
STATS 218 Homework 6 Solutions.

Question 1.

Since the Brownian process B(t) is a Gaussian process and X(t) is a scaled time-transformed version of
B(t), X(t) is clearly also a Gaussian process. E[X(t)] = 0 and, for s ≤ t:

Cov(X(s), X(t)) = e−α s+t

2 · αeαs = αe−α t−s

2 . (1)

Note that this is a stationary process, as the covariance only depends on t − s. So (X(t), X(t + h)) has a
bivariate Gaussian distribution with means 0, variances α and covariance αe−αh/2. Thus the conditional
distribution follows:

X(t + h)|X(t) = x0 ∼ N
(

x0e
−αh/2, α

(

1 − e−αh
)

)

. (2)

Therefore we get the density

P (X(t + h) ∈ [x, x + dx)|X(t) = x0) =
1

√

2πα(1 − e−αh)
exp

(

−
(x − x0e

−αh/2)2

2α(1 − e−αh)

)

dx. (3)

Note that this density is independent of t.

Question 2.

We mimic the derivation of Ross (8.5.2), which was done for Brownian motion. We condition on X(t−h).
By the stationary property of the process, we can write

pt(x|y) =

∫

ph(x|a)pt−h(a|y) da (4)

and perform a power series expansion of pt−h(a|y) about pt(x|y):

pt(x|y) =

∫

[

pt(x|y) + (a − x)
δ

δx
pt(x|y) − h

δ

δt
pt(x|y)

+
(a − x)2

2

δ2

δx2
pt(x|y) + o(h)

]

ph(x|a) da. (5)

(6)

The higher degree terms in h are clearly o(h), and the higher degree terms in x are constant multiples of
normal (third and higher) moments about a term that has O(h) rate convergence to the normal mean, and
so these terms are o(h) as well.

Using (3), it is easy to show that
∫

ph(x|a) da = eαh/2. We also get

∫

(a − x)ph(x|a) da = eαh/2x(eαh/2 − 1), (7)

∫

(a − x)2ph(x|a) da = αeαh/2(eαh − 1) + x2(e3αh/2 − 2eαh + eαh/2). (8)

Note that the coefficient of x2 in this latter equation is o(h). As emh − 1 = mh+ o(h), we simplify (5) to get

pt(x|y) ·
−αh

2
+ o(h) =

δ

δt
pt(x|y) · (−h) +

δ

δx
pt(x|y) ·

αhx

2
+

δ2

δx2
pt(x|y) ·

α2h

2
+ o(h). (9)

For the equation to be true for all h, the coefficients of the terms linear in h must match, such that

δ

δt
pt(x|y) =

1

2
αpt(x|y) +

1

2
αx

δ

δx
pt(x|y) +

1

2
α2 δ2

δx2
pt(x|y). (10)
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Question 3.

Again this process is a Gaussian process with mean 0 for all t. For s ≤ t, the covariance function is now
given as

Cov(X(s), X(t)) = e−β(s+t) · αeαs = αe(α−β)s−βt. (11)

This is a function of t− s iff 2β = α, and so this is the necessary and sufficient condition that the process is
stationary.

Question 4.

Working from the conditional distribution

X(t)|X(t − h) = x0 ∼ N
(

x0e
−βh, αe−2βt

(

eαt − eα(t−h)
)

)

, (12)

we can figure densities pt|s(x|y), the density of X(t) at x, given X(s) = y (for s ≤ t). If s is not specified, it
is assumed to be 0 (keeping with the notation in question 2). Again using the framework above, we perform
a power series expansion of the density pt−h(a|y) in the expression

pt(x|y) =

∫

pt|t−h(x|a)pt−h(a|y) da. (13)

Solving for the linear terms in h (just as is done in question 2, but with different density functions), the
following equation emerges:

δ

δt
pt(x|y) = βpt(x|y) + βx

δ

δx
pt(x|y) +

1

2
α2e(α−2β)t δ2

δx2
pt(x|y). (14)
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