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Abstract

An elector sits on each vertex of an infinite tree of degree k, and has to decide between two alter-
natives. At each time step, each elector switches to the opinion of the majority of her neighbors. We
analyze this majority process when opinions are initialized to independent and identically distributed
random variables.

In particular, we bound the threshold value of the initial bias such that the process converges to
consensus. In order to prove an upper bound, we characterize the process of a single node in the large k-
limit. This approach is inspired by the theory of mean field spin-glass and can potentially be generalized
to a wider class of models. We also derive a lower bound that is non-trivial for small, odd values of k.

1 Definitions and main results

1.1 The majority process

Consider a graph G with vertex set V, and edge set £. In the following, we shall denote by 0i the
set of neighbors of i € V, and assume |0i] < oo (i.e. G is locally finite). To each vertex i € V we
assign an initial spin 0;(0) € {—1,+1}. The vector of all initial spins is denoted by ¢ (0). Configuration
o(t) ={oi(t) : i € V} at subsequent times t = 1,2,... are determined according to the following majority
update rule. If 07 is the set of neighbors of node i € V, we let

ot +1) = sign( 3 Jj(t)> (1)

jedi
when > cp;05(t) # 0. If 3 cp, 05(t) = 0, then we let
' | o) with probability 1/2,
oit+1) = { —o;(t)  with probability 1/2. 2)

In order to construct this process, we associate to each vertex i € V, a sequence of i.i.d. Bernoulli(1/2)
random variables A; = {A; 0, Ai1,Ai2...}, whereby A;; is used to break the (eventual) tie at time ¢. A
realization of the process is then determined by the triple (G, .4, c(0)), with A = {A;}.

In this work we will study the asymptotic dynamic of this process when G is an infinite regular tree of
degree k > 2. Let Py be the law of the majority process where, in the initial configuration, the spins o;(0)
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are i.i.d. with Pp{co;(0) = +1} = (1 + 0)/2. We define the consensus threshold as the smallest bias in the
initial condition such that the dynamics converges to the all +1 configuration

0.(k) = inf{@: P, (tlingog(t):—i—_l) :1}. (3)

Here convergence to the all-(+1) configuration is understood to be pointwise. We shall call 6,(k) the
consensus threshold of the k-regular tree.
Two simple observations will be useful in the following:

Monotonicity. Denote by > the natural partial ordering between configurations (i.e. ¢ = ¢’ if and
only if o; > o] for all i € V). Then the majority dynamics preserves this partial ordering. More precisely,
given two copies of the process with initial conditions ¢(0) = ¢’(0), there exists a coupling between them
such that o(t) = ¢’(t) for all t > 0.

Symmetry. Let —g denote the configuration obtained by inverting all the spin values in g. Then two
copies of the process with initial conditions ¢’(0) = —g(0) can be coupled in such a way that o’(t) = —a(t)
for all ¢t > 0.

It immediately follows from these properties that
0<6.(k)<1.

It is not too difficult to show that 0,(k) < 1 for all k. A simple quantitative estimate is provided by the
next result.

Lemma 1.1. For all k > 3, denote by pc(k) the threshold density for the appearance of an infinite cluster
of occupied vertices in bootstrap percolation with threshold |(k +1)/2]. Then

0.(k) < 0ulk) =1~ 2pc(k) < 1. (4)

A numerical evaluation of this upper bound [FS08] yields 6,(5) ~ 0.670, 6,(6) ~ 0.774, 6,(7) ~ 0.600.

It is possible to show that 6, = O < lo]%k) We will prove a much tighter bound in Theorem 1.4.
The next Lemma simplifies the task of proving upper bounds on 6,(k) for large k.

Lemma 1.2. Assume G to be the regular tree of degree k. There exists k., 0, > 0 such that for k > k., if
Eg{oi(t)} > 1 — (0./k), then 0.(k) <86.

The proofs of the Lemmas 1.1 and 1.2 can be found in Section 2.

Notice that the consensus threshold 6, is well defined for a general infinite graph G. If G is finite,
then trivially 6,(G) = 1: indeed for any # < 1 there is a positive probability that ¢(0) is the all —1
configurations. However, given a sequence of graphs with increasing number of vertices n, one can define
a threshold function 6, ,(y) such that o(t) — 41 with probability v for 6 = 6, ,(vy). It is an open
question to determine which graph sequences exhibit a sharp threshold (in the sense that 6, ,(y) has a
limit independent of v € (0,1) as n — o).

We carried out numerical simulations with random regular graphs of degree k. In this case, there appears
to be a sharp threshold bias that converges, as n — oo to a limit 6, ygrapn(k). Above this threshold, the
dynamics converges with high probability to all +1. Below this threshold, the dynamics converges instead
to either a stationary point or to a length-two cycle [GO80]. Threshold biases found for small values of k

were 12

We used graphs of size up to n = 5 - 10*, generated according to a modified configuration model [Bol80] (with eventual
self-edges and double edges rewired randomly). The initial bias was implemented by drawing a uniformly random configuration
with n(1 4 0)/2 spins o; = +1.
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The empirical threshold approaches 0 rapidly with increasing k, for k odd, and appears to be identically
0 for all even k. It is natural to expect that the behavior of majority dynamics on infinite trees and on
random graphs should be intimately related.

1.2 Results

We can now state our main results. We first state a sequence of recursively computable lower bounds.
The formal definition of this recursion is deferred to Section 4, along with a discussion of its numerical
implementation.

Theorem 1.3. Let Uogqr(od |[ud) be defined recursively as in Lemma 4.7 below for all T > 0 and ol
ul € {=1,+1}TFL. Define O (k, T) = sup{0 € [0,1] : Woqar(od |[ud) > 0 for all ol ,ul}. Then, for every
kT

0.(k) > Oi(k,T). (5)

The recursion in Lemma 4.7 allows us to determine 6y,(k,T’) through a number of operations (sums
and multiplications) of order 25T+ (T 4 k) for each iteration, with a naive implementation. As explained
in Section 4, the recursion can be considerably simplified exploiting the symmetries of the problem, while
remaining exponential in k£ and 7. Evaluating the lower bound for £k = 3, 5, 7 and T = 3 we get
0.(3) > 0.573, 6.(5) > 0.052, and 6,(7) > 0.0080. This shows convincingly that 6.(k) > 0 for k£ < 7, k
odd. A completely analytical study of the lower bound for 7' = 0 also confirms that indeed 0.(3) > 0. For
k > 3 it is necessary to consider larger values of 7'

While for small odd k& the consensus threshold is strictly positive, our next result shows that it ap-
proaches 0 very rapidly as k — oco.

Theorem 1.4. The consensus threshold on k reqular trees converges to 0 as k — oo faster than any
polynomial. In other words, for any M > 0, there exists C(M) > 0 such that

0.(k) < C(M) k=M. (6)

1.3 The dynamic cavity method

Fix a vertex i € V, and consider the process {o;(t)};>0. A key step in the proof of Theorem 1.4 is to
establish the convergence of this process to a limit as k — co. We will call this limit the cavity process, for
the case of unbiased initialization (i.e. for § = 0).

Definition 1.5. Let C = {C(t, 8)}1,scz. be a positive definite symmetric matriz, and R = {R(t, s)}t>sez, ,
h = {h(t)}+ez, two arbitrary set of real numbers.

A sample path of the effective process with parameters C, R, h is generated as follows: Let o(0) be
a Bernoulli(1/2) random variable and {n(t)}icz, be jointly Gaussian zero mean random variables with
covariance C, independent from o(0). For any t > 0 we let

t—1
o(t+1) = sign (n(t) + Z R(t,s)o(s) + h(t)) : (7)

s=0



Notice that the distribution of the effective process depends on the three parameters C, R, h. We will
denote expectation with respect to its distribution as Ec g . The functions C(-, -) and R(-, -) will be
referred to as correlation and response functions. By convention, we let R(t,s) =0 if ¢t < s.

Definition 1.6. Let C, R be such that

C(t,s) = Eopolo(t)o(s) Vit,5>0, (8)
R(t,s) = gh—(s)EC,Rﬁ[a(t)] o voss<t 9)

The cavity process {o(t)}icz, is then defined as the effective process with parameters C', R and with h = 0.
In the following we will denote by P, the law of the cavity process.

Theorem 1.7. Consider the majority process on a regqular tree of degree k with uniform initialization
0 =0. Then for anyi €V and T > 0, we have

klinolo]P’g:o{ (0i(0),...,04(T)) = (6(0),...,0(T)) } =Peay{c(0),...,0(T)}. (10)
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Figure 1: Change of bias Eo;(t) over time ¢, with with initial bias Eo;(0) = 6 = 0.5/k (i.e., in our notation
T, =1, wy = 0.5). The ‘prediction’ is based on wy,...,wy, computed according to Eq. (51) and wr, 41
computed according to the modified cavity process (see Lemma 3.11 and Eq. (75)).

In Section 3 we state and prove a generalization of this theorem to the biased case 6 > 0, cf. Theorem
3.1. This limit characterization will be used to prove Theorem 1.4, but also provides a fairly precise
description of the majority process for moderately large k. Informally, if 6 ~ wg/ ET+1/2 then almost
complete consensus is reached sharply at iteration Tx42. This phenomenon is illustrated through numerical
simulations in Figures 1 and 2. The prediction provided by our method is quite accurate already for & 2 15.
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Figure 2: Change of bias Eo;(t) over time ¢, with initial bias § = Eo;(0) = 2.5/k? (i.e. T\ = 3, wg = 2.5).

1.4 Motivation and related work

The majority process is a simple example of a stochastic dynamics evolving according to local rules on
a graph. In the last few years, considerable effort has been devoted to the study of high-dimensional
probability distributions with an underlying sparse graph structure [MMO09]. Such distributions are referred
to as Markov random fields, graphical models, spin models or constraint satisfaction problems, depending
on the context. Common algorithmic and analytic tools were developed to address a number of questions
ranging from statistical physics to computer science. Among such tools, we recall local weak convergence
[AS03], correlation decay [We06], variational approximations, and the cavity method [MPZ03, KM+-07].

The objective of the present paper is to initiate a similar development in the context of stochastic
dynamical processes that ‘factor’ according to a sparse graph structure. Rather than addressing a generic
setting, we focus instead on a challenging concrete question, and try to develop tools that are amenable to
generalization.

The majority process can be regarded as a example of interacting particle system [Lig85] or as a cellular
automaton, two topics with a long record of important results. In particular, it bears some resemblance
with the voter model. The latter is however considerably simpler because of the underlying martingale
structure. Further, the voter model does not exhibit any sharp threshold for 6. (k) < 1.

