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Part 1
Basic Formulation of Quantum

Mechanics

1 What Does Axiomatic Mean?

The words axiom and postulate are synonymous in mathematics. They are statements that
are accepted as true in order to study the consequences that follow from them. A theorem
is a statement that is a logical consequence of axioms and other theorems. A corollary is a
trivial theorem, that is, a theorem that so closely follows another axiom or theorem that it
practically does not require a proof. Finally, a hypothesis is a statement that has not been
proved but is expected to be capable of proof.

My aim here is not to justify why we need quantum mechanics or why quantum mechanics
work. I am not even aiming to give a tutorial on how to use quantum mechanics for practical
problem solving. I believe there are trillions of books available on these topics so I don’t
think its worth wasting time on that. But I am yet to see an easy to read book on postulates
or axioms of quantum mechanics. There seems to be no unanimous agreement on a set of
axioms (something similar to a set of three Newton’s Laws of classical mechanics or a set of
five Maxwell-Lorentz equations of classical electrodynamics). So here I am trying put this
subject in somewhat postulatory structure and to understand why no well accepted set of

postulates exist.

2 What Do We Need to Know?

To be able to solve any quantum mechanical problem you need to understand the following

things :-

e How do you represent your system in quantum mechanical variables? Please note
that the minimum number of variables needed to represent the state of the system
(that is the degrees of freedom) can be very different (either higher or lower) from its
classical counterpart. We need to understand what are the physical quantities that the

Nature allows us to specify about a system. These leads to the concepts of Hilbert
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2: What Do We Need to Know?

space (linear vector space/superposition of states /expansion in basis states etc) and
the physical interpretation of these expansion coefficients through Born postulate
(that is the absolute square of the expansion coefficient represents the probability or
probability density or at least relative probability density (for plane waves like improper
vectors)) or something similar to that (as we will see in [1] quantum field theory that
we might have to tweak the Born postulate a bit). These concepts leads to two of

many postulates of QM as we would see below.

We need to know what the physical quantities really mean in quantum mechanics?
What is the exact definition of linear momentum //energy/angular momentum etc. in
quantum mechanics? Are these new definitions compatible with the sacred laws
of conservation of energy and momentum etc.? These are not trivial questions and
we need to think in more details. 1T am writing more about this below. First of all
note that, these definitions are NOT among postulates of QM. Strictly speaking, one
can define the quantities according to what one’s measurement setup is measuring in
whatever way one wants. The formulation of QM that I am presenting is somewhat
similar to Newtonian formulation of classical mechanics in the sense that conservation
laws are not postulates but can be obtained from the postulates of dynamics of time
evolution. In that sense prior definition of these physical quantities is not that crit-
ical. If you want to state the conservation law as a postulate then you first need to
clearly define the meaning of the quantity — and hence momentum, for example, has
to be defined in some particular way so that it remains conserved. And, therefore,
if you want to measure this momentum as defined above, you would have to setup
your experiment accordingly. Another important point to note, as we would clarify
below, is that an elegant way of defining physical quantities is through commutation
relations. So sometimes classical Poisson brackets are replaced by quantum commuta-
tor bracket divided by ih to obtain equivalent quantum definitions. This is sometimes
called Dirac’s principle of correspondence and is sometimes used as definitions of

physical properties in quantum world.

What are the force laws? For example, is Coulomb’s law true even in subatomic

world? Is F' = qF or F' = ;25 true even in quantum world? Basically, is all the
TELT

physics — electrodynamics/gravity etc etc that our ancestor’s discovered, after centuries

of great effort, still true in quantum world of uncertainties? Its very important to un-

derstand that most of theses classical laws break down and we need to find new physical
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2: What Do We Need to Know?

laws (Hamiltonians). I am elaborating more on this below. A separate expression for
each different type of interaction should be treated as a separate postulate. Although
under certain circumstances one can come up with a recipe for obtaining quantum ver-
sion of force law from its classical analogue (Dirac’s Correspondence Principle).
This is the point where quantum physics goes much beyond where classical mechanics
ever attempted to go. In classical mechanics, every new type of force needs a new force
law which can only be determined experimentally. And this force is then taken as a
postulate in classical mechanics. In quantum mechanics, we can ask questions like why
Nature is like the way It is. We can ask why electrodynamics should obey Maxwell’s
equation. We would see that from fundamental principles of quantum physics, one
can reduce the number of choices we have for various Hamiltonian and some theorists
even claim that they can prove that there is only one choice at the end (though, I
am not very convinced with their chain of arguments). In this sense actually quan-
tum physics goes way beyond classical mechanics. But for these things we need to go
into relativistic multi-particle quantum mechanics (basically quantum field theories).
For our initial goals, we would be much less ambitious. While studying postulatory
structure of quantum mechanics (no field theories) we would only try to develop quan-
tum mechanics exactly parallel to classical mechanics. So all interaction Hamiltonians
(equivalent to force laws) would be treated as postulates (This, to my view, is the most
mathematically rigorous approach. Anyone who claims to have “derived” a quantum
Hamiltonian for some type of interaction, invariably makes numerous assumptions on

the way.).

OK, now, if I know what the force laws are (for example the equivalent of Coulomb’s
law), what are the governing equation which can predict the time evolution of the
state of the system? That is what are the Laws of Motion (something equivalent
to the Newton’s Law of motion). What is the equivalent of F' = ma? I am writing
more about this below. This should be treated as a separate postulate of QM. Dirac’s
correspondence can again be used to justify the equations of motion. For example
one obtain a classical equation of motion is terms Poisson bracket and then replace that
with quantum commutator divided by iA to obtain equation of motion in Heisenberg

picture.
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Part 11

Non-Relativistic Quantum Mechanics

3 Postulates of Non-Relativistic Quantum Mechanics

Quantum mechanics (QM) is seldom presented as based on a set of unanimously accepted
postulates/axioms. Firstly, there are very few books [2-9] which are postulatory or axiomatic
in nature. Secondly, even within this small set, different author prefers to consider a different
set of axioms as starting point. Moreover, on careful reading, most of them [5-9| turns out
to be “pseudo-postulatory” Most of these pseudo-postulates of quantum mechanics, you
would realize on careful reading, are not always mutually independent. A few of these
pseudo-axiomatic statements also includes a few hypothesis/theorems/corollaries.

In this article, T would first give my own set (!) with an aim to set up a platform to
discuss why there is no unanimous acceptance on a mutually independent, sufficient and
sefl-consistent set of axioms or postulates of quantum mechanics despite the fact that the
non-relativistic QM is a pretty well established theory (except, perhaps, for the quantum
measurement theory which may be accepted as an area open for interpretations and debate).

So following is my set :-

3.1 First Postulate — Observables and State Space
3.1.1 Postulate

All physical observables (defined by the prescription of experiment or measurement!) are
represented by a linear operator that operates in linear inner product? space (an Hilbert space
in case of infinite dimensional spaces). System is represented by the operator-*-algebra® of
operators corresponding to physical observables. States of the system is represented by the
direction /ray (not a vector) in the linear inner product space (again Hilbert space for infinite
dimensional case). Postulate further states that multi-particle linear inner product space in

direct product of individual inner product spaces and the linear operators corresponding to

“Definition” of observable is not part of postulate. Postulate just claim that anything experimentalist
can measure is represented as a linear operator.

2Inner product is usually a positive definite bilinear Hermitian form, but that is not necessarily required
to be the case.

3For details, please check other article [10] on Abstract Mathematics.
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3.1 First Postulate — Observables and State Space

physical observable that operate on multi-particle space are direct product of linear operators
that operate on individual spaces — that is any linear operator A corresponding to some
physical observable that operates on two-particle space can always be written as A = >, A x
A% where index 7 represents various elements in the complete basis set of linear operators
that operate on single particle space (any other first particle operator can be written as a
linear superposition of A%) . This entire state space structure can easily be generalized for

statistical systems using fundamental assumption of quantum statistical mechanics®.

3.1.2 Explanation / Justification

e Note that above algebra is completely “empty” abstract notion unless one specifically

defines observables. These definitions do not count as postulates.

e One would need to define a complete set of commutating operators [10] (CSCO) to

define the whole vector space.

e This is usually done by first defining one or two basic operators (for example @), then
defining a few other operators by defining the algebra of these with already defined
operators (for example P is defined by “defining”® the canonical/Dirac commutation
relation), then one usually defines other operators in terms of these basic operators (for
example “define”® H in terms of P and @ taking help from some sort of “quantization

rules”?).

e Note that basic structure of quantum mechanics does not require operators to be
Hermitian (although they usually are). This is in contrast to what many books give as a
postulate. That is WRONG. Definition of operators and their algebra is determined by
what one is measuring. There is strong research effort toward non-Hermitian operators.
It seems that in certain cases non-Hermitian operators can make calculations much

simpler®. We would discuss this in more details latter omn.

4For details, please refer to a separate article [11] on Quantum Statistical Mechanics.

5This is strictly speaking definition of P. Lots of books treats it as a “postulate”, which is completely
WRONG.

6As long as H has no well defined meaning this is simply a definition of H. But if we claim (as we would)
that this is same H which sits on the left side of the equation of motion then we have to call it a postulate.
Every new H for new type of interaction is a new postulate.

"This is only a “rule” not a postulate. It seems to work for a few simple but fairly important problems. It is
known that it does not work for majority of problems. Many books again call the the canonical quantization
or the Dirac’s correspondence principle a “postulate”’. This is WRONG again.

8Note that even if reader insist of having real eigen values as a fundamental requirement of physical
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3.2 Second Postulate — Interpretation of QM — Born and Von Neumann Postulates

e [xtending same logic, many books claim that quantum mechanical state space must
be built on top of field of complex numbers. This is given as a basic postulate. This is
WRONG as well. Again, whole structure of the state space is decided by the operator-
*_algebra of linear operators of observables. Depending upon how you define these
operators, field of space can either be real or complex. We would discuss this in more

details latter on.

e Justification for above postulate would be discussed after we discuss next postulate.
Because the next postulate connects the mathematical models to physical measure-
ments. So to justify or to give plausibility arguments in favor of this postulate based

on experimental facts, we would have to discuss second postulate.

