connector”, meaning that
we require that there should be no giant component in the network unless we use connections to nodes in j.
Define the following (`− 1)× (`− 1) matrix:

(T (m))ij
M
=

mij

n2ρi
, ∀i, j ∈ [`] \ j (5)

which is a function of m. A theorem of Bollobas, Janson and Riordan [11] implies:

Theorem 4 (Informal). Let ‖·‖2 denote the operator norm (maximum singular value). If ‖T (m)‖2 ≤ 1 no
giant component exists, while if ‖T (m)‖2 > 1 a giant component exists.

Thus, in our framework, the property S4 = { no giant component without vertices from j }, not only can be
accurately approximated under the partition PSBM by

Ŝ3 = {m ∈MPSBM : ‖T (m)‖2 ≤ 1} (6)

but Ŝ3 happens to also be convex! (See e.g., [16].) Since, properties S1, S2 are also convex, S1 ∩ S2 ∩ S3 is
convex and, therefore, we can bring to bear the full thrust of our concentration and sandwiching yielding an
eminently tractable model for the uniform measure on graphs that satisfy these properties. In other words:
convexity makes engineering complex objects possible.

3.2 Probabilistic Network Design via Linear Programs

To exemplify that highly intricate properties can be treated within our framework we next discuss the treat-
ment of network navigability [36]. In [2], we prove that for coherent geometries, an abstraction of (the
geometric properties of) grids and set-systems, a sufficient condition for a network to be navigable is to
add Θ( n

logp(n)) random edges at each distance-scale {log logn, . . . , log n}, where p controls the power in
the polylogarithmic-time routing. This fact, thus, permits us to consider navigability as yet another convex
constraint in the context scale-induced partitions (defined in Section 4), namely :

ŜP(ε) = {m ∈MP : mi ≥
n

logp(n)
} . (7)

We can thus combine navigability with arbitrary linear constraints on the edge-profile. Specifically, form
the matrix A =

[
A1 . . . Ak

]
and define the following convex P-symmetric set:

S = {m ∈MP : A ·m ≤ b ∈ IR`} . (8)

The matrix A can, for instance, encode i) navigability S1 = {In · m ≥ Cn
logp n1}, ii) bounded total cost

S2 = {cTm ≤ B}, or any other linear constraint imaginable. That is, we can enforce desirable properties
in a probabilistic sense in terms of an entire linear program (compare that to simply specifying the exact
number of edges from each part...) And for sets defined by linear constraints, the entropy-optimization
problem is not only tractable but has a closed form solution in terms of the dual variables λ ∈ IR`

+:

q∗i (S) =
1

1 + exp(ATi λ)
(9)
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4 Structure via Symmetry

4.1 Boolean Random Graphs

Let Gn be the set of all graphs on n vertices and let Hn = {0, 1}(
n
2). A maximally agnostic approach to

studying random graphs is to consider the uniform measure over arbitrary subsets of graphs.

Definition 5. For S an arbitrary non-empty subset of Gn, the random variable G with uniform distribution
over S is called a Boolean Random Graph and is denoted by G ∼ B(S).

The term Boolean is motivated by the fact that the probability distribution PS(G) = 1
|S|IS(G), ∀G ∈ Gn

where IS(G) is the characteristic function of the set S, providing a connection between random graph mod-
els and Boolean Analysis. In this setting, we can formulate every imaginable set of properties, but this does
not come cheap. Even just the description length of the function (set), either explicit by enumerating ele-
ments, or implicit through Fourier representation, can be of exponential size, rendering the model intractable
in its full generality. Thus, to make progress, the first step is identifying a set of assumptions that endow IS
with some structure, that is specify a “language” in which to express S.

4.2 Invariance under Permutations

Perhaps the most natural way of introducing structure is by imposing symmetry. This is formally expressed
as the invariance of the function IS under the action of a group of transformations T , i.e., requiring that
∀t ∈ T : IS(t(x)) = IS(x),∀x. Our approach to symmetry is to consider the permutation (symmetric)
group on edges. In particular, we consider functions (sets) IS for which there is a partition P of the

(
n
2

)
edges such that the function is invariant under any permutation of the edges (indices) within a part of P .
Therefore, if graphs G,G′ contain the same number of edges from each part, then IS(G) = IS(G′).

Definition 6. Let P = (P1, . . . , Pk) be a partition of the set of all edges on n vertices and S` be the set of
permutations on ` indices. For the given partition and each part i ∈ [k], let xPi = (xj1 , . . . , xj|Pi|) denote
the substring of x ∈ Hn consisting of indices in Pi. Consider the set

Πn(P) =
{
π ∈ S(n2)

: ∀x ∈ Hn, π(x) = (π1(xP1), . . . , πk(xPk)) and πi ∈ S|Pi|, ∀i ∈ [k]
}

of permutations acting within parts of the partition P . A function that is invariant under the action of Πn(P)
is called P-symmetric or in general partially symmetric.

We argue that this notion of symmetry is both natural and well motivated by a number of facts. For one,
considering a subgroup of the symmetric group is natural due to the Cayley Theorem [5] asserting that every
group is isomorphic to a subgroup of the permutation group. More specifically, far more restrictive forms of
the symmetry we require are in fact embedded in nearly all existing graph models.

Erdős-Rényi . If P is the trivial partition consisting of a single part, then Πn(P) = S(n2)
, i.e., all edges

are equivalent. Thus, IS(G) depends only on the number of edges in G, so that the uniform measure over S
gives rise, for example, to G(n,m). Every probability distribution where edges are exchangeable obeys this
symmetry, e.g., G(n, p). This is the maximum amount of symmetry one can impose.

Boolean Random Graphs. At the other extreme, if P consistis of
(
n
2

)
atomic parts, then Πn(P) = In and

there is no symmetry on the underlying set, recovering the Boolean Random Graphs of full generality.
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Stochastic Kronecker Graphs. A more realistic model are Kronecker Graphs [40, 45, 28]. This model
takes the k-fold Kronecker product of a 2×2 symmetric matrix P[1] of probabilities to form an n×n matrix
P[k] where n = 2k. Edges are included independently with probability P[k](i, j) =

∏k P[1](i`, j`) that
depends on the binary representation of the labels of the two vertices. Consider the partition, PKron formed
by assigning edges with the same probability in the same part. This partition has at most 3k ≈ n1.58 parts
and the group Πn(PKron) consists of all permutations of edges with the same probabilities.