More closely related to the model studied in this paper is zero-temperature Glauber dynamics for the
Ising model, which obeys the same update rule as in Egs. (1), (2). Fontes, Schonmann, and Sidoravicius
[FSS02] studied this dynamics on d-dimensional grids, proving that the consensus threshold is 0, < 1
for all d > 2. Positive-temperature Glauber dynamics on trees was the object of several recent papers
[BK+4-05, MSW03]. While no ‘complete consensus’ can take place for positive temperature, at small enough
temperature this model exhibits coarsening, namely the growth of a positively (or negatively) biased
domain. In particular, Caputo and Martinelli [CMO5] proved that the corresponding threshold 0. coars(k) —



0 as k — oo. Let us stress that Glauber dynamics is defined to be asynchronous: each spin is updated at
the arrival times of an independent Poisson clock of rate 1. While our methods are somewhat simpler to
apply to the synchronous case, we think that they can be generalized to the asynchronous setting as well.

The main technical ideas developed in this paper are quite far from the ones within interacting particle
systems. More precisely, we develop a dynamical analogue of the so-called ‘cavity method’ that has been
successful in the analysis of probabilistic models on sparse random graphs. The basic idea in that context
is to exploit the locally tree-like structure of such graphs to derive an approximate dynamic-programming
type recursion. This idea was further developed mathematically in the local weak convergence framework
of Aldous and Steele [AS03]. Adapting this framework to the study of a stochastic process is far from
straightforward. First of all, one has to determine what quantity to write the recursion for. It turns out
that an exact recursion can be proved for the probability distribution of the trajectory of the root spin
in a modified majority process (see Section 3.2 for a precise definition). The next difficulty consists in
extracting useful information from this recursion which is rather implicit and intricate. We demonstrate
that this can be done for large k using an appropriate local central limit theorem proved in Appendix A.
This allows to prove convergence to the cavity process, see Theorems 1.7 and 3.1.

The use of a dynamic cavity method for analyzing stochastic dynamics was pioneered in the statistical
physics literature on mean field spin glasses, see [MPV87] for a lucid discussion. This approach allows
to derive limit deterministic equations for the covariance and the ‘response function’ of the process under
study. The study of such equations lead to a deeper understanding of fascinating phenomena such as
‘aging’ in spin glasses [BC+97]. For some models, the limit equations were proved rigorously after a tour
de force in stochastic processes theory [BDGO6]. Theorem 1.7 presents remarkable structural similarities
with these results. It suggests that this type of approach might be useful in analyzing a large array of
stochastic dynamics on graphs.

Let us also mention that there are strong mathematical similarities between the dynamic cavity method
adopted here, and the cavity analysis of quantum spin models on trees, see for instance [KR+08, LSS08].

Beyond its mathematical interest, the majority process and similar models have been studied in the
economic theory literature [Mor00, Kle07], within the general theme of ‘learning in games’. In this context,
each node corresponds to a strategic agent and each of the two states to a different strategy. The dynamics
studied in this paper is just a best-response dynamics, whereby each agent plays a symmetric coordination
game with each of its neighbors. It would be interesting to apply the present methodology to more general
game-theoretic models.

2 Proof of Lemmas 1.1 and 1.2

This Section presents the proofs of Lemmas 1.1 and 1.2, with some auxiliary results proved in the second
subsection.

2.1 Proofs

Proof. (Lemma 1.1) Consider the subgraph G, of G induced by vertices i € V, such that ¢;(0) = +1:
each vertex belongs to this subgraph independently with probability (1 + 6)/2. Let G, , be the maximal
subgraph of G, with minimum degree ¢ = k — |(k +1)/2] + 1. It is clear that no vertex in G 4 ever flips
to —1 under the majority process. Consider a modified initial condition such that ¢;(0) = +1 for i € G, 4,
and 0;(0) = —1 otherwise. By monotonicity of the dynamics, it is sufficient to show that such a modified
initial condition converges to +1 under the majority process.

Notice that H = G\ G, 4 is the final configuration of a bootstrap percolation process with initial density
p = (1-10)/2 and threshold |(k+1)/2] (a vertex joins if at least [(k+ 1)/2] of its neighbors have joined).
It is proven in [FS08, Theorem 1.1] that there exists p.(k) > 0 such that, for p < p.(k), H is almost surely



the disjoint union of a of countable number of finite trees. This implies the thesis. Indeed we can restrict
our attention to any such finite tree occupied by —1, and surrounded by +1 elsewhere. On such a tree,
the set of vertices such that of o;(t) = —1 never increases, and at least one vertex quits the set at each
iteration. Therefore, any such tree turns to +1 in finitely many iterations. O

Proof. (Lemma 1.2) Let G,, = ([n],&,) be a random graph of degree k over n vertices distributed according
to the configuration model. We recall that a graph is generated with this distribution by attaching &
labeled half-edges to each vertex ¢ € [n] and pairing them according to a uniformly random matching
among nk objects.

The proof of Lemma 1.2 is based on the analysis of the majority process on the graph G,. We will
denote by Py, the law of this process when the spins {0;(0)};c[,) are initialized to i.i.d. random variables
with Eg ,{0;(0)} = 6. We use the following auxiliary results.

Lemma 2.1. For any fized i € N, j € V and t > 0 we have
Jim By, {0i(t)} = Ep{o;(t)} - (11)

Lemma 2.2. Let {04(t)}igin) ez, be distributed according to the majority process on Gn, and define
B(k,t) = 4(t + 1)(k**1 — 1)2/(k — 1)2. Then

n 2
]P)G,n{ gn} <2 eXP{—m} . (12)

Lemma 2.3. There exists ., ks > 0 such that for any k > k, there is a set Sy, of ‘good graphs’ such that
P{Gn € Skn} — 1, and the following happens. For any G, € Sk, and any initial condition {0(0)}icn) on
the vertices of G, with > 1, 0:(0) > n(1 — 20, /k), we have

n

> oi(t) — nEg o1 (t)

=1

> ne

n

S0 - o) <2 (1 ai(0)). (13)

i=1 =1

Let us now turn to the actual proof. Choose d, and k, as per Lemma 2.3 and assume k > k.. By
assumption there exists a time ¢, such that Eg{o;(t«)} > 1 — d,/k. By Lemmas 2.1 and 2.2, for all n large
enough we have

Py, {zn: oi(ty) > n (1 — 2%) } >1—eOn, (14)

i=1
Assume Y " 0i(ty) > n (1 — 2%*) and G, € Sk. Then, by Lemma 2.3, and any ¢ > ¢, we have

n

D (1—oi(t) < n(3/4) . (15)

=1

Combining this with the above remarks, and using the symmetry of the graph distribution with respect to
permutation of the vertices, we get

Bo{o1(t) # +1} < 2(3/4)" " +P{G, & St} +e O (16)

By Lemma 2.1, this implies Pp{c;(t) # +1} < 5(3/4)""% which, by Borel-Cantelli implies o;(t) — +1
almost surely, whence the thesis follows. O



2.2 Auxiliary lemmas

Proof. (Lemma 2.1) Fix a vertex i in G,, and denote by B;(t) the subgraph induced by vertices whose
distance from 7 is at most ¢. The value of ¢;(¢) only depends on G,, through the B;(t). If B;(¢) is a k-regular
tree of depth ¢ (to be denoted by T(t)) then the distribution of o;(t) is the same that would be obtained
on G, whence

[Bonioi(t)} —Eo{oj(t)} < 2Pgn{Bi(t) £ T(8)} .
The thesis follows since Py, {B;(t) # T(t)} < A'/n for some constant A (dependent only on k. O

Proof. (Lemma 2.2). Let X, (t) = >.;", 04(t). This is a deterministic function of the n(t + 1) bounded
random variables {0;(0)}icn,) and of {A;s}icpn),s<;- Further, it is a Lipschitz function with constant
L(k,t) < 2(k**' —1)/(k — 1), because any change in ¢;(0), or A; s only influences the values o;(¢) within
a ball of radius t around i. By Azuma-Hoeffding inequality

2
P {1X0lt) ~ B Xa(0)] 2 A} < 2 000 { - (")

which implies the thesis. O

Proof. (Lemma 2.3) Although the proof follows from a standard expansion argument, we reproduce it here
for the convenience of the reader.

Recall that a graph G,, over n vertices is a (k(1 — ¢),d/k) (vertex) expander if each subset W of at
most nd/k vertices is connected to at least k(1 — €)[W)| vertices in the rest of the graph. It is known that
there exists d, > 0 such that, for all £ large enough, a random k regular graph is, with high probability,
a (3k/4,6./k) expander [HLWO06]. We let Sj ,, be the set of k-regular graphs G, that are (3k/4,6./k)
expanders.

Let W be the set of vertices i € [n] such that ¢;(0) = —1. By hypothesis [W| < nd/k. Denote by n_
the number of vertices in [n]\ W that have at least [k/2] neighbors in W (and hence such that potentially
0i(1) = —1), and by n4 the set of vertices that have between 1 and [k/2] — 1 neighbors in W. Further,
let [ be the number of edges between vertices in Y. Then

k 3

where the first inequality follows by edge-counting and the second by the expansion property. By taking
the difference of these inequalities, we get

(@ —1)n_—|—2l < .

Let W' be the set of vertices such that o;(1) = —1. It is easy to see that |W'| < n_ + (21)/[k/2], and
therefore

k
W<, W,

([k/2] = 1)
which yields the thesis. O



3 The dynamic cavity method and proof of Theorem 1.4

In this Section we prove the upper bound in Theorem 1.4, as well as the convergence to the cavity process
in Theorem 1.7. Indeed, we will prove the following stronger result that implies both these theorems.

Theorem 3.1. For T, a non-negative integer and wg > 0, consider the majority process on a reqular tree
of degree k with i.i.d. initialization with bias 6 = wo/kT+tV/2. Then for any i € V and T < T,, we have
d
(0i(0),0:(1),...,04(T)) = (Oear(0), Ocar (1), . . ., 0o (T'))
where {0, (0) >0 is distributed according to the cavity process and convergence is understood to be in
distribution as k — oo.
Further, if wg > 0, then for anyi €V and T > T, + 2, we have

(04(0),04(1),...,04T)) 9, (Oean(0),0cay (1), e ooy Ocae (T )y o (T + 1), +1, 41, ..., +1) (18)

where the random variable o(Ty + 1) dominates stochastically o...,(Tx +1), and P{o (T +1) > 0. (Tx + 1)}

18 strictly positive.
Finally, there exist A = A(wy), with A(wo) > 0 for wy > 0 such that, for any T > Ty + 2,

Eg{o;(T)} > 1 — e Aolk (19)

Clearly, Theorem 1.7 is a special case of the last statement (just take T large enough and wg = 0). As
for Theorem 1.4, it is sufficient to choose Ty = 2M and use Eq. (19) to check the assumptions of Lemma
1.2.

The proof of Theorem 3.1 is organized as follows. We start by proving some basic properties of the
cavity process in Section 3.1. We then prove an exact (albeit quite complicated) recursive characterization
of the process {o;(t) }+>0 for i € V in Section 3.2. We state a version of the central limit theorem in Section
3.3. A proof of Theorem 1.7 follows in Section 3.4. It is convenient to prove the unbiased case separately,
since it is technically simpler. Finally, in Section 3.5 we derive a delicate relationship between the biased
and unbiased processes and prove Theorem 3.1.

