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Abstract

This paper develops econometric theory for the estimation of large N , large T factor models using

structural restrictions from economic models. We employ non-commutative probability theory to derive a

new estimator for the number of latent factors based on the moments of the eigenvalue distribution of the

sample covariance matrix. Our test combines a minimum distance procedure for the estimation of structural

model parameters with a specification test on the empirical eigenvalues to solve the problem of separating

the factors from the noise. We also relate the second order unbiased estimation of the factor loadings

to instrumental variable methods where the number of instruments is large relative to the sample size, and

derive a number of alternatives to Principal Components, which have improved finite sample properties. This

procedure is shown to perform very well in applications to asset pricing and data reduction of macroeconomic

indicators.
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1. Introduction

This paper develops new techniques for the estimation of factor models in large datasets where the number of

observations grows with the time dimension. Factor models relate observed data to a small set of unobserved

variables which are then estimated. These models underlie many important tools of modern economics and

finance, but no definitive econometric theory exists for the case of large panel datasets commonly encountered

today.

We relate the identification and estimation of factor models to the asymptotic behavior of estimated

eigenvalues of large random matrices, providing a connection between economics and the new mathematical

field of Random Matrix Theory. In this paper we take a structural approach and show how the estimation of

factor models can be improved by incorporating the economic assumptions of the model into the estimation

procedure. In particular, we allow for arbitrary parametric forms of heteroskedasticity and autocorrelation.

We show that the key to identifying the number of latent factors lies in correctly understanding the

structure of the noise (idiosyncratic effects) in the data. Once we can separate the estimated eigenvalues

of a large factor model into those due to the latent structure and those due to the noise, we can construct

a procedure that will consistently estimate the number of factors. Furthermore, we show that Principal

Components Analysis (PCA) becomes unreliable for weak factors and relate the second order unbiased

estimation of the factor loadings to recent advances in the estimation of models with instrumental variables

when the number of instruments is large.

We also apply the methods developed in this paper to two stylized examples using financial and macroe-

conomic data. In particular, we look at the effect of adding additional observations on the estimation of a

pricing model using noisy high-frequency data and at estimating the number of factors present in both US

and Euro area macroeconomic data. We find that the methods outlined below perform very well and are

ready to be used in more elaborate applications.

While factor models have been used for almost a century, standard econometric methods were developed

under the assumption that the time dimension grows large while the cross-section dimension is small and

bounded. In applications where both the number of individuals and the number of time periods is large,

standard econometric theory fails and becomes an unreliable statistical guide to data analysis. New econo-

metric procedures for the estimation of high-dimensional factor models are the subject of active research

(Bai and Ng, 2002; Stock and Watson, 2005; Onatski, 2006, 2008).

The application of econometric methods which take into account the special nature of large panel datasets

leads us to reconsider stylized facts which we have taken for granted, such as the number of factors explaining

most of the variation in financial returns. Harding (2008) shows that in a large panel data setup, the estimated

eigenvalues corresponding to strong factors are severely upward biased in finite samples. Since the ratio of
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the largest eigenvalue to the sum of all eigenvalues has been traditionally used to measure the effect of the

factors, there is a bias towards accepting only a few (3-5) factors as explaining most of the data. In fact,

many other factors may exist in the data and contain potentially valuable economic information.

This paper departs from the current literature on factor models insofar as it does not attempt to relax

assumptions or attempt non-parametric techniques. Rather, it focuses on an often cited critique of factor

models as inherently void of economic meaning and interpretation. This paper addresses this problem by

emphasizing an approach which incorporates the information provided by economic models in the form of

priors on the functional form or dependence structure between observations as well as the use of exclusion

restrictions. The use of these “structural restrictions” adds value by substantially improving the identification

of the model and precision of the estimates over leading methods such as Bai and Ng (2002). Furthermore,

the use of restrictions derived from economic models improves our ability to interpret the estimated latent

factors. While, factors are subject to arbitrary normalizations, the use of restrictions helps in fixing arbitrary

rotations and provides a more precise economic understanding of them. For example, Harding (2008a) shows

how the use of a financial factor model in conjunction with a New-Keynesian macroeconomic model can help

identify supply shocks to the macroeconomy.

This paper further contributes to the literature on factor models by providing a new set of tools for

their analysis based on recent developments in the mathematics of random matrices by employing results

from free probability theory. These new methods provide a powerful approach to the study of the spectra of

stochastic matrices. While it is possible to derive some of the results numerically by simulations, we show

how free probability theory can be used to derive exact analytic expressions of the moments of eigenvalue

distributions of large random matrices. Additionally, this paper complements and improves the recent

application of Random Matrix Theory to factor models (Onatski, 2008). In situations where the structural

restrictions are credible, our technique provides an exact determination of the number of factors rather than

just a broad inequality constraint on the number of factors by using the information encoded in the bulk of

the eigenvalues, without having to rely only on the leading eigenvalues.

The identification of the number of factors is central to the estimation of factor models and in Section 2 we

show that it is possible to separate the identification of the number of factors from the estimation of the factor

loadings and factor scores, and estimate the number of factors consistently in large factor models. In Section

3 we explain why PCA estimation is inconsistent for weak factors and develop a number of instrumental

variable approaches to the estimation of factor loadings with excellent finite sample properties. Section 4

applies the newly developed econometric theory to two realistic examples in finance and macroeconomics.
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2. Determining the Number of Factors

We are interested in the following large (N,T ) panel data model with latent factors:

(2.1) Rt = ΛFt + Ut,

for t = 1 . . . T . Rt is an N × 1 vector of observations, Ft is a p× 1 vector of latent factors, Λ is an N × p

matrix of coefficients (factor loadings) and Ut is an N × 1 vector of idiosyncratic errors. In this model only

Rt is observed while Λ, Ft and Ut are unobserved for all t.

The aim of this model is to explain the variation in Rt with reference to a small dimensional set of

latent factors Ft by decomposing the observed variation into a common component ΛFt and an idiosyncratic

component Ut. In order to simplify the discussion we shall refer to the cross-sectional dimension N as

“individuals”, while we let the time-series dimension T denote “periods”. Note that the coefficients Λ

correspond to loadings or weights of the common factors Ft for each individual.

This particular statistical model originates in the work of Spearman and Hotelling and has been incorpo-

rated in many economic models of interest. The traditional econometric approach to solving this model was

derived under the assumption that N is a fixed small number while T is large (Goldberger, 1972; Robinson,

1974; Zellner, 1970). With the availability of large dimensional panel data where both N and T are large,

this model has received renewed attention and is currently an active area of research (Amengual and Watson,

2007; Bai and Ng, 2002; Onatski, 2006, 2008).

In finance the factor model of equation 2.1 corresponds to the Arbitrage Pricing Theory (APT) of Ross

(1976), which explains the returns Ri,t on i = 1 . . . N assets observed over t = 1 . . . T time periods by reference

to a small set of risk factors Ft and asset specific shocks Ui,t. These multi-factor asset pricing models represent

a major improvement over simpler single-factor CAPM models in evaluating the risk-return trade-off. While

observable proxies have been used for the unobserved factors Ft in many applications, practitioners tend

to agree that statistical factors derived from the econometric estimation of the model tend to outperform

models evaluated by factor proxies (Miller, 2006).

More recently, the standard factor model above has been incorporated in more complex hybrid models

involving both observed and latent factors:

(2.2) BYt + ΓZt + ΛFt + Ut = 0,

where Yt corresponds to a set of N × 1 dimensional endogenous variable and Zt is a set of N × 1

dimensional observed exogenous variables with coefficients B and Γ respectively.

In microeconomics, such a model was first used by Gorman (1980) to analyze the characteristics of

demand. In particular it is convenient to interpret the term ΛFt + Ut as a multifactor error structure or
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interactive fixed effects (Bai, 2005; Pesaran, 2006). This model has recently received considerable attention

in labor economics in the study of the relationship between education and earnings (Heckman and Navarro,

2007).

Factor models are also very popular in macroeconomics, where a forecasting model that uses factors

constructed from numerous macroeconomic time series can substantially improve forecasting (Stock and

Watson, 2006). The recent field of macro-finance has also relied on the estimation of factors from bond

yields in order to improve the performance of small-scale structural macroeconomic models (Ang and Piazzesi,

2003).

The primary focus of this paper, however, is determining the number of factors and the estimation of the

factor loadings in equation 2.1 for high-dimensional models where both N and T are large. This is captured

by the following assumption:

Assumption 1 (Asymptotics): The number of individuals increases with the sample size. Thus,

N →∞ and T →∞ and N/T → c ∈ (0,∞).

This assumption is familiar to the literature on large N and T panel data (Hahn and Kuersteiner, 2002).

The constant c, representing the limiting ratio of rows to columns in our panel, will play a very important

role in the subsequent discussion.

