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Focus of Talk

@ Blackwell's Trapdoor Channel Feedback Capacity
@ Numerical Calculations (and \chemical channel" generatinn)
@ Analytic Solution

@ Zero-error Communication Scheme

© Hidden-Markov Processes
@ Not So Hidden Markov Processes
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Channel Capacity Puzzle

What is the capacity of this two-state channel where the stdats a
function of the previous input?

Xi 1:O
Xi
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(Observation: Markov inputs lead to Hidden-Markov chanmeitputs.)
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Channel Capacity Puzzle

What is the capacity of this two-state channel where the stdats a
function of the previous input?

Xi 1=0 Xi 1=1
0
Xi Y Xi 1=2 Yi
1 1 1 1
Alternative Characterization:
Zi i.i.d. Bern(1/2),
zZ" 2?2 XM
Y, =

X +(Xi 1Zi) mod 2
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(Observation: Markov inputs lead to Hidden-Markov chanmeitputs.)
(Stanford University)
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The Trapdoor Channel

Input

Channel
@ Output
S=S 1% W
=0
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The Trapdoor Channel

Input

Lo =

Channel

@ Output
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The Trapdoor Channel

Input

Channel
Output
S=S 1% W
=0
X1=1, =1, y1=0,
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The Trapdoor Channel

Channel

Input Output

S L

S=S 1% W

=0
x1=1, =1,y =0,
X2 =0,
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The Trapdoor Channel

Channel
Input Output

© > @ ()0

S=S 1% W

=0
x1=1, =1,y =0,
X2=0, =1, y2=0,
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The Trapdoor Channel

Channel
Input @ Output
S=S 1% W

=0

X]_:l, 31:1’ y1=0,
X=0, =1, y,=0,
X3 =1,
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The Trapdoor Channel

Channel
Input
S=S 1t X% W
=0
X]_:l, 31:1’ y]_:O,
X2=0, S’Z:l’ y2=0’
X3=1,53=1, y3=1.
Paul Cu (Stanford University) BIRS 2007

Output

240100

=] ) = =
October 2, 2007

DA
4/30



The Trapdoor Channel

Channel
Input Output

> @ = (Vo))

S=% 1t X% W

$=0

x1=1, =1, y1 =0, . . .

X320, =1, Y =0, Biochemical Interpretation [Berger 71]
x3=1, =1, y3=1
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The Chemical Channel

Balls are not equally likely to exit the channel.

[x [s 1 [Py =0jx;s 1) [Py =1ix;s 1) |

0 0 1 0
o] 1 P1 1 p
11 0 P2 1 p
1 1 0 1

Special cases:
Trapdoor channel: p; = pp = 3.
New vs. Old: p1 =1 P2 = Pswitch-
"0'vs. 1% p1= P2 = Pzero-
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The Trapdoor Channel

Introduced by David Blackwell in 1961.

[Ash 65], [Ahlswede & Kaspi 87], [Ahlswede 98], [Kobayashi&03]

Fig. 7.1 A simple
two-state channel.
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A \simple two-state channel.”- Blackwell

(Stanford University)

=] =)
BIRS 2007

APXN G4
October 2, 2007 6 /30



Paul Cu

Ideas for Communication without Feedback

@ Repeat each bit three timeR = 1=3 bit.
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Ideas for Communication without Feedback

@ Repeat each bit three timeR = 1=3 bit.

o Repeat each bit twiceR = 1=2 bit. [Ahlswede & Kaspi 87]
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Ideas for Communication without Feedback

@ Repeat each bit three timeR = 1=3 bit.

o Repeat each bit twiceR = 1=2 bit. [Ahlswede & Kaspi 87]
@ C 0:572 bits per channel use. [Kobayashi & Morita 03]
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Communication Setting (with feedback)

Encoder Chemical Channel Decoder )
M Estimated
essage syt 1 message
—— Xt(m;yt 1) ——p p(YtJX VY ) > m(yN)
m Xt Yt h
A
Feedback Unit Delay  |g—u-
Y1 Yt
Figure: Communication with feedback
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Feedback Capacity of FSC

Lowerand upperbounds:
lim — max mint(XN 1 Y Nj
Crs N N e g ™ ( j%0)
. 1
Crs NI!|{n — max

mav max (XN 1Y Njsp)
N fpoijxi Lyl Lygh, So

[Permuter, Weissman & Goldmith ISIT06]
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Directed Information

Mutual Information

[(X™ Y™

LX™ YYD
i=1

Directed Informatiorwas de ned by Massey in 1990.

o
X"t oyn XYY
i=1

Paul Cu

(Stanford University)

=]
BIRS 2007

=

nae
October 2, 2007 10/ 30




Directed Information

Mutual Information

[(X™ Y™

LX™ YYD
i=1

Directed Informatiorwas de ned by Massey in 1990.