3.2 Second Postulate — Interpretation of QM — Born and Von Neu-

mann Postulates

3.2.1 Postulate

Modulus square of the inner product of the state vector (actually a unit ray) of the system
with an eigen vector (actually a unit ray) of a physical observable represents probability that
the value of physical observable is equal to the corresponding eigen value of the physical
observable in the given state of the system.

This statements can easily be generalized for multi particle systems and for mixed statis-
tical states. This statement is also easily generalizable for the cases of degeneracy, continuous

spectrum, or in case of improper (non-normalizable plane waves like) vectors.
3.2.2 Interpretation of second (extended) postulate in quantum measurement
theory

Born Postulate Any ’ideal quantum measurement’ of any ’physical observable’ of a system

in any given state would result only in any one value out of a fixed set of values (eigen values

observable — there are non-Hermitian operators that have real eigen values (for example symmetric operators).
Moreover, I do not believe real-values are any more “physically real” than complex values. Both sets of
numbers — real and complex — are fiction of human mind. They are simply a set of abstract objects with
algebraic, topological and ordering structures defined on top of them. Only plausible argument can be that
complex values actually represents two independent degrees of freedom and hence should be considered as two
separate measurements. But if calculations become simpler using non-Hermitian operators — fundamentally
there should not be any problems. And operator with complex eigen values would certainly be defined as
complex sum of two Hermitian operators.
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3.2 Second Postulate — Interpretation of QM — Born and Von Neumann Postulates

of corresponding linear operator’) with a probability that is proportional to the inner product
of the state of the system and corresponding eigen vector of the operator (Born interpretation

of inner product).

Von Neumann Postulate Any ’ideal quantum measurement’ of any ’physical observable’

of a system in any given state would result only in any one value out of a fixed set of values
(eigen values of corresponding linear operator) with a probability that is proportional to
the inner product of the state of the system and corresponding eigen vector of the operator
(Born interpretation of inner product) AND the state of the system collapses to a state
which is represented by the corresponding eigen vector of corresponding linear operator
(Von Neumann Measurement Postulate).

These statements can easily be generalized for multi particle systems and for mixed
statistical states. These statement are also easily generalizable for the cases of degeneracy,

continuous spectrum, or in case of improper (non-normalizable plane waves like) vectors.

3.2.3 Explanation / Justification

e Born postulate will appear very similar to the statement of second postulate above. The
point I am trying to make here is that in axiomatic setup of quantum theory, one does
not need to talk about quantum measurements. What an ideal quantum measurement
is, can be kept out of the scope of study. For a bit more detailed discussion please refer

to a separate article [12] on quantum measurements.

e Von Neumann further extended the Born postulate and claimed that a quantum mea-

surement actually disturbs the system and changes its state.

e Both of these extensions — the Born postulate or Von Neumann postulate 3.2.2 —
do not actually need to be part of the second postulate 3.2.1 in axiomatic setup of
quantum theory. This is because we do not want to include theory and interpretations
of quantum measurements into the theoretical formalism of quantum mechanics itself.
Only when we try to interpret the outcomes of quantum measurements do we need
to think about Von Neumann postulate and Born interpretation of inner products.
Let me stress here that one can build multiple different interpretations of QM while

keeping its basic theoretical structure intact. This basic structure is what we want to

9Usually, but not necessarily, these eigen values are real and the corresponding operators are usually, not
necessarily, Hermitian.
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3.2 Second Postulate — Interpretation of QM — Born and Von Neumann Postulates

postulate and hence I prefer to keep Von Neumann postulate and Born interpretation

of inner products out of it.

e Please note that in theoretical setup of QM, we actually do not need these measurement
interpretations of second postulate. These interpretations of second postulate ties this
abstract theoretical setup to physical reality. When physicists try to give different
interpretation of QM, this measurement interpretation of second postulate
is what they are tempering with. Almost all attempted modifications in
QM originates here. As far as I know, nobody tries to temper with first postulate
(definition of system, system state, and physical observables). As we will see below, our
third postulate will be about spins and symmetry — nobody seems to temper with that
as well. Our fourth postulate will be on linear time evolution and the fifth postulate will
be be on system Hamiltonians. QM allow you to try to formulate new Hamiltonians for
new forces governing interactions. So the fifth postulate is also never tempered with.
Some folks are trying to study non-linear time evolution (tempering with our fourth
postulate to be stated below). Even here, we will argue below that whenever you try
to temper with the fourth postulate on time evolution you will almost invariably have
to temper with the interpretation second postulate as well. We would show below,
that if you do not change Born interpretation of inner products then you almost can

not change linear unitary time evolution postulate.

e Von Neumann postulate is completely extraneous to the development of QM. This
only require in theory quantum measurements which is, strictly speaking, not part
of theoretical setup of QM. I have put it here just for the sake of completing the

measurement interpretations of second postulate.

e Born interpretation gives physical significance to the expansion coefficients in eigen

spectral decomposition of a state.

e Von Neumann postulate basically makes sure that if we do series of instantaneously
close measurements they should give identical results. It would have been quite dis-
turbing if the result of a measurement which follows immediately another measurement
gives different result. Fortunately, this does not happen. But it is still disturbing that

no matter how ideal a measurement is — it is still going disturb my measured system.

e Note that state-collapse does not necessarily mean “wavefunction-collapse” with wave-

function being some real physical wave. We would discuss this in the next section of
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3.3 Two Postulates Together

interpretation of quantum mechanics. Von-Neumann postulate has bothered philoso-
phers and physicists alike for long time. This is because, unlike all other parts of
physics, measurement process makes quantum mechanics fundamentally time irre-

versible. Check other article on Quantum Measurement Theory for more details [12].

3.3 Two Postulates Together

Let us first define a few terms to clearly explain and justify the previous two postulates.
These definitions should not be treated as part of postulate of quantum mechanics. The
postulates are based on much more fundamental observations and reasoning and do not
depend on the validity of these definitions of the terms.

We want to justify this theoretical setup of QM by claiming that this abstract theoretical
set up explains what we observe experimentally. This is why I have to bring in quantum
measurements and their interpretations into picture. Let me assert it again, staying within

the theoretical set up of QM many other interpretations can be tolerated.

e Definition 1 : In quantum mechanics an 'ideal measurement’ is one which is a
strong measurement (we will discuss this below), which is noise free and which is
instantaneous in time. The reason we want instantaneity is because we want to
eliminate the possibility of time evolution of the state of the system while it being
observed. A strong measurement (also known as Von-Neumann measurement) is one
in which irrespective of the state of the system or the state of the apparatus, the result

of measurement is independent of actual boundary between system and apparatus.

e Definition 2 : A physical observable is the property of the measured system that is
being measured by an ideal measurement. The physical observable is thus defined by
the experimentalist according to prescription of how he sets up his system and how
he is doing the measurement. A few few physical observables (like linear momentum,
energy, angular momentum etc) have standard definitions (we would define them in
the next section). Hence, if an experimentalist is trying to measure these quantities
then he needs to set up his experiment in certain way so as to make sure that is what

he measuring and the measurement is as close to ideal measurement as possible.
Now let us discuss what exactly is the content of above postulate.

e Based on plethora of experimental evidence we claim following things (all part of first

postulate). Only when system is in a state out of certain fixed set of states, the result
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3.3 Two Postulates Together

of repeated measurements (keeping system in same initial state) lead to definite result

(second postulate). Let us call these states “some sort of pure states”!

. Irrespective
of the state of the system, the result of ideal measurement is always a value out of this
set of definite values (second postulate). When ideal measurement of a system does
not lead to definite result, we claim that the system must be in “some sort of mixed

state” — some sort of mixture of above mentioned pure states.

e Further these “pure states” required to be “orthogonal in some way”. That is actually
what we meant by “pure”. A “pure” state should not have any “mixture” of another
“pure” state. Also “pure” states are certainly “exhaustive” in the sense that they exhaust

the possibility of all experimental results.

e Easiest way to create these “mixed states” is by taking linear superpositions of these
“pure states” (first postulate). And interpret the modulus square of the expansion
coefficients of certain “pure state” as the probability of result corresponding to that
“pure state” (second postulate). So if we accept that mixed states are actually linear
combinations then “pure states” are supposed to be linearly independent and complete

set.

e Why linear superpositions? Correct answer is that nobody knows. Here is the justifi-
cation. Let us accept for a moment that we want to write these “mixed” states as sum
over “pure” states each multiplied by something. One thing is sure that the coefficient
of “mixture” needs to form a field (they have to have an inverse element) because oth-
erwise one would not be able to get interference effects. These numbers can not be
positive definite. You might still ask, but why sums, why not sums of products, for
example? Well, linear superpositions are actually not as restrictive as it might seem
on the first sight. We actually don’t really need a non-linear sum. Remember Fourier
transforms? “Any” well behaved arbitrary function can be represented as linear sums
of sinusoidal functions. We don’t need to multiply sinusoids as long as our aim is to be
able to write every possible function in terms of a few elementary functions. So linear
spaces seems to be good enough. But I must add here that, there is huge effort in
trying to build a non-linear quantum mechanics, but nothing concrete has come out.
A general motivation among these researchers is the belief that all linear sciences are

approximations of more general non-linear sciences. But, till date, quantum mechanics

0Words ’pure’ and 'mixed’ here are not being used in technical sense. In statistical quantum mechanics
these words have well defined meanings. Here I am just using them with their intuitive meanings.
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3.4 Third Postulate — Symmetrization Postulate / Spin Statistics Theorem

is known to be linear to any degree of accuracy. My belief is that most of these efforts
are about linearity in time evolution equation and not really about the state space
itself. I think it is well accepted that there is no loss of generality in assuming that

entire state space of the system is a linear space.

e Please note that linear algebraic structure of quantum mechanics does not implies
that quantum mechanics can not explain real non-linear effects observed every day.
Quantum mechanics explain all these non linear effects very successfully. Check another

article [13] on Linearity of Quantum Mechanics for more details.

e Now once we have accepted the concept of linear state space, we can treat the complete
and linearly independent set of “pure states” and corresponding results as the eigen
vectors and eigen values of certain linear operator and hence that operator would now
represent the mathematical model of observable. Note that all that one can know
about an observable in quantum mechanics are eigen states and eigen values — and
nothing more. Hence this is a complete mathematical model. So, by definition of
observable (this is not postulate), an observable is supposed to have a complete set of

eigen vectors.