The traditional statistical approach of Anderson and Rubin (1956) for solving factor models involves the

assumption that the errors Ui,t are uncorrelated both across individuals and across time. In many economics

and finance applications, this assumptions has proved to be too restrictive. In particular, Chamberlain and

Rothschild (1983) show that if we allow for weak heteroskedaticity and time dependence of the error terms in

the APT model, the mean returns are approximately linear in the factor loadings. Thus, the model remains

correct under weak departures from the strict factor structure in the large N and T limit.

A major contribution of this paper is the development of an approach that allows us to deal with the

approximate factor model where both heteroskedasticity and autocorrelations are possible. In order to do

so, we need to describe the precise nature of the weak heteroskedasticity and autocorrelations compatible

with the approximate factor model.

Let U = [U1, U2, ..., UT ] be the N ×T matrix of errors in equation 2.1, with elements Ui,j for i = 1 . . . N

and t = 1 . . . T , and where each column t corresponds to a realization of the errors at time t for the N

individuals in the sample. Let vec(U) be the NT × 1 vector obtained by stacking the columns of U , i.e.

vec(U) = (U1U2...UT )
′
.

Assumption 2 (Cross-sectional and Time Dependence) There is an N × N matrix ANand a

T × T matrix BT such that E(vec(U)) = 0,Cov(vec(U)) = AN ⊗ BT and E((Ui,j)
4
) < ∞ for all N, T and

AN is unrelated to BT .
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This assumption states that the errors U are mean zero and have finite fourth order moments. The most

important assumption lies in the (N,T ) separability of the covariance matrix into an N ×N component AN

and a T × T component BT . The matrix AN captures the cross-sectional dependence between individuals,

while BT captures the form of time dependence. Note that this allows for very general forms of cross-sectional

and time dependence, such as full correlation matrices. It does, however, limit the number of unknown

parameters by assuming that the cross-sectional dependence and the time dependence are unrelated to each

other.

In particular, note that one familiar distribution satisfying Assumption 2 is the matrix variate normal

distribution (Arnold, 1981), where vec(U) Normal(N,T )(0, AN ⊗ BT ), where the distribution function is

given by:

(2.3) f(U) = (2π)
−NT2 det(AN )

−T/2
det(BT )

−N/2
exp

{

tr[−
1

2
U ′AN

−1UBT
−1]

}

.

In deriving the results in this paper, Assumption 2 above is sufficient for almost all proofs. Strictly

speaking, the most general case of our estimator, as discussed in Section 2.4 which can handle arbitrary

forms of cross-sectional and temporal dependence requires the stronger Normality assumption of equation

2.3. This is however, less a limitation of our procedure but rather a consequence of the fact that we use

very recent theoretical results from free probability theory, which is still a very young discipline where many

results remain unproven under more general assumptions. We have no reasons to believe it would not work

under the more general assumptions above without explicitly requiring Normality.

The framework of approximate factor structure derives identification by requiring that the covariance

matrix of the observations Rt has p unbounded eigenvalues corresponding to the latent factors and N − p

bounded eigenvalues corresponding to the idiosyncratic noise component. In order to account for these

additional constraints, we first require some additional definitions. Consider the spectral decomposition of

an arbitrary symmetric n × n matrix Cn. Since the matrix Cn is symmetric, we can find a matrix V with

columns that are orthogonal to each other such that An = V
′DV . The matrix D = diag{λ1, λ2, ..., λn}

contains the set of eigenvalues of the matrix Cn, while the columns of V are the eigenvectors of Cn. We can

now define the following proper cumulative distribution function FCn(λ) on the spectrum λi ∈ {λ1, λ2, ..., λn}

of Cn:

(2.4) FCn(λ) =
1

n
{Number of Eigenvalues of Cn ≤ λ} =

1

n

∑

λi≤λ

1.

Note that the spectrum does count multiplicities of eigenvalues.

Assumption 3 (Bounded Spectrum): Denote by FAN and FBT the eigenvalue distribution of the

matrix AN and BT respectively. Then as N → ∞ and T → ∞, FAN → FAand FBT → FB, the eigen-

value distributions converge to non-random limiting distributions FA and FB. Moreover, let || Sp(AN )|| and
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|| Sp(BT )|| denote the spectral norms of AN and BT . Assume that both spectral norms are bounded in Nand

T respectively.

This assumption is required in order to guarantee that the (scaled) eigenvalue distribution of N−1UU ′

converges to a non-random distribution as N → ∞, and moreover that the spectrum of N−1UU ′ is also

bounded (Silverstein and Bai, 1995; Bai and Silverstein, 1998). If AN = IN and BT = IT then the limiting

distribution of N−1UU ′ converges to the limiting distribution of Marcenko and Pastur (1967) with support

bounded on [(1−
√
c)
2
, (1 +

√
c)
2
] as discussed in Harding (2008b).

Assumption 2 and 3 rule out certain types of explosive behavior of the error terms and require that

the variances converge for each time series to a finite value. Additionally, this assumption ensures that

the moments of the empirical eigenvalue distribution of N−1UU ′ converge almost surely since the limiting

distribution has bounded support. These moments will play an essential role in our procedure to estimate

the number of factors.

Notice that the assumptions on the idiosyncratic error terms imposed above allow for a large range of

empirically relevant models. Many forms of heteroskedasticity and autocorrelation are consistent with the

assumptions on weak dependence. While some stochastic processes in the time-series literature are naturally

excluded, such a unit roots, others such as structural breaks are allowed. In particular, notice that the

assumptions above are consistent with structural breaks in the variance occurring at some unknown change

points. It seems that these models have not been discussed so far in the literature on factor models, but

they are undoubtedly important in the context of factor models based on large N,T panel data where we

have the temptation to include data going back for many years and thus potentially covering more than

one variance regime. To illustrate this point let us assume that we are interested in constructing a model

using data before and after a financial crisis such as the Asian crisis of the late 1990s, but we are unsure

as to the exact change point in the time series of the variances. If we assume τ periods to have been in

the variance regime σ1 and T − τ periods in the variance regime σ2, a simple model constructed along the

lines of Assumptions 2 and 3 would be AN = I and BT = [σ1 ⊗ Iτ ] ⊕ [σ2 ⊗ IT−τ ], where ⊕ stands for the

direct sum of the two matrix spaces. Hence the spectrum of AN consists of λi = 1 for i = 1 . . . N , while

the spectrum of BT consists of λi = σ1 for i = 1 . . . τ and λi = σ2 for i = τ + 1 . . . T . These two spectra

satisfy the boundedness condition of Assumption 2 and are thus admissible. Moreover, τ does not have to

be determined a priori and can be a model parameter that is estimated at the same time as the number

of factors. This illustrates the flexibility of our approach in the estimation of factor models by using the

empirical eigenvalue distribution.

Assumption 4 (Pervasive factors): Assume that the factors Ft are independent of Ut. Denote by

μ0 = min{Sp( 1T
T∑

t=1
ΛFtFt

′Λ′)}, the smallest eigenvalue of the covariance of the factors weighted by the factor

loadings. Then for all N →∞, there is some M > 0 and M →∞ such that μ0 ≥M .



8

Notice that this is consistent with both random and fixed factor loadings Λ. This assumption requires

that the latent factors impact at least a fraction of the individuals, where the fraction increases with the

sample size. Thus even factors which are relatively weak will be revealed in large samples due to their effect

on a large number of individuals. The pervasive factors reflect the structural part of an economic model. We

can think of them as the systemic component of our model to be distinguished from the idiosyncratic noise

perturbations. For example, we think of pervasive factors as global supply and demand shocks which impact

a large number of firms simultaneously (Harding, 2008a). Note, however, that pervasive factors are not the

only kind of factors one might be interested in. While not the subject of this paper, we could adjust the

current methodology to estimate small scale factors that are related to a small number of firms but where

the number of firms affected by them does not increase with the sample size. For example, several firms

might rely on the same supply network and thus have correlated fluctuations. In certain circumstances, we

might be able to distinguish these factors from the background idiosyncratic noise. These small scale factors

are, however, excluded by Assumption 4 since for them μ0 → 0 as N →∞.

Small scale factors might be particularly interesting if we wish to detect unusual correlations in large

samples or individual idiosyncracies or may correspond to multicollinearity in the data, a topic that has

received some attention in the statistics literature and may also have potential applications to portfolio

choice. Assumption 4, however, corresponds to the current economic practice and mirrors the assumptions

in Chamberlain and Rothschild (1983).