Throughout this section we use the following notations. For a sequence a(0),a(1),a(2),..., and given
t > s, welet al = (a(s),a(s+1),...,a(t)). Further, given the correlation and response functions C' and R,
and an integer 7' > 0, we define the (T'+1) x (T'+1) matrices Cr = {C(t, s) }+,s<7 and Ry = {R(t, 5) }s<i<7-

Given m € R% and ¥ € R¥4, we let ¢, () be the density at = of a Gaussian random variable with
mean p and covariance Y. Finally, if A € R? is a rectangle, A = [a1,b1] X [az,b2] X -+ X [ag,bg] (with
a; < b;), we let

5(A) /A — [d]rb[ r (20)

Notice that those coordinates such that a; = b; are not integrated over. For a partition {1,...,d} =
ToUZ,y UZ_, and a vector a € Z4, with ||a||cc < B log N, define

Aa,T) = {z€2%: zi=a;VieTly, z>aVicl,z<a;Viel }, (21)
A(Z) = {zeR:2=0VieTy, %>0Viecl ,z<0Viel }. (22)



3.1 The cavity process
We start by checking that the cavity process is indeed well defined.

Lemma 3.2. The cavity process exists and is unique.

Proof. By the definition of cavity process, the statement is equivalent to the following: For every T' > 0,
there exists unique Cr, Rr, such that Eq. (8) is satisfied for all s,¢ < T and Eq. (9) is satisfied for all
s <t <T. We will abbreviate this by saying simply that Eqgs. (8) and (9) are satisfied up to 7. We will
prove this statement by induction over T'. More precisely, we consider the following statements

Sg(T) = ‘A pair (Cp, Ry) satisfying Eqs. (8), (9) up to T exists, with Cp positive semidefinite’,
Sy(T) = ‘There is a unique pair (Cr, Ry) satisfying Eqs. (8), (9) up to T

We further let S(T') = Sg(T') A Sy(T'). We will prove by induction that S(7") holds for every 7. Clearly,
S5(0) holds with C(0,0) = 1.

Suppose S(T") holds. Denote by Cr and Rp the corresponding covariance and response function, that
exist and are unique by hypothesis. Let (¢(0),0(1),...,0(T + 1)) be a sample path of the uniquely defined
effective process with parameters Cr, Ry and h as per Eq.(7). Define C(s,T+1) = C(T'+1,s), R(T+1,s)
for all s < T by Egs. (8), (9) with ¢t =T 4+ 1. Set C(T'+ 1,7 + 1) = 1. Let the corresponding matrices
be denoted by Cri1, Rr+1. Notice that Cryq is positive semidefinite by construction. By the induction
hypothesis Egs. (8) and (9) are satisfied up to 7. By construction they are also satisfied up to T+ 1.
and thus Sg(T + 1) holds. Also, this procedure uniquely determines Cp41 and Rpy1, whence Sy (T + 1)
follows. O

Lemma 3.3. Let {C(t,s)}+s>0 be the correlation function of the cavity process. For any T > 0 the matriz
Cr is strictly positive definite, and P(ol = wl) > 0 for each wl € {£1}7+1.

Proof. As a preliminary remark notice that, by Lemma 3.2, R(¢, s) is well defined for all s < t. Moreover,
it is easy to see that it is always finite.

We prove the lemma by induction. Clearly, Cy is positive definite and P(c(0) = +1) = % > 0. Suppose,
Cfr is positive definite. Now, from the definition of the cavity process, we have

1
P(a%url = wg+1) = §@H(w(’{),CT (A (Zc(w))), (23)

where Zo(wl) is the partition of {1,2,..., T} defined as follows

Tow) = 0ZosTe ). Tos={iwlitl) =41}, To_={icw(t)=—1},  (24)
r—1

pwi) = (po(g),--mwy)) with  pe(wd) =D R(r,s)w(s). (25)
s=0

Since Cr is positive definite, we have @, ¢, (z) > 0 Vo € RT*! whence P(ol ™! = wl™) > 0 for all
wa € {~1,+1}7*2. Notice that Cr; is positive semidefinite by the definition of cavity process. If Cry1
is not strictly positive definite, there must be a linear combination of (¢(0),...,0(T + 1)) that is equal to
0 with probability 1. Since the distribution of ag *1 gives positive weight to each possible configuration,
there must exist a non-trivial linear function in R7*+2 that vanishes on very point of {£1}7%2  which is

impossible. This proves that Cr4, is strictly positive definite. O

The above proof provides, in fact, a procedure to determine C(¢,s) and R(t,s) by recursion over
t. However, while the recursion for C consists just of a multi-dimensional integration over the Gaussian
variables {n(t)}, the recursion for R, cf. Eq. (9) is a priori more complicated since it involves differentiation
with respect to h. The next lemma provides more explicit expressions.

10



Lemma 3.4. The correlation and response functions C and R of the cavity process are determined by the
following recursion

1
ClrLo=1 Y wlt+1u(s) Dy (o)) vo<s<t  (26)
Wi {21} (42
1
R(t+1,5) =5 Yo wlt+ Dwls +1) Dy o, (As(Zr(w, 5))), V0<s<t, (27)
witte{£1}t+2)
with boundary condition R(t,s) = 0 fort < s, C(t,t) = 1 and C(s,t) = C(t,s). Here, Zc and Ir are
partitions of T = {0,1,...,t} of the form T = (Zo,Z+,Z_), with Zc and p defined as per Eq. (25) with
T =t and Ig is defined by
Tr(w,s) = ({shZr+,Ir-), Ir+ ={i:w(i+1) =+1}\{s}, Ip_- ={i:w(@+1)=—-1}\{s}.(28)

Proof. Equation (26) follows directly from Eq. (8) and Eq. (23). We only need to prove Eq. (27).
Let Z = {0,...,t} and, for S C Z, define the rectangle R(w, S, R,h) C Rl as the set of vectors

nt = (n(0),...,n(t)) such that

r—1
n(r) + > R(r,s)w(s) + h(r) =0 forallr e S, (29)
s=0
r—1
sign (?7(7") + Z R(r,s)w(s) + h(r)) =w(r+1) for all reZ\S. (30)
s=0

Equation (7) defines o(t + 1) as a function of o(0), n§ and h. Let us denote this function by writing
ot+1)= Fa(t+1)(‘7(0)> nb;i h).

Bcralot+ D=5 > [ o @(O)nbi) dnc, (i) ' [Tanto
w(0)e{=1} /R i=0
1 VAP = . .
:%e{%}m Lo+ <z>oct<no>HO {SIgn(n<z>+§R<z $)o(s) + b)) = w(i +1) pdn(s)
-5 > et o) [T ant9
2 ey R(w,0,R,h) i
=2 Yl 1) @0 (R(w,0,R,B)).

whe{£1}+1

Since Cy is strictly positive definite by Lemma 3.3,  — ¢ ¢, (x) is a continuous function. By the funda-
mental theorem of calculus, we have

0Po.c, _ { ®0.c,(R(w,{s}, R, 0)) ifw(s+1)=+1,
Oh(s) he0 —® 0, (R(w,{s},R,0)) ifw(s+1)=-1

The definition of R(t, s) for a cavity process in Eq.(9) now leads to

(R(w,0, R, h))

1
Rit+1s)== >  wt+w(s+1)Pc,(R(w,{s},R,0)
’ wo £}t

for all t > s > 0. The result follows by the change 2'(i) = 2(i) + p;(w§) in the Gaussian integral defining
. U

11



Equation (27) yields in particular

R(t + 17t) = Z (I),u,(wé),ct (AOO(ZR(w7t))) : (31)
whe{£1}t+1

Note that R(t + 1,t) > 0V t > 0, since it is a sum of positive terms. These facts will be used later in
Section 3.5.

The values of R and C evaluated for small values of s,t¢ are as follows.

C(t,s) (Row for each ¢, column for each s.)

| 0 1 2 3
o 1
1| 0 1
2105751 0 1
3] 0 07600 0 1

R(t,s) (Row for each t, column for each s.)

0 1 2 3
0.7979
0 0.5804

0.4164 0 0.4607
0 0.2920 0 0.3950

B W N

Note how C(t,s) = 0 when ¢ and s have different parity, and R(t,s) = 0 when ¢ and s have the same
parity. This is a simple consequence of the fact that the dynamics is ‘bipartite’. This also allows us to
reduce the the dimensionality of integrals in Eqgs. (26) and (27), making numerical computations easier.

3.2 The exact cavity recursion

Let Gy = (Vy, &) be the tree rooted at vertex ¢ with degree k— 1 at the root and k at all the other vertices,
and let v = {u(0),u(1),u(2),... } be an arbitrary sequence of real numbers. We define a modified Markov
chain over spins {o; };cy, as follows. For i # ¢, 0;(t) is updated according to the rules (1) and (2). For the
root spin we have instead

k-1

oot +1) = Sign(ZUi(t) n u(t)) , (32)

=1

where 1,...,k — 1 denote the neighbors of the root. In the case Zi-:ll oi(t) +u(t) =0, o4t + 1) is drawn
as in Eq. (2). We will call this the ‘dynamics under external field’.

We will call the sequence u = {u(0),u(1),u(2),... } ‘external field applied at the root.” We denote by
P((0,)%||ud) the probability of observing a trajectory (o4)2 = (04(0),04(1),...,04(T)) for root spin under
the above dynamics. Let us stress two elementary facts: (i) P((04)3||ud) is not a conditional probability;
(i4) As implied by the notation, the distribution of (¢,)d does not depend on u(t), t > T (and indeed does
not depend on u(T") either, but we include it for notational convenience).

As before, we assume that in the initial configuration, the spins are i.i.d. Bernoulli random variables,
and denote by Py(0;(0)) their common distribution.