X0
(X" Yn)

(X5 YY)
i=1
Intuition [Massey 05]:

(X" Y™

Paul Cu

XM Y™+ 1(y" o xm
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Feedback Capacity of Uni lar, Strongly Connected, FSC

and output.

Chemical channel has two other properties of interest.
@ Unilar [Ziv 85]: State is deterministic function of past state, iop

@ Strongly connected Any states can be reached with positive
probability from any other states 1.
Consequence

Ceg = lim

Initial state doesn't matter; upper and lower bounds becoewual.
N1 N

‘max I((XN1 YN
fpOaixi Lyt g,

Paul Cu
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Feedback Capacity of Uni lar, Strongly Connected, FSC

CFB = |lim

N!1

max IxXN vl

N fpajxt Lyt o,

= lim = max X5 Yyt )
NI Nofpeajxt Lyt Doy o4

= lim —

N1

XN
max I(X; S 1YYt b
fpxeis 1yt Doy o4

sup

X
fp(aejse 1yt Do 1

.1 .
liminf = I(Xe; S 1YYt b
N
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Dynamic Programming (in nite horizon, average reward

Variable Assignments Dynamic Programming Requirements

State evolution:
State: = p(sjy!

t= P(sly) t = F(t¢ 1u;w)
Action: Uy = p(xijs: 1) Reward function per unit time:

Disturbance:w; = y; 1

g(t+ vw) = 1(Xe;S 1Yt 1)

Similar work: [Yang, Kawt & Tatikonda 05], [Chen & Berge05]
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Dynamic Programming (in nite horizon, average reward
Dynamic Programming Operatdr

The dynamic programming operatd is given by
z

T J()=sup g(;u)+

u2U

Pw(dwj ; u)J(F(; u;w))
Bellman Equation

If there exist a function]( ) and constant that satisfy
then

J()=T J()

is the optimal in nite horizon average reward.
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Feedback Capacity of Chemical Channel (20 iterations)

[N

2 2
5] 3]
Soss S o5
S oo S o9
(@] (@]
085 2085
g os 2 os
s 5

075 075
@ @
Q o7 QP o7

0.65 0.65

02 04 06 08 1 0 02 04 06 08 1
Pzero Pswitch

Figure: Feedback capacity of chemical channel as functions of twapeeters.

Trapdoor channefeedback capacity found gb,ero = 0:5 and pswitch = 0:5.
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Coincidence

Trapdoor channel:

Ceg 0:694 bits
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Coincidence

Trapdoor channel:

Ces 0:694 bits

Homework Question

Entropy rate. Find the maximum entropy rate of the following two-state
Markov chain:

p
SO
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Coincidence

Trapdoor channel:

Crs

0:694 bits
Homework Question

Markov chain:

Entropy rate. Find the maximum entropy rate of the following two-state

p
SO

Solution: (Golden Ratio:

= —52"'1)
p?: ]_:l

H(X)=log = 0:6942:: bits
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Coincidence

Trapdoor channel: Ceg 0:694 bits

Homework Question

Entropy rate. Find the maximum entropy rate of the following two-state
Markov chain:

p
SO

p_
Solution: (Golden Ratio: = —31)
p? = 1= 1
H(X)=log = 0:6942: bits
=] & = B = DAl
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Decodable Input

Rename channel inputg = X

S 1.
Rename channel outputy; = vy;

Yt 1.
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Decodable Input

Rename channel inputg = X

S 1.
Rename channel outputy;= yi vyt 1.
Casexr=0
x=0 ) X 1= W
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Decodable Input

Rename channel inputg = X

S 1
Rename channel outputy;= yi vyt 1.
Casexr=0
Proof: X=8% 1=N =%
x=0 ) X 1= W
Paul Cu
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Decodable Input