Stochastic Block Models. Another important family of random graph models are the so called Stochastic
Block Models (SBM). These models presuppose the existence of a vertex partition V = (V1, . . . , V`) into
` blocks and the existence of a matrix of probabilities P ∈ [0, 1]`×`. A random digraph according to
SBM(V, P ) is produced by including every arc (i, j) independently with probability pī,j̄ , where ī, j̄ are
the blocks of the vertex-partition containing i, j, respectively. (To generate undirected graphs, P is usually
taken to be a symmetric matrix and an arc direction is ignored.) Clearly, the vertex partition V induces an
edge partition PV

M
= {Vi × Vj}i,j≤`. Here the set Πn(PV) includes all permutations of edges that result

from permutation of vertices within a block, thus falling under our general definition of symmetry. This is
particularly important both due to the utility of SBM in theoretical investigations (e.g., [47, 57, 46]), and to
exemplify that community structure can be encoded in our framework.

Relation to Graph Limits The fact that our symmetry requirement encompasses Stochastic Block Models
is particularly pertinent in light of the theory of Graph Limits [44, 12]. According to that theory, given a
sequence of graphs obeying some regularity conditions, one can extract a limiting object that captures many
properties of the sequence as a measurable integrable1 function W : [0, 1]2 → [0, 1], called a graphon,
see [13, 15]. Inherent in the construction of the limiting object is an intermediate approximation by a
sequence of Stochastic Block Models obtained after invoking the (weak) Szemerédi Regurality Lemma [25,
12]. The conclusions we can draw for our purposes is that any property that is encoded in the limiting object
is expressible within our framework of symmetry and particularly can capture densities of subgraphs of size
depending on the regularity of the sequence [12, Section 2.9 ].

4.3 Enabling the Expression of Geometry

In all the examples of symmetry presented in the previous section, a crucial point was that the edge-partition
had block-vertex symmetry, i.e., it factorized along vertices: there existed a partition of the vertices such
that the part of an edge was a function of the parts of its endpoints. In our symmetry requirements we will
not make such an assumption and this is perhaps the most significant feature of our model as it enables
the expression of geometry. For example, we can partition edges according to “length”, so that each part
contains edges of (approximately) equal length. As a result, our notion of symmetry is neither confined
in models with a mean-field type structure, nor does it impose a specific geometry on the vertices, or an
independence requirement between edges.

We define below the following notion of an abstract geometric partition.

Definition 7. Consider a symmetric non-negative valued function, e.g., distance, similarity, membership,
g : V × V → IR+ such that g(i, j) denotes the “distance” between i and j. If R = (R1, . . . , Rk) is a
partition of IR+, the induced partition Pg,R = {P1, . . . , Pk}, where P`

M
= {(i, j) ∈ V × V : g(i, j) ∈ R`},

is called an abstract geometric partition based on g andR or a (g,R)-partition.

1In general Lp-integrable for some p ≥ 1.

10



We can use such partitions both to unify previous models and to cast new models into our framework.

Geometric Random Graphs. The simplest variant of this model, assumes a probability distribution (usu-
ally uniform) on some geometric space X , typically [0, 1]d for small d, and assigns randomly to each vertex
i a point Xi ∈ X . Points are then connected if and only if the distance dX (i, j) is smaller than a threshold
r(n). If we consider the partition Rr = {[0, r), [r,∞)}, it is clear that the model is (dX ,Rr)-symmetric.
However, if one looks at the action of the corresponding symmetry group Πn((dX ,Rr)) one finds that it
only maps elements onto themselves. This is a consequence of the fact that given the location of the points,
encoded in the function dX , the graph is deterministic.

This problematic aspect is generally addressed by considering that edges are added independently, with
the probability of each edge being a function of the distance between its endpoints. The symmetry assump-
tion then boils down to assigning equal probability to edges for which dX (i, j) is in the same part of R.
Besides Geometric Random Graphs, many models, or slight variations thereof, can be shown to enjoy such
symmetry, including Random Intersection Graphs [19] or Dot-Product Random Graphs [63, 52].

Generic Scale-Induced Partitions. Given a collection of vertices endowed with a distance function g,
i.e., taking the geometry as input, we can scale g so that its minimum value is 1, set λ = λ(ε) = 1 + ε > 1
and take Ri = [λi−1, λi). The partition Pλ = {R1, . . . , Rk} where k = maxblogλ diameter(X )c is called
a λ-scale partition and will be utilized in a latter discussion on Navigability in random graphs. Note that
the edges in each part will all have the same value of g up to a factor of λ, i.e., we can have arbitrarily good
accuracy, while for any fixed ε > 0 and diameter(X ) = poly(n) we end up with only k = O(log n) parts.
(As we will see, we will derive strong results even when k = poly(n), but it reassuring to see that even far
fewer classes would be expressive in applications, e.g., if the vertices lied on any finite-dimensional lattice.)

5 Partially Symmetric Random Graphs

As we saw in the previous section, partial symmetry fruitfully introduces structure while leaving space for
interesting limiting and geometric properties to be encoded. This motivates the following definition.

Definition 8 (Partially Symmetric Random Graphs). Given a partition P and P-symmetric set S, the ran-
dom variable G ∈ Gn with uniform distribution over S is called an (P, S)-random graph. We denote that
fact by G ∼ P(S). Any such model is called a Partially Symmetric random graph.

Combining the uniform measure with partial symmetry has a number of appealing consequences.

Representation. Since the characteristic function IS(x) is invariant under Πn(P), we see that it depends
only on the vector m(x) = (m1(x), . . . ,mk(x)) of the number of edges (Hamming weight) selected from
each part. That is, IS(x) = Im(S)(m(x)), ∀x ∈ Hn, where m(x) ∈ IRk

+ and m(S) ⊂ IRk
+ denotes the

image of S under m. From here on, we will refer to m(x) (equivalently of m(G)) as the edge-profile.

Proposition 9. Given a partition P , any function f : Hn → IR invariant under Πn(P), depends on x ∈ Hn

only through the edge-profile m(x).
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Generation. By Proposition 9, one can generate an (P, S)-random graph G via a two step process:

1. Sample an edge profile m out of the distribution on Nk+ induced by the uniform distribution on S.

2. Given m = (m1, . . . ,mk) select a uniformly random mi-subset of edges from each part Pi of P and
form G as the union of these subsets.

Conditional Independence. The decomposition of the generation process into two stages highlights a
prominent feature of Partially Symmetric random graphs, namely conditional independence. Specifically,
that conditioning on the edge profile renders edges in different parts independent.

Proposition 10. Let G ∼ P(S), for all i ∈ [k] consider the disjoint sets of edges Ii, Oi ⊂ Pi and define the
events Ai = {G ∈ Gn : Ii ⊂ E(G) and Oi ∩ E(G) = ∅}. Conditional on the edge profile m of G being v,
the events are independent, i.e. it holds that:

PS (A1 ∩ . . . ∩Ak|v) =

k∏
i=1

PS(Ai|vi)

moreover PS(·|v) = P(·|v) depends on S only through whether v ∈m(S).