12



Lemma 3.5. The following recursion holds

k—1

P((00)7 U lul ) = Po(oo(0)) Y HKW (o(t + Dloas(t) [] P(@0) (o)} (33)
(e1)F .. (ok—1)F t=0 =1

{ ool +1) = sien( S oa(t) +ult)) | f T oult) +ul®) £0, g

Kuy(--) =9

3 otherwise.
Proof. Throughout the proof we denote the neighbors of the root as {1,...,k—1}. Let ¢(0) be the vector
of initial spins of the root and all the vertices up to a distance 7" from the root. For each i € {1,...,k—1},
let 0,(0) be the vector of initial spins of the sub-tree rooted at i, and not including the root, and up
to the same distance T' from the root. Clearly, if we choose an appropriate ordering, we have ¢(0) =
(64(0),01(0),05(0),...,0,_1(0)). Finally, we denote by Ar the set of coin flips {A;;} with ¢ < T', and
i at distance at most T from the root. As above, we have Ar = ((4,)8, A17, ..., Ax_11), where A;
is the subset of coin flips in the subtree rooted at i € {1,...,k — 1}. g By definition, the trajectory
(05) T is a deterministic function of ¢(0), ul ™! and Az. We shall denote this function by F and write
(05)t = FY(a(0),ul T, A7). This function is uniquely determined by the update rules. We shall write the
latter as

og(t +1) = f(os(t), aas(t), u(t), Agy) - (35)
We have therefore
P00 = ) = Bty o) Pe(O)E (! = AL 0(0), uf A - (36)
Now we analyze each of the terms appearing in this sum. Since the initialization is i.i.d., we have
P(2(0)) = Po(os(0))P(a:1(0))P(g5(0)) ... P(gy1(0)) - (37)
Further since the coin flips A;; and A;y are independent for ¢ # j, we have
Ear{-}= I['?IJ(AV,)OTIEALT - 'EAk—1,T{' -t (38)

Finally, the function F *!(---) can be decomposed as follows

(! = AL (), ™ Ar)) =1 0(0) = w()) (] = FTH(2(0), uf ', An))

T
:H<ao(0):w(0)) Z [T (wt +1) = f(ou(t), gou(t), ult), Agy))

(01)4 - (ok—1) tZO
' H I((oi)g = Fg (2:(0), w5, Ar—1)) - (39)

Using Egs. (37), (38) and (39) in Eq. (36) and separating terms that depend only on ¢,(0), we get

T
P((0p)g " =wp Mllug ) =Pw(0) > JJT{wlt+1) = flon(t), gae(t) ult), Ace) }

(e1)T...(op—1)T =0

H Z P(g;(0)) T ((Ui)g = f()T(gi(O),wOT,.AZ-,T_I))

13



Notice that the same proof applies to a quite general class of processes on the regular rooted tree G,.
More precisely, we consider a model with spins taking value in a finite domain o,(¢t) € X, and are updated
in parallel according to the rule (for i # ¢):

oi(t+1) = f(0i(t), Zonn() (), Tn(iy (1), Ait) (40)

where 7 (i) is the parent of node i (i.e. the only neighbor of i that is closer to the root), and {A;;} are a
collection of i.i.d. random variables. For the root ¢ the above rule is modified by replacing o (; (t) by the
arbitrary quantity wu(t).

The next remark follows from a verbatim repetition of our proof.

Remark 3.6. For a model with general update rule (40), the distribution of the root trajectory satisfies
Eq. (33) with the kernel

Ke(0o(t + 1) (1), 000(1)) = Eaay, {100 (t + 1) = F(00(8), 00 (1), ult), Ao) } (41)

3.3 A central limit theorem

In the following we will use repeatedly the following local central limit theorem for lattice random variables.

Theorem 3.7. For any B,d > 0, there ezist a finite constant L = L(B,d) such that the following is true.
Let X1, Xo,..., Xy, be i.i.d. random vectors with X1 € {+1, -1} and

B 1
, min P(X;=s5)>—.
VN se{t1,-1}d (X1=3) 23

[IEX ]

IN

Let py be the distribution of Sy = Zf\il X;. For a partition {1,...,d} =ToUZy UZ_, and a vector
a € 72, with ||a||sc < B log N, define A(a,T), As(Z) as in Eqs. (22), (21).
Assume the coordinates a; to have the same parity as N. We then have

2170

> o) = 3 e cosn (A (D) (14 Err(a, 7, N) ) (42)
yeA(a,T)

Err(a,Z, N)| < L(B,d) N~/ Tol+2)

A simple proof of this result can be obtained using the Bernoulli decomposition method of [MD79,
DMD94]| and is reported in Appendix A. Indeed Appendix A proves a slightly stronger result.

3.4 Unbiased initialization: Proof of Theorem 1.7

The first crucial step consists in studying the dynamics at the root of the rooted tree G, = (V,, &)
introduced at the beginning of Section 3.2, with modified updates as in Eq. (32).

Lemma 3.8. Let T >0, and ul with u(t) € {+1,—1} be given. Assume (04)% to be distributed according
to P(-||ul). Then, as k — oo, we have

t—1
1 —
[E{og(t)os(s)} — C(t,s)] = o(1),  |Eog(t) — 7 Y R(t,s)u(s)| = o(k™'/?). (43)
s=0
Further, for any ul, (o,)F 9 (0ca)t, with (0ea)d distributed according to the cavity process.

14



Proof. The proof is by induction on the number of steps T'. Obviously the thesis holds for 7" = 0.
Assume that it holds up to time 7". Consider the exact recursion Eq. (33) and fix a sequence 04(0), - - -, o4(T+
1). Under the measure Hk 'P((0:)8]|(04)E), the vectors (o1)F, ... (o_1)% are independent and identically
distributed. Further, by the induction hypothesis

Eoq (¢ f ZR (t,5)os(s) + o(k~1/?) E{cy(t)oi(s)} = C(t,s) + o(1).

By central limit theorem {\/_E Zle 0i(t) }o<t<T converge in distribution to

t—1
{n<t> +Y R, s)o—o<s>} , (44)
0<t<T

s=0
where {n(t)}o<t<7 is a centered Gaussian vector with covariance E{n(¢)n(s)} = C(t,s). Since the product
of indicator functions in Eq. (33) is a bounded function of the vector {ﬁ Zle oi(t) o<t<T, and the normal
distribution is everywhere continuous, we have
T

t—1
Tim P((o,) [l +1) = Pom(o»En{Hﬂ(%(m)=sign(n<t>+ZR<t,s>a@<s>)>} (45)
0

t=0

i.e. (cf(zj)ép+1 converges in distribution to the first 7'+ 1 steps of the cavity process. This implies the first
equation in (43). It is therefore sufficient to prove the second equation in (43), for ¢t =T + 1.

To get the estimate of the mean, we use again Eq. (33), and consider the distribution P((c)¢ T4||05 1)
whereby the root perturbation is set to 0. This satisfies the recursion Eq. (33), with u(¢) = 0:

P((00)5 1105 ") = Po(o0(0)) D HKO (09 (t 4+ 1)|oas(t) HP ((e1)5 [1(o0)5) - (46)
(01)§ - (ok-1)g =0
Since |u(t)] < 1, Ku(t)( ) = Ko(---) for all values of ¢, except those in which Zi-:ll oi(t) € {+1,0,—1}.
Let Zp = {t : |Z = ! oi(t)] < 1}. Further, irrespective of u(t), Ky (0g(t + 1)[oas(t)) is non vanishing
only if og(t + 1) E ) ! o:(t) > —1. By taking the difference of Eq. (33) and (46), we get

P((00) " lug ™) — IP>((<T;zs)T“H0T“)

|
~
=
Q
IS8
=
II \

k—1
N (0g)E Hn{% (t+1) Zai(t) > _1}-
=1

(e1)¥..(ok-1)
| T Kuw (0ot + Dloas(t)) = T Koloult + 1)loas(t)) | - (47)
telp tely

Let yl' = Zk “o:)F, and write P(y |
[ P((00)F ||(06)F). Further, let

Iy ={t:t<T,t¢Tp,o45(t+1) =41}, Z_={t:t<T,t¢Zp,o0(t+1)=—-1}.

(04)F) for its distribution under the product measure

Then the above expression takes the form
P((a0)p lug )P ((00)g 10 ) =

= Po(0(0 Z]P’ oll(00)s) TT Ty = =13 T Lw(®) = +1} fr,({y(D}hiezo) -

teZ tel_
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where we defined f({y(t)}icz,) to be the term in parentheses in Eq. (47). Notice that fz,({y(t)}iez,)
vanishes unless y(t) € {+1,0,—1} for all ¢ € 7.

Now, we can apply Theorem 3.7 for every possible Zj, by letting X; = (ai)OT, so that d =T 4+ 1, and
N =k — 1. Note that our induction hypothesis Eq. (43) on the mean implies that

Eo;(t \/_ZR (t,5) og(s)| = o(k~Y/?) (48)

for all t < T. In particular ||[EX:|| < B/Vk as needed. Further, by Lemma 3.3, our induction hypothesis
Eq. (43), and the convergence result (45), we have ming P{X; = s} > 1/B for all k large enough.
Since fz,({y(t) }tez,) = 0 for Zy = 0, it follows from Theorem 3.7 that the dominating terms correspond

to Zop = {to}. If we let i/(0,) = Vk — 1E[(01)d], V(04) = Cov((o1)}), then

IP’((U@)T“\IUT“) P((00)g 711105 7) =

- 2ol % Z@ o Vio) (AselD)) D {Kugeo) (@olto + Dly(to)) = Ko(aalto + ly(to))} (1+0(1)) .

to=0 ly(to)|<1

where, with an abuse of notation, we wrote K.(o4(t0+1)|y (o)) for K.(o4(to+1)|oas(to)) when Zi-:ll oi(tg) =
y(to). Further, the rectangle A, (Z) is defined as in Theorem 3.7.
If k is odd, then the only term in the above sum is y(t9) = 0. An simple explicit calculation shows that
Kutto) (0a(to + 1)ly(to) = 0) — Ko(og(to + 1)[y(to) = 0) = u(to)os(to +1).
If k is even, two terms contribute to the sum: y(tg) = +1 and y(tg) = —1, with
Ku(to) (06 (to + D]y (to) = +1) — Ko(ou(to + 1)|y(to) = +1) = —ou(to + 1) L(u(te) = —1),
Ku(to) (06 (to + D]y (to) = —1) — Ko(ou(to + 1)|y(to) = —1) = —ou(to + 1) L(u(te) = +1).

Also, by Eq. (48) we have limg_ o i/ (04) = p(oy) with p(-) defined as in Lemma 3.4. The induction
hypothesis Eq. (43) on the covariance of o4 further implies limg ., V(04) = Cp. By the continuity of
Gaussian distribution we get

lim &, ' (04),V (UQ))(AOO(I)) = ‘I)u(ag,),CT(AOO(I))‘

k—o00

Applying these remarks to Eq. (54), and using the fact that Py(o4(0)) = 1/2, we finally get
IP’((%)THHUTH) P((o, )T+1||0T+1 2[ Z (0,0 (Ao (T))u(to) oy (to + 1)(1 + 0(1)) . (49)
to=0

By symmetry, we have EP(.HOT+1)[O'¢(T + 1)] = 0. By summing over (0,)8 Eq. (49), we get
0

Ep( 1) [o0(T + 1) f Z (to) | = Z Fo(T + Dou(to + D)@y, 0 (Asc(D) | (14 0(1)) .

to=0 (Ug)g’-‘rl

It is easy to verify that the expression in parentheses matches the one for R(T + 1,%¢) from Lemma 3.4.
Therefore we proved

Ep(jur+hylos(T +1)] = \FZ R(T +1,s) + o(1/Vk),

seT

which finishes the proof of the induction step. O
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In the next section we will use this estimate to prove Theorem 3.1, which in particular implies Theorem
1.7. Let us notice however that Theorem 1.7 admits a direct proof as a consequence of the last lemma.