2.1. Factor Identification Strategy

The classical statistics literature on factor models recognizes that we can write the covariance matrix of the

observations as:

(2.5) ΣN =
1

T

T∑

t=1

RtRt
′ =
1

T

T∑

t=1

ΛFtFt
′Λ′ +

1

T

T∑

t=1

UtUt
′ = ΞN +ΩN ,

where rank(ΞN ) = p and N → ∞. Thus, the covariance matrix of the observations can be thought of

as a finite (p) rank perturbation ΞN of the idiosyncratic noise covariance ΩN . If we were to observe the

population equivalents of our matrices ΞN and ΩN , which we denote by Ξ0 and Ω0, under the assumptions

of our factor model, we would observe an infinite number of small bounded eigenvalues for Ω0 and a small

number of infinite eigenvalues for Ξ0. In finite samples, however, it has been noted that even for the simplest

case of the strict factor model with AN = IN and BT = IT both the eigenvalues of ΞN and the eigenvalues

of ΩN increase with N (Brown, 1989). Until very recently this has prompted economists and statisticians

to believe that factor identification based on the empirical distribution of eigenvalues is impossible (Bai and

Ng, 2002). In this section we show how factor identification based on the empirical eigenvalue distribution

is in fact possible and provides a very powerful new approach to factor analysis in a large class of models.
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In order to identify the number of factors we rely on recent advances in the field of random matrix theory

which provides mathematical tools that enable us to characterize the empirical eigenvalue distribution for

many symmetric matrices (Edelman and Rao, 2005). Our approach is structural in that it relies on explicit

assumptions about the form of cross-sectional and time dependence. In particular, Assumption 2 states that

the covariance of the idiosyncratic terms is separable between a cross-sectional correlation matrix AN and a

time dependence matrix BT . For many cases of interest it is sufficient to impose a specific structural form

on these two matrices and parameterize these matrices as AN (θA) and BT (θB), where θ = (θA, θB) is a low

dimensional vector of unknown structural covariance parameters. For example, the model with two variance

regimes discussed above depends on θ = (σ1, σ2, τ), where σ1 and σ2 are the two variances and τ/T is the

probability of being in the first regime. Our procedure estimates the unknown parameter vector θ at the

same time as the number of factors p. The main question in identifying the finite rank p perturbation due

to the pervasive factors is how does the empirical eigenvalue distribution of ΩN depend on (AN , BT )? While

in general we cannot analytically characterize the empirical distribution of ΩN , in Section 2.2 we show that

we can compute the moments of the empirical eigenvalue distribution of ΩN in terms of AN and BT , which

gives rise to a minimum distance estimation procedure and a downward testing procedure of the moment

conditions that correctly identifies the number of factors.

In order to simplify mathematical notation we restrict our attention to the case where BT = IT and

discuss the remaining case in Section 2.4. Furthermore, notice that without loss of generality, we let 0 < c ≤ 1,

since the non-zero eigenvalues of CC ′, for some N ×T dimensional matrix C are the same as the eigenvalues

of C ′C. The remaining T −N eigenvalues of C ′C are all zero.

Define the Cauchy Transform of an eigenvalue distribution function FC for some matrix C as:

(2.6) GC(w) =
1

N
limN→∞E

{

tr[
1

wIN − C
]

}

=

∫
1

w − λ
FC(λ)

for w ∈ C+ with Im(w) > 0. This analytic function plays an important role in many random matrix

theory results where it serves as an analogue to the Fourier transform in traditional probability theory.

In particular, it allows us to recover the eigenvalue probability density function from the Stieltjes-Perron

Inversion:

(2.7)
dFC(λ)

dλ
= −

1

π
limξ→0Im[GC(w + iξ)].

First consider the limit distribution of the eigenvalues of the noise covariance matrix ΩN .

Proposition 1: As N → ∞, T → ∞, N/T → c, AN → A and FAN → FA, the empirical eigenvalue

distribution FΩN (λ) converges to a non-random asymptotic distribution function FΩ(λ;FA, c) with bounded

support.

Proof: See Silverstein (1995), Rao and Edelman (2006).
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Notice that the asymptotic distribution depends on c and also on the asymptotic eigenvalue distribu-

tions of the matrices A (and B in the more general case) corresponding to the population values of the

cross-sectional and time-series correlations. The resulting asymptotic distribution function can be derived

implicitly for certain types of matrices A in terms of its Cauchy transformation, but requires numerical

methods to evaluate (Rao and Edelman, 2006). Therefore, we focus our attention on a set of linear spec-

tral statistics corresponding to the moments of the eigenvalue distribution, which have more convenient

properties. For an arbitrary covariance matrix C we define

(2.8) mC(λ) =

∫
g(λ)dFC(λ) =

1

N

N∑

j=1

f(λj),

where λj ∈ Sp(C). We are especially interested in the monomials, g(λ) ∈ {λ, λ2, ..., λs} and denote the

corresponding moments by {m1C ,m
2
C , ...,m

3
C}. Notice that these monomials define the raw moments of the

eigenvalue distribution FC .

If C is some empirical covariance matrix CN , then

(2.9) msCN (λ) = N
−1 tr[(CN )

s
].

Moreover, standard results on bounded moment convergence and continuous mapping (e.g. Billingsley,

1995) imply that if CN → C and FCN → FC , a proper probability distribution with bounded support,

then:

(2.10) limN→∞m
s
CN
(λ) = msC(λ) =

∫
λsdFC(λ) <∞.

In particular note that for the covariance model introduced in Assumption 2, the moments of the eigen-

value distribution of the error term in our factor model exist and are finite as a consequence of Proposition

1. The challenge consists of being able to compute the limiting moments of the eigenvalue distribution.

Below we introduce a procedure based on free probability theory that relates the moments of the limiting

eigenvalue distribution to the moments of the eigenvalue distribution of the cross-sectional and time-series

correlation matrices.

Moreover, it can be shown that the moments of the eigenvalue distribution of a random covariance

matrix CN satisfy a Central Limit Theorem (Bai and Silverstein, 2004):

Proposition 2 (CLT): Let g(w) = −(1− c)/w + cGC(w). Then

(2.11) N−1






m1CN − m1C(λ)

...

msCN − msC(λ)




 ∼ N(Δ, V ),
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where for j = 1 . . . s and k = 1 . . . s

Δj = −
1

2πi

∫
wj

c
∫
g(w)

3
v2(1 + vg(w))

−3
dFA

(
1− c

∫
g(w)

2
v2(1 + vg(w))

−2
FA
)2 dw(2.12)

(2.13) Vjk = −
1

2π2

∫ ∫
wj1w

k
2

(g(w1)− g(w2))
2

dg(w1)

dw1

dg(w2)

dw2
dw1dw2,

where the contours are assumed to be non-overlapping, closed, taken in the positive direction in the

complex plane, each enclosing the support of FC .

In general however it is not possible to compute these integrals over the complex plane analytically. For

A = IN the answer is known and was derived by Jonsson (1982) using a combinatoric proof. In this case the

expressions above reduce to:

Δj =
1

4

((
1−
√
c
)2j
+
(
1 +
√
c
)2j)

−
1

2

j∑

r=0

(
j

r

)2
cr(2.14)

(2.15) (V )j,k = 2c
j+k

j−1∑

r1=0

k∑

r2=0

(
j

r1

)(
k

r2

)(
1− c
c

)j+k j−k∑

l=1

l

(
2j − 1− (r1 + l)

j − 1

)(
2k − 1− (r2 + l)

k − 1

)

Recall that our strategy for identifying the number of latent factors involves performing an eigenvalue

decomposition of the covariance matrix between the observed time series, ΣN . Moreover, we have assumed

that the covariance matrix between the unobserved error terms is ΩN , where the error terms where drawn

from a Normal matrix variate distribution with separable cross-sectional and time series correlation (As-

sumption 2). Note that by Proposition 1, the empirical eigenvalue distribution of ΩN converges to some

non-random proper distribution function FΩ(λ; θ, c) as N → ∞, T → ∞ and N/T → c where θ is the

unknown vector of covariance parameters.

Let us assume for the moment that our data does not contain unobserved latent factors, that is ΞN = 0.

In this case, Proposition 2 suggests a minimum distance procedure for estimating the vector of unknown

covariance parameters θ using the moments of the empirical eigenvalue distribution. Let

(2.16) ˆΠ(ΩN ) =
[
N−1 tr(Ω1N ), N

−1 tr(Ω2N ), ..., N
−1 tr(ΩsN )

]′
,

be the vector of the first s moments of the empirical eigenvalue distribution of ΩN and denote by

(2.17) Π(θ) =
[
m1Ω(θ, c),m

2
Ω(θ, c), ...,m

s
Ω(θ, c)

]′
,

the corresponding vector of limiting moments as N → ∞, T → ∞ and N/T → c. In Section 2.2 we

show how to derive expressions for these limiting moments analytically. In order to estimate the vector of
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unknown parameters, we could apply the following minimum distance procedure:

(2.18) θ̂ = argminθ

(
Π(θ)− ˆΠ(ΩN )

)′
V̂ −1(Π(θ)− ˆΠ(ΩN )),

where (V̂ )j,k is a consistent estimate of equation 2.13.

Our focus however, is on estimating the rank of the matrix ΞN when rank(ΞN > 0) subject to the

constraint that we only observe ΣN = ΞN+ΩN . This implies that we have to use the spectral decomposition

of the covariance matrix ΣN to estimate both the rank of ΞN and any additional covariance parameters θ

that ΩN depends on.