The proof of Proposition 10, while elementary, is instructive of the mechanics of Partially Symmetric
random graphs. Given the edge profile m, not only is the distribution of edges known but it factorizes to a
product of G(n,m)-like distributions for each part. Thus, the complexity of the uniform measure on S is
manifested entirely in the induced distribution on m(S) ∈ Nk, whose structure we discuss next.

Definition 11. Given an edge profile m ∈ Nk define the entropy of m as

ENT(m) =

k∑
i=1

log

(
pi
mi

)
, (10)

where pi = |Pi| denotes the number of edges in part i of partition P .

Thus, S is decomposed into equivalence classes according to v, with the size of each class given by its
entropy (10). Using this decomposition, we immediately see that for all valid edge-profiles v ∈m(S),

PS(v) =
1

Z(S)
eENT(v) (11)

PS(G|v) =
1

exp (ENT(v))
Iv(m(G)) (12)

where Z(S) =
∑

v∈m(G) exp (ENT(v)) = |S| is the normalizing constant (partition function).

5.1 The Entropy of Edge-Profiles

As we saw, understanding the uniform measure on S naturally reduces to understanding the distribution on
the set of edge-profiles m(S) induced by the entropy function. This is where the real work begins and what
makes the effort hard is that m(S) can be an arbitrary subset ofMP

M
=
∏k
i=1{0, . . . , pi}. Generically, we

would like to identify a subset M ⊂MP , a distance d : IRk × IRk and a radius ∆(n) such that

PS (d(v,M) ≥ ∆)→ 0 , (13)
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where d(v, A) = infx∈A d(v,x). Concretely, a most natural approach towards this goal is to focus on the
approximate modes of the distribution on m(S). For ε = ε(n) > 0 not necessarily small, let

M ε
P(S) = {v ∈m(S) : ENT(v) ≥ sup

z∈m(S)
ENT(z)− ε} , (14)

where decreasing εmakesM ε
P(S) “simpler”, while increasing it improves concentration (∆ can be smaller).

In increasing order of value (and aspiration) the motivation for conducting such analysis is:

1. Structure: the set M ε
P(S) is both much smaller than m(S) and structured, as points are approximate

maximizers of the entropy over m(S). For instance, one can try to get a handle on the set M ε
P(S) by

attacking the corresponding optimization problem analytically but also computationally.

2. Orthogonality: the conditional decomposition of the uniform measure in a product of G(n,m)-like
distributions implies that the distance in (13) can account each of the k coordinates independently.

3. Tractability: ideally, the setM ε
P(S) can be shrunk to a point (by taking ε = 0), implying localization

around a single point m∗. Combined with orthogonality, this implies that the uniform measure on S
essentially reduces to PS(G|m∗), a completely tractable distribution.

Recap. Partially Symmetric random graphs satisfy many of the requirements we initially set. They were
derived from the first principles of uniformity and permutation symmetry, both reflecting maximal agnos-
ticism beyond what is explicitly considered known, and once we peel off the outer layer of complexity
(conditioning on the edge-profile), they become tractable as the union of G(n,m)-like subgraphs. At the
same time, they present a trade-off between modeling power, with the number of parts in the partition of P
on one hand and the complexity of the geometry of M ε

P(S) on the other. In the next sections we establish
the existence of an extremely fertile middle-ground, Convex Random Graphs. These allow us to banish the
complexity of M ε

P(S) completely, achieving tractability, while accommodating a number of classes that
grows with n at a rate reflecting the alignment between S and P .

6 Convex Random Graphs

Our approach to tractability is to provide conditions under which the geometry of M ε
P(S) is simplified and,

consequently, rigorous statements enabled. As a first step, we proceed with a re-parametrization of the edge-
profile m ∈ Nk in terms of effective probabilities a ∈ [0, 1]k, defined through the relation ai(G)

M
= mi(G)

pi
for all i ∈ [k]. The vector a(G) = (a1(G), . . . , ak(G)) is called the probability profile of G.

Definition 12. Given a partition P and a probability profile a ∈ [0, 1]k, define the P-entropy of a as

HP(a) =
k∑
i=1

pi [ai log ai + (1− ai) log(1− ai)]

Next, using standard Stirilng’s approximations we relate the P-entropy of a probability profile with the
entropy of an edge-profile m.

Lemma 13. Let m ∈MP be an edge-profile and a ∈ [0, 1]k be the corresponding probability profile, then:

ENT(m) = HP(a) + γ(n)

where 0 ≤ γ(n) ≤ k log n.
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The quality of approximation increases as pi,mi become larger. Additionally, assuming that pi(n)→∞
as n grows, we get that any point in [0, 1]k can be well approximated by a probability profile a, corresponding
to some m ∈MP . Furthermore, continuity properties of the entropy function imply that for understanding
the geometry of max-entropy points M ε

P(S), we can instead work with the “smoothed” version using the
probability profiles.

Definition 14. Given a P-symmetric set S, let a(S) be the set of valid probability-profiles, define the MAX-
ENT optimization problem indexed by (P, S) as:

max
b∈[0,1]k

HP(b)

s.t. b ∈ a(S)

Definition 15. A P-symmetric set S is convex iff a(S) is convex, in the sense that for every two points
b, c ∈ a(S), every point in the the set {w = tb + (1 − t)c, ∀t ∈ [0, 1]} ∩ AS (counterpart ofMS) also
belongs in a(S).

At this point we are ready to introduce the concept of a Convex Random Graph

Definition 16. Given a partition P and a P-symmetric convex set S, the random variable G ∼ CRGP(S)
is called a Convex random graph.

By restricting our attention to convex sets S, we have the following important consequences:

1. Uniqueness: the concavity of P-entropy and the convexity of a(S) imply [16] that the MAXENT

problem has a unique solution.

2. Closedness: since the intersection of convex sets is a convex set, convex random graphs are closed
with respect to intersections. Specifically, if we have specified two P-symmetric convex sets S1 and
S2(two different desired properties) their intersection S1 ∩ S2 is also P-symmetric and convex. This
observation is important because it opens the prospect of engineering.

The first point permits us to associate with each non-empty convex set S, a unique probability profile q∗ =
q∗(S) coming from the solution of the MAXENT optimization problem for a(S).

Definition 17. Given a partition P and a convex set S, the random graph formed by included each edge
in Pi with probability q∗i (S) for all i ∈ [k], is called the (P,q∗)-Edge Block Model and is symbolically
expressed as G ∼ EBMP(q∗). The corresponding probability distribution will be denoted as Pq∗(·).

We will show in Section 8 that properties of Convex Random Graphs are closely associated to those of
Edge Block Models, and hence that our satisfies the requirement of tractability that we initially set.