3.4 Third Postulate — Symmetrization Postulate / Spin Statistics

Theorem
3.4.1 Postulate

State space of spin-half-integer and spin-integer identical particles is an anti-symmetric and
symmetric subspace of entire Direct product space respectively!!. As a direct corollary, all
multi-particle operators, corresponding to physically observable properties, need to preserve
the symmetry of the state space (i.e. they need to commute with the so called exchange

operator).

3.4.2 Explanation / Justification

e Please note that the theoretical possibility of identical (indistinguishable) particles falls
from the basic postulates of QM. This is not required to be a separate postulate. Also

check another article [1] on Quantum Optics for details.

1 This statement should be treated as a postulate at least in the domain of non-relativistic quantum
mechanics (no field theories).
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3.5 Fourth Postulate — Law of Motion (Dynamics / Time Evolution)

e One can then easily prove that all physical observables should commute with particle

exchange operator.

e This in turn can be used to prove that state space can only be anti-symmetric or

symmetric.

e Hence, one can prove that there can only be two types of identical particles — Fermions

and Bosons. So this is not a separate postulate as well.

e What we are postulating here is the relation between spin and the symmetry of identical
particle Hilbert space. In turn this postulates also implies that only spin-half integer

and spin-integer particles are possible.

e This can be “proved” in relativistic quantum field theory (QFT). The word proved is
in quotation mark because proof is not really a mathematically rigorous proof. If we
want to stay within the framework of local QFT and want to keep it causal and put

some more constraints then it can be “proved”.

3.5 Fourth Postulate — Law of Motion (Dynamics / Time Evolu-
tion)
3.5.1 Postulate

The time evolution of the state of a 'closed system’'? is written as'®

o)

where H is a Hermaitian operator in the Hilbert space of the system and is known as

Hamiltonian of the system.

3.5.2 Explanation / Justification

Our fourth postulate is very critical and ivolved. Let us break into several independent

claims.

123ls0 known as isolated system, conservative system or reversible system
13this equation is in Schrodinger’s picture, we would see other completely equivalent pictures latter on
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3.5 Fourth Postulate — Law of Motion (Dynamics / Time Evolution)

First Claim

e Our first general claim is that time can be treated as a parameter (it is not
an observable and hence does not have any associated Hermitian operator) in non-
relativistic quantum mechanics'*. Which means that we are assuming that measure-
ments can take arbitrarily small time interval and a sequence of measurements spaced

by arbitrarily small time interval can be done.

Second Claim

e Now we make second general claim about time evolution. This holds true for all
branches of physics (classical and quantum). We had previously claimed that specifica-
tion of the state vector at t = t; completely defines the state of the system. That means
knowing the state vector of the system at certain instant of time should be
enough for us to calculate the state vector of the system at an instant of
time infinitesimally different °'6. As far as state of the system is concerned, we
only need to know state at a single instant of time. What this means is that there
is no “memory” effect. Had there been any “memory” effect then the specification of
a state vector can not be taken as a complete description of the system and one would
have to actually specify state vectors at many past instants of time. If we discretize
the time, we can understand this in the following intuitive way. State at “next” instant
of time only depends on the state at immediately “previous” instant of time'” and not
on combinations of states at many “previous” instants of time. This should be treated
as the definition of what a “state vector” is — state vector is supposed to contain all
the information about the system. If two identical systems are in identical states then

it should not be possible to make out any differences between the two systems. If

141n relativistic quantum mechanics, we would see that instead of converting time into an operator we
even treat the spatial co-ordinates as parameters degrading them from the status of an operator.

5Both backward and forward. We would prove this time reversibility latter.

160f course this time evolution also depends upon the system itself (that is on the force laws that system
is obeying). But for closed/isolated systems this description of system is time independent — it is once for
all. All time varying details are in state of the system. For example all we need to specify is that our
closed system consists of two charged particles with given charges and they interact with electromagnetic
interaction. For open systems we need to specify the state of the system as well specify the system itself at
certain instant of time. For example if above mentioned system is in some man made background magnetic
field and if we want to study the open system then we need to specify the value of background field at every
instant of time together with the state of the system. With this much of information, we should be able to
calculate the state of the system in infinitesimally next instant of time.

17And equivalently on immediately “next” instant of time.
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3.5 Fourth Postulate — Law of Motion (Dynamics / Time Evolution)

the state at next instant of time depends on states at many previous instant of times,
then that means “definition” of state is not complete and we should include all this
information in the definition of state. In continuous time picture, the above kind
of memory effect would lead to second and higher order derivatives with
time in the equation of motion of this incompletely defined state vector. So
to complete the definition of the state vector one would have to include more degrees
of freedom so that these derivatives become part of the definition of the state. If done
properly, equation of motion would always be first order in time'® because state at
next instant of time only depends on the state at one previous instant of time. To

make things clear, let us look at a classical example

Equation of motion for a harmonic oscillator includes second order time derivative of
displacement. But this is because displacement in itself is not complete information
about the state of the system. Classical state description would need both velocity

and the displacement information. So I can write down the equation of motion for a

x
completely defined state vector as :-
v

d | x 0 1 T

dt | v —k/m 0

Hence, we see that this argument about equation of motion containing only first deriva-

tives in time holds true even in classical mechanics.

Third Claim

e Now we make a claim that is specific to quantum mechanics. Third claim we make

is related to the over all underlying linear algebraic structure of the subject that we

180ne would see that this is not true in relativistic classical wave equation like Dirac’s equation. But once
Dirac equation is quantized, final QFT would still obey Schrodinger’s equation of motion and would only of
first order time derivative. Problem in classical wave equations comes because of anti-particles that actually
move from future to present in such a way that combined causality is enforced. In all first order theories,
causality and time reversibility are automatically enforced. And future-to-present and present-to-future
evolutions are automatically enforced. But in relativistic classical wave equations that incorrectly tries to
interpret them as one particle equations this second derivative seems like a mystery. Simple explanation for
this mystery is that because anti-particles wave-function does not represent complete state of the system.
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3.5 Fourth Postulate — Law of Motion (Dynamics / Time Evolution)

already postulated. We claim that the evolution of linear superposition of two
states should be same as the linear superposition of evolutions of two states.
This is the most fundamental of above three claims. This claim asserts that time

evolution is linear. Lets try to understand this a bit more.

e Using the first and second claims we can conclude that time evolution between fixed
times t; and tocan be seen as a mapping from one state to another state. This mapping
certainly depends on the specific system we are looking at. Beyond that this mapping
should only depend on time variables (initial and final time). Considering mapping
as “continuous function” of time also implicitly assumes that time is continuous. As
discussed before, mapping can not depend on the history of the state evolution provided
state has been defined properly. Suppose U'(ty « t;)'” is an operator/mapping that
maps a state vector at time t; to the state vector at time ¢,. Third claim (linear

superposition) then ensures that this operator needs to be a linear operator.

e Combining these three claims, one can write

U (t+dt)) = UT(t 4 dt « t)|W(t))

Now, let

(U(t+dt)) = [¥(t)) + d|P(t))
Hence,

W) = (Ut + dt — ) — D)|(2))

If we define

H(t) = Z_hUT(t+ d;;— t)—1
And hence,

mdmglg” — H()|U (1))

Inclusion of constants ik is simply because of convention. Here H(t) is a time depen-
dent linear operator known as Hamiltonian. We have to include iA because we want to

recognize the linear operator involved as an energy operator (at least for closed systems

19Treat the ’dagger’ just as a symbol for the time being. It has no mathematical significance for the time
being. I am including it simply because of convention. Latter on we would see that U is actually a unitary
operator and U'is Hermitian adjoint of U. This convention ensures that U is actually a time propagator in
interaction picture.
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3.5

Fourth Postulate — Law of Motion (Dynamics / Time Evolution)

to be discussed latter). Note that our arguments till here allows a possibility
of time dependent Hamiltonian (open systems). But we wrote for fourth pos-
tulate specifically for closed systems only. In the following, we would assume that
system is closed and show that in that case U becomes a unitary operator and then
H becomes Hermitial and independent of time 2°. Note that this equation may not be
time reversible as UT(t + dt < t) may not be equal to UT(t — dt < t).

Fourth Claim

e Now let us specifically look at a closed/isolated system only. What do we
mean by a closed/isolated system? Let us take an example to make things absolutely
clear. Suppose our system is set of two charged particles. This system does not
interact with anything else. The fundamental assumption of all types of science is
that the physics of the system is independent of time. Or in other words system is
symmetrical with respect to time translation. More precisely, we claim that time
is homogeneous. This our fourth claim. What we mean is the following. Suppose
we prepare this system in known initial state and then let this system to evolve for
certain “length” of time. Now any physically measurable result should only depend on

the length of the time and not on the exact time when you started the experiment.

20

— Most of the books only talk about closed systems. Above type of arguments are made only for closed

systems. There is a reason for that. It seems (I have not rigorously followed the arguments yet)
that for closed systems, we can avoid explicitly making the third claim. Assuming time evolution is a
symmetry operation (something that conserve probabilities), one might be able to “prove” that time
evolution operator can either be linear and unitary or anti-linear and anti-unitary (refer to Wigner’s
text book on QFT). We still would have to postulate a choice between these two options.