Proof. (Theorem 1.7) As part of Lemma 3.8, we have proved that (o,)¢ 4 (0o )& for each “fixed’ trajectory

ul’, see Eq. (45). In particular, this holds for the extreme trajectories (u_)J = (=1)J and for (us)d =
(—i—l)g. By monotonicity, the true trajectory of a spin ¢; in the regular tree G lies between the trajectories
(04,—)¢ and (0,4 )8 distributed according to P( - [|(u4)¢) and P(- ||(u—)Z). Since both (0, )¢ and (o, 4 )E
converge in distribution to the cavity process (0., )3, the original trajectory (o;) converges to the cavity
process as well. O

3.5 Biased initialization: Proof of Theorem 3.1

In this subsection we prove Theorem 3.1. The proof is based on Lemmas 3.9, 3.10 that capture the
asymptotic behavior of the recursion (33) as k — oo in two different regimes.

Throughout this subsection, we adopt a special notation to simplify calculations. We reserve P((a4)¢||ud)
for the family of measures indexed by ul and introduced in Section 3.2, in the case Po(04(0) = £1) = 1/2.
We use instead Q((0,)||ul) when the initialization is

wo

1
Qo(05(0) = £1) = 5 + PaREER

i.e. when in the initial configuration, the spins of G, are i.i.d. Bernoulli with expectation Eo;(0) =
2ol (T-+1)/2

Lemma 3.9. Forol € {£1}1 et T, ={t: o(t+1) =41}, I_ = {t: o(t + 1) = —1}, and Io = {T}.
Define

I7(05) = Pp(o),0r (A (T)) (50)

where (o) = (po(o),...,ur(0)) with p,(o) = ZZ;(l) R(r,s)o(s). Set by definition I_y = 1. Finally, for
0< T < Ty —1, define wr4q recursively by

wr41 = R(T'+1,T)wr . (51)

Then, for 0 < T < Ty, — 1, and for all (U@)g+1,ug+l € {+£1}7+2, we have
wr
Q) g 1) = Bl g ) = 575 06T+ 1) Ir((0)F) (1+0(1)) - (52)

Further, for all u(:)”'1 € {+£1}7*2, we have

> oo+ 1) {QUon)F Il ) ~ B((o)d Il b = T (1 0(1)) (53)

T+1
(Uw)oJr

Proof. The proof is by induction over T, for 0 < T < T, — 1, whereby in the base case (T'+1 = 0), Eq. (52)
corresponds to

Qo(09(0)) = Po(0a(0) = —7mp775 0(0) (1+0(1)) . (54)
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and holds by definition. Making use of Eq. (33) for both P and Q, we get

Q(o9)5 g ™) = P((or )T“\IUT“) =

k—1
= Qo(oy(0)) Y H Ku( (0ot + D]oaa(®) [T QT 11(00)7)
(e)E . (or—1)F t=0 i=1

k-1
—Po(05(0)) D HKu(t ou(t + 1)loae(t)) [ [ P((00)F 11(00)3)
=1

(e1)F .. (op—1)F t=0

T
:% S T Kuw (ot + D)oas(t))- (55)
(e1)F . (op—1)F =0
k—1
: {H Q((e)§ 11(00)5) = [ P(e)5 I(00)5 )} + O(k~T=+1/2)
2 i=1
- % ) HK (05(t + 100y (1))- (56)
()8 (op—1)F t=0
k—1 E—1 r . . s
A (" I @@ le8) ~ e o] ) TT BTl b+ o)
r=1 i=1 i=r+1
1 k—1
=52 D(rk)+O(k (Tx+1)/2y
r=1

where we grouped terms according to their power in Q — P.
We claim that only the term r = 1 is relevant for large k:

k—1
> ID(r k)| = ok~ =T2)) (57)
r=2

Before proving this claim, let us show that it implies the thesis. Set ro = 1 (we introduce this notation
because the calculation below holds for larger values of ry and this fact will be exploited in the next lemma).
The r =1 term can be rewritten as

T k—1
D(Lk)=(k=1)) ] Kuwp(oalt +1loas(t + D){QU01)5 1(06)5) —P((01)5 1(00)5) } [ P((e2)5I(o0)5 ) -
{(o0)g 3 =0 i=2
For t € {0,1,...,T}, let
8= {(0)F - (0x-1)8 +lo2(®) + .. + o1 (&) +u()] <o} (58)

If (02)§ - .. (ok—1)§ is not in U{_; S, then the sum over (o1)§ can be evaluated immediately (as Ky (<)
is independent of (o1)J) and is equal to 0 due to the normalization of Q( |\(a¢) ) and P(-]|(04)d). We

can restrict the innermost sum to (02)d ... (0x_1)f in UL, S, ie. |EZ:2 oi(t) + u(t)| < ro for some
t€{0,...,T}. Let Zo € {0,...,T} be the set of times such that this happens.
The expectation over (02)¢, ..., (0x_1)¢ can be estimated applying Theorem 3.7, with N = k — 2, and

using Lemmas 3.3 and 3.8 to check that the hypotheses 3.7 hold for all k£ large enough. Using the induction
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hypothesis |Q((01)3]|(04)8) — P((01)E]|(04)E)] = Ok~ (T==T+1/2) this implies that the contribution of
terms with |Zo| > 2 is upper bounded as kO (k~(T==T+1/2)2 — o(k=(T==T)/2) (for T < T, — 1). Therefore
we make a negligible error if we restrict ourselves to the case |Zo| = 1.

If we let Sto = S, N {Nt£,S;}, we then have

D(1, k) -1 Z Y QU lIe0)s) = P(01)F [I(@6)3)) - (59)

to=0 (0—1 )(7;

k—1 T
> ITP@§IE)E) T Kuey (0ot + Dioas(t)) + ok =172,
t=0

((62)T .- (o_1)T)ESs, =2

Consider the main term

T

k-1
T ((06)5 4 (01)5) = > [T B(@)E 1100)5)) T T Kueey (00t + Dloas(t)) - (60)

((02)5---(%—1)5)6@0 =2 =0

The arguments of this function will often be dropped in what follows, and we will simply write J{ . For
t # to, the kernel K, (0y(t + 1)|oas(t)) can be replaced by an indicator function, and the constraint

(o)t .. (op1)d) € 3;0 can be removed. For t =ty we write

k—1
Ku(to) (@5 (to + Dloa(to)) = Ko, {%(to +1)(ulto) + Y ilto)) }

1=2
where
R 1 if —a <z <,
Ki(z)=1¢ 1/2 ifz=—a,
0 otherwise,

and Q(t) = o4(t + 1)o1(t), [Q(t)| < ro. We thus have

k—1 k—1
o= Y IRl R’Q(to){%(toﬂ)(u(to)+Zai<to>)}-

(o2)T . (op1)T =2 =2

T k—1
I {%(to + 1)<u(t) + Zai(to)) > ro} .

t=0 =2

Notice that the only dependence on (o1)f is through Q(to). Therefore, we can replace R&(to){-} by

Rg(to){ )= Qto) { - K! 6{ -} because the difference, once integrated over (1) as in Eq. (59), vanishes

by the normalization of Q(-||(04)3) and P(-||(c4)E). We thus need to evaluate
k-1
Jio = > HP o) 11(6)8)) Kagro) {%(to + 1)(“@0) + Zm(%)) }
=2

(02)F...(op—1)T =2
Ji(t)> > ’I”()} .
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where, for a > 0,a € Z

~ 1 if —a<ax<0, R -1 if0<z< —a,
Ko(z)=4¢ 1/2 ifz=—aorz=0, Kog(z)=4¢ —1/2 ifz=0o0rz=—a,
0 otherwise, 0 otherwise.

Notice that )., Ra(a:) =a VYa > —ry.
We apply Theorem 3.7 for any value of s(tg) = Ef} o;(to) such that KQ )1 - } is non-vanishing, and

then sum over these values. Notice that | Zf:_; oi(to)| < 7o + 1 and therefore the central limit theorem
3.7 applies. The leading order terms are all independent of s(to). The O(1/k'/*) error term in Eq. (42) is
multiplied by a factor ry and remains therefore negligible. We get

Jiy = %%(to+1)01<to>q>u<g¢),cT<Aoo<z>><1+o<1>> (61)
- \/LE%(to—kl)al(to)J; (1+o(1), (62)

where 4(0) = (Ho(0),- .-, 1r(0)) With p(0) = Y20 R(r,s)o(s), and Ty = {t : ay(t) = +1}\ {to},
I ={t: o4(t) = =1} \ {to}, and Zp = {to}. Notice that, in particular J; _, = Ir((0)).
If we use this estimate in Eq. (59), we get

T *
D(1,k) = (k—1) > o1(to) (Q0:)5 ||(00)5 ) = P((0:)5 |[(90))) J—t\/%%(to +1)(1+ o(1)) + o(k™ T/
to=0

2wt0

T
- Z k(T—to+1)/2 j% o(to + 1)(1+ o(1)) + o(k~T-=1)/2)

- f((cf@)%)]fo—TT%(to £+ o)

which, along with Eq. (31) implies the thesis Eq. (52).
Let us now prove the claim (57). Recall that induction hypothesis we have Q((0;)3 ||(04)3)—P((0:)d ||(04)d) =
O(k~(T==T+1)/2) " Since IKug) (0 (t +1)[oay(t))| < 1, this implies

DRI <K 3 H(Q (@5 11(00)F) = P((@)5 |[(06)])| = O -7 T702).

(@V)F - (or)f =1

Since Ty, — T — 1 > 1, we have
k-1
> ID(r, k)| = Ok~ 3T =T=D/2) = o(k~(T-=T)/2)
r=3

Further, |D(2, k)| = O(k~T==T=1) = o(k=(T=1)/2) unless T = T, — 2.

In order to argue in the r = 2, T = T, — 2 case, we will proceed analogously to r = 1. Consider
the definition of D(2,k) in Eq. (56). If (03)l,..., (0k_1)d are such that |ZZ 5 oi(t) + u(t)| > 2 for all
t € {0,..., T} then the factors Ky (04(t+1)|0a4(t)) become independent of (a1){, (o2)§. We can therefore
carry out the sum over these variables obtaining:

2
Y JTH{Q@)dles)s) — B((@)11(00)5) } = HZ{Q o) 1(0)5) = P((03)5 11 (06)5 ) } =0

(01)§ ,(02)§ =1 =1
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because both Q(-||(04)d) and Q(-||(c,)f) are normalized. Therefore, we can restrict the sum to those
(03)F,..., (ok_1)F such that \ZZ:; oi(to) + u(to)| < 2 for at least one ty € {0,...,T}. However, analo-
gously to the case r = 1, the probability that this happens for the i.i.d. non-degenerate random vectors
(03)F ... (op_1)E is at most O(k~'/?), using Theorem 3.7. Together with the induction hypothesis, this
yields |D(2, k)| = O(k=/2 . k= (Tx=T=1)) = o(k—=(Tx=T)/2) ' which proves the claim.

Finally, Eq. (53) follows from (52) using the definitions (50), (51) and the identity (27). O

We next show that Lemma 3.9 extends to T' = T — 1. Since this case requires a different (more careful)
calculation, we state it separately, although the conclusion is the same as for T' < T, — 1.