By the assumptions of our factor model, rank(ΞN ) = p � N . Moreover, we know that the p eigen-

values capturing the effect of the latent factors Ft diverge to infinity as N → ∞ while the N eigenvalues

corresponding to the noise term Ut remain bounded. In large enough samples, this produces a separation

of the spectrum of ΣN into two parts, a first part with mass (N − p)/N located to the left but bounded

by zero from below and a second part with mass p/N to the right which diverges as N → ∞ (Bai and

Silverstein, 1998, 2004; Baik and Silverstein, 2006; Dozier and Silverstein, 2007). In particular note that

the p eigenvalues do not “pull” the remaining N − p eigenvalues to the right. Identifying the number of

latent factors thus requires us to estimate the number of eigenvalues to the right of this spectral gap which

separates the eigenvalues due to the noise term Ut from those due to the latent factors. In finite samples

however this gap is not evident due to the presence of weak factors for which the corresponding eigenvalues

are close to the upper bound of the distribution of eigenvalues due to the idiosyncratic terms. Thus, we

require statistical techniques in order to separate the eigenvalues due to the factors from those due to the

noise.

If we were to compare the asymptotic moment expressions of equation 2.17 for Π(θ), with the moments

of the empirical eigenvalue distribution of the observed covariance matrix ΣN ,

(2.19) Π(ΣN ) =
[
N−1 tr(Σ1N ), N

−1 tr(Σ2N ), ..., N
−1 tr(ΣsN )

]′
,

we would find a poor match. The asymptotic moment expressions are correct for the unobserved co-

variance matrix ΩN but not for the observed covariance matrix ΣN = ΞN + ΩN . We can exploit this

inconsistency in the moment conditions of the eigenvalue distribution which occurs in the presence of latent

factors to specify a downward testing moment selection procedure (Andrews, 1999).

Let Sp(ΣN ) denote the spectrum of the covariance matrix of the observations, ΣN , where we have

ordered the eigenvalues in decreasing order. That is, Sp(ΣN ) = {λ1, λ2, ..., λN}, with λ1 being the largest

eigenvalue and including multiplicities. Note that expression 2.19 can be re-written as:

(2.20) Π(ΣN ) =



N−1
∑

λj∈Sp(ΣN )

λ1j , N
−1

∑

λj∈Sp(ΣN )

λ2j , ..., N
−1

∑

λj∈Sp(ΣN )

λsj





′

.



13

Now let Spp(ΣN ) be the truncated spectrum where we have removed the first p largest eigenvalues,

Spp(ΣN ) = Sp(ΣN )\{λ1, λ2, ..., λp}. Let Πp(ΣN ) be the vector of the first s empirical moment conditions

evaluated using the truncated spectrum Spp(ΣN ),

(2.21) Πp(ΣN ) =



N−1
∑

λj∈Spp(ΣN )

λ1j , N
−1

∑

λj∈Spp(ΣN )

λ2j , ..., N
−1

∑

λj∈Spp(ΣN )

λsj





′

.

Notice that if p is the true number of latent factors then the moment conditions Πp(ΣN ) will match with

the asymptotic moments for the covariance of error terms Π(θ) from expression 2.20 above. By evaluating

the moment conditions on the truncated spectrum, we have removed the effect of the latent factors and

we expect the distance between (Πp(ΣN ) − Π(θ)) to be small if the correct number of factors p has been

identified and large otherwise. This suggests a testing procedure based on the minimized objective function,

commonly referred to as the J-test (Hansen, 1982). The number of unobserved factors, p̂ is estimated by:

(2.22) p̂ = argminp=0,1,2,...Ĵ(θ̂; Spp(ΣN )),

where the vector of unknown covariance parameters is estimated using the moment conditions computed

from the truncated spectrum Spp(ΣN ). The procedure is applied recursively by truncating the spectrum of

the observed covariance matrix ΣN from the right and re-estimating the vector of parameters θ until the

corresponding J-test is minimized. In Section 2.3 we show that the J-test is minimized after the spectrum

of the observed covariance matrix ΣN has been truncated by the true number of factors, thereby estimating

p̂ consistently.

Notice that the the true number of factors is only revealed asymptotically as N → ∞. Identifying the

true number of pervasive factors requires the sample to be large enough such that the spectrum separates

between a set of N−p eigenvalues corresponding to the error terms Ut and a set of p eigenvalues corresponding

to the factors Ft. Unfortunately, in small samples the eigenvalues corresponding to the p factors may not

always separate and exhibit a phase transition phenomenon where eigenvalues corresponding to weak factors

do not detach from the spectrum of the error terms and converge in probability to the upper bound of the

spectrum of ΩN rather than to their true asymptotic limits which diverge with N . Harding (2008b) shows

how this leads to a single factor bias in estimated arbitrage pricing models commonly used in finance. Note

that this is not a feature of the estimation procedure but rather of the data; in small samples, some weak

factors are obfuscated by the error terms and cannot be identified. Our procedure, however, does guarantee

that if a factor is strong enough to overcome the phase transition phenomenon and emerge from the shadow

of the error terms, it will be picked up by our algorithm and will be correctly identified as a latent factor.

This allows us to estimate all the weak factors which can be identified from the data in addition to the strong

factors which have traditionally been estimated.
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2.2. Free Probability Derivation of Moments

In order to implement the identification strategy outlined above, we need to compute the limiting moments

of the eigenvalue distribution of the covariance of the error terms Ut as a function of the covariance model

parameters θ,

(2.23) msΩ = limN→∞ (1/N)E {tr(Ω
s
N )} .

Ignoring time series correlations for the moment, one of the implications of Assumption 2 is that we can

write ΩN = (1/T )UU
′ = (1/T )A

1/2
N εε

′A
1/2
N , where U = A

1/2
N ε and (ε)i,j is iid mean zero with finite fourth

order moments. Moreover, we assume that AN and ε are independent. Denote the covariance of the iid

terms (ε)i,j by ΨN = (1/T )εε
′ and notice that:

msΩ = limN→∞ (1/N)E
{
tr(
[
(1/T )A

1/2
N εε

′A
1/2
N

]s
)
}

= limN→∞ (1/N)E {tr((1/T ) [ANΨN ]
s
)} .

(2.24)

The focus of this section is to introduce a procedure to analytically derive the large N limiting eigenvalue

distribution moments msΩ based on our knowledge of the limiting eigenvalue distribution of AN and ΨN .

Note, however, that even though by assumption AN and ΨN have limiting eigenvalue distributions with

bounded support and AN is independent of ΨN this is not sufficient to guarantee that the eigenvalue

distribution of (ANΨN )
s
will depend only on the underlying limiting distributions. The free probability

approach developed below will provide additional conditions under which it is possible to relate the moments

of the limiting eigenvalue distribution of mixed moments of products of random matrices to the limiting

moments of the eigenvalues of their constituent matrices.

The computation of expressions such as those of the moments msΩ can be prohibitive analytically if we

start from the individual elements of the random matrix due to the combinatoric complexity of the resulting

traces of powers of mixed products between matrices. Instead we prefer to think of the whole random matrix

as a random variable on a non-commutative probability space defined below.

Consider a probability space Θ and the Hilbert space L∞(Θ) of bounded measurable functions h defined

on Θ, corresponding to the random variables on Θ. The functions h are allowed to be complex valued but

for the purpose of estimating a factor model we can restrict our attention to real random variables on Θ.

Furthermore, there exists a probability law P on h which measures the probability that the value of h lies

in a certain sub-interval in the (real or complex) image of h. The space of bounded linear functionals φ on

the Hilbert space L∞(Θ) given by φ(h) =
∫
Θ
hdP defines a von Neumann algebra, A, on Θ.

Definition 1: A non-commutative probability space is a pair (A, φ), where A is an algebra endowed with

a unit (1) and φ a linear functional on A such that φ(1) = 1.
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Note that classical probability spaces also satisfy the above definition but that we are interested in

relaxing the commutativeness assumption imposed by classical probability on scalar random variables. Fur-

thermore, it is convenient to also assume that A is a von Neumann algebra as discussed above.

For the non-commutative probability space (A, φ) and a random variable X ∈ A, we can define the

s-th moment of X as msX = φ(X
s). Computing expectations over random variables in classical probability

is often simplified when we can assume independence between the random variables. We now extend the

notion of independence in classical probability by employing the concept of freeness from operator algebras

(Voiculescu, 1985; Speicher, 2005).

Definition 2 (Freeness): Let (A, φ) be the non-commutative probability space of Definition 1 and

{A1,A2, ...,AJ} ⊂ A subalgebras of A with the a unit (1). Then the algebras A1,A2, ...,AJ are free with

respect to φ if

(2.25) φ(a1a2...aK) = 0

if a1 ∈ Aj(1), a2 ∈ Aj(2), ... , aK ∈ Aj(K), where j(k) is an index function on the set {1, 2, ..., J} and

j(k) 6= j(k + 1) for all k = 1..(K − 1), and φ(ak) = 0 for all k = 1 . . .K.

By extension, the random variables X1, X2, ..., XK ∈ A are freely independent if the subalgebras gener-

ated by them are free with respect to φ. Thus, the operator concept of freeness is a particular generalization

of the classical probability concept of independence, where freeness with respect to φ corresponds to in-

dependence of σ-algebras, and free independence of random variables corresponds to the classical notion

of independence of random variables. Note, however, that this particular extension of independence to

non-commutative probability spaces is but one of the possible non-commutative extensions with convenient

properties for the analysis of covariance matrices.

