STAT 375 Homework 5 Solutions

Problem (1)

One can rewrite the cost function in the following fashion:

Cay(r=(z5) = *% (= s) <AIT —f)l\l) (i) v 0) <z>
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where @ = — (;T _/)1\]> and b := (g)

Problem (2)

The stationary point of the quadratic form is given by:

VCay(x)=Qz+0b
=>2=-Q"b

)= () (1)

§=(+ATA) ATy

In terms of the original variables we get:
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By block inversion we obtain:

which is the ridge regression estimator. The block inversion is done by eliminating Z as follows:

Z+As=y
=z=y— As

Now using the second equation AT2 — A3 = 0, we have § = (A + AT A)~1ATy.

Problem (3)

The belief propagation update equations are as follows:
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Problem (4)

With increasing noise, the residuals are larger, thus a better behavior is observed when we use A = o~.
This effectively normalizes the weight of the residues. Indeed, the algorithm does not converge when one
uses \ = ﬁ Fig. 1 shows the convergence of the algorithm within 50 iterations. The mean square error
of the ridge estimate computed via BP is plotted in Fig. 2. The code that implements the algorithm is

1073 [ .

10711 [ -

N

2

10—19 [ _

54D — 50

1

§10—27 [ _

10—35 -

I
20 40 60 80 100

o -

Figure 1: Convergence of the BP algorithm for different values of o2
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Figure 2: The mean square error of the (approximate) ridge regression estimator obtained via BP

as follows:

2
kron(l:m, ones (1, 1));
zeros (1, length(i));

i

1 clear all
2 m = 800;
3 n = 1000;
4

5 1 0;

6

7



for iter = 1:m

y = randsample(n, 1)';

J(((iter—1)*1+1): (iter—1)*1+1) = y;
end
k = 2xdouble(rand(l, length(i)) >= 0.5) —1;
A =
[il
nz =

sparse (i, n);
J, k]

i, 3, ky
nnz (A) ;

find(a);

m,

[zeros (m,m), A' zeros(n, n)]l;

sparse (Q) ;

Aj

oo oe

Q
0 =

ja, kgl = £ind(Q);

nnz (Q) ;

[iq,
nz =

o° oP

unigid = %$This gives iqg, jg uniquely
id = [l:length(unigid)];

(m+n) i + 3;

mapobj = containers.Map (uniqgid, id);
iedgeadjc =
jedgeadjc =
iedgeadjv =
jedgeadjv =

zeros (1000000, 1) ;

zeros (1000000, 1) ;
)
)

’

zeros (1000000,1
zeros (1000000, 1

’

entryedgeadjbetac =zeros(le6,1);
entryedgeadjbetav = zeros(le6,1);
%$Edge adjacency for bp updates
cnt = 0;
cntl = 0;
for ctr=1:m
ctr
gl = find(A(ctr,
for ctrl= gl

2))

edgeid = mapobj ([ (m+n)*ctr+ctrl]);
othernodes = setdiff (gl, [ctrl]);
cntl=cntl+1;
for ctr2 = othernodes

edgeconn = mapobj ([ (m+n)*ctr+ctr2]);

cnt=cnt+1;
iedgeadjc (cnt)=edgeid;
jedgeadjc (cnt)=edgeconn;
entryedgeadijbetac (cnt) =
%$entryedgeadjbeta(cnt) =
end
end

—A (ctr,ctr2);
—Q (ctr2,ctr);

end
edgeadjalphc =
edgeadijbetac =

sparse (iedgeadjc(l:cnt), jedgeadjc (1
sparse (iedgeadjc(l:cnt), jedgeadjc (1

cnt = 0;
cntl = 0;
for ctr=1:n
ctr
gl = find(A(:,ctr));
for ctrl = gl'
$[ctrl,ctr, (m+n)xctrl+ctr]
edgeid = mapobj ([ (m+n)*ctrl+ctr]);
othernodes = setdiff (gl, [ctrl]);
cntl=cntl+l;
for ctr2 = othernodes'
edgeconn = mapobj ([ (m+n)+xctr2+ctr]);
cnt=cnt+1;
iedgeadjv (cnt)=edgeid;
jedgeadjv (cnt)=edgeconn;

entryedgeadijbetav (cnt) = —A(ctr2,ctr);

:cnt),—1);
:cnt) ,entryedgeadijbetac(l:cnt)) ;




78 %$entryedgeadjbeta(cnt) = —Q(ctr2,ctr);

79 end

80 end

81 end

82 edgeadijalphv = sparse (iedgeadijv(l:cnt), jedgeadijv(l:cnt),—1);