— In my opinion above three claims are very generic in nature. These three should hold true even for

open systems (non-conservative or irreversible systems or equivalently systems with explicitly time
dependent Hamiltonian). As we have said previously, open systems can be studied as closed system
by increasing the boundaries of “system”. We would do this in statistical quantum mechanics article.
There we would prove Von-Neumann equation of motion in terms of density matrices. From that one
would be able show that above three claims hold good even for open systems provided they hold for
closed systems. We would see that the above mentioned equation of motion in Schrodinger’s picture
would also hold good but Hamiltonian H would no more be Hermitian and would not be an operator
of physical observable energy (consequently, associated time propagator U would not be unitary and
a normalized state when evolves in time would not remain normalized). Fundamentally speaking, this
second approach might be more acceptable because, as discussed below, when system is open in true
sense there is no way one can calculate time dependent H(t). If two experiments conducted at two
different times result in different results, that indicates some underlying natural forces that are creating
time inhomogeneity that we do not know about. Hence it is not possible to find out H(t).
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3.5 Fourth Postulate — Law of Motion (Dynamics / Time Evolution)

This does not hold when system interacts with external world. For example suppose we
have a fictitious time varying magnetic field of the universe in the background. Then
two same experiments (starting from identical initial states evolving for same length
of time) done at different times would lead to different results. Tt seems®' then that
this would make all types of sciences indeterministic and that would, it seems, mean
that we can not do any science. Hence it makes sense to exclude this possibility from

the beginning itself. And all experiments do justify this claim.

— Consider one more possibility. Suppose above experiment is done again in some

722 Then we can do

background time varying magnetic field that is “man made
quantum mechanics in the following way. We can include all the man made parts
that generate magnetic field into the definition of “system”. Then this new system
again becomes isolated/closed system and should obey above claim. Once we
have studied this we can do “reverse engineering” and figure out how to handle
such (man made) open systems. Hence it seems that it is sufficient to study only
the time evolution of closed /isolated systems. Although, in principle, such a “re-
verse engineering” looks straight forward, there are many practical complications
because generally the “environment” has infinite degrees of freedom. So we would
have to develop some nice mathematical tool to handle such issues. Here we
would only consider closed systems (these are the ones which are of fundamental
importance as claimed above). Open systems (man made inhomogeneity in time)

would be discussed in statistical quantum mechanics context in a different article.

e Moreover, from the time homogeneity claim, time is only relative. So U would actually

only depend upon the "length of time” 7 = t, — t; and not on both ¢; and .

e We would latter prove that this (time homogeneity) necessarily mean that energy is

conserved (check a separate article [14] on symetries for more details) and the Hamil-

21'Word “seems” — because I don’t want to make large claims. I have never seen such a science and our
present science always make such an assumption of homogeneity of time. But that may or may not mean
that it is necessarily impossible to construct a deterministic science (something of the sort of what quantum
mechanics do — build a science of what can be predicted given the way world behaves). For example if it
is really true that time is not homogeneous then might model at some more unknown interactions. Hence,
equivalently it is an open system and can be described using density matrices and Von-Neumann equation
of motion discussed in the article on statistical quantum mechanics.

22“\an made” here means we know or can potentially know its time variation. Basically at fundamental
level we know how these forces interact with our system. On contrary if time is actually inhomogeneous
then what that in effect means that there are some other forces that we don’t know how they interact with
our system. Both can be treated as open systems.
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3.5 Fourth Postulate — Law of Motion (Dynamics / Time Evolution)

tonian (of a closed system) does not explicitly depend on time. We would need one
further postulation (about preservation of inner products) for proving this in most

general sense.

e We would latter show that such a claim also necessarily makes the time evolution
reversible. It is coupling to environment or the infinite degrees of freedoms in the
realistic systems that brings in the irreversibility of time evolution (check a separate
article [15] on non-equilibrium statistical quantum mechanics for more details). So
knowing state of a system at certain instant of time enables us to calculate both the
future states as well as the past states. What exactly is time-reversibility is defined

latter. For the time being, this is not really required for our arguments.

Fifth Claim

¢ We now make a fifth claim that time homogeneity implies that the time
evolution preserves inner product. Note that if we assume that inner products
represents probabilities (i.e. if we extend our second posutulate 3.2.1 to include the
Born postulate 3.2.2) then this claim is justified and is not a separate postulate. For
explicit proof please refer to a separate article [14] on symetries. But some physicists
insist that we should keep the options open to be able to re-interpret Born-type prob-
abilities?®. In that case preservation of inner products for any symmetry operation
should be treated as a separate claim. Let us be open minded and keep this as a
separate claim. This is our fifth claim. We claim that time evolution preserves inner

products.

e Now, Eugene Wigner proved an interesting theorem [16] (known as Wigner Theorem)
that any mapping that preserves inner product has to be either linear and unitary or
anti linear and anti unitary. So our fifth claim (which says time homogeneity implies
conservation of inner products) combined with the third (which explicitly chose Inear-
ity) and fourth (which claimed time is homegeneous) claim is equivalent to the state-
ment that only first choice between these two options is acceptable for time evolution
of conservative/closed /reversible (explicitly time independent Hamiltonian) systems.

We assert that a normalized state remains normalized as state evolves with

23For example, in QFT inner products may represent charge densities that can be negative instead of
probabilities that can only be positive. For explicit discussion on this topic please refer to a separate article
[1] on QFT for more details.
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3.5 Fourth Postulate — Law of Motion (Dynamics / Time Evolution)

time. This also means that an orthonormal basis remains an orthonormal basis when
evolved with time. One should be able to convince oneself that such claim should not

be made about non-conservative systems?!. Let us now combine above five claims.

All Claims Put Together

e Suppose |U(t1)) is a normalized state vector of multi-particle state at time ;. So
|W(ty)) = Ul(ty « t1)|¥(t1)). The state |¥(t;))should remain normalized as a result of
time evolution (fifth claim). Hence (W (¢2)|W(t2)) = exp(icr) where « is a real constant
number independent of particular state we are looking at. Since this has to hold true
for any state, this means U(ty « t;)UT(ty < t;) = I exp(ia). Hence, U(ty < t;) has
to be unitary. One can arbitrarily choose the value of a. Conventionally, we choose it
to be zero. Then the determinant of U(ty < t1) would be +1. Hence

UT<t2 — tl)U(tQ — tl) =1

Hence, U (operators which are function of one continuous parameters) are special

unitary operators with determinant equal to 1.

e Another important property can be proved from the homogeneity of time and above
claims. Suppose we start from a state |1) and let it evolve for time ¢; and let the
resultant state is |2). Now suppose we do another experiment in which we start from
state |2) and let it evolve for ¢, time and let the resultant state be |3). Now if we start
with a state |1) and let the system evolve for ¢, +t, time the the resultant state should
be |3). Hence

Uty + 1ty 0) =U(ty < 0)U(t, < 0)

24 A number of text books use Schrodinger’s equation for open systems without any explanation of it’s
validity. Many common text books create time dependent Hamiltonians by adding time-dependent pertur-
bation terms and then use this time dependent Hamiltonian in the Schrodinger’s equation and then solve the
resultant equation through time dependent perturbation theory. Many common problems solved this way
are the problem of optical absorption/emission, Stark effect, Zeeman effect etc. Such an approach is highly
questionable. Authors do not even bother to tell readers that states do not remain normalized as they evolve
in time. Strictly speaking, such problems of open systems can not be solved properly without looking into
statistical properties of systems. Fortunately, these problems works out fine through naive approach taken in
these books simply because the entropy of external system (like time varying electric field etc) is zero. Please
refere to a separate article [15] on non-equilibrium statistical quantum mechanics for more details. As we see
here, it can be shown from very general arguments that Schrodinger-type equation for time evolution follows
from our first three very general claims. This equation can be applied to open systems but the operator H
in this equation is not necessarily Hermitian and not necessarily energy operator.
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3.5 Fourth Postulate — Law of Motion (Dynamics / Time Evolution)

This means that these one parameter special unitary operators actually form a group

with respect to “composition” as defined above.

e With this much of information we are all set to right down the equation of motion as
claimed above. For continuous parameter operator functions one can define derivatives
and Taylor series in a straight forward manner (Hilbert space topological structure,
see another article on mathematical foundations). We can then define a Hermitian
operator known as Hamiltonian

au(r)

H=—ih e 1
=, (1)

Since U is linear unitary operator, H would be time independent linear
Hermitian operator. Using the relation U(7 + 71) = U(m)U(7) and differentiating
the left side with respect to 7, we get

dU(t+ 1) dU(T +11)
dTl - d(T+Tl)

Similarly, differentiating the right hand side with respect to 7, we get

dU(Tl)
d7'1

U(r)

Equating the two and taking the limit 71 — 0, one can easily show that

dU(r) dU(m)
) _ o))ty 2)

Time propagator is defined as |¥U(7)) = UT(7)|¥(0)). Differentiating this equation
and using above expressions (1 and 2) one can easily obtain the equation of motion in

Schrodinger’s picture.

— One should notice that the resultant equation of motion is completely time re-

versible as claimed.

— Now as we would see below since the left hand side operator is energy operator
(simply from classical analogy), H is also called an energy operator). Note that
H is energy only when system is closed. For time dependent Hamiltonian case H

can not be treated as energy.
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3.6 Fifth Postulate — System Hamiltonians (Force Law )

— Note that although some authors refer to this equation as Schrodinger’s equation,
it is not the one that is commonly known as Schrodinger’s equation. Above is an
equation of motion in Schrodinger’s picture?”. One can also obtain a equation
of motion for any particular operator in Heisenberg picture. For this one first
obtains an equation of motion for time evolution operator which is an explicit
function of time. We note that ) = Uf|W). And hence ih2) = HU. After
this noting that in Heisenberg’s picture any operator is given as U~1AU one can
easily get
Note that Dirac’s principle of quantization or principle of correspondence
also directly gives an equation of motion in Heisenberg picture starting from
classical equation of motion. Although Dirac’s principle of correspondence is
known not to be a correct postulate, the above equation of motion is always true.
Hence use of Dirac’s principle in “proving” equation of motion should better be
considered as a consequence of luck. There is a third picture of time evolution
that is also used very frequently. Dirac’s picture or the interaction picture
of time evolution is sometimes more suitable (its closely related with the time

dependent perturbation theory).

3.6 Fifth Postulate — System Hamiltonians (Force Law )
3.6.1 Postulate

For every type of interaction between non-relativistic particles, one needs to postulate a new
system Hamiltonian. For example, for single non-relativistic particle in a classical potential

V(r), quantum Hamiltonian is

p2
H=—4+YV
2m (T)

where p and V are operators and m is the mass of the particle.