Freeness is a convenient property of random variables since it amounts to an iterative procedure for

computing mixed moments of products of random variables from the moments of the constituent random

variables. Notice that we can re-write equation 2.25 for the case when φ(ak) 6= 0 by subtracting the individual

means:

(2.26) φ((a1 − φ(a1)1) (a2 − φ(a2)1) ... (ak − φ(ak)1)) = 0.

Our primary focus is on the computation of mixed moments msab = φ((ab)
s
). If a and b are free then,

(2.27) φ((a− φ(a)1) (b− φ(b)1)) = 0,

and expanding,

φ(ab− φ(a)b− aφ(b) + φ(a)φ(b)) = 0,(2.28)
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φ(ab)− φ(a)φ(b)− φ(a)φ(b) + φ(a)φ(b)) = 0,(2.29)

(2.30) m1ab = φ(ab) = φ(a)φ(b).

Notice that this expression is the same as the one we would obtain if a and b were independent random

variables in a classical probability space. Now consider, m2ab = φ((ab)
2
). Since a and b are non-commutative,

msab = φ(abab), we start by expanding the expression:

(2.31) φ((a− φ(a)1) (b− φ(b)1) (a− φ(a)1) (b− φ(b)1)) = 0.

In the Appendix we show that this leads to the following expression for the mixed second moment in a

and b:

(2.32) φ(abab) = φ2(a)φ(bb) + φ2(b)φ(aa)− φ2(a)φ2(b).

This expression however does not reduce to the same expression one would obtain if a and b were

independent commutative random variables in a classical probability space, since

(2.33) φ(abab) 6= φ(a2b2) = φ(a2)φ(b2).

The definition of free independence can thus be applied recursively to obtain the mixed higher order

moments of ab and other similar products.

Consider the space of N×N real matricesMN (R) and X a random matrix on this space whose elements

(X)i,j are random variables on a classical probability space (Θ,P). Define the algebra of functions

(2.34) AN =
⋂

1≤s<∞

Ls(X,MN )

for the s-integrable random matrices of dimension N × N for 1 ≤ s < ∞. Note that this implies that

all elements (X)i,j have finite moments since (X)i,j ∈ AN . Furthermore, let φN : A → R be an operator

defined as:

(2.35) φN (Y ) =
1

N
EX tr(Y ) =

1

N

N∑

j=1

E(Yj,j) =
1

N

∫

X

tr(Y )dP.

Corollary 1: (AN , φN )is a non-commutative probability space.

This result follows immediately as a particular instance of Definition 1. It implies that we can think of

random matrices both in terms of the usual commutative probability spaces on which each element of the

matrix is defined but also in terms of the whole matrix as a random variable defined on a non-commutative

probability space. In particular given the connection between the trace and the eigenvalues of the matrix,

it turns out to be more convenient to think of the covariance matrices in our factor model in terms of the

non-commutative probability space.
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Recall that our interest in using non-commutative probability is mainly due to the necessity of computing

moments of the type φN [(ANΨN )
s
]. In order to employ the moment expansion procedure above, we would

first need to show that (AN ,ΨN ) are freely independent. In general, however, two arbitrary matrices are

not freely independent since their eigenspaces may satisfy a particular relationship to each other, even if the

elements of the matrices are independent.

One of the main insights of random matrix theory is that certain matrices become freely independent

asymptotically as N → ∞ (Voiculescu, 1998). Note that asymptotic freeness for large random matrices

Y requires both the convergence of the probability law P as N → ∞ and Definition 2 to be satisfied

for φN (Y ) = limN→∞
1
N
EX tr(Y ). The convergence of the probability law implies the convergence of all

moments of the eigenvalue distribution in the large N limit.

Consider the set of matrices S distributed uniformly on the Stiefel manifold (Anderson, 2003, Definition

4.5.1).

Definition 3: Let SN be an N ×N matrix satisfying S′NSN = IN and SNHN
d
= SN for all orthogonal

matrices HN . Then SN is uniformly distributed on the group of square orthogonal matrices O(N).

Let μ be the probability measure on the random matrices SN in Definition 3. Then μ is the unique

probability measure on O(N) such that for some D ⊂ O(N), μ(ΓD) = μ(DΓ) = μ(D) for al Γ ∈ O(N). The

distribution μ is referred to as the Haar (invariant) distribution on O(N).

Proposition 3: Let SN be an N ×N matrix with the Haar distribution and XNand YN two sequences of

random N ×Nsymmetric matrices such that their empirical eigenvalue distributions converge to proper non-

random distributions with bounded support. If SN is independent of XNand YN then XN and SNYNS
′
N are

asymptotically free as N →∞.

Proof: See Speicher (2005).

Note that by the spectral decomposition of the the matrix YN , the effect of the Haar distributed random

matrix SN is to introduce a random rotation in the eigenvectors of YN . Asymptotic freeness requires us

to identify matrices that are rotationally invariant and thus preserve the information on the eigenvalue

distribution independently of the eigenvectors which are now randomly rotated. Hence we are particularly

interested in matrices YN which are unitarily invariant, that is the spectrum of YN and that of SNYNS
′
N is

the same for SN on the orthogonal group. More formally, we can use the following lemma (Anderson, 2003,

Lemma 13.3.2) for normalized matrices.

Lemma 3.1: Let CNbe an arbitrary matrix of order Nand define the following normalization:

(2.36) J(CN ) = diag
{
(CN )1,1

/
|(CN )1,1|, (CN )2,2

/
|(CN )2,2|, ..., (CN )N,N

/
|(CN )N,N |

}
.
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If the orthogonal matrix SNof order Nhas a distribution such that (SN )i,1 ≥ 0 and if

S∗N = J(SNHN )SNHN

has the same distribution for every orthogonal matrix HN , then SN has the conditional Haar invariant

distribution.

Proof: See Anderson (2003, pp. 542).

The conditional Haar invariant distribution is the conditional distribution of a normalized orthogonal

matrix SN with the Haar distribution, where we let the (SN )i,1 ≥ 0. It is equal to 2
N times the Haar

distribution.

If YN is a covariance matrix, unitary invariance requires that the normalized eigenvectors WN from the

spectral decomposition of YN =WNDNW
′
N be distributed conditionally Haar and independent of DN , the

diagonal matrix of eigenvalues. This ensures that further rotations by Haar distributed orthogonal matrices

SN do not change the eigenvalue distribution. Covariance matrices satisfying this requirement include those

derived from matrices with iid Normal elements, YN = (1/T )εε
′, where (ε)i,j are distributed iid N(0,1). This

is captured by the following result:

Proposition 4: Let WN = (w1, w2, ..., wN )
′
be the matrix of normalized eigenvectors of a covariance

matrix YN , where (w)1,i ≥ 0 and where YN is distributed according to a Wishart distribution with mean

IN , then WN has the conditional Haar invariant distribution and WN is distributed independently of the

eigenvalues of YN .

Proof: See Anderson (2003, Theorem 13.3.3).

Returning to the moment expressions 2.23 and 2.24, we see that ANand ΨN are asymptotically free if

ΨN is unitarily invariant. An important special case is given by Proposition 4 where ΨN is drawn from a

standard Wishart distribution, that is ΨN = (1/T )εε
′, where (ε)i,j are distributed iid N(0,1). This implies

that we can apply Definition 2 and compute mixed moments of (ANΨN )
s
using the recursive procedure

outlined above. Since the sequence of matrices AN is given by our parametric model (or estimated by some

alternative procedure), it has known moments msAN for all N as N → ∞. The moments of ΨN are known

to converge to the moments of the Marcenko-Pastur distribution under a general set of assumptions.

Proposition 5: Let ε be an N × T random matrix with elements which are iid with mean 0, variance

1 and finite fourth order moments. Then as N → ∞, T → ∞and N/T → c, the empirical eigenvalue

distribution of ΨN = (1/T )εε
′ converges almost surely to the non-random Marcenko-Pastur distribution

whose moments are given by:

(2.37) msΨ = limN→∞
1

N
Etr

{
[(1/T ) εε′]

s

]

=

s∑

r=1

1

s

(
s

r

)(
s

r − 1

)

cs−1.
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Proof: Jonsson (1982). Note that the moments of ΨN = (1/T )εε
′ are given by the Narayana polynomials

in c = N/T . The first few moments are:

m1Ψ = 1(2.38)

m2Ψ = 1 + c(2.39)

m3Ψ = 1 + 3c+ c
2(2.40)

m4Ψ = 1 + 6c+ 6c
2 + c3(2.41)

m5Ψ = 1 + 10c+ 20c
2 + 10c3 + c4(2.42)

(2.43) m6Ψ = 1 + 15c+ 50c
2 + 50c3 + 15c4 + c5.