Rename channel inputg = X

S 1
Rename channel outputy;= yi vyt 1.
Casexr=0
‘Proof: X=8% 1=N =%
=0 ) K 1= W X1 S2 = Y1 S1
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Decodable Input

Rename channel inputg = X

S 1
Rename channel outputy;= yi vyt 1.
Casexr=0
‘Proof: X=8% 1=N =%
=0 ) K 1= W X1 S2 = Y1 S1
X 1 S 2 = Y1 Wt
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Decodable Input

Rename channel inputg = X

S 1
Rename channel outputy;= yi vyt 1.
Casexr=0

‘Proof: X=8% 1=N =%
=0 ) K 1= W X1 S2 = Y1 S1
X 1 S 2 = Y1 Wt
Casexr=1
=1 ) ¥+ 1 Bern(1/2), independent ofxs-and the past
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Decodable Input

Rename channel inputg = X

S 1.
Rename channel outputy;= y; VY 1.
Casexr=0
‘Proof: X=% 1=%=%
=0 ) K 1= W X1 S2 = Y1 S1
X 1 S 2 = Y1 W
Casexr=1
x=1 ) Y o1

Bern(1/2), independent ofx-and the past

v

This is like the puzzle at the beginning (don't repeat 1's inthe channel).
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Decoding Example

Decoding rules

x=0 ) X 1= W
x=1 ) % 1=0

N 0

¥:1111001
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Decoding Example

Decoding rules

x=0 ) X 1= W
x=1 ) % 1=0

N 00

¥: 1111001
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Decoding Example

Decoding rules

x=0 ) % 1= W
x=1 ) % 1=0

N 100

y:1111001
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Decoding Example

Decoding rules

x=0 ) % 1= W
x=1 ) ¥ 1=0

¥ 0100

y:1111001
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Decoding Example

Decoding rules

x=0 ) X 1= W
x=1 ) % 1=0

¥:10100

¥:1111001
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Dynamic Programming 20th Value iteration

J20 d, iteration=20
142
14.1 06
14 0.5 —/
=) 0.4
£ 139 o
= 03
13.8
0.2
137 01
136 0
0 02 04 06 08 1 0 02 04 06 08 1
b b
g iteration=20 histogram of beta
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06
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05 8
203
0.4 g 0.
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0 02 04 06 08 1 0 02 04 06 08 1
b b

Bellman Equation:J( )= T J( )
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Conjectured Solution to the Bellman Equation

HO)  te  HO)*  +o ’
1 —— ~ 0.8
08 0.6
0.6 P _
04 i S5
0.4 2
0.2
02 by by bs by
o # # # # o
0 02 04 06 08 1 0 02 04 06 08 1

0.8
0eTTT T
0.4

0.2

Bellman Equation:J( )=T J( )
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Proven Feedback Capacity

Bellman Equation is satis ed.

Trapdoor channel feedback capacity:

Crg =log =0:6942:: bits
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A Zero-error Communication Scheme

x" ag
0010100010100101

index

@ Message maps to unique sequence without repeating 1's.
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A Zero-error Communication Scheme

w1 ag
00101000101001@1

index

@ Message maps to unique sequence without repeating 1's.
@ Concatenate with 0.
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A Zero-error Communication Scheme

Xn+1

ag index
00101000101001@1 xxx

@ Message maps to unique sequence without repeating 1's.
@ Concatenate with 0.

© Indicate if \inconsistency" was observed.
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A Zero-error Communication Scheme

Xn+1

index

ag
00101000101001@ xxx 0100101000

@ Message maps to unique sequence without repeating 1's.
@ Concatenate with 0.

© Indicate if \inconsistency" was observed.

Paul Cu

© If inconsistency exists, send index of inconsistency.
(Stanford University)
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A Zero-error Communication Scheme

X+ ag index

00101000101001@ xxx 0100101000

n+1 3 log n=Crg

@ Message maps to unique sequence without repeating 1's.
@ Concatenate with 0.

© Indicate if \inconsistency" was observed.
© If inconsistency exists, send index of inconsistency.
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A Zero-error Communication Scheme

X+ ag index

00101000101001@ xxx 0100101000

n+1 3 log n=Crg

Number of messages

How many binary sequences of lengthwithout repeating 1's?
Fibonachi sequenced;, = ".