83 edgeadijbetav = sparse (iedgeadjv(l:cnt), jedgeadjv(l:cnt),entryedgeadjbetav(l:cnt));

85 %$Edgeadjacency for final node expressions

’

87 ledgeadjcf = zeros(1000000,1);

88 Jjedgeadjcf zeros (1000000, 1) ;
)
)

’

89 ledgeadjvf = zeros(1000000,1
90 Jjedgeadjvf = zeros(1000000,1

’

92 entryedgeadijbetacf =zeros(le6,1);

93 entryedgeadijbetavf = zeros(le6,1);
94 %Edge adjacency for bp updates
95 cnt = 0;

96 cntl = 0;
97 for ctr=1:m

98 ctr

99 gl = find(A(ctr,:));

100

101 for ctr2 = gl

102 edgeconn = mapobj ([ (m+n)+xctr+ctr2]);
103 cnt=cnt+1;

104 iedgeadjcf (cnt)=ctr;

105 jedgeadjcf (cnt)=edgeconn;

106 entryedgeadijbetacf (cnt) = —A(ctr,ctr2);
107 %$entryedgeadjbeta(cnt) = —Q(ctr2,ctr);
108 end

109

110 end

111  edgeadjalphcf = sparse(iedgeadijcf(l:cnt), jedgeadjcf(l:cnt),—1);
112 edgeadijbetacf = sparse(iedgeadjcf(l:cnt), jedgeadjcf (l:cnt),entryedgeadjbetacf(l:cnt));

115 cnt = 0;

116 cntl = 0;

117 for ctr=1:n

118 ctr

119 gl = find(A(:,ctr));

120

121 for ctr2 = gl'

122 edgeconn = mapobj ([ (m+n)+xctr2+ctr]);
123 cnt=cnt+1;

124 iedgeadjvf (cnt)=ctr;

125 jedgeadjvf (cnt)=edgeconn;

126 entryedgeadijbetavf (cnt) = —A(ctr2,ctr);
127 $entryedgeadjbeta(cnt) = —Q(ctr2,ctr);
128 end

129 end

130 edgeadjalphvf = sparse(iedgeadijvf(l:cnt), jedgeadjvi(l:cnt),—1);

131 edgeadjbetavf = sparse(iedgeadjvf(l:cnt), jedgeadjvi(l:cnt),entryedgeadjbetavf(l:cnt));
132 save ('decoder2.mat');

133 load('decoder2.mat');

135 %now generate the samples

137 sigma2 = 2:2:100;
138 conv = zeros (length(sigma2), 1);

139 mse = conv;
140 mc = 20;

141 for iter = l:length(sigma2)

142 iter

143 for iter2 = l:mc

144 sigma = sqgrt(sigma2 (iter));
145 lambda = sigma2 (iter);

146 sO0 = randn(n, 1);

147 w = sigma*randn(m, 1);




148
149
150
151
152

154

155
156

159

y = AxsO+w;

out = y(i);

$now do the iterations
alph2c ones (16000,1);
beta2c = zeros(16000,1);

alph2v = ones (16000,1);
beta2v = zeros (16000,1);

for ctr=1:50
alphprev2c = alph2c;
betaprev2c = beta2c;
alphprev2v = alph2v;
betaprev2v = betalv;

alph2v = l+edgeadjalphcx (1./alphprev2c);

beta2v = out + edgeadjbetacx (betaprev2c./alphprevc);
alph2c = —lambda + edgeadjalphv«* (1l./alphprev2v);
beta2c = 0 + edgeadjbetavx (betaprev2v./alphprev2v);

end

$Compute final estimates
solridge = (A'xA+lambdaxeye (n))\ (A'xy);

o o o

% % % norm(solridge—bpestimatemean (m+1:n+m))
alphv = —lambda + edgeadjalphvf* (l./alph2v);
betav = 0 + edgeadjbetavix* (beta2v./alph2v);

alphvprev = —lambda + edgeadjalphvfx (l./alphprev2v);
betavprev = 0 + edgeadjbetavfx (betaprev2v./alphprev2v) ;

s_hat = betav./alphv;
s_hatprev = betavprev./alphvprev;

conv (iter) = conv(iter) + norm(s_hat—s_-hatprev) "2/n;
mse (iter) = mse(iter) + norm(s_hat—s0)"2/n;
end

end

conv= conv/mc;

mse = mse/mc;

data = [sigma2' conv mse];

save ('data.dat', 'data', '—ASCII');