We can now use the moments given by equation 2.37 and the expressions in equation 2.30 and 2.32 to

compute the mixed moments of ANΨN in the large N limit using the property of free independence between

AN and ΨN . From equation 2.30 we know that m
1(AΨ) = m1Am

1
Ψ. But since m

1
Ψ = 1, we have

(2.44) m1(AΨ) = m1A.

Similarly by equation 2.32 we know that

(2.45) m2(AΨ) =
(
m1A
)2
m2Ψ +

(
m1Ψ
)2
m2A −

(
m1A
)2(
m1Ψ
)2
.

Substituting m2Ψ = 1 + c and m
1
Ψ = 1 in the expression above we obtain:

m2(AΨ) =
(
m1A
)2
(1 + c) +m2A −

(
m1A
)2

(2.46)

(2.47) m2(AΨ) = m2A + c(m
1
A)
2
.

We can continue this process to obtain:

m3(AΨ) = m3A + 3cm
1
Am

2
A + c

2(m1A)
3

(2.48)

(2.49) m4(AΨ) = m4A + 2c
((
m2A
)2
+ 2m1Am

3
A

)
+ 6c2(m1A)

2
m2A + c

3(
(
m1A
)4
).

Thus, we have shown how to compute the moments of the eigenvalue distribution of the covariance

of the error terms Ut, ΩN = (1/T )UU
′ = (1/T )A

1/2
N εε

′A
1/2
N in terms of the moments of the eigenvalue

distribution of AN in the large N limit. Since these moments will be functions of the unknown parameters

θ, the expressions derived above will also be functions of θ once we substitute a precise covariance model for

AN . To illustrate, consider the model with AN = σIN . We have only one unknown parameter, the variance
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scale coefficient σ, θ = {σ}. Substituting the moments of A in equations 2.44, 2.47, 2.48 and 2.49, we obtain

the first four spectral moments of the white noise covariance matrix to be:

m1Ω = σ(2.50)

m2Ω = (1 + c)σ
2(2.51)

m3Ω =
(
c2 + 3c+ 1

)
σ3(2.52)

(2.53) m4Ω = (1 + c)
(
c2 + 5c+ 1

)
σ4.

The free probability framework introduced above allows us to compute the moments of the empirical

eigenvalue distribution of the noise covariance matrix in terms of the population covariance matrix assumed

by our factor model by a number of algebraic operations on free moments. While these computations are

relatively straightforward and only involve basic algebra, higher order moments may involve a substantial

number of terms and thus it may be more convenient to use a mathematical software package such as Maple

or Mathematica to derive the moment expressions. It is also possible to derive the moment expressions

using the Cauchy transform defined in equation 2.6. In the Appendix we show that the moment expressions

derived above are also more generally given by the following implicit relationship:

Proposition 6: Let msΩ be the limiting moments of the empirical noise covariance Ω and m
s
A be the

limiting moments of the correlation matrix A. Then for w ∈ C+with Im(w) > 0 we have that

(2.54)
∞∑

s=1

msΩ
ws
=
∞∑

s=1

msA
ws

(

1 + c
∞∑

r=1

mrΩ
wr

)s

.

The relationship between the first four moments is given by:

m1Ω = m
1
A(2.55)

m2Ω = m
2
A + c(m

1
A)
2

(2.56)

m3Ω = m
3
A + 3cm

1
Am

2
A + c

2(m1A)
3

(2.57)

(2.58) m4Ω = m
4
A + 2c

((
m2A
)2
+ 2m1Am

3
A

)
+ 6c2(m1A)

2
m2A + c

3(
(
m1A
)4
).

Proof: See Appendix. In order to derive the expressions for the moments in equations 2.44, 2.47, 2.48

and 2.49 we can expand this expression in 1/w and match the coefficients on 1/(ws).

In the next section we revisit our estimator for the number of factors based on the identification strategy

outlined in Section 2.1 and the procedure for deriving the limiting moments of the eigenvalue distribution

as described in this section and analyze its statistical properties.
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2.3. Implementation and Finite Sample Performance

Recall the basic model setup of our factor model, Rt = ΛFt + Ut, for t = 1 . . . T where Rt is an N × 1

vector of observations, Ft is a p × 1 vector of latent factors, Λ is an N × p matrix of coefficients (factor

loadings) and Ut is an N×1 vector of idiosyncratic errors. The identification strategy outlined above implies

a computational procedure that leads to the consistent estimation of the number of factors p in the factor

model with N → ∞, T → ∞ and N/T → c. The advantage of this procedure consists in that it does not

require the estimation of the unknown factor loadings Λ and factor scores Ft first and is therefore unaffected

by complications resulting from the estimation of weak factor scores, which will be discussed in Section 3.2.

We can now summarize the steps required for the implementation of our estimator for the number of

factors. For simplicity we continue to assume that BT = IT . This assumption will be relaxed in the next

section.

First, we choose a parametric model for the idiosyncratic error terms Ut in terms of the population co-

variance matrix AN (θ), where the correlations are described in terms of the low dimensional parameter vector

θ. Second, we compute the moments of the eigenvalue distribution of AN (θ) for large N , {m1A,m
2
A,m

3
A, ...}.

Third, we apply the free probability result of Proposition 6 to compute the moments of the asymptotic eigen-

value distribution of the covariance matrix Ω of Ut for a large (N,T ) sample drawn from a distribution with

covariance matrix AN . We label these moments as Π(θ) = [m
1
Ω,m

2
Ω,m

3
Ω, ...]

′
. Fourth, we use a minimum

distance approach to estimate the unknown covariance parameters θ by minimizing a weighted distance

between Π(θ) and its sample equivalent Π(ΣN ) = [N
−1 tr(Σ1N ), N

−1 tr(Σ2N ), ...] applied to the covariance

matrix of observations Rt denoted by ΣN . Fifth, we remove the largest eigenvalue of the spectrum of ΣN and

re-estimate the parameters θ using the minimum distance procedure. We repeat step 5 by progressively re-

moving large eigenvalues until an (arbitrary) upper bound on the number of factors has been reached. Sixth,

we compare the minimized objective functions, Ĵ(θ̂) obtained by removing large eigenvalues and choose the

one which is smallest within the set of minimized objective functions. The number of eigenvalues which had

been removed for the computation of that objective function is our consistent estimate of the number of

factors.

Proposition 7: Let ΣN be the covariance matrix of observations Rtin a large N,T factor model with

N → ∞, T → ∞ and N/T → c. Let Spp(ΣN ) be the spectrum of the matrix ΣN where we removed the

largest p eigenvalues and Ĵ(θ̂; Spp(ΣN )) the (scaled) minimized objective function of the minimum distance

procedure for the estimation of θ outlined above. Then, for

(2.59) p̂ = argminp=0,1,2,...Ĵ(θ̂; Spp(ΣN )),

is a consistent estimate of the number of factors p0 of the factor model Rt = ΛFt + Ut.

Proof: See Appendix.
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In order to implement the estimation procedure described above we compute the minimum distance

estimates of θ using the Nelder-Mead algorithm available in most common software packages such as Matlab

or Gauss. The optimal weighting matrix for the moment conditions Π is difficult to compute analytically for

the approximate factor model with arbitrary AN . By Proposition 2, however, it may be possible to use the

bootstrap or the jackknife to estimate the weighting matrix, since the moments are asymptotically Normal.

The properties of such a procedure are not known.

For the strict factor model with iid errors, the optimal weighting matrix is easy to implement and we

can use an efficient two-step procedure which uses the estimated θ̂ from a first step estimation that employs

equal weighting of the moment conditions. We label the one-step minimum distance procedure MD and the

two-step weighted estimator MDW.

In simulations we have also found that the performance of our estimator can be improved by adding a

panel information criterion which penalizes the objective function in equation 3.13 if the selected number of

factors is too large. The intuition is that in some cases the difference between the estimated Ĵ at p0 and at

p0 + 1 may be very small. In such cases it is beneficial to augment equation 3.13 with a penalty function of

the form pσ̂2g(N,T ), where p is the number of excluded eigenvalues, σ̂2 is the estimated (average) variance

at step p and g(N,T ) a function such that g(N,T )→ 0 in large samples. In simulations we have found the

following choice due to Bai and Ng (2002) to perform very well:

(2.60) g(N,T ) =

(
N + T

NT

)

log

(
NT

N + T

)

.

We can augment the estimators MD and MDW defined above with the additional penalty function

pσ̂2g(N,T ) to obtain two alternative estimators which we label MD-IC and MDW-IC.