7 Concentration of the Edge-Profile

In this section we prove Theorem 1. We aim to characterize the vectors m ∈ m(S) that will be observed
with high probability when sampling from the uniform measure on S. In order to achieve that, we need to
study the induced probability distribution on m(S) by the uniform measure on S . This distribution, given
in (11) , is expressed in terms of the entropy ENT(m) of m, and the partition function Z(S) = |S|:

PS(m) =
1

|S|
eENT(m)
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The general idea is to identify a high-probability set L by integrating this probability distribution around the
entropy-maximizing profile m∗. There are two obstacles to overcome in order to carry out this approach
successfully: i) the partition function |S| is unknown, meaning that the exact probability distribution PS(m)
is also unknown, ii) performing a complicated integration over the discrete space m(S) in a way such that
the component-wise maximum distance from m∗ in the set L is “small”. Requiring small component-wise
distance is motivated by the fact that accurate knowledge of m for each component can be used through
Proposition 10, to control the overall distribution PS . Our strategy to resolve the above obstacles is:

1. Polarization: approximate(lower bound) the log-partition function log |S| by ENT(m∗), the contri-
bution coming only from the entropic optimal edge-profile m∗:

logPS(v) = ENT(m)− log(|S|) ≤ ENT(m)− ENT(m∗) (15)

2. Smoothing: approximate ENT(m) by the smooth counterpart HP(a) using Stirling’s approximation.

3. Distance bounds: exploiting concavity and differentiability of entropy, lower bound the rate that
entropy decays as a function of the component-wise distance from the maximizer a∗(respectively
m∗). This is done by using second-order Taylor approximations.

4. Union bound: integrate the obtained bounds outside the set of interest by showing that even if all
“bad” vectors where placed right at the boundary of the set, where the lower bound is smallest, the
total probability mass would be exponentially small.

We start by approximating entropy via the P-entropy.

Lemma 18. Let m ∈MP be an edge-profile and a ∈ [0, 1]k be the corresponding probability profile, then:

ENT(m) = HP(a)− γ(n)

where 0 ≤ γ(n) ≤ k log n is a term that approaches zero as mi and pi −mi tend to infinity.

Proof. We begin by providing the first order Stirling approximation for a single term of the form log
(
pi
mi

)
.

Specifically, since mi = piai and by using log n! = n log n− n+ 1
2 log n+ θn, where θn ∈ (0, 1], we get:

log

(
pi
mi

)
= log(pi!)− log(mi!)− log((pi −mi)!)

= −pi [ai log ai + (1− ai) log(1− ai)]− δn(ai, pi) ,

where 0 ≤ δn(ai, pi) ≤ log n. Summing the derived expression for all i ∈ [k] gives:

ENT(m) = −
k∑
i=1

pi [ai log ai + (1− ai) log(1− ai)]−
k∑
i=1

δn(ai, pi)

= HP(a)− γ(n) ,

where 0 ≤ γ(n) ≤ k log n

Next, using the Taylor remainder theorem:
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Theorem 19 (Taylor Remainder Theorem). Assume that f and all its partial derivatives are differentiable
at every point of an open set S ⊆ IRK . If a,b ∈ S are such that the line segment L(a,b) ⊆ S, then there
exists a point z ∈ L(a,b) such that:

f(b)− f(a) = ∇f(a)T (b− a) +
1

2
(b− a)T∇2f(z)(b− a) . (16)

and the connection with P-entropy, we obtain geometric estimates on the decay of entropy around m∗:

Lemma 20 (L2 distance bounds). If m∗ is the unique maximizer and w ∈m(S), then

ENT(w)− ENT(m∗) ≤ −
k∑
i=1

(wi −m∗i )2

max{m̃∗i , w̃i}
+ 3k log n (17)

where m∗i = min{m∗i , pi −m∗i }(respectively w̃i), denotes the “emptyness” of a block.

Proof. Invoking Lemma 18, we rewrite the difference in entropy as a difference in P-entropy, where a∗ is
the probability profile of the maximizer and b of w:

ENT(w)− ENT(m∗) ≤ HP(b)−HP(a∗) + 3k log n

Here, we have additionally dealt with the subtle but trivial issue that the probability profile corresponding
to m∗ can be slightly different(at most 1/pi in each component) than a∗. This issue arises out of the fact
that pia∗i is not necessarily in {0, . . . , pi} and thus does not correspond to a valid edge profile per-se. It can
easily be addressed by using a first-order Taylor approximation and adds a 2k log n term to the bound.

Convexity of the domain and differentiability of the P-entropy provide the necessary conditions to use
the Taylor Remainder Theorem. We proceed with writing the expressions for partial derivatives of HP .

∂iHP(a∗) = −pi log

(
a∗i

1− a∗i

)
(18)

∂2
iiHP(z) = −pi

(
1

1− zi
+

1

zi

)
, (19)

while ∂2
ijf = 0 for i 6= j, due to separability of the function HP and z is a point between a∗ and b. The

Taylor Remainder forumla, now reads:

HP(b)−HP(a∗) = ∇HP(a∗) · (b− a∗)−
K∑
i=1

pi(bi − a∗i )2

(
1

1− zi
+

1

zi

)
(20)

Since, a∗ is the unique solution to the sc MaxEnt problem and the domain is convex, the first term in the
above formula is always bounded above by zero. Otherwise, there would be a direction u and a small
enough parameter ε > 0 such that a∗ + εu has greater entropy, a contradiction. To bound the second sum
from above, let z̃i = min{zi, 1− zi}(expressing the fact that binary entropy is symmetric around 1/2) and
use the trivial bound z̃i ≤ max{ã∗i , b̃i}. Thus,

HP(b)−HP(a∗) ≤ −
K∑
i=1

pi(bi − a∗i )2 1

z̃i
≤ −

K∑
i=1

pi
(bi − a∗i )2

max{ã∗i , b̃i}
. (21)
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Dividing and multiplying by pi, and writing w̃i = pib̃i, m̃∗i = piã
∗
i , gives:

HP(b)−HP(a∗) ≤ −
K∑
i=1

(wi −m∗i )2

max{m̃∗i , w̃i}
. (22)

and concludes the proof. We note that for most cases we have that z̃i = zi, i.e. a block is half-empty.

In preparation of performing the ”union bound”, we prove that:

Proposition 21. The number of distinct edge-profiles |m(S)| is bounded by |MP | ≤ e2k logn.

Proof. Assuming that no constraint is placed upon m by S, then m(S) =MP . This number is equal to the
product of [pi + 1] ≤ n2 as there are at most

(
n
2

)
edges within a block. Multiplying the last bound we get

the statement.

Definition 22. Given a partition P and a P-symmetric set S, define:

µ(S) = min
i∈[k]
{m∗i ∧ (pi −m∗i )} (23)

λ(S) =
5k log n

µ(S)
(24)

r(S) =
λ+
√
λ2 + 4λ

2
(25)

the thickness, condition number and resolution of the convex set S.