Lemma 3.10. Let Ir(ol) be defined as in Lemma 3.9, and define wr, by
wr, = R(T, T — 1)wr,—1 . (63)
Then, for all (o)t ug* € {+1}7+F1, we have
" » " 3 W —1 Y
Q)i llug) = B llug™) = 55t 0ul(T) I((00)5 ) (1+0(1) (64)

Further, for all uy* € {£1}1*+1 we have

Z oo(T%) {Q((%)o lug* )_P((%)o |ug* )} = 172 (I+0o(1)) . (65)
(Uw) *

Proof. Throughout the proof we let T =T, — 1. Equation (55) continues to hold. We rewrite it as

N

-1
D(r, k) + O(k~(T++1/2) (66)
1

D<r,k>=(k‘1) S TL@@T T - Bl (o)D) - (67)

r
(@)F - (or)f =1

Q((00)5 lug ) = P((00)g T llug ) =

N =

ﬁ
Il

> H P((0:)3 ll(s) HKW (0ot + 1)[oao(t))

(or41)E (op—1)T 7=r+1 =0

Let ro = |logk]. Split the summation over r in Eq. (66) into two parts: the first for 1 < r < rg, the
second for rg < r < k — 1. We will first show that the second part is of order o(k~'/2). Indeed, by Lemma
3.9, we know that Q((0;)3[|(04)d) —P((0:)¥||(04)E) < B/k for some constant B and all (o;)3 € {£1}7+1.
Using the fact that the innermost sum in Eq. (67) is bounded by 1, we get

k—1 k—1 E—1
5 < X (0N X IIewesiesd - relliead] 69
r=ro+1 r=ro+1 (01) (o-r)g’z 1

IN

> <k21> <2T;13>r< S @TBY = o), (©9)

r=ro+1 r>log(k)

where the last estimate follows from standard tail bounds on Poisson random variables.
We are left with the sum of D(r, k) over r € {0,...,rp}. As in Lemma 3.9, let

S = {(ar+1)g (o) o () o () Fu(d)] < ro} .
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If (0,51)¢ ... (0k_1)d is not in UL, S;, then the sum over (o1)¢ ... (0,)¢ is 0 due to the normalization of
Q(-|(op)E ) and P(-||(04)F) (the same argument was already used in the proof of Lemma 3. 9). Restricting
the innermost sum and letting as before Sto =8, N {ﬁt#OSt} with S; defined as in Eq. (58), we then have

D(r. k) = (‘1)2 S TL@@T o)) =P El)D)) - (70)

t0=0 (01)§...(or)g =1

T
> H P((03)5 11(00)8)) T | Kugy (@0(t + 1)loas(t)) + R(r, k).

(er)F o (on—1)T)ESy, =T F1 =0

By inclusion-exclusion, the error term is bounded as

\(rk|<< )Ei S T[T = BleEllen)]
t1#t2 (o1)F...(or)F =1
T

Z H P((0:)5 || (Tg HKu(t (06t + 1)oas(t))

(or+1)F - (ok-1)T) €St NSty 1= +1 =0

é(kf) > Y TRl - Bl leh] 28

t1#t2 (o1)F .. (or)T =1

k—1 B\" Br?
< 72T (Z) 20,
() () 5

The first inequality follows by applying Lemma 3.7 to the N =k —r — 1 > k —log(k) — 1 i.i.d. random
vectors (0,11)8, .-+, (0k_1)F, which are non-degenerate for all k large enough by Lemma 3.8, and summing
over the values of a;, = Zf:_TIH o;i(t1) + u(ty) and a, = Ef:_rlﬂ oi(t2) + u(te), with |ay, |, |a,| < ro. The
second inequality is instead implied by Lemma 3.9. It is now easy to sum over r to get

=1 (log k)? _
ZFTQ 2TB T = O(k 1/2).
r=0

Therefore the error terms R(r, k) can be neglected.
Let us now consider the main term in Eq. (70), and define

T

Ty (00)5 4 (01)5 -, (04)5) = > H P((03)5 11(00)8)) T [ Kugry (0t + Dloan(t)) -

(or4 )T o (op—1)T)ES, =7 +1 t=0

We now proceed exactly as in the proof of Lemma 3.9, cf. Eq. (60) to (62) with Q(¢t) = o4(t+1)(>";_; 0i(t))
and 7o = log(k). Notice Theorem 3.7 continues to hold and rq times the O(k~'/4) error is still o(1). We
arrive at

Jiy = %UQ(to—i—l)(Zoi(to)) Jiy (14 Reg (k)

i=1

where Ry, (k) — 0 as k — oo for any fixed t.
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If we use this estimate in Eq. (70), we get
D(?”, k) =

P>

t0=0 {(0;)T} i= 1

r * r

((01) 11(0)5) = P((02)g ll(@0)5)) \J/—%%(to +1) ) oilto)(L+ Ry (k) +o(k™'/?)
=1

<

*

/ T
= r<k > Z H (QUei)5 1(06)5) = P((00)5 [1(04)5)) % ou(to + 1)o1(to) (1 + Ry, (k) + o(k~1/?),

" to=0 AT 4=1
0 {(Uz)o}

where k' = k — 1 and we used the symmetry among the vertices {1,...,r} to replace (}_;_,04(t)) by
roq(t). If r > 2, the sums over (02)7 ... ., (O'T)g vanish except for the error terms Ry, (k) (once more by the
normalization of P(- |\(a¢) ) and Q(-||(o4)3)). We need to bound contribution of such error terms. Find
M such that [Q((:)] |(05)0) — P((0)8 [(00)3)| < M/k. We have

<k . 1> Q@) 11(00)T) = B(@)F 11 (00)3)) ey (k)

r
(01)5 - (ow)

< (D) (%) Ry (8

< (5 ) 1) (71)

for suitable M’. Here we have used the standard bound (:1) < (%)m Summing (71) over tg and r, we see
that 327, [D(k, )| < C|Jf Ry, (K)|/sqrtk = o(k~1/2).
Further,

> a{Qe1)5 ll(@s)s) — P((01)5 11(00)5) }

(01)§
= > o1(){Q((1)b](04)5) — P((91)p]1(00)5) }

Wt

=2 E(T—t+1)/2

(I4+0(1)) .

where the second equality follows by Lemma 3.9. Note that for t+ < T, — 1, this sum is o(k~!). As a
consequence, only the tg = T term is relevant in the sum over tg.
Using these two remarks we finally obtain

i D(k,r) =D(k,1) + o(k~/?)
r=1

Jt “1/2

WT,—1

St ool I (<a¢>oT*—1) (1+0m).

which, together with Eq. (69) and Eq. (66), proves our thesis. Equation (65) follows as in the previous
lemma. O

=2
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We now show that, for the dynamics under external field, the process of the root spin {o4(t)}+>0
converges as in Theorem 3.1.

Lemma 3.11. For T, a non-negative integer, wo > 0, and {u(t)};>0 € {£1}N, consider the majority process
under external field u, on the rooted tree Gy = (Vs,Es), with i.i.d. initialization with bias 6 = wo/kT=+D/2,
Then for any T > T, + 2, we have

(04(0),04(1),...,04(T)) 9 (Ocav(0),0cav (1)y e oy e (T )y o (T + 1), 41,41, ..., +1)

where the random variable o(Ty + 1) dominates stochastically o...,(Tx +1), and P{o (T +1) > 0. (Tx + 1)}
is strictly positive. Finally, there exist A(wg) > 0 such that, for any T > T, + 2,

Eg{os(T)} > 1 — e Aok

Proof. An immediate consequence of Eqgs. (65) and (53) is that, for all T, 0 < T < T,

Eq(jut)[o6(T)] = Ep( 1y [0s(T)] = % (1+0(1)) . (72)

Further Lemmas 3.8 and 3.9 imply that

[Eq{os(t)ou(s)} — C(t,s)| = o(1), = o(k™1/?), (73)

t—1
Eqoo(t) — JLE S R(ts) uls)
s=0

for t,s < T, — 1. At T}, using Lemma 3.10 and Eq. (72) with 7" = T\, we obtain

1 Tv—1
og(T +1) — — (Z R(t,s)u(s) + QWT*>] ‘ — o(k:_l/Q),

[Eq{ou(Ti)os(s)} — C(t,5)] = o(1), 7
s=0

Eq

(74)

which holds for all s < T,.

Now, repeating the CLT-based argument as in the proof of lemma 3.8, we can show that with a biased
initialization, (04(0),04(1),...,04(Tx + 1)) converges to a modified cavity process, where the governing
equation at T is

Te—1

o(T, +1) = sign (n(T*) + > R(t, )00 (s) + 2wT*> . (75)
s=0

Convergence to this process occurs for all uOT*H. Clearly, since wp, > 0, this process dominates the

unmodified cavity process. Further, we have B(wp) = E[o’(T\ 4+ 1)] > 0. We know limy_, o E[oy(Tx +1)] =

E[o (T + 1)], and therefore there exists kg, such that for all k > kg, E[os(Tx +1)] > B(wo)/2. Plugging this

back into the recursion Eq. (33) applied to Q, and using Azuma’s inequality, we see that at T' = T, + 2.
Eg{os(T)} > 1— e (B@)K/8 v > kg
Clearly, the same continues to hold for for T' > T, + 2, for sufficiently large k. O
Finally, we can prove Theorem 3.1.

Proof. (Theorem 3.1) As in the proof of Theorem 1.7, we consider the dynamics on the rooted tree G,
under external fields u— = (—=1,-1,...) and uy = (+1,+1,...), and we denote by (0, _), (05+)F be
the corresponding trajectories. By monotonicity of the dynamics, the process (ai)OT at any vertex of the
regular tree G is dominated by (04 )3 and dominates (0, —)J. Since by Lemma 3.11 both (o, 1) and
(04—)& converge to the same limit, the same holds for (0;)d as well. O
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4 Lower bound: Proof of Theorem 1.3

In this section we prove Theorem 1.3, that provides a sequence of lower bounds on the consensus threshold
0. (k).

Let H = (Vn, Ex) be an induced subgraph of G with vertex set Vy and edge set 1. We denote by Oy
the set of neighbors in H of a node i € H. Since H is an induced subgraph of G, we have V3, C V and, for
all i € Vi, Oni ={j: j € 0i,j € Vi }. Given the graph G, Vi uniquely determines the induced subgraph
H.

Definition 4.1. The subgraph H is an r-core of G with respect to spins o : V — {—=1,+1} if H is an
induced subgraph of G such that |Oni| > r and o; = —1 for all i € Vy.

Clearly, this definition is useful only for » < k. Now, it is easy to see that if H is an {%1-601@ with
respect to o(T'), then it is also an {%1-601@ with respect to o(T") for all T’ > T', by definition of majority

dynamics. In fact, a less stringent requirement suffices for persistence of negative spins.