In Figure 1 we plot the objective function given by equation 2.59 for a particular simulation of the exact

factor model with 5 factors using the design given in the Appendix. The objective function is minimized for

all four choices of estimators of the number of factors (MD, MDW, MD-IC, MDW-IC) at the correct number

of factors. In Table 1 and 2 we explore the finite sample properties of our estimators for different choices of

N and T such that c ∈ {0.3, 0.5, 0.7, 0.9}. We use two simulation designs, one with strong factors and the

other one with weak factors and a strict factor model. We report the mean number of chosen factors over

5000 simulations. While both the use of optimal weighting and of the panel information criterion improve

the performance of the estimator our estimators appear to work well in all cases. Furthermore, we can

estimate the unknown variance parameter θ = σ2 accurately and with low MSE without having to estimate

the unobserved factors first. A particular advantage of our approach is that it works very well irrespective

of whether the factors are weak or strong. This makes it especially useful when trying to estimate the weak

factors in a model and not just the few strong ones.
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We also implemented simulations for the leading alternative estimator of Bai and Ng (2002) using code

made available to us by the authors.3 The Bai and Ng (2002) method is sometimes criticized by practitioners

as being extremely sensitive on the maximum number of factors considered by the algorithm. Sensitivity

to “starting values” is an frequent problem in numerical analysis. We have conducted extensive simulations

using different designs and also by varying the maximum number of factors parameter, but have only found

small differences in outcomes under variations of this parameter. For the simulation design with strong

factors we have found the Bai and Ng (2002) method to perform well for smaller samples but to exhibit

a small negative bias in large N and large T settings. For the simulation design with weak factors we

have found the Bai and Ng (2002) method to both underestimate and overestimate the number of factors

depending on the different combinations of N and T used in the simulations. The results in Table 2 show

that in particular for large N and large T samples, where the ratio of noise-to-signal is high, the Bai and

Ng (2002) estimator substantially underestimates the number of factors relative to the minimum distance

estimator proposed above. Furthermore, the minimum distance estimator exhibits lower mean squared errors

than the Bai and Ng (2002) estimator in all samples.

To conclude, in situations where the structural assumptions used by the minimum distance estimator are

warranted, we find the estimator to have both lower bias and lower mean squared error than the estimator

of Bai and Ng (2002). The minimum distance estimator performs substantially better in situations where

the factors are relatively weak relative to the noise by using structural information about the nature of the

noise to reveal the factors.

2.4. Time Series Correlations

In some applications we may wish to allow for weak time series correlations of the idiosyncratic errors. If

the true model is such that the idiosyncratic errors are correlated over time but we wrongly assume that

they are independent over time, the number of factors that is estimated using a misspecified model will be

biased. We investigate this further in Table 3 using the simulation design given in the Appendix with five

strong factors and autocorrelated idiosyncratic errors. We use the moments of the eigenvalue distribution

for the misspecified model to construct the moment conditions and employ the minimum distance procedure

described above.

We notice that the number of estimated factors is upward-biased. This is due to the fact that if the true

model has autocorrelated idiosyncratic errors the resulting eigenvalue distribution will have a larger spectral

radius than the distribution for uncorrelated idiosyncratic errors. This leads to eigenvalues in the right tail

of the distribution of eigenvalues due to the noise in the factor model to be falsely categorized as factors. The

results in Table 3 are for a relatively weak degree of autocorrelation (0.1). We have found that, for the case

3Code is not currently available for the implementation of the Onatski (2008) estimator, which presents some

computational challenges. We were not able to implement this estimator successfully in our simulations.
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where the true model has autocorrelations in excess of 0.3 and where the misspecified model is estimated,

our estimator will fail to converge. Table 3 also shows that if the degree of misspecification is small our

estimators will have fairly small bias. This suggests that our approach is robust to minor deviations from

the assumed parametric model but will fail if the degree of misspecification is large. If the true model is one

where the idiosyncratic errors are autocorrelated, we can construct the correct estimator if we impose the

correct assumptions on the parametric form of the autocorrelations.

Recall that by Assumption 2 the case of time-correlated idiosyncratic errors implies a model where

BT 6= IT such that the spectral density of BT converges to a non-random distribution with bounded spectrum.

Consider, for example, a model where the idiosyncratic errors follow an AR(1) process Uj,t = ρ Uj,t−1 +

εj,t, for εj,t white noise such that E(εj,t) = 0 and E(ε
2
j,t) = σ

2. Recall that E(U2j,t) = σ
2/(1 − ρ2) and

E(Uj,tUj,t−k) = (σ
2ρk)/(1 − ρ2). This implies a separable covariance model with AN = (σ2/(1 − ρ2))IN

and (BT )m,n = ρ
|m−n|. Thus the model for the time series correlations BT corresponds to a Toeplitz matrix

where the first (main) diagonal is 1, the second (upper and lower) diagonals are ρ, the third (upper and lower)

diagonals are ρ2 etc. Note that in asset return factor models such as APT the degree of autocorrelation

would typically be small.

In order to guarantee that the spectrum of BT is bounded we need to assume absolute summability, i.e.

(2.61)

∞∑

k=0

|ρ|k =
1

1− |ρ|
<∞,

which implies |ρ| < 1. In order to compute the eigenvalue distribution of the matrix BT as T →∞ we define

the Fourier series f(ζ) such that

(2.62) f(ζ) = limT→∞

+∞∑

k=−∞

ρ|k| exp(ikζ) =
1− ρ2

1− 2ρ cos(ζ) + ρ2
.

Let λk, k = 1 . . . T be the eigenvalues of the matrix BT for T → ∞. Then, by a classic theorem of

Grenander and Szego (1958), we have that for any positive integer s

(2.63) msB = limT→∞
1

T

T∑

k=1

λsk =
1

2π

∫ 2π

0

[f(ζ)]
s
dζ.

This expression gives the moments of the eigenvalue distribution of the population time-covariance

matrix BT for large T . The univariate integral above can easily be evaluated using numerical integration

techniques. The above approach can be employed to compute the moments of the population spectrum FB

for other choices of BT in the large T limit.

In order to apply the procedure outlined in the section above we have to compute the moments of the

asymptotic eigenvalue distribution of the covariance matrix of observations for N → ∞ and T → ∞ and
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N/T → c:

(2.64) msΩ = limN→∞ (1/N)E {tr(Ω
s
N )} .

If we assume that cross-sectional correlations are given by a scale factor times IN then we can write

ΩN = (1/T )UU
′ = (1/T )εBT ε

′, where U = εB
1/2
T and (ε)i,j is iid mean zero with finite fourth order moments.

Then,

(2.65) msΩ = limN→∞ (1/N)E
{
tr([(1/T ) εBT ε

′]
s
)
}
.

Notice, however, that the non-zero eigenvalues of (1/T )εBT ε
′ and (1/T )ε′εBT are the same. Hence we

can apply the free probability procedure presented in Section 2.2 to compute the mixed moments of (1/T )ε′ε

and BT . For the case where BT is a Toeplitz matrix corresponding to an AR(1) process, the moments of

the eigenvalue distribution of BT were given above. The relationship between the moments of the eigenvalue

distribution of the covariance matrix of the observations and the moments of the eigenvalue distribution of

BT can be summarized by the following result:

Proposition 8: Let msΩ be the limiting moments of the empirical noise covariance Ω and m
s
Bbe the

limiting moments of the correlation matrix B. Then for w ∈ C+with Im(w) > 0 we have that

(2.66)
∞∑

s=1

msΩ
ws
=
1

c

{
∞∑

s=1

msB
ws

[

c

(

1 +

∞∑

r=1

mrΩ
wr

)]s}

.

The relationship between the first four moments is given by:

m1Ω = m
1
B(2.67)

m2Ω = cm
2
B +

(
m1B
)2

(2.68)

m3Ω = c
2m3B + 3cm

2
Bm

1
B +

(
m1B
)3

(2.69)

(2.70) m4Ω = c
3m4B + 4c

2(m3Bm
1
B +

1

2

(
m2B
)2
) + 6cm2B(m

1
B)
2
+
(
m1B
)4
.

Proof: See Appendix.

In Table 4 we illustrate the performance of our estimator by Monte-Carlo simulations for a model with 5

factors constructed according to the design given in the Appendix and with the additional requirement that

the idiosyncratic errors are autocorrelated with coefficient ρ = 0.3. We apply two procedures to estimate the

unknown parameters (p, σ2, ρ), corresponding to the number of factors, the variance scale and the degree

of autocorrelation respectively. The first procedure is the unweighted minimum distance method, while the

second procedure augments the minimum distance objective function with the panel information criterion

in order to estimate p. Both methods were described in the previous section. We notice that the estimator
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of p based on the minimum distance procedure augmented with the panel information criterion performs

extremely well in choosing the correct number of factors. Similarly the unknown covariance parameters σ2

and ρ are also estimated precisely with low MSE.

Additionally, we compare the performance of the minimum distance estimator with that of the Bai and

Ng (2002) estimator using the same Monte Carlo samples. We implement two version of the Bai and Ng

(2002) estimator using either 5 or 15 as the maximum number of factors over which the algorithm searches.

Both implementations appear to generate a downward bias in the estimated number of factors relative to

the minimum distance estimator. The estimator does not appear to be sensitive to the maximum number

of factors parameter. The minimum distance estimator also has substantially lower mean squared error.

The expressions given in Propositions 6 and 8 above cover the cases where either BT or AN are known to

be the identity matrix up to a scaling factor. It is possible however to estimate models where both BT 6= IT

and AN 6= IT . In such cases the covariance matrix of the residuals is given by:

(2.71) ΩN =
1

T
A
1/2
N εBT ε

′A
1/2
N .