25This equation holds true even in relativistic quantum mechanics. Dirac’s equation as well as Klein-
Gordon equation can be framed in this format. Even the states in quantum field theory (QFT) would
obey this equation of motion. So this equation is of much wider applicability than the commonly known
Schrodinger’s equation which is valid only in non-relativistic quantum mechanics with classical electrostatic
potentials. I think it is very important to make this point clear as this helps pointing out the wider impli-
cations of the equation of motion that we have written from very general claims about time evolution.
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4: Interpretation (Copenhagen) of Quantum Mechanics

3.6.2 Explanation / Justification

4

e For each new type of interaction one needs to find its own governing physics that is its

own Hamiltonian (force law). Strictly speaking, there exist no generic postulate that
can provide the Hamiltonian for all types of interactions. Although whenever a perfect
classical analogue exists one can obtain a QM Hamiltonian from classical Hamiltonian
by various “rules” of quantization. These rules are known to work under restricted

domains of problems.

One of the most common quantization rule is known as canonical quantization or
the Dirac quantization. Quantum Hamiltonian is obtained by substituting ¢ by X
operator and p by P operator (Dirac’s postulate of correspondence or postulate
of canonical quantization of a classical system). Note that the latter statement
is one part of the Dirac’s postulate. One can divide Dirac postulate into four parts.
First part of Dirac’s postulate actually deals with commutation relations and hence
definitions of momentum and space operators, second part deals with how to build
other physical quantities from the definitions of momentum and space, the third part
gives the commutation relation between new operators and the fourth part asserts that
any classical equation of motion is valid if Poisson bracket is replaced with commutator
and Kronecker delta is replaced by Dirac delta function. Since the commutator bracket
obeys exactly same analytical relations as followed by classical Poisson bracket it is
obvious that first two parts would certainly give third part. First part is known to
be correct (see the section on definitions). Second part is true under certain specific
conditions. Hence third part is also true only under those particular conditions. Fourth
part is known to be true and at this time I can’t figure out the fundamental reason as to
why equation of motion should follow from Dirac’s correspondence. Effectively, Dirac
postulate essentially contains definitions of momentum and space, force law and law
of motion. Two of which are known to be true to my best knowledge. Only problem

is with force laws/Hamiltonians.

Interpretation (Copenhagen) of Quantum Mechanics

There are many interpretations of quantum mechanics like Copenhagen interpretation, many

worlds, consistent histories, Bohm interpretation etc. Note that in any situation these in-

terpretations can not change the results of calculations. These are more for philosophical
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4.1 Issues with Interpretations

satisfaction (these insights are sometimes also useful in extending existing science beyond its
current scope). Most well accepted and most popular of these is the Copenhagen interpreta-
tion. There are two versions of Copenhagen interpretations. One assumes that wavefunction
associated with a state has real physical significance. So when state collapses during mea-
surement, wavefunction also collapses and hence wave can in fact travel with infinite speed.
Other version of Copenhagen interpretation treats the wavefunction as just a mathemati-
cal tool. Tt kind of assumes that particle are actually point-like things and wavefunctions
just tells where it is. So suppose particle is in state described by non-local widespread out
wavefunction W(x). If we detect a particle at say a fixed x; then it does not mean that
particle (or some portion of it) traveled infinitely fast from far off locations. It simply means
that wavefunction was just telling you about the uncertainties. Once you have detected it
at x; that means the particle was actually close to that point! Well, I prefer this second

interpretation. But it does not really matter at the end.

4.1 Issues with Interpretations

e State Collapse

This we have already discussed.
e Entangled States

The wave function of a system of n electrons is not a superposition of n distinct clouds in
our ordinary 3 dimensional space.

The mathematical description is consistent only if one assumes that the system of n
electrons is a single "cloud " in a 3n dimensional space (for example for 5 electrons, 3x5 = 15
dimensions).

This is not a real space. For 5 electrons it only means that the wave-function depends
on 15 independent parameters, namely 3 coordinates for each particle. Suppose, for a two
electron system, we want to know what is the probability of finding electron-1 at position
x1 and electron-2 at position x2 simultaneously. We can not add the probabilities of two
events as they are not independent events. Nor can we add probability amplitudes ¥(x;) and
U(z5). In fact such probability amplitude does not even exist. Because of this correlation of
electrons it is not possible to visualize a system of 2 electrons as simply a larger cloud in 3

dimensional space that is the result of the superposition of 2 clouds.
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5: Why No Agreement ?

This was one of the most important reasons beside the indeterminancy why, for example,
Einstein claimed that the wave function alone is an inadequate representation of physical
reality. The fact that an n particle system is described by a single function of 3n variables
rather than as n separate functions each of 3 variables is called the entanglement of
particles. The particles don’t behave as separate entities but the whole system behaves as
a single entity. The Schrodinger equation describes the time development of this single wave
function as a whole. As we will later see this has consequences that lead to an apparent

conflict with the special relativistic speed limit if two distant measurements are conducted .

5 Why No Agreement ?

If you explore you would find that none of the above statements is common with many
axiomatic quantum mechanical books. I think, following are the reasons. Regarding force
laws, many books tries to sell the correspondence principle as a postulate while it is well
known that its not a true postulate in all circumstances. I would rather say that one should
have a separate postulate for each type of interaction just like we have one separate force
law each for gravitational, electromagnetic interactions etc in classical mechanics. There is
no way one can obtain a Hamiltonian for a new kind of interaction from classical mechanics
or from any other reasoning (although in field theories on can potentially reduce the number
of choices available). Experiments are the only justification. Only for those interactions that
have a complete classical analogue can be quantized using Dirac correspondence but then
that condition also would have to be confirmed only by experiments. It seems to work for a
great number of problems though. So, I don’t know how to put it as a postulate.

Regarding spin and symmetrization, some books have even try to prove it stay-
ing within non-relativistic quantum mechanics! Which is completely wrong! Some don’t
even bother to state it as a basic postulate even though they do deal with identical parti-
cles. There are some recent doubts on its correctness, nevertheless, in the absence of any
strong/convincing experimental results, we would treat it as a postulate at least in non
relativistic quantum mechanics.

Regarding law of motion, many books treats Dirac’s correspondence as basic pos-
tulate as it can replace number of above postulate just with one statement. Dirac’s corre-
spondence is know to fail, law of motion is not known to fail.

Regarding second postulate, you can see that measurement interpretations of sec-

ond statement contain many undefined terms. One can write books explaining the correct
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6: Some More Comments

meaning of these which comes under the domain of quantum measurements. These terms
are strictly not needed in this statement (and hence we have written the second postulate
(3.2.1) without these). They become necessary only when we start trying explaining the
reasons for these postulates. Secondly, state collapsing is strictly not needed in the second
statement and it can be treated as a separate statement in quantum measurement theories.
Now another problem is that, mathematically, second statement needs to come
after first one (as we have dome). But if I want to explain why physical Observables
are operators than I need to explain the born postulate first. That is why some
authors combine both of them into one statement. Hence one can state that the math-
ematical model of the system is an operator-*-algebra of Hermitian operators
over a Hilbert Space over the field of complex numbers and with an Hermitian
inner product with expansion coefficients of the state vector in the basis of the
eigen vectors of the complete set of commutating operators being physically in-
terpreted as the quantum ensemble- probabilities (of measurement results) (See
Bohm).

6 Some More Comments

6.1 More on Dirac’s Correspondence (Also checkArticle on Quan-

tum Optics)
Classical Poisson bracket is written as

0A0B 0BO0A
A iy ivB i i = N
{A(gi, pi), B(gi, pi)} Zaqi op;  Oq; Op;

As a special case if A = ¢; and B = py then {A, B} = 0 and if B = p; then {A, B} = 1.
In concise {p;,q;} = d;j. Where 6;; is Kronecker delta. Equation of motion can easily be
written as % =A H+ %.

Dirac’s correspondence tells us to replace coordinates with space operators and momen-

tum with momentum operator in any classical operator to obtain an equivalent quantum
operator. Moreover it claims that any expression for Poisson bracket would hold if you
replace Poisson bracket with commutator divided by h.

One can divide Dirac’s postulate into four parts. First part of Dirac’s postulate actually

deals with commutation relations and hence definitions of momentum and space operators,
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6.1 More on Dirac’s Correspondence (Also checkArticle on Quantum Optics)

second part deals with how to build other physical quantities from the definitions of momen-
tum and space, the third part gives the commutation relation between new operators and the
fourth part asserts that any classical equation of motion is valid if Poisson bracket is replaced
with commutator and Kronecker delta is replaced by Dirac delta function. Since the commu-
tator bracket obeys exactly same analytical relations as followed by classical Poisson bracket
it is obvious that if first two parts would certainly give third part. First part is known to be
correct (see the section on definitions). Second part is true under certain specific conditions.
Hence third part is also true only under those particular conditions. Fourth part is known
to be true which I believe is because both classical and quantum mechanics obey
linear dynamical equations (at least both are linear in time). Dirac postulate essentially
contains definitions of momentum and space, force law and law of motion. Two of which are
known to be true to my best knowledge. Only problem is with force laws.

To better understand the issues involved, let us consider an example. Suppose we have
simple harmonic oscillator in some reference frame K. Let us try to study the physics of
this system in another inertial reference frame K’ which is moving with a velocity vy with
respect to the K frame along the positive z direction of K frame.

In K frame

L(z,3) = %m(:ﬁ)Q "

2 2 2
H(p)=pi—L=" -2 12 =

]{32
m  2m 2m+x

In K’ frame .
L'(2',2") = ém(x' +v9)? — k(2" + vgt)?

/2

1 /
H'(z' p)=pi — L = % — §m(% + v9)? + k(2" + vot)?
Hence,
p/2 1
H'(«,p,t) = o kx'? — Emvg — p'vg + kvat? + 2ka’vot
m

We notice that both Hamiltonian and Lagrangian are explicit functions of time. So the
question is how do we quantize the system in K’ frame? How to use Dirac’s quantization
rule properly for cases in which Hamiltonian is an explicit function of time?