Definition 4.2. H is an alternating r-core of a graph G with respect to spins o : V — {—1,+1}, if H is
an induced subgraph of G such that:

1. ]8H2| >rvVieVy
2. There is a partition (V_ 3, Vin) of Vi such that:

(a) oj =—1 foralli € V_pu
(b) Oni CV_ 3 for all i € Vi and Ont C Vi for all i € V_ 3 i.e. 'H is bipartite with respect to
the vertex partition (V_ 1, Vin). We call V_ 3 the even vertices and Vi 3 the odd vertices.

Lemma 4.3. If H is an alternating [%

core with respect to o(T") for all T' > T.

-|—COT’€ with respect to o(T'), then it is also an alternating [%1 -

Proof. We prove the lemma by induction over T". Let
s . k+1 . N
S = “H is an alternating —5— | ~eore with respect to o(7").

Clearly, St holds. Suppose Sy holds. Let (V_ 3, Vi i) = (V1,V2) be a partition of H as in the definition
4.2. In particular o;(T") = —1 for all i« € V;. By the definition of majority dynamics we know that
oi(T"+1) = —1 for all i € V. As a consequence H is an alternating |(k + 1)/2]-core with respect to
o(T" + 1) with partition (V_ w, Vi i) = (V2, V1), and therefore Szv44 holds. O

We now proceed in a manner similar to Section 3.2. We consider the rooted tree G5, = (V,, &), with
a root vertex ¢ having k — 1 ‘children’. The root spin o4 evolves under as external field {u(t)};>0 as in
Eq. (32) and we denote by P((0,)8 |Jud) its distribution. We use di to denote the ‘children’ of node i € Gy.
In this section we will assume ul € {—1,+1}7+L.

Definition 4.4. H is a rooted alternating r-core of G, with respect to spins o : Vy — {—1,+1}, if H is a
connected induced subgraph of G4 such that:

1. ¢ € Vy.
2. |Owi| > r—1 for all i € Vy.

3. There is a partition (V_ 3, Vi) of Vi such that:
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(a) o; =—1 foralli € V_y

(b) Oni CV_ 3 for alli € Vi and Oni C Vigy for all i € V_ 3 i.e. 'H is bipartite with respect to
the vertex partition (V_ 11, Vix). We call V_ 3 the even vertices and V3 the odd vertices.

Let Qd (Vd é’d) be the induced subgraph of G, containing all vertices that are at a depth less than
or equal to d from @, the depth of ¢ itself being 0. For example, gO contains ¢ alone. Denote by 8Qd the
set of leaves of Qg. For example, 898 = {o}.

Definition 4.5. H is a depth-d partial rooted alternating r-core of G4 with respect to spins o : Vg —
{=1,+1}, if H is an connected induced subgraph of gg such that:

1. ¢ € Vy.
2. |Oyi] > —1 for all i € Vy\ 0GY.
3. There is a partition (V_ 3, Vi) of Vi such that:

(a) oy =—1 foralli e V_xu

(b) Oni CV_ 3 for alli € Vi and Oni C Vigy for all i € V_ 3 i.e. 'H is bipartite with respect to
the vertex partition (V_ 31, Vi). We call V_ 1 the even vertices and V, 1 the odd vertices.

We define H even (') to be the maximal rooted alternating [%EL]-core of G, with respect to o(T'), such
that ¢ is an even vertex. For all d > 0, we define Hg even () to be the maximal depth d partial rooted
alternating [%]-core of G, with respect to ¢ (T), such that ¢ is even. Here ¢%(T) is the restriction of
a(T) to VJ. We similarly define H 0q4(T) and H;a oaa(T).

We deﬁne Coven(T) = {0 € Vi even(m)}> 1-€. Coven(T) is the event of Hg even(T') being non-empty.

Define C4,,(T) = {o € V%y) wen(r))- We similarly define Coqa(7T") and Ce(T). Tt is easy to see that

cl (T C ce (T), Vd < d. Also, Ceyen(T) = ﬂd>0 C% .. (T). Similarly, ngd( ) C Cgéld(T), Vd <d
and Coad(T') = Ny=0 C4,4(T). We thus have the following remark.

even

Lemma 4.6. C¢_ (T),d > 0 form a monotonic non-increasing sequence of events in d with limit Naxo cl . (T) =

Coven(T'), for all T > 0. Similarly for the ‘odd’ quantities.
Let A(wl) = {o,(t) =w(t),0 <t < T} and define the events
Beven(Ta wg) = Ceven(T) N A(wg) )
BL (T,wl)y=0¢ (T)nAW), d>o.

even even

We denote the corresponding probabilities as

\Ijeven,T((Uca)E)F‘ |ug) P(Beyen (T, (U¢)g)| |Ug) )
Ul o 7((00)5 |[ug) = P(Ben (T, (04)5)| 1) , d>0.

It follows from Lemma 4.6 that Beven (1) = (150 BZ,..(T). Therefore \Ileven 7((05)¢]|ud) is non-increasing
in d and by the monotone convergence theorem

Weven,T((UQ)g‘ |ug) = dlinolo \Ijgven,T((UQ)g‘ |ug) . (76)

We similarly define Boaa, By, Yoaa.r(00)F [[ud)), Wy 1 (0)F [[ud)) and have Wy, 1 ()T |[uf) con-
verging to \Ijodd7T((0'¢)0 ||u0 )) as d — o0.
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Note the values for d = 0 follow from these definitions,

Voaar((00)5 |[ug)) = P((00)G I1ug )

U ven,1((06)5 |[15)) = P((00)5 llug ) W(ow(T) = ~1). (77)

Lemma 4.7. The following iterative equations are satisfied for all d > 0:

d+1 T — k—1 e
V() = P03 ( B D SR | CTICR RPN
i - (e1)F . (op—1)F =0
k—1
[T % r (@8 ll00)?) T (PUEN@)]) = Ve r(@E I 0))) . (79)
i=1 i=r+1
k+1 E—1
VL (0ol = Wou(T) = —1)Po(0,(0)) 3 ( ) ) S [ K (onlt + Dloan(®)
r=[51]-1 (e1)¥ . (op—1)F t=0
r k—1
[T viar(@fli@ad) TT (PU@flead) - Vaar(@)Eli@)d)) . (79)
=1 i=r+1
Koo (c-) = { Hoo(t+ 1) =sien (T o)) +u®) | f T o) +uy 20, o
“ % otherwise.

Proof. Consider any d > 0. We denote the neighbors of the root as {1,...,k—1}. We reuse the definitions
of 0(0) and ¢,(0) 1 < i < (k — 1) from Lemma 3.5, with depth T replaced with depth (T + d + 1).
We denote by Ap_; the set of coin flips {A4;;} with t < T — 1, and i at distance at most 7'+ d + 1

from the root. We have Ap_; = ((Aﬁ)g_l,.ALT_l,...,Ak,l,T,l), where A; 71 is the subset of coin
flips in the subtree rooted at ¢ € {1,...,k — 1}. Let G; be the subtree rooted at i. Define erven( )s

as the maximal depth d partial rooted alternating {k“

is even. Define C¢  _ (T) = {g € V¢

1,even
Bzdeven(T ( ) ) Czdeven
7.

]-core of G; with respect to of 4(T), such that i
leven T)} Let A (WO) - {O-Z( ) - (U( ) O < t < T} We deﬁne

(T) N A;(wl). Hence, we have mirrored the definitions for the root ¢ at the child

Let C = {1,2,...,k — 1}. By Definition 4.5, it follows that (here AC denotes the complement of an
event A)

i = U NCha® ) (Claw®)

scc i€S jec—8
IS|=T(k=1)/2]
C
Caa@) =Moo ==1) ) NGl () (Cloaa(T)) (s1)
scc i€S jec—8

|S|>[(k—1)/2]

Let T4 (o7, ul, Ar) = I(C%,(T)). Note that J% is a deterministic function. Similarly define
jeven From Eq. (81), we have

gie™ o Ay = Y [[Fenel 00F Air) [T (1= Fevenl] . (005 Asir)
SCC €S jeC—-S
sz ftn21 s

(82)
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Define f(-,,,-) and F(-,-,-) as in Lemma 3.5. We have (B4 (T, wl)) = I(A(wd)I(CHL(T)), leading
to

VW l[ug) = Euap_y Yp0) Pla(O)I (wf = FJ (2(0), ud, Ar—1)) T (2(0), uf , Aria) . (83)

Subtracting Eq. (83) from Eq. (36) after replacing T'+ 1 by T', we get

P(wg [[ug) — Uadd (g [[ug) = Eaz_, Y P(a(
a(0)

T(wg = Fo (a(0),ug s Ar—1)) (1 = Toify (@(0), ug , Ar4a)) - (84)

Equations (37) and (38) (with 7" replaced by T'—1) continue to hold. Using Eq. (82), we have the following
decomposition, similar to Eq. (39):

I (w’ir = f?(g(o)augvAT 1)) jod(;(—jl( ( ) Ug 7-’4T+d)

:H(U¢(0) = w(())) Z H [(w(t+1) = f(0o(t), aae(t), u(t), Aoyr))
(01)F . (op—1)F =0
S T[E((00)F = F (i(0), w0, Air-1)) Tienle? T (00)5 5 Air)

sce ies
S[=[(k=1)/2]

1T 1((ej)5 = Fd (2;(0), 08, Ajr-1)) (1 — Tfen(al T, (%)gw‘\j,T)) :
jec—-8
(85)

Using Eqgs. (37), (38) and (85) in Eq. (83) and separating terms that depend only on ¢,(0), we get

T—1
VAT = Pe©) > TTHw(t+1) = f(oalt). 2oy (t),u(t), Aan)}
(o)¥ .. (o) t=0
Z H Z P(QZ(O))H ((UZ)g - fg(gi(o)’wg’ Ai’T_l)) ‘Z?even(gzj—’—dv (U@)g) -Ai,T)
ISlzf?kg—Cn/z] €5 2(0)

[T 3 Pl ((0)F = 7 (0,0, Air 1) (1= Tienl @l 2, (00)F, i)

JjeC=§ g, (0)

Using the ‘even’ versions of Egs. (83) and (84), and noticing the symmetry in the expression between the
k — 1 children, we recover Eq. (78).

Equation (79) follows similarly, with the additional I(o4(7) = —1) term appearing due to the modifi-
cation in Eq. (81). O

Let the vector of values taken by Woqq7(-||-) be denoted by ‘i’odd,T~ Similarly define \IlevemT. Define
Ur = (Voad,r, Yeven,)-

As before, Py(—1) = 1;26 and Py(+1) = liZG. Define Oy, (k,T) = sup{6 : ¥oaar = 0}, where v > 0,
denotes that every component of the vector v is strictly positive.

Finally, we relate quantities on the process on the rooted graph G, to the process on the infinite k-ary
tree G. Pick an arbitrary node v € V. Let G = (V?, &%), be the induced subgraph of G containing all

vertices that are at a distance less than or equal to d from v. For example, G° contains v alone. Denote
by 9G%, the set of leaves of G¢. For example, 0G° = {v}.