The exact motivation and definition of those quantities will be apparent in the proof of Theorem 1. Here
we only give a high level motivation. The thickness captures the contribution to the total entropy of the least
”occupied” block of edges. On the other hand, the condition number intuitively expresses how “singular”
the set S is, i.e. whether or not there is a sharp region. Lastly, the resolution provides the minimum scale
that deviations from the optimum are discernible and corresponds to flatness or sharpness of the geometry
around the optimum. We are now ready to prove Theorem 1 following the strategy outlined in the beginning
of the section.

Theorem 23. Given a P-symmetric set S with λ(S) < 1. Let G ∼ CRGP(S) and ε > r(S), then:

PS (|m(G)−m∗| ≤ εm̃∗) ≥ 1− exp

[
−µ(S)

(
ε2

1 + ε
− λ(S)

)]
(26)

where x ≥ y means xi ≥ yi for all i ∈ [k] and m̃i
M
= min{mi, pi −mi}.

Proof of Theorem 1. Our goal is to use the developed machinery to control the probability of deviations
from the optimum at scale ε > r(S). Define the set Lε(m∗)

M
= {G ∈ S : |m(G)−m∗| ≤ εm∗}. We are

going to show that PS(Lcε(m∗)) → 0 “exponentially” fast and thus provide localization of the edge profile
within a scale ε for each coordinate. To that end, we write:

PS(Lcε(m∗)) =
∑

w∈Lcε(m∗)

PS(w) ≤
∑

w∈Lcε(m∗)

exp [ENT(m)− ENT(m∗)] (27)
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where we have used (15) and added the contribution of points outside of m(S). At this point, we are going
to leverage the lower bound for the decay of entropy away from m∗. This is done by first performing a
union bound, i.e. considering that all points in Lcε(m∗) are placed on the least favorable such point w∗.
Since, we are requiring coordinate-wise concentration, such point would differ from the optimal vector only
in one-coordinate, and in particular should be the one that minimizes our lower bound. Any such vector
w ∈ Lε(m∗), would have at least one coordinate i ∈ [k] such that |wi−m∗i | = εm∗i . By Lemma 17, we get

ENT(w)− ENT(m∗) ≤ − ε2(m∗i )
2

(1 + ε)m∗i
+ 3k log n = − ε2

(1 + ε)
m∗i + 3k log n (28)

using the facts that max{m̃i, w̃i} ≤ m̃i + w̃i ≤ (1 + ε)m∗i . Now, by definition µ(G) ≤ m̃∗i for all i ∈ [k],
and so a a vector w∗ that minimizes the bound is such that ENT(w∗)−ENT(m∗) ≤ − ε2

(1+ε)µ(G)+3k log n.
We perform the union bound by using |Lcε(m∗)| ≤ |MP | ≤ exp(2k log n) from Proposition 21:

PS(Lcε(m∗)) ≤ |Lcε(m∗)| · PS(w∗) (29)

≤ exp

[
− ε2

(1 + ε)
µ(G) + 5k log n

]
(30)

≤ exp

[
−µ(G)

(
ε2

1 + ε
− 5k log n

µ(G)

)]
(31)

Finally, identifying λ(S) in the expression provides the statement. We note here that the resolution r(S) is
defined exactly so that the expression in the exponent is negative, whereas λ(S) < 1 is a requirement that
makes potentially possible that also ε < 1.

Comments on the Proof The theorem shows that there is a bound of 5k log n on the “minimum” number
of edges µ(S) that any block should have. Through the proof, one can identify three sources of error:
Stirling’s approximation, integration over m(S) and approximation of the partition function by the entropy
of the most entropic point. In fact, the first two sources of error can be reduced significantly. In particular,
one might use higher order Stirling expansions and higher order Taylor approximation for the entropy.
Additionally, instead of taking the simple union bound one could define a sequence of “shells” around
the optimum, in order to gain by being able to estimate better the number of classes between shells and
also by improving the lower bound on the decrease of entropy each time. Unfortunately, although, both
strategies work they only lead to an improvement in the leading constant, while unnecessarily complicating
the presentation of the proof. The reason is that the main source of error comes from the approximation of
the log-partition function by the entropy of the optimal profile. In order to improve this approximation we
would need to integrate near the optimum. However, in complete generality, convexity only guarantees that
there is at least one direction over which ce can integrate. But even then, performing this integration would
not yield an improvement as there are only polynomially many classes (n2) along any single direction.

8 Convex Random Graphs and Edge Block Models

In this section, we leverage the concentration theorem to relate properties of Convex Random Graphs to
those of Edge Block Models.

8.1 Probabilistic Clumping of Random Graphs

We begin by constructing a well-known coupling between G(n, p) and G(n,m).

18



Generating G(n,m) and G(n, p). Recalling the boolean representation of a graph as a string x in the
hypercube Hn = {0, 1}(

n
2), we can generate a G(n,m) random graph by: i) assigning to each (edge) bit

xi a uniform random variable Ui ∼ U [0, 1], ii) sorting the sequence U1, . . . , U(n2)
and selecting the m

edges that correspond to the m smallest random variables. That is, given Ui, i ∈
[(
n
2

)]
, the edge set is a

deterministic function fn,m(U) of U . Similarly, one can generate a G(n, p) random graph by i) assigning
again uniform random variables Ui for each bit xi ii) selecting all edges such that Ui ≤ p. Once more, the
edge set is a deterministic function gn,p(U) of U .

We are interested in relating three random graphs G− ∼ G(n, p−), G ∼ G(n,m) and G+ ∼ G(n, p+).
This can be achieved by leveraging the previous facts and defining a common probability space where
events(inclusion-exclusion of edges) take place.

Coupling Consider the the probability distribution PU (·) on [0, 1](
n
2) of

(
n
2

)
i.i.d U [0, 1] random variables.

Each element of the sample space consists of a vector u = (u1, . . . , u(n2)
) ∈ [0, 1](

n
2). In this space the edge

sets of random graphs become deterministic functions of U . Furthermore, for each model we both have that
the marginal probability distribution are exactly the same as the original distributions, but now we can relate
events happening for one random graph to another.

In particular, the same coupling can be constructed for every setting where we sample a subset S of m
items out of a setA (sampling without replacement) denoted as S ∼WR(A,m), and when we include each
item in the set A with probability p(sampling with replacement) denoted as S ∼ R(A, p).

Lemma 24. Given m and a set A with |A| = n, fix an δ > 0 and define p± = m
(1∓δ)n . Then for S ∼

WR(A,m), S± ∼ R(A, p±), we have that S− ⊂ S ⊂ S+ with probability at least 1− 2 exp
(

δ2

3(1+δ)m
)

.