From Galilean relativity point of view, we should have:-

) 1
V(2 t) = V(2 + vot) exp(%(—mvox’ — imvgt))
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6.2 More on Law of Motion/Force laws/Schrodinger’s Equation

6.2 More on Law of Motion/Force laws/Schrodinger’s Equation

One of the most troublesome thing for a new comer into the quantum world is the Schrodinger’s
Equation. From where did he get this equation 7 How did he derived that awesome equation
? To answer this question let me ask you one more question, from where did Coulomb get his
Coulomb’s law 7 There are no answers to such questions because these are fundamental laws
of Nature. Strictly speaking there is no derivations for these! But I can derive Coulomb’s law
if I assume Gauss Law is true !! Similarly, Schrodinger’s Hamiltonian is a force law for non-
relativistic electrostatic situations. And its a fundamental law — it cannot be derived. But
definitely there are reasoning behind it. There must be some hints/clues/indications which
led Schrodinger to this equation 7 Yes there are. And I will give you one kind of reasoning
that T have taken form Feynman, and that almost looks like a derivation of Schrodinger’s
Equation. Similar to Gauss Law, in this derivation we would assume some other things and
'prove’ Schrodinger’s equation ! These assumptions seems easier to digest than Schrodinger’s
Equation although both contain the same physics ! But before going to that derivation we
would note a few important things :-

Its very important to understand the difference between the ’Laws of Motion’ and the

'Force Laws’. For example F' = ma is the classical law of motion and F = 43:6‘5; is a force
law. Suppose I want to calculate force between two charges. Newton’s law motion won’t
help me until I know the Coulomb’s Law. System specific physics is buried inside Coulomb’s
Law. Once you know the force, Newton’s Law tells you how the position evolves with time.

Exactly same philosophy works in quantum world also. The law of motion in subatomic
world is H [¢) = —ih [¢)(Fortunately /unfortunately there is no owner for this equation!
Some people call this as Schrodinger’s equation as well.). Now what exactly is the H 7 That’s
what the force law is. And all system/external influence specific physics is buried inside H.
Just like in classical physics finding the Coulomb’s law or the entire electrodynamics wasn’t
an easy task and was‘ itself a bigger problem than finding the second law of motion, similarly,
in quantum world also finding H is the most important and most difficult task. There are
different H for electrostatics, magnetostatics, electrodynamics, relativistic systems, gravity
etc etc. So all these old subjects needs to be studied with new perspective. And that’s all
what you do when you are solving some quantum mechanical problem.

Schrodinger gave us a very simple H for simpler situations that is for non-relativistic
systems in which the only external force is the static electric field. Note, firstly, that the
Schrodinger’s H is the force law and not the law of motion and secondly that this H is valid

for very very restricted set of problems. For different set of problems same law of motion

Mukul Agrawal 29

Cite as: Mukul Agrawal, "Axiomatic / Postulatory Quantum Mechanics", in Fundamental Physics in Nano-Structured

Materials and Devices (Stanford University, 2008), URL http://www.stanford.edu/ mukul/tutorials.


http://www.stanford.edu/~mukul
http://www.stanford.edu/~mukul/tutorials

6.2 More on Law of Motion/Force laws/Schrodinger’s Equation

would be valid but with different H.

6.2.1 “Proof” of Schrodinger’s Equation

In the following T am trying to give you a “derivation” for the Schrodinger’s Equation. T guess
he himself might be having similar thoughts before he proposed that equation. Please go
through this and try to see what fundamental postulates we are asserting about the Nature
while doing this — Schrodinger combines all of them and gives us one nice equation.

For simplicity, let us consider a one dimensional system. Let us divide the x-axis into
infinitesimally small sections of length dx. Also let us number the sections. For example for
the section from = = 0 to x = dx I assign a number n = 1 and for the section from z = dx
to x = 20z I call it n = 2 and so on. Let at ¢t = 0 the state of the system is represented by a
set of coefficients ¢, (t = 0) for n = 1,2, .....00. Just to move toward the more conventional
Schrodinger’s representation of states, I would write this vector of coefficients in terms of a

new variable W(x,t) such that
cn(t =0) = VU (ndx,t)ox

Note that according to the postulates studied above, ¢,(t) represents the probability
amplitude of an electron to be found somewhere in between location (n — 1)dx and (n)dz
whereas W(ndx,t) represents the “density” of same probability amplitude. You can just
take it as definition of a new symbol W(z,t). We are not assuming anything. Please note
that this set of coefficients completely represents the state of the system. We want to know
how this state evolves with time.

Now, why do you think that the state of the system changes with time 7 Obviously
because of the external influence of forces the probability of finding a particle in n'"section
changes with time. Now, since we have postulated long back that quantum mechanics
is a linear physics (remember Linear Space/Hilbert Space ? Postulate four about the time

evolution operator) the “most generic” form of the state at time t = ¢ + 6t is :-
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6.2 More on Law of Motion/Force laws/Schrodinger’s Equation

C1 (t + (St) U11 U12 e e C1 (t)
(&) (t + (St) U21 U22 e e (&) (t)

What basically the above matrix equation tells us that the new probability amplitudes
at any position is only 'linearly’ dependent on all the old probabilities amplitudes, possibly,
at all positions (but finite*®). And the U;;coefficients represent the probability amplitude
that a particle would ’jump’ from the jsection to the i** section in &t time. Please note
that its the most general linear relation - we haven’t made any additional assumptions here.
Now until unless we know the Uj;; coefficients we really don’t know anything about the time
variation. Although, as readers can guess, that the exact values of U;;should depend upon the
external influences and hence should vary from system to system, but still we definitely can
tell something about these coefficients. Firstly, we only want to study reversible physics?’.
Hence the matrix U should be invertible. Moreover, total sum of probabilities needs to be
one. In other words as time passes by the probability of finding the particle in some section
increases at the cost of the probability at some other locations. In other words, when above
linear invertible matrix operates on a vector then the transformed vector should still have
the same length. Hence, the matrix must be unitary. Moreover, for most generic situations,
the elements U;; can be functions of time. Also, as 0t — 0 ¢,(t + 0t) — ¢,(t). Hence, one
can write U;; = 0;; + A;;(t) with A;;(0) = 0 and ¢;; being Kronecker delta (not Dirac delta).
Again, in order to move closer to Schrodinger’s language and terminologies, we would write
the probability amplitude of jump in 0t time in terms of probability amplitude temporal-
density or probability amplitude of jump per unit time multiplied by time interval. So we
can write U;; = 6;; + (By;(t)dt). For historical reasons, choosing to write the coefficients B;;
as —iH;;/h we get :-

calt +6t) = > (60 — %)Hnj(t)étcj (1)

J

26Qtherwise theory becomes a non-local quantum theory.
27 All equations of motions in physics defines reversible physics. Irreversibility of thousands of processes is
a thermodynamic phenomenon.
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6.2 More on Law of Motion/Force laws/Schrodinger’s Equation

acgt(t) _ Zj: _%Hnj (t)e; (1)

Which, in the matrix form can be written as:-
0
Hiy =ih—
Y =iho ¢

This is the Law of Motion (Equivalent of Newton’s Law) we talked about earlier. I leave
it to readers to prove that if U is unitary then H as defined from above derivation has to
be Hermitian. This H is identified as Hamiltonian operator we talk about all the time in
quantum mechanics.

Now, let us go ahead and “derive” the form of H for simpler situations — that is in non
relativistic situations where the only external force is electrostatic potential.

First of all, let us consider a special situation. Let us assume that we are looking at a
special system where if at ¢t = 0 I keep a particle at n'* site then it simply stays there -
its probability of leaking from that site is zero. We would also assume that particle has no
internal degrees of freedoms. Hence the energy of the particle in this special scenario
would simply be V(ndx) where V(z) is the potential energy. Now from our previous discus-
sion on quantum mechanical definition of energy operator we know that the right-hand-side
of above derived equation of motion ih% is an energy operator, hence H is also an equivalent
energy operator. Combining these two arguments, we realize that éha%t(t) = H,, = V(nox)
would be the energy of the particle at n'" section provided the probability amplitude of
‘jumps’ out of n'" section is zero.

Now we would move to another special situation where V(x) = 0 but a particle initially
at n'" section has a finite probability of leaking-out. Now we would make two additional
assumptions :- (1) physics is “local” (non-local quantum theory is highly advanced subject
penetrating into field theories and we are not discussing that here) and (2) its has only

nearest neighbor coupling®®. Hence, we assert that the probability at n'"section can

ZNote that even if a particle can straight away leak from n'” section to (n+2)!* section, the theory would
still be local theory. But such a scenario would violate the continuity equation for mass even though
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6.2 More on Law of Motion/Force laws/Schrodinger’s Equation

change only through two means. Either particle jumps to or from n + 1*section, or it jumps
to or from n — 1"section. Since, Nature is expected to be unbiased and symmetrical
(remember with V' = 0 system is completely symmetric), we assign both of these coefficients
same value of—A. As far as physics is local, symmetric and nearest-neighbor-coupled all

other H;; coefficients have to be zero.

e ()

i
ot

= —Acn71<t) - Acn+1 (t)

Now we will combine both the above two special cases and move back to more realistic
situation where potential is present and particle has finite leakage probability as well. Hence,
now if we assume that the combined effect of the above two phenomenon is simply

additive, we can write:-

L 0cp(t)
ih 5

= —Ac,_1(t) + Vyen(t) — Acpya (t)

Which is same as:-

m@c(x, t)

e —Ac(x = dz,t) + V(x)c(x, t) — Ac(x + 0, t)

I guess, by this time reader must have recognized that right hand side becomes the second
derivative for infinitesimal values. Being a bit careful in selecting the normalizing constants

for probabilities, one immediately obtains the Schrodinger’s equations :-

L Oc(x,t) WP
ih 5 = " 2maa? c(x,t) + V(r)e(x, t)
. OU(z,t)  h20?
ih e —2m8$2\11(x,t) + V(x)¥(x,t)

Please note that, its not a good idea to claim that we have “derived” Schrodinger’s equations.
Just because a lot of reader’s bug a lot about from where the Schrodinger’s equation has

come, I think its a good idea to replace one set of postulates by another more easily acceptable

one can still enforce the conservation of mass. Basically our second assumption asserts that mass should
obey equation of continuity. A non-local theory usually has first-neighbor, second-neighbor ..... oo-neighbor
coupling all together. Since particle can tunnel out to infinity, it is difficult to conserve mass. Moreover if
we allow the possibility of finite-neighbor coupling (forcing at least a local theory), say for example, second-
neighbor coupling (accepting the violation of continuity equation) then the H would include higher order
space derivatives (beyond second order) which we know from experience to be wrong.
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7: Quantum Mechanical Definitions of Physical Quantities

set of postulates. It might give the reader a bit of insight into the physics involved. One
should note that I made a few assumptions while deriving this equation - basically those are
the fundamental postulates. Either you accept Schrodinger’s equation straight away or the

above assumptions — whatever suits your character — its all the same story!