@ Message maps to unique sequence without repeating 1's.
@ Concatenate with 0.

© Indicate if \inconsistency" was observed.
© If inconsistency exists, send index of inconsistency.
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Feedback Capacity Summary

@ Chemical Channel

-

-

o
©
@
o o o
N 2 @ 2 ©
O » G o &

Feedback Capacity

Feedback Capacity

0.65 0.65
[ 0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 08 1

Pzero Pswitch

o

o Trapdoor channel
Crg =log =0:6942:: bits
@ Zero-error communication scheme

X+t ag index
00101000101001@m xxx 0100101000
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Markov Proces¥,

(related to the capacity achieving input to the trapdoor chiael)
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Hidden Markov Process,

(related to the output of the trapdoor channel)
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Hidden Markov Process,

(related to the output of the trapdoor channel)

H(Y) = oH(po) +

1H(p1) +

oH(p2), where is the stationary
distribution of X, ( 1= 2=(1 po)=2(1 po)+ p1); o=1
Paul Cu (Stanford University) BIRS 2007
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Observable Underlying Markov Process

Let X, be a discrete, time-invariant Markov process a]gjl
memoryless, time-invariant hiding of, (i.e. p(y"jx") =
and de ne the conditional entropy rate

be a
n

H(XjY) lim :—LH(X”jY”)'
" nl n )
Observation 1

H(XjY)=0 =) H(Y)= H(X)+ H(YjX):

Paul Cu (Stanford University)
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Observable Underlying Markov Process

Let X, be a discrete, time-invariant Markov process a]@l be a
memoryless, time-invariant hiding of, (i.e. p(y"jx") = ~L; p(yijxi)),
and de ne the conditional entropy rate

. 1 .
H(XjY) , nI!llm EH(X iY"h):
Observation 1

H(XjY)=0 =) H(Y) = H(X)+ H(Y]jX):
Theorem 1

H(XjY)=0

Paul Cu

(Stanford University)

HXKjYK; Xo; Xer ) = O for all k 2N

BIRS 2007

v
=] F

nae
October 2, 2007 26/ 30



Proof (part a) of Theorem 1

\( "

HOXGY) CHXY )

1
5

1 . .

= lim S THXTIY T X0 Xnen )+ 1(XT5 Xo; Xnea Y1)
1 .

= |||1m ﬁI(Xln;Xo;XnJrleln)

im T HOG) + HOG )]
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Proof (part b) of Theorem 1
\) "

H(X"Y ™)

Figure: Hidden Markov Process & =
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Proof (part b) of Theorem 1
\) "

Conditioning on more decreases entropy.

Paul Cu
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Figure: Hidden Markov Process =
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Proof (part b) of Theorem 1
\) "

Markovity allows us to separate and add the blocks
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Figure: Hidden Markov Process =
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Proof (part b) of Theorem 1
\) "

Stationarity allows time shifts.

Paul Cu

(Stanford University)

Figure: Hidden Markov Process =
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Proof (part b) of Theorem 1

\) "

1Xn ikO o, kO

H(X(I!( 1)1k°+1)JY(Iik 1)1k0+1;x(i 1)k0 Xiko)
i=1

1 0. 0
= HH(ka Y £ XikoglLg )

H(XFY 5 Xo; Xie1)

. 1 0. 0
= Jim HH(X{‘k Y f Xicogllo )
1 0 0
0y nk”:v/ nk
k nI!llm W’H(Xl iYq1
= kH(XjY)
= 0

wherek®= k +1.
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Other Questions

@ How many states are necessary to construct a non-trivial HkhRt
satis es H(XKjY {; Xo; Xk+1) for all k?

o DoesH(XKjYL; Xo; Xk+1) for all k imply that either
H(X1jY1;Xo0) = 0 or H(X1jY1;Xz) = 0?
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Other Questions

@ How many states are necessary to construct a non-trivial HkhRt
satis es H(XKjY {; Xo; Xk+1) for all k?
13

o DoesH(XKjYL; Xo; Xk+1) for all k imply that either
H(X1jY1;Xo0) = 0 or H(X1jY1;Xz) = 0?
I No
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