Proof. By the construction of sets S, S± in order to prove the lemma it suffices to show that: |S−| ≤ |S| ≤
|S+| with large enough probability. To that end, define the bad events

B− = {u ∈ [0, 1]|A| :

|A|∑
i=1

I(ui ≤ p−) > m}

B+ = {u ∈ [0, 1]|A| :

|A|∑
i=1

I(ui ≤ p+) < m}

Each event can be stated as the probability that the sum X± of n i.i.d Bernoulli p± random variables ex-
ceeds(smaller then) the expectation np±.By employing standard Chernoff bounds, we get:

PU (B−) = PU (X− > m) = PU (X > (1 + δ)np−) ≤ exp(− δ2

3(1 + δ)
m)

PU (B+) = PU (X+ < m) = PU (X < (1− δ)np+) ≤ exp(− δ2

2(1− δ)
m)

The proof is concluded through the use of union bound:

PU (B− ∪B+) ≤ PU (B−) + PU (B+) ≤ 2 exp

(
− δ2

3(1 + δ)
m

)
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Using, this simple lemma, we can prove the sandwich theorem.

Theorem 25. Let G± ∼ EBMP(q±) and G ∼ CRGP(S), where q± is defined by q±i = 1−ε
1∓εq

∗
i for all

i ∈ [k], and q∗(S) is as before. For sets S ⊂ Gn, satisfying the conditions of Theorem :

G− ⊂ G ⊂ G+ (32)

with probability at least 1− 2 exp
[
−µ(S)

(
ε2

12 − λ(S)
)]

and ε < 1/2.

Proof. To prove our theorem, we first observe that if we condition on the edge profile m of the random
graph G ∼ CRGP(S), by Proposition 10 the probability distribution factorizes in G(n,m)-like(sampling
without replacement) distributions for each block in the partition P . For each block i ∈ [k] we can con-
struct a coupling between Ei ∼ WR(Pi,mi) and E±i ∼ R(Pi, p

±
i ) by using again i.i.d. uniform ran-

dom variables. Then, we can apply Lemma 24, to obtain bounds on the probability that the relationship
E−i ⊂ Ei ⊂ E+

i does not gold for a given block. Using the union bound, we then obtain an estimate of the
probability(conditional on the edge profile) that the property holds across blocks. The final step then, is to
use the concentration theorem to prove, that for all edge-profiles in the concentration region, this property
holds with high probability.

Concretely, define Bi the event that the i-th block does not satisfy the property E−i ⊂ Ei ⊂ E+
i . We

rewrite the event of interest by considering the complement, i.e. PU (G− ⊂ G ⊂ G+) = 1 − PU (∪Bi).
Conditioning on the edge profile gives:

PU (∪Bi) ≤ PU (Lcε(m∗)) +
∑

v∈Lε(m∗)

PU (∪Bi|v)PU (v)

≤ PU (Lcε(m∗)) + max
v∈Lε(m∗)

PU (∪Bi|v)

≤ PU (Lcε(m∗)) + max
v∈Lε(m∗)

[
k∑
i=1

PU (Bi|v)

]
where the first inequality holds by conditioning on the edge profile and bounding the probability of the bad
events from above by 1 for all “bad” profiles. The second inequality, is derived by upper bounding the
probability of the bad event by the most favorable such edge-profile. Lastly, the last inequality is due to an
application of the union bound. Applying Theorem 1 we get a bound on the first term and then invoking
Lemma 24 we get a bound for each of the term in the sum:

PU (∪Bi) ≤ exp

[
−µ(S)

(
ε2

1 + ε
− λ(S)

)]
+ 2 max

v∈Lε(m∗)

[
k∑
i=1

exp

(
− ε2

3(1 + ε)
vi

)]

Hence, we see that the upper bound is monotone in vi for all i ∈ [k]. Additionally, we know that for all
v ∈ Lε(m

∗) it holds that v ≥ (1 − ε)m∗. Further, by definition we have m∗ ≥ µ(S). The bound now
becomes:

PU (∪Bi) ≤ exp

[
−µ(S)

(
ε2

1 + ε
− λ(S)

)]
+ 2k exp

[
−ε

2(1− ε)
3(1 + ε)

µ(S)

]
(33)

≤ exp

[
−µ(S)

(
ε2

1 + ε
− λ(S)

)]
+ exp

[
−µ(S)

(
ε2(1− ε)
3(1 + ε)

− log(2k)

µ(S)

)]
(34)

Finally, using ε < 1/2 and log(2k)/µ(S) ≤ λ(S) we arrive at the required conclusion.
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8.2 Approximate Independence for Local Events

The concentration and sandwich theorems provide a global view of Convex random graphs. Here, we aim to
refine this view and provide accurate estimates of the probabilities under PS of local events, i.e. concerning
a few edges . This is motivated by the fact that in many occasions people are interested in what happens
in small regions of the graph, like the appearance of a certain subgraph(e.g. triangles, cliques, cycles) or
the expected degrees of nodes. Towards that end, we are going to exploit once more the duality between
G(n,m) and G(n, p).

We start off by defining what is a local event. Consider any disjoint sets of edges Ii, Oi ⊂ Pi and define
the event Ai = {G ∈ Gn : Ii ⊂ E(G) and Oi ∩ E(G) = ∅} for i ∈ [k]. Our definition of local events
will involve the number of edges appearing in the events, as well as the probability of the events. The first
consideration is naturally motivated by the G(n,m)-like decomposition of the measure and the control we
have over its paramaters(edge-profile). The second requirement is due to the fact that we can estimate the
probabilities only through the concentration theorem and , thus, events that have much smaller probabilities
than the error in the concentration theorem are masked by it. We proceed with the definition of local events.

Definition 26. Assume aP-symmetric convex set S, and let m∗(S),q∗(S) denote the optimal edge(probability)
profile. Fix ε > r(S) and γ > 0, an event Ai is (ε, γ)-local if:

|Ii ∪Oi| ≤ ε ·m∗i (35)
q∗i

1− q∗i
≤ γ (36)

where r(S) denotes as before the resolution of S. Furthermore, a composite event A = ∩ki=1Ai is (ε, γ)-
local if additionally:

Pq∗(A) ≥ exp

[
−µ(S)

(
ε2

1 + ε
− λ(S)

)]
· ε (37)

The requirement (36) that the ratio is bounded implies that q∗i ≤ 1/(1 + γ) and essentially is needed
in order to consider events Ai where some edges might not be present(otherwise the probability would be
arbitrary close to 0 even when Oi consisted of a single edge). Let |Ii| = si and |Oi| = ni − si be the
cardinalities of the sets appearing inAi. We start with a lemma that provides estimates about the conditional
probability distribution within each block:

Lemma 27. For a P-symmetric convex set S with λ(S) < 1, let ε > r(S) and consider v ∈ Lε(m∗)(in the
concentration region). For a (ε, γ)-local event Ai, we have:

(1− 2ε)si [1− 2εγ]ni−si ≤ PS(Ai|v)

Pq∗(Ai)
≤ (1− ε)−ni(1 + γε)ni−si (38)

where (q∗i )
si (1− q∗i )

ni−si = Pq∗(Ai) is the probability of the event under the EBMP(q∗).