7 Quantum Mechanical Definitions of Physical Quanti-
ties

First things that must bother a new comer into the quantum world are the definitions.
Here I give you a few examples to let you get the feel that quantum world is not just the
probabilistic extension of classical world ! Tts whole new physics. All the common terms like
velocity, momentum, energy, force are defined differently in quantum mechanics. Although
not many text books focus on this or focus in more implicit way (by giving commutation
relations - which are effectively new definitions) — its very important. Some of the quantities
don’t make any sense at all in QM (like force) and there are some which are unheard of in
classical physics (like spin). Obviously, whatever might be the definition of momentum in
QM it should tend toward the classical definition for bigger system — otherwise we are not
allowed to use the same term 'momentum’ for any weirdly defined quantity !

Historically, students are told that Planck realized that light is made of energy quanta
and latter on Einstein helped finding that each quantum of light, called photon, contains
hw amount of energy. And thereafter students are expected to use F = hw every now and
again for all sorts of particles including atoms and electrons. And, in fact, some people even
present this relation as the definition of energy in Quantum world (which is in fact true in
some sense as we would see below). But, this expression gave just a good empirical fit and
that too just for photons — in Quantum Mechanics all particles studied are not photons !
Then why is this such a generic relation 7 Let me confuse you even more about energies.
Conservation of energy is one of the most sacred fundamental law of Nature. Now, take
a fictitious closed system. There is no flow of energy so I expect it to remain conserved
(whatever the term ’energy’ means). But the basic formulation of QM violates this cardinal
law. If you take a sample out of the ensemble of systems, its energy might be Ejat time t;
while the energy of the a sample from an exactly identical ensemble may be E, at time ts.
Although, the ensemble average of energies at different times remains same — still its very

disturbing. Are only the averages that mater 7 Is the conservation of energy so fragile 7 So
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7.1 Linear Momentum

should I say that ’on an average’ conservation of energy is true ?

In classical mechanics velocity is defined as the rate of change of position (v = ‘fi—f) But
as you know that in smaller dimensions you really do not know the position exactly, you
only know its probabilities of being at different points — so how can you define rate of change
of position with time ? If you think a little bit it makes sense only if we are just talking
about expectation values — one can definitely talk about the rate of change mean position.
Suppose you take one sample out of an ensemble and its position is x;. Now wait for an
infinitesimal small amount of time and then ask yourself what do you expect its position to
be. If at all any classical-type concept of velocity is valid you should expect an infinitesimal
change in position that is 1 4+ dx;. But this is not the way nature behaves. Even if you
wait for an infinitesimal small amount of time, the next measurement can again give you all
possible values of positions ( in fact there are crude details of measurement theory involved
here. Nature don’t even allow you to do this fictitious experiment. But inability to do this
experiment still justifies my claim that conventional definition of momentum/velocity needs
to be mend. You would actually have to start with two identical ensembles of systems and
take out one system from each and do the measurement on each of them at two different
times). Similar to hw is the status of p = hk = h/\ ! Again, historically De-Broglie had given
this formula in order to justify the Bohr’s quantization of angular momentum. He drew a
very vague picture saying that integral number of wavelengths must fit into orbit and hence
p=hk =h/A! And from thereafter students are expected to accept this as a fundamental
rule of mother nature ! (Feynman Vol-1I1I gives a very nice scientific relation between Planck’s
relation and De-Broglie’s relation. He showed that special Relativity implies that if Planck’s
relation is true then De-Broglie’s relation should also be true.) Further you can again ask
the similar questions about the conservation of linear momentum as we asked about the
conservation of energy. Does only average momentum remain conserved in a closed system
?

So what exactly do these physical quantities mean in Quantum Mechanics 7 How are
they defined 7 What are the conservation laws ? Are they compatible with the conservation

laws in sub-atomic world ?

7.1 Linear Momentum

Those of you who have gone through the Hamiltonian/Lagrangian formulation of classical

mechanics must be knowing that one can state the classical law of conservation of momentum
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7.1 Linear Momentum

and energy in terms of “homogeneity of space and time”. Momentum is related with
the symmetry in space whereas energy is related to the symmetry in time. In simple words
if you do some experiment in India and in USA and if the results are same then we say
the linear momentum is conserved ! Lets not go into these things right now. T just told
you this to give you a flavor of how we are going to define quantities and their conservation
laws in quantum world. Quantum Mechanical formulation has very close similarities with the
Lagrangian /Hamiltonian formulation of classical mechanics. Those of you who are interested
in looking at this exciting stuff in more details should see Greenwood’s Classical Mechanics
or Goldstein’s Mechanics. These are the classical text books on this subject.

Now there are number of ((roughly) equivalent) ways by which you can define linear
momentum in quantum mechanics. T am defining it in three most popular ways. It would
give you some feeling why all different text book on Quantum Mechanics sounds different
' It will also give you sufficient background needed to read advanced texts like Sakurai or
Shankar.

e Symmetry Based Definitions- Following, I guess, is the most rigorous, general and
beautiful of various definitions. What do you think you need to specify in order to
define a physical quantity 7 You need to specify what are the states of definite physical
value and what are the corresponding physical values. If you know this much you know
the physical quantity completely. Let our system be in some particular state ). Please
note that |¢), in general, is just an abstract notation of the state of the system. It may
or may not be a continuous function of space coordinates. Now, let us translate our
coordinate system in x-direction by a distance x = a. The representation of the state
definitely should change, in general. What do you expect would be the change 7 It
can be anything. It actually depends on the initial state of the system. But for some
special states of the system |¢,)the new representation of the translated state would
just be different by a complex factor. That is |1 pew(a)) = [Upo1a) €xp(i¢p). Such a
state is defined to be the state of definite x-linear momentum. In other words these are
defined as the eigen state of the x-component of linear momentum operator. Now let us
translate the coordinate system again by z = a. It should be equivalent of translating
the system by 2a. And the final state should be |1, new(2a)) = |¥y.01a) exp(igp)exp(ip) =
|Vp.o1a) exp(i2¢). Repeating this again and again you can satisfy yourself that the
phase angle in the multiplying complex factor should be proportional to the distance
translated. Hence for states of definite momenta |1, new(a)) = |Up.01a) exp(ika) where

k is any real number. This is the most general definition of state of definite linear
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7.1 Linear Momentum

momenta in subatomic world. hk is defined to be the x-linear momentum in such a
state of definite momenta. So any state that when translated gives the same state
multiplied by a complex phase factor is defined to be a state definite momentum
and the phase angle is defined to be the value of momentum. Now the very very
important point here, that I expect any student reading the above paragraph should
ask, is why do I want to call this newly defined quantity as ’linear momentum’ 7
Classical mechanics has fixed some kind of meaning to the term 'momentum’. Now
why do I want to use the same term for a quantity thats defined completely different
way 7 Thats because this is the quantity that remains conserved for translational
symmetric systems (Its trivial to prove this statement mathematically, see below).
Classical mechanics tells us that for translational symmetries linear momentum remains
conserved (refer to Greenwood/Goldstein) and hence as the dimension of the system
increases our quantum mechanical momentum approaches the classical definition of

momentum. Thats why we use the same term.

e Operator Based Definition in Continuous Space Coordinates- As I said previ-
ously, all that we need to specify in order to define momentum is to specify the states
of definite momentum and corresponding momentum values. Lets form an operator
whose eigen vectors are the states of definite momentum and whose eigen values are
the corresponding momentum values. So if I just give you that operator you can calcu-
late states of definite momenta and corresponding momenta. So the operator contains
all the necessary information and hence it can be treated as a definition. Now let
us assume that D is a translation operator and |i, ,q) is a state of definite momen-
tum. Hence for the above definition, D [t 0ia) = |Upnew) = €xp(ika) |1 o1a). Which in
turn implies D [¢) = [ (z + do)) = [(2)) + 240y = eap(ikdr) (). Expanding
exp(ikdzr) in Taylor series would give 1 + ikdx. Hence, w = ik |¢(x)). Which
implies that —ih% = (kh) |¢(x)). Solving this most simple linear equation tells us
that any general state of definite momentum must be of the form |¢,) = Aexp(ikz).
Just by little bit of mathematical intuition you can conclude that —iha% is the only
operator which has its eigen vectors as exp(ikz) and eigen values as kh. So this must
be the operator representation of x-component of linear momentum. This is the usual
operator form definition thats given in the most of the text books. I personally don’t
like it much. First of all it hides all the symmetry consideration on which momentum
definition is based. So its difficult for a student to appreciate the relation between this

operator definition and the classical definition of momentum. It doesn’t explicitly gives
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7.2 Energy

you a flavor why in bigger system this definition should tend to the classical definition.
Secondly, there are situations when either your system is not a continuous function of
space variables or when you don’t want to use space coordinates. In that case first
definition seems more general. (For example in case of rotational symmetries, one can
define spin through first method but one cannot define it through second procedure

because spin is not a function of space variables.)