28



Definition 4.8. H is a depth-d partial alternating r-core of G with respect to spins o : V¢ — {-1,+1},
if H is an connected induced subgraph of G¢ such that:

1. v e Vy.
2. |Owi| > r—1 for all i € Vy\ 0G°.
3. There is a partition (V_ 3, Vi) of Vi such that:

(a) oy =—1 foralli € V_xu

(b) Oni CV_ 3 for all i € Vi and Oni C Vi for alli € V_ 3 i.e. H is bipartite with respect to
the vertex partition (V_ 1, Vir). We call V_ 3 the even vertices and V3 the odd vertices.

We define ﬁeven( T), as the maximal alternating {k+ |-core of G with respect to (7)), such that v is
an even vertex. For all d > 0, we define H%_ (T), as the maximal depth d partial alternating [EHL]-
of G with respect to g 4(T), such that v is even. Here, 0%(T) is the restriction of o(T), to V¢. We similarly
define Hoqq(T) and Hodd( )

We now proceed to define Coyen (T), C o (T), Coad(T), Ciy(T), Awl), and Beyen (T, wl), Bl o (T, wl),
Boaa(T, wd), Bf)ldd(T wl) for G, analogously to the definitions of Ceyen (T ) etc. for G5. An analog of Lemma
4.6 holds.

Define the probabilities

-core

‘/I\leven,T(Ug) = ]P)(Beven (T) Ug)) 5
‘Ileven T( T) ]P)(Bgven(T’ Ug)) ’ d >0.
As before, we have \Ileven +(ol) is non-increasing in d and

\/I}eveﬂ T(UO ) - hm \Ijeven T( T) . (86)

We similarly define @Odd’T(ag), ‘/I;gdd,T(UoT) and have @gdd,T(UoT) converging to \/I}Oddj(aOT) as d — oo.

Lemma 4.9. The following identities are satisfied for all d > 0:

k
wioh =m0y Y () X TIRe+ vlen)
SEd

(o). (op)E =0

r k
[T ¥enr(@flod) TT (PeFlIof) = Ve r(@)FloF)) (87)
=1 i=r+1

k
L (o) = U(o(T) = —1 Zl () S TR+ Do)

r=[ 1] (01)§ -(o)§ =0
k
T o (@8 ) [T (P llof) = Weaar (0T loF) ) | (38)
=1 i=r
. k '
R(--) = ]I{ (t+1) —31gn< 1@15)} if Y iq0i(t) #0, (89)
% otherwise.
Proof. The proof is very similar to the one of Lemma 4.7, and we omit it for the sake of space. U
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Lemma 4.10. Assume that ‘ilodd,T = 0 for some T >0 and 6 € [0,1]. Then for the same 6 and T, there
exists an alternating [%1—007"6 of G with positive probability with respect to o(T).

Proof. Take the limit d — oo in Eq. (88). We have,

k
~ k
bewarof) = 1o = 02o0) Y (Y T TTRote+ Do)
51 N 0 o 0
k
H‘IfoddT ai)s1log) H ((0)§ [196) = Yoaa,r ()5 1100)) (90)
=1
Now, consider any # such that \IloddT = 0. Consider \IfevenT(ao) for any of with o(T) = —1. Note that

every term in the summation over r in Eq. (90) is non-negative, and, in fact, positive when ‘Ifodd,T > 0 holds.
Hence, \I/even 7(0l) > 0 = Pp(3 alternating [%1 -core H of G with respect to o(T) s.t. veH) >0. O

The lower bond on 6, (k) is an immediate consequence of the above lemmas.

Proof. (Theorem 1.3). The thesis follows Lemmas 4.3 and 4.10 and the definition of 0, in Eq. (3). O

4.1 Evaluating the lower bound

Equations (78) and (79) can be iterated with initial values given by Eq. (77) to compute 6,(k,T"). To
simplify the recursion, we notice that the dynamics is ‘bipartite’: each of A and ¢(0) can be partitioned
A= (A, A),c(0) = (5(0),5(0)) such that (A,5(0) and (A,5(0)) never ‘interact’ in the majority dynamics
on an infinite tree. This remark reduces the number of variables in the recursions Eqgs. (78) and (79).
Further, for small values of T', instead of summing over all possible trajectories of children, it is faster to
sum over all possibilities for the histogram of the trajectories followed by children.

In the table below we present some of the lower bounds 6y, (k,T) computed through this approach, and
compare them with the empirical threshold 6, (k) deduced from numerical simulations.

k T=0 T=1 T=2 T=3 Simulation
3 +0.508 +0.568 +0.572 +0.574 0.58
) —0.084 +0.026 +0.048 +0.052 0.054
7 —0.14 —0.020 +0.002 +0.008 0.010
9 —0.14 —0.030 —0.006 —0.0008

11 —0.12 —0.028 —0.010 —0.0028

15 —0.12 —0.024 —0.008 —0.0028

21 —0.084 —0.018 —0.0054 —0.0018

31 —0.080 —0.014 —0.0032 —0.0010

51 —0.046 —0.0070 —0.0014 —0.00038

101 —0.026 —0.0032 —0.00048

201 —0.016 —0.0014 —0.00014

401 —0.0084 —0.00048 —0.000040

1001 —0.0035 —0.00012 —0.000008

Asymptotics | —0 (@) —9( klf/gg ) —9( Viogk )

As observed in the introduction 6, (k) > 0 by symmetry and monotonicity. Therefore the lower bounds
are non-trivial only if ), (k,T") > 0. It turns out that for any fixed T', 6y, (k,T) becomes negative at large k.
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We present in the same table the asymptotic behaviors. Nevertheless, for £ < 7, our lower bounds provide
good estimates of the actual threshold.

The values of 0y,(k,T) are much lower for even values of k. For example, for k = 4, 6, 8, O, (k,3) =~
—0.22, —0.09, —0.05 respectively. This is as expected, since our requirement of an alternating {%Wfore
is more stringent for even k. On the other hand, numerical simulations suggest that 6,(k) = 0 for small

even values of k.

Acknowledgments

This work was partially supported by a Terman fellowship, the NSF CAREER award CCF-0743978 and
the NSF grant DMS-0806211. Y. K. is supported by a 3Com Corporation Stanford Graduate Fellowship.

A Proof of the local central limit theorem

The proof repeats the arguments of [DMD94], while keeping track explicitly of error terms. We will
therefore focus on the differences with respect to [DMD94]. We will indeed prove a result that is slightly
stronger than Theorem 3.7. Apart from a trivial rescaling, the statement below differs from Theorem 3.7
in that we allow for larger deviations from the mean.

Theorem A.1. Let X1,..., Xy be i.i.d. vectors X; = (Xi1,Xi2, -, Xia) € {0,1}¢ with
1 B
P{X1,=1} —=-| < — 91
(re=1p-3)< % o1
for ¢ € {1,...,d}. Further assume P{X; = s} >P{X; =0} > 1/B for all s € {0,1}<.
Let a € Z¢ be such that sup; |a; — N/2| < BV'N, and define, for a partition {1,...,d} = ToUT,,

Ag(a,T) = {z€R%:zi=a;/VNVieTy, z>a/YNYicT,}.
Then, for K = |Z|,

Ala,T) = {zEZd:zi:aiViEIO, zi>a; Viely},

1 L(B,d)

‘F (a,7) — W‘I’\/ﬁmxl,mv(xl)(“‘lw(“’z)) = N(K+(K+1)71)/2 (92)
Fa,I)= > pn(y).
yEA(a,T)

Since @y x, Cov( Xl)(Aoo(I)) is bounded away from 0 for B bounded, the error estimate in the last
statement is equivalent to the one in Theorem 3.7. For K = 0 our claim is implied by the multi-dimensional
Berry-Esseen theorem [BR76], and we will therefore focus on K > 1.

Recall that the Bernoulli decomposition of [DMD94] allows to write, for Sy = (Sn1,...,5n,4) and
re{l,...,d}

MN,'r
SN,'r = ZN,'r + Z Li,r (93)

i=1
where Zy is a lattice random variable, My, ~Binom(N,g¢,) for r = 1,...,d, and {L;,} is a collection
of i.i.d. Bernoulli(1/2) random variables independent from Zy and M. Finally, it is easy to check that

¢ > 1/(Bd).
We have the following key estimate.
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Lemma A.2. There exists a numerical constant C such that, for any a,b € Z%
B\ E+D/
|F(a,T) — F(b,T)| < C( ) l|la —b]|. (94)

where || - || denotes the L' norm.

Proof. As in [DMD94], we let, for z,m € Z¢,

i (z) = ﬁ 2:% (?) , (95)

be the probability mass function of the vector Ay, = (074 Li, ...,y o4 Lj q). It then follows immediately
that

| Y @)= X )] € el (%)

z€A(a,T) yeA(bT)

for some numerical constant C. This is is a slight generalization of Lemma 2.2 of [DMD94], and follows
again immediately from the same estimates on the combinatorial coefficients used in [DMD94].
We then proceed analogously to the proof of Theorem 2.1 of [DMD94], namely, for h € Z¢,

sup |F(a+h72) - F(Q,I)’
aeZ4

<sup Y P{My=m}P{Sy € A(a,T)|My =m} —P{Sy € A(a+ h,I)|My = m}|

aEZ mGZd

= sup Z]P’{MN—m}‘]P’{ZN—I-A EAaI|MN—m} ]P’{ZN—I—A EA(a+hI|MN—m}‘
a€Zd

meZd
<sup 3 P{MN_m}ZP{ZN_Z}(P{A € Ala—1,T)|My =m} —P{Am € Ala+h—1,T |MN—m}‘
a€L? ez lezd
<3 el
which is bounded as in the statement by the same argument used in [DMD94]. O

We are now in a position to prove Theorem A.1.

Proof. (Theorem A.1) For a as in the statement and ¢ > 0, let

R(a,l) = {ZGZd:|Zi—ai\§€Vz’EIO, zi:aiWEIJr},
Re(a,l) = {zeR?: |zi — ai/N'N| < /N Vi € Ty, zi:ai/\/NViEIJr}.

Then, by Lemma A.2, there exists a constant C(B,d) such that

C1(B, d)¢
F(a,T) — Z F(z,T)| < ~ R - (97)
z€R(a,l)
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On the other hand, by the Berry-Esseen theorem

Y F(z,7) —/

z€R(a,l) Roo(ayt)

Ca(d)
©NEX) Cov(xy) (Ao (2, T)) d2| < N2

(98)
Finally, it is easy to see that ® /5 v, cov(xy) (Axo(2,7)) is Lipschitz continuous in z with Lipschitz constant
bounded uniformly in N, whence

1
D /X, Cov(xy) (Ac(a: 1)) — TR(@ )] D /R, Cov(xy) (Aoo(2,T))d2| < iy (99)

Roo(a,f)
The proof is completed by putting together Egs. (97), (98) and (99), using |R(a, )| = (LK), |Reo(a,f)| =
QK N—K/2) and setting £ = NE/CK+2), O
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