Proof. We start of by righting an exact expression for PS(Ai|v):

PS(Ai|v) =

(
pi−ni
vi−si

)(
pi
vi

) =
(vi)si(pi − vi)ni−si

(pi)ni
(39)
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where (x)n denotes the descending factorial, for which we get the following easy bounds (x − n)n ≤
x(x− 1) . . . (x− n+ 1) ≤ xn. First, we obtain a lower bound on PS(Ai|v):

PS(Ai|v) ≥ (vi − si)si(pi − vi − ni + si)
ni−si

pnii
(40)

≥
[
(1− 2ε)

m∗i
pi

]si [
1− (1 + 2ε)

m∗i
pi

]ni−si
(41)

≥ (1− 2ε)si(q∗i )
si(1− q∗i )ni−si

[
1− q∗i

1− q∗i
2ε

]ni−si
(42)

≥ Pq∗(Ai)(1− 2ε)si [1− 2εγ]ni−si (43)

The second inequality was derived using v ∈ Lε(m∗) and ni ≤ εm∗i , while the third by recalling that
q∗i = m∗i /pi. To get the last inequality, we use the assumption q∗i /(1 − q∗i ) < γ. Proceeding in the same
manner we get the upper bound:

PS(Ai|v) ≤ Pq∗(Ai)(1− ε)−ni(1 + γε)ni−si

The idea now is to combine those partial conditional estimates for all classes and use the concentration
theorem to get rid of conditioning.

Theorem 28. Given a P-symmetric convex set S ⊂ Gn with µ(S) � (5k log n)2, define ε̂ M
=
√
c∗λ(S)

where c∗ ≈ 2 is explicitly defined. For an (ε̂, γ)-local event A involving at most m ≤
4
√
µ(S)√

c∗5k logn
edges, it

holds: ∣∣∣∣ PS(A)

Pq∗(A)
− 1

∣∣∣∣ ≤ 8γ
4
√
µ(S)

(44)

where Pq∗(A) denotes the probability under EBMP(q∗).

Proof. To prove the lemma we use again the usual strategy of conditioning. In particular, we obtain ini-
tial upper and lower bounds by utilizing Theorem 1 and conditioning. Let QS(ε) be the “error” of the
concentration theorem:

(1−QS(ε)) min
v∈Lε(m∗)

PS(A|v) ≤ PS(A) ≤ PS (Lcε(m∗)) + max
v∈Lε(m∗)

PS(A|v)

By dividing with Pq∗(A), we get:

(1−QS(ε)) min
v∈Lε(m∗)

PS(A|v)

Pq∗(A)
≤ PS(A)

Pq∗(A)
≤ PS (Lcε(m∗))

Pq∗(A)
+ max

v∈Ls(m∗)

PS(A|v)

Pq∗(A)

Due to Proposition 10 and Lemma 27, we have the following bounds for the ratios involving conditioning
on the edge-profile:

(1− 2ε)m [1− 2εγ]m ≤
k∏
i=1

PS(Ai|v)

Pq∗(Ai)
≤ (1− ε)−m(1 + γε)m (45)
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where m =
∑
ni is the total number of edges. Moreover, by definition of the ε-local event, we get that

PS(L̄ε(m∗))
Pq∗ (A) ≤ ε. Now, setting ε̂ =

√
c∗λ(S), where c∗ = 2(1 +λ+

√
λ2 + 2λ) ≈ 2, such that ε̂2/(1 + ε̂)−

λ = λ and recalling that µ(S)λ = 5k log n, gives:

PS(A)

Pq∗(A)
≥

(
1− 1

n5k

)
(1− ε̂)m [1− 2γε̂]m (46)

PS(A)

Pq∗(A)
≤ ε̂+ (1− ε̂)−m (1 + γε̂)m (47)

For the lower bound we use the inequality (1− x)y ≥ 1− xy, ∀x < 1, and obtain:

PS(A)

Pq∗(A)
≥

(
1− 1

n5k

)
(1− ε̂m) [1− 2γε̂m] (48)

≥ 1− 8γε̂m (49)

The last line follows by expanding the product and bounding from below each term in the sum by the smallest
such term. To get the upper bound we proceed similarly. We use the inequality (1− x)y ≥ 1− xy, ∀x < 1
to simplify the fraction in the denominator. Further, for ε̂m → 0 we have that (1 + γε)m ≤ 1 + 2γε̂m and

1
1−ε̂m ≤ 1 + 2ε̂m for adequately large n. Consequently:

PS(A)

Pq∗(A)
≤ ε̂+ (1 + 2mε̂) (1 + 2γmε̂) (50)

≤ 1 + 6γε̂ (51)

Putting everything together, we obtain that:∣∣∣∣ PS(A)

Pq∗(A)
− 1

∣∣∣∣ ≤ 8γε̂m

Finally, by assumption ε̂m ≤ 1
4
√
µ(S)

and, hence, the theorem is concluded.

Definition 29. A function f : Gn → IR is called (ε, γ)-local for a P-symmetric set S if ∀x ∈ IR the event
Bx

M
= {G ∈ Gn : f(G) ≤ x} is (ε, γ)-local.

Corollary 30. Under the conditions of Theorem 3, for any (ε, γ)-local function f : Gn → IR, it holds that:

|ES [f(G)]− Eq∗ [f(G)]| ≤ 8γ
4
√
µ(S)

Eq∗ [|f(G)|] (52)

Proof. Observe that since the function is defined on the discrete space Gn it takes at most 2(n2) values. Let
I+ = {x ∈ IR : ∃G ∈ Gn, f(G) = x > 0} and I−be (respectively) the positive and negative values that f
can take. We simply multiply (44) by Pq∗(A), and integrate it over the two sets.

Remark 31. The corollary shows that for function of well-conditioned parts of the graphs, we have accurate
control. Moreover, if we assume the existence of higher moments, we get information about the distribution
of f . As an example, one can obtain a feel for the distribution of T , the number of triangles in the graphs
by calculating higher moments, that would be sums of local functions of more and more edges.
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9 Prior Information and Probabilistic Reductions

In the exposition, the introduction of symmetry was presented as a way to endow structure to the otherwise
unstructured arbitrary subsets of Gn. In reality, the introduction of symmetry is a way to incorporate prior
knowledge about the set of graphs of interest. The question is what kind of information is our notion of
symmetry able to encompass?