¢ Commutation Relations Based Definition- Some advanced text books define mo-
mentum in much more subtle and much more elegant way (thanks to great Dirac!).
They say that the commutation relation [p;,z;] = ihd;; contains all the information
about the momentum and should be treated as the definition. Its a bit tedious to
prove the two-way equivalence in general. You can quickly check that the all above
definitions satisfies this commutation rule. Also you can try to prove that any operator
that satisfies the above commutation rule would have ’physically identical’ eigen state
and eigen values (what I mean by physically identical is that you might got your basis
states rotated by an angle so although the new eigen sates might look a bit different
in reality they are identical to the old one). This is a bit tedious and doesn’t contain
any great physics. So I am omitting it here. Interested readers are referred to Shankar
|6]. Let us take an example. Suppose I choose to work in X-basis. The basis states,
in general, can be expig(z)/hlx). Note that this is a simple unitary transformation.
The operator is still simply x. And the eigen values are also simply z. In such a
basis momentum operator gets transformed as —iﬁa% + f(z) where g = [ fdx. This
is the most general form of momentum operator that would satisfy the commutation
relation with X operator. Hence the definition is consistent. With this in mind,
one can understand that Dirac’s correspondence principal is in fact simply the

new definitions of physical quantities.

7.2 Energy

Similarly there are number of (roughly) equivalent ways by which we can define energy in

quantum mechanics :-

e Symmetry Based Definition:- Suppose system is in some state [1)g). Suppose that
this state has a very very unique property that if you wait for some time ¢ = 6t then
the new state is still same as the old state just multiplied by a complex phase factor.
That is if |5 pew) = €xp(id) | E oq)then we define such a state to be a state of definite
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7.2 Energy

energy. Again note that using the same old reasonings we can show that the phase
angle needs to be proportional to time. That is [t g new) = exp(—iwdt) Vg oq). Again
we define the energy value corresponding to this state as hw. Again the reasoning
behind such weird definition of energy is the symmetry considerations. If system is
homogeneous with respect to time then this is the quantity that remains conserved.
And classical mechanics tells us that corresponding quantity in classical world is the

energy!

e Operator Based Definition:- Again using the exactly same mathematics as we did
for momentum operators, you can easily show that any state of definite energy satisfy-
ing the above translation properties must be of the form|yg(t)) = Aexp(—iwt). Also
we can show that the operator which has |z (t)) = Aexp(—iwt) as the eigen vectors
and hw as the eigen values is ih%. This is the most usual way most of the text books
define energy. Again this definition hides all the details about symmetry and principal

of correspondence considerations.

¢ Commutation Relation Based Definition:- Similar to the definition of momentum,
one might be tempted to define energy through commutation relation [E,t] = —ih. But
be careful because in our formulation of QM ¢ is not an operator. If you define a time

operator you can probably show that it contains all the same information.

7.2.1 Important Points

We note that any state |¢(z,t)) = f(x)exp(—iEt/h) is a state of definite energy (eigen
vector of energy operator/steady state/stationary state) with energy E. What is f(x)? That
depends from system to system. Thats exactly where the system specific details are buried
in. Obviously, which state would have the definite energy F should definitely depend on the
system properties! The definition of the energy implies that the temporal variation of the
state has got to be exp(—iEt/h). Whereas the spatial variation of the state depends on the
system specific physics. Also note that we can ’define’ another symbol w = E//h. Please don’t
get confused. The symbol has no physical meanings - its just is a mathematical convenient
construction. It does not contain any new information that was not already available in F.
This symbol w has nothing related to any kind of physical frequencies. Basically what I
want to say is that £/ = hAw is the definition of w and not the definition of energy. Now when
you study the quantization of electrodynamics (that is the quantum mechanical version of

Maxwell’s equations) it so happens that this quantum mechanical symbol w happens to be
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8: Conservation Laws in Quantum Mechanics

same as the frequency of the radiation. Thats just a coincidence ! Nothing of this sort
extends to electrons etc — electrons do not have any physical frequencies associated with
them.

Similarly, any state |¢(x,t)) = f(t)exp(ipxz/h) is a state of definite x-momentum. What
is f(t)? That depends from system to system. Thats exactly where the system specific
details are buried in. Obviously, which state would have the definite momentum p should
definitely depend on the system properties! The definition of the momentum implies that the
spatial variation of the state has got to be exp(ipx/h). Whereas the temporal variation of
the state depends on the system specific physics. Again one can surely “define” a wavevector
k that is just another mathematical construct for momentum p. Similarly its only in the
study of quantum electrodynamics that one can prove that the wavevector is same as the

wavevector of the radiation. Its better to consider it as a coincidence.

8 Conservation Laws in Quantum Mechanics

Lets take the example of momentum conservation(all are basically same). First of all you
should understand that you can talk about conservation of momentum only when you know
what the momentum is. So you talk about it only if system is in state of definite momentum.
In classical mechanics we say that if external forces are zero then the total momentum of
system do not change with time. There another and more elegant statement of this same
laws in terms of the homogeneity of space. Now in quantum Mechanics, its the second way
by which we define the conservation laws. Lets do two experiments. In first you displace
the system by dz and then wait for 6t time and then measure the final state. In second
experiment, you first wait for d¢ time and then displace the system by dx. If the result of the
two experiments are same then we call that the system is symmetrical with respect to the
displacement. Now if the system is in sate definite momentum and if system is symmetrical
with respect to displacement we say that the momentum is conserved. This is he most
strict statement of law of conservation of linear momentum in quantum mechanics. You
can quickly confirm that mathematically symmetry means commutation with Hamiltonian

is zero [H, p| = 0.
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Part III

Relativistic Quantum Mechanics

Basic postulates are exactly the same. No matter whether we are doing relativistic or non
relativistic. All that changes is simply the free particle Hamiltonian.

In natural units Dirac equation can be written as

Or we can simply say that

Here &4, as, a3 , and ﬁA are 4 X 4 matrices. Three a matrices can be considered as three
components of a usual 3-vector for interpreting its dot-product with ﬁ P1, peand p3 are usual
operators for three components of momentum. ¢ is a column vector with four elements which

are spatial-time functions. Also matrices o; and [ have following relations
{Oéi, O(j} = 251]

{0%5} =0

These properties specifies that a; and ( are Hermitian and hence have real eigen values.
Moreover, eigen values can only be £1. Further the trace has to be zero. Hence they have
to be even dimensioned. 2z2 matrices set have only three such matrices (Pauli matrices).
But we need four of them. And hence the smallest possible dimension for these matrices is

4x4. These matrices are usually taken as (block diagonal form)

0 g;
o; =
o; 0

and
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Here

are the Pauli’s matrices.

Helicity operator is defined as

where
o 0
M=
0 o
One can find simultaneous eigen values of momentum, energy and Helicity. Note that any
momentum eigen state can have two energies. Further nay state with a given momentum

and energy can have two spin (or helicity). This why ¢ is a four vector. A state with definite

momentum would be written as
Uy
U
| exp(ip.z)
Uus

Uyg

This is also an energy state with two possible energies. Let’s consider above vector as two

2-spinors.
Uy
U2 . U1
uy || U
Uy

Now one can choose one of the two U; due to normalization. So one only has one degree of
freedom in choosing U. This is decided by energy. Now within U again we have one degree

of freedom only and that is decided by helicity. At the end eigen state for fixed momentum
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9: Relativistically Covariant Notations

and fixed energy can be written as

and

> O = O

where

and

_mj:E
)

9 Relativistically Covariant Notations®

'O, —m =0

and

This is Weyl or chiral representation.

Now adjoint of 4-spinor is

Pyt = o8 and 70 = 3
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Again 4-spinor is written as 2 2-spinors. This is called Weyl spinor.

Yr
77/; =
VR
1
0
B _ 3
b 1
04
and
0
1
E+p?
b 0
1
and helicity operator h is
1
h=pS= §p.2

Part IV

Further Resources

e Background Material

— Some useful mathematical background can be found in one of the articles |10]

written by the author or [17] or the wikipedia pages [18].

— For a brief review of postulatory nature of quantum mechanics see another article
[19] or following references [2, 3, 20]. Symmetries in physical laws and linearity of
quantum mechanics are discussed in related articles |14, 13]. References |5, 21, 6|
also provides good discussion about symmetries. Review of quantum field theory
(QFT) can be found in the reference [1] or [22-24] while an introductory treatment

of quantum measurements can be found here [12] or here [25, 3.

— A good discussion on equilibrium quantum statistical mechanics can be found
in references [11, 26, 27| while an introductory treatment of statistical quantum

field theory (QFT) and details of density matrix formalism can be found in the
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references [15, 28|. A brief discussion of irreversible or non-equilibrium thermo-

dynamics can be found here [29, 30].

— To understand relationship between magnetism, relativity, angular momentum
and spins, readers may want to check references |31, 32| on magnetics and spins.
Some details of electron spin resonance (ESR) measurement setup can be found
here [33, 34].

— Electronic aspects of device physics and bipolar devices are discussed in [35-39).
Details of electronic band structure calculations are discussed in references [40-42]
and semiclassical transport theory and quantum transport theory are discussed

in references [43-46].

— List of all related articles from author can be found at author’s homepage.
e Postualtory/Axiomatic Quantum Mechanics

— Arno Bohm’s book ([2]) is the best and readable text book I could find on ax-

iomatic approach toward the subject.

— Von Neumann’s book ([3]) is the classic book on this subject. It was the first
book that build a rigorous mathematical structure for the subject. Very readable

and very authoritative. It is especially good in quantum measurement theory.

— Mackey’s book ([4]) is another decent book on the subject.
e Semi-Postulatory Approach

— In my view, Feynman’s vol-III ([5]) is probably the best book ever written on
intuitive understanding of Quantum Mechanics. Although its not postulatory in
its approach, it gives you an idea how you can find a self consistent structure in
the subatomic world. It gives you lot of intuition into the subject. Moreover its
fun reading. Probably nobody would ever be able to write quantum mechanics

using lesser mathematics than Feynman!

— Shankar’s book ([6]) is one of the standard text book on QM. Its one of the
easiest /elementary text book written in a semi-postulatory format. It uses the
simple easy to read language still does not sacrifice on rigor. If you are planning

to pursue QM in more details, this is a must read.
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— Cohen-Tanoudji’s two books ([7]) and (|8]) is another semi-postulatory book in
two volumes and is somewhat similar to Shankar. Depends on your preference.

Organization of the book is a bit erratic.

— Greiner’s book (|9]) on relativistic Quantum mechanics is one of the nicer books

I have read on this subject.
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