Equivalence as a Model We promote the notion that a model (X ,�) on a space X is defined through
an equivalence relation � on X × X . In other words, it captures whether or not two objects contain the
same “information” to the eyes of the modeler. In full generality, the equivalence relation induces a partition
Q of X , where membership to a part is dependent on the full specification of the object. Our symmetry
assumptions, define this equivalence relation through:

G1, G2 ∈ Gn : G1 � G2 ⇔ m(G1) = m(G2)

where m(G) is the edge-profile of the graph. This identification, as we saw, was a consequence of the
existence of a partition P and the assumption of permutation symmetry between edges in the same block.
Therefore, in our case the partition Q of elements of X , is induced by a (lower order) partition of edges
in equivalence classes and, hence, our model can encompass information about first-order equivalences
between edges.

The model of Geneneralized Erdős-Rényi random graphs is, thus, a meta-model where one specifies the
prior-information available in terms of the partition of edges. Extensive examples of models, where such
information is available, were presented earlier and were unified under the general concept of a geometric
partition (g,R)(expressing e.g. membership, similarity,distance). Next we explore the range of properties
that are expressible under block-permutation symmetry.

Probabilistic Reductions Given the prior-information specified by a partition P of edges, the range of
sets(properties) expressible are those whose characteristic function IS(G) = Im(S)(m(G)) is a function
only of m(G)(Proposition 9). Arguably, at first glance this is not a rich family in the case where the partition
P is meaningful(reasonable amount of grouping). However, exploiting the fact that, given the edge profile
m, we have very accurate knowledge of the conditional probability distribution PS(·|m)(see Proposition
10, Lemma 24 and Lemma 27) opens the prospect of being able to probabilistically reduce the property of
interest as a specification on the set of edge-profilesMP .

Definition 32. For a given property(set) S, define it’s (ε,P)-approximation Ŝ as:

ŜP(ε)
M
= {v ∈MP : P(S|v) ≥ 1− ε} (53)

and define m−1(Ŝ) = {G ∈ Gn : m(G) ∈ Ŝ} the corresponding set of graphs.

That is, instead of studying S itself, study the pre-image of the set of profiles v ∈ ŜP(ε) such that: if we
take a subset of vi edges at random from each block Pi of the partition, the property holds with probability
at least (1− ε). The hope is that we will be able to obtain a concise description of ŜP(ε) in terms of v. The
latter goal can be achieved through two different avenues:
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Phase Transitions: a large part of random graph theory is to establish threshold functions for various
monotone properties. This theory becomes particular pertinent in our context, since it can be used to derive
tight and concise approximations of graph properties.

• Tightness: refers to the fact that the existence of a threshold function, implies that the set ŜP(ε) is
actually a good approximation of the set S. In the sense that, since, conditional on the edge-profile, all
graphs with the given profile are equi-probable: i) the number of graphs in the set ŜP(ε) satisfying the
property are an (1− ε) fraction of |ŜP(ε)| (positive side of the threshold), ii) The number of graphs in
the complement of ŜP(ε) are a vanishing fraction of all such graphs(negative side of the threshold),
iii) for sharp thresholds the number of graphs in between are usually a vanishing fraction compared
to both sets. In such cases, the approximation is highly satisfactory.

• Conciseness: the existence of threshold function has another important consequence in our context,
i.e. the set ŜP(ε) can be described as {g(m) ≥ c∗ε} for some function g : IRk → IR. For instance,
in the case of the original Erdős-Rényi model, we are given the trivial partition PER and aim to study
the following sets S1 = { giant component}, S2 = { connectivity}, S3 = { r-qlique}, then:

Ŝ1 =
{
m ∈MP : m ≥ (1 + ε)

n

2

}
(54)

Ŝ2 =

{
m ∈MP : m ≥ (1 + ε)

n log n

2

}
(55)

Ŝ3 =

{
m ∈MP : m ≥ (1 + ε)

2
n2− 2

r

}
(56)

The above results refer to Erdős-Rényi random graphs where the partition does not play a role, hence, one
might think that this is the singular setting where results of the kind we are describing are attainable. We have
shown earlier that the same principles apply to far more general models, like the Stochastic Block Model
or geometric models. The general point we want to put forward is that tight and concise approximation to
properties of interest are plausible.
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A Trivial Proofs

Proof of Proposition 9. Fix an x ∈ Hn and consider the set O(x)
M
= {y ∈ Hn : ∃π ∈ Πn(P) such that y =

π(x)} and call it the orbit of x under Πn(P)(note that by group property orbits form a partition of Hn). The
assumption of symmetry, implies that f is constant for all y ∈ O(x):

f(y1) = f(y2) = f(x), ∀y1,y2 ∈ O(x)

By definition of Πn(P), for any x ∈ Hn there is a permutation πx ∈ Πn(P), such that i) πx(x) =
(πx,1(xP1), . . . , πx,k(xPk)) ∈ O(x), ii) for all i ∈ [k], πx,i(xPi) is a bit-string where all 1’s appear conse-
quently starting from the first position. Let as identify with each orbit O ⊂ Hn such a distinct element xo.
As the function of f is constant along each orbit, its value depends only through xo, which in turn depends
only on the number of 1’s(edges) in each part, encoded in the edge profile m = (m1, . . . ,mk).

Proof of Proposition 10. Since G ∼ P(S) the distribution of G is by definition uniform on S. This also
means that it is uniform on the subset of graphs having edge profile m ∈ Nk(conditioning). But then:

PS (A1 ∩ . . . ∩Ak|v) =
PS (A1 ∩ . . . ∩Ak ∩m(G) = v)

PS(m(G) = v)
=
|A1 ∩ . . . ∩Ak ∩m(G) = v|

|m(G) = v|
Im(S)(v)

where the first equality follows from Bayes rule and the second due to uniformity and the fact that our
symmetry assumption implies that membership in S depends only on the edge-profile m. Recall that each
set Ai = {G ∈ Gn : Ii ⊂ E(G) and Oi ∩ E(G) = ∅} imposes the requirement that the edges in Ii are
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included inG and that the edges inOi are not included inG. Having conditioned onv, we know that exactly
vi edges from Pi are included in G and that we can satisfy the requirements for edges in Pi by selecting any
subset of vi − |I|i edges out of Pi \ (Ii∪i). For convenience set |Pi| = pi, |I|i = ni, |Oi ∪ Ii| = ri, and
let Cn` denote the number of k-combinations out of an n element set(binomial coefficient). The number of
valid subsets of Pi is then given by Cpi−rivi−ni . As the constraints imposed are separable, we have:

|A1 ∩ . . . ∩Ak ∩m(G) = v|
|m(G) = v|

=

∏k
i=1C

pi−ri
vi−ni

|m(G) = v|
=

k∏
i=1

|Ai ∩m(G) = v|
|m(G) = v|

which gives the required identity by exploiting again uniformity of the probability measure.
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