The corresponding moment conditions can be applied by first computing the moments of the eigenvalue

distribution of ΨN =
1
T
εBT ε

′ using Proposition 8 and then computing the moments of the eigenvalue

distribution of the product ANΨN by employing Proposition 6.

In some cases we may not be able to specify an exact parametric model for AN or BT . It may, however,

be possible to derive estimates of AN and BT using a consistent method for estimating the residuals Ui,t

without estimating the number of factors or the factor loadings and factor scores. Such a procedure was

recently suggested by Pesaran (2006) and involves augmenting the factor model with observed factor proxies

constructed from the cross-sectional averages of the model. In this situation we may be able to estimate the

number of factors by a two-step procedure which first derives consistent estimates of AN or BT and then

uses the estimated moments to extract the correct number of factors. Note that however in general, it will

not be possible to estimate both AN and BT from a single sample.

3. Second Order Unbiased Estimation of the Factor Model

3.1. Inconsistency of Principal Components for Weak Factors

Consider the classical factor model of equation 2.1 Rt = ΛFt+Ut, for t = 1 . . . T . Recall that Rt is an N × 1

vector of observations, Ft is a p × 1 vector of latent factors, Λ is an N × p matrix of coefficients (factor

loadings) and Ut is an N ×1 vector of idiosyncratic errors. In this model only Rt is observed while Λ, Ft and

Ut are unobserved for all t. Estimation of the classical factor model requires estimation of the N × p matrix

of factor loadings and predicting the p× T values of the latent factors Ft (factor scores). In this section we
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will restrict our attention to the exact factor model and assume that Ui,t is iid Normal with mean 0 and

variance σ2.

Traditionally, for small values of N , factor models are estimated by maximum likelihood methods. High

dimensional factor models however require the estimation of Np parameters which proves to be computa-

tionally infeasible if N is larger than 25. Thus, practitioners often employ Principal Components Analysis

(PCA) applied to the covariance matrix of observations:

(3.1) ΣN =
1

T

T∑

t=1

RtRt
′ = Λ

(
1

T

T∑

t=1

FtFt
′

)

Λ′ +
1

T

T∑

t=1

UtUt
′ = ΞN +ΩN ,

in order to estimate the factor loadings (Jolliffe, 2002). The equation above does not allow for the

separate identification of both factor loadings and factor scores and we have to impose additional identifying

restrictions. In particular it is common to assume that the factors Ft are orthogonal to each other and

have unit variance. Moreover, since ΞN is invariant to orthogonal rotations S of the factor loadings, ΞN =

ΛΛ′ = (ΛS′)(ΛS′)
′
for S′S = I, we require additional normalizations. Principal Components normalizes the

Euclidean distance of the estimated factor loadings, ||Λ̃j ||2 = 1 for j = 1 . . . p. The statistics literature often

refers to this as “fixing the rotation” of the factors, a process that consists of reporting the normalized factor

loadings Λ̃j = Λ̂j/||Λ̂j ||2 for j = 1 . . . p and estimated factors that are orthogonal to each other.

The PCA estimator Λ̃ is the N × p matrix of the first p (normalized) eigenvectors from the spectral

decomposition ΣN = V DV
′, associated with the p largest diagonal elements of D, where the columns of

V are orthonormal by construction. The factor loadings are defined only up to a change in sign. Given

estimates of the factor loadings, we can estimate factor scores by Generalized Least Squares regressions on

the cross-section. Alternatively, the factor scores can be approximated by the first p normalized eigenvectors

of the T × T matrix (1/N)R′R, where R is the N × T matrix with columns R1, R2, ..., RT (Connor and

Korajczyk, 1986).

Define

(3.2) μ̃ =
min

(
Sp(limN→∞

(
ΛΛ′

)
)
)

max(Sp(limN→∞ (ΩN )))

which corresponds to the ratio of the minimum eigenvalue of the spectrum due to the factors over the

maximum eigenvalue due to the noise term. It can be thought of as a measure of the spectral gap discussed

in Section 2.1. Thus, it also measures the “strength” of the factors. A strong factor corresponds to a factor

for which μ̃ � 0, while a weak factor leads to a corresponding eigenvalue for which μ̃ is close to zero. By

Assumptions 3 and 4 we have μ̃ > 0 as N →∞, if the factors are identified. In finite samples, however, we

expect to have both weak and strong factors.
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Under the asymptotic framework of Assumption 1, N → ∞ and T → ∞ and N/T → c ∈ (0,∞) it has

recently been noticed that the estimated sample eigenvectors are inconsistent estimators of the corresponding

population eigenvectors (Hoyle and Rattray, 2004; Paul, 2007; Onatsky, 2006). Let us assume that for each

factor j = 1 . . . p the corresponding vector of true factor loadings Λj and its estimate Λ̂j have been normalized

such that ||Λj ||2 = ||Λ̂j ||2 = 1. Denote by ∅(x, y) the cosine of the angle between two arbitrary vectors x

and y, where ∅(x, y) = x′y/(||x||2.||y||2). The proposition below states conditions under which consistency

continues to hold for the classical factor model estimated by PCA even though the sample eigenvectors are

inconsistent.

Proposition 9 (Consistency of PCA): The degree of inconsistency in the estimates of the factor

loadings Λas N →∞, T →∞ and N/T → c ∈ (0,∞) is given by

(3.3)

√
1− c

μ̃2

1 + c
μ̃

≤ ∅(Λ̂j ,Λj) ≤ 1.

If μ̃→∞ as N →∞ then the PCA estimate of Λjis consistent, i.e. ∅(Λ̂j ,Λj)→ 1.

Proof: See Appendix.

For random factor loadings Λ we can think of ∅ as a measure of the correlation between the two vectors.

It is perhaps surprising that the PCA estimator of a factor model is consistent, but it is important to stress

that it follows as a result of the more specialized assumptions imposed by an economic factor model and it

does not hold true for an arbitrary application of PCA. Notice that in a factor model the inconsistency of

the estimated factor loadings (and factor scores) depends on the ratio between c and μ̃ only and, under the

asymptotic framework of Assumption 1, c converges to a constant, while under Assumption 4 on pervasiveness

of economic factors, μ̃ diverges as N →∞. Since the ratio tends to zero the inconsistency disappears.

In finite samples, however, it might be the case that the measure of the spectral gap, μ̃, is close to zero for

the weak factors. In such cases the estimation of the factor loadings may suffer substantial biases, presenting

challenges for the estimation of weak economic factors. In order to investigate this effect, we use Monte

Carlo to simulate a factor model with 5 weak factors using the simulation design described in the Appendix.

We calibrate the simulations such that μ̃ < 2. In Table 5 we present the results for the estimated coefficients

on the factor loadings using PCA. We notice that PCA performs very poorly in this case. It is interesting to

note that, by construction, the model has both weak and strong factors. The PCA estimates, however, are

poor for all factor loadings, not just the ones on the weak factors. In the section below we discuss alternative

estimation procedures employing instrumental variables. Table 5 shows that, by contrast, an instrumental

variables approach continues to provide satisfactory estimates even though PCA fails. This is due to the

very different approach to estimation of the two methods and will be discussed in more detail below. Note

that the results of Table 5 also seem to indicate that the PC estimator is likely not to have moments for the
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case of weak factors. This is similar to the problems encountered in the estimation of equations with weak

instruments (Hahn, Kuersteiner and Hausman, 2004).

PCA does not only offer a poor approach to estimation in the presence of weak factors, it also suffers two

more serious short-comings which are easily corrected by alternative instrumental variables based procedures.

First, PCA estimation of the factor loadings does not allow us to impose economic restrictions on the

estimated coefficients. Such restrictions are common in the macroeconomics literature and are particularly

important in Factor Augmented VAR models (Stock and Watson, 2005). Even small departures from the

standard framework, such as imposing exclusion restrictions on the factors in some equations, present major

challenges. Restrictions severely limit the use of standard eigenvector techniques in the estimations.

Second, performing inference on the estimated factor loadings is very difficult due to the complicated

distributions of eigenvectors (Bai, 2003; Paul, 2007; Onatski, 2007). In particular, the asymptotic distri-

butions depend on the large eigenvalues but the eigenvalues themselves are only observed with bias in the

sample (Paul, 2007; Onatski, 2008; Harding, 2008b).

3.2. Estimation by Instrumental Variables

Factor analysis can also be thought of as a generalization of multivariate linear regression analysis with

measurement error (Madansky, 1964). Although this fact has been recognized for a very long time, the

application of instrumental variables (IV) procedures to the estimation of factor models is generally regarded

as inferior to estimation by PCA. In this section we show that high-dimensional factor models estimated

by IV suffer from a finite sample bias problem similar to that encountered in the recent econometrics

literature on estimation with many instruments (Hansen, Hausman and Newey, 2006). While this explains

the practitioners’ reluctance to apply IV methods in large datasets, it also provides a solution to the second

order unbiased estimation by using IV estimators with improved finite sample performance.

Above we have seen how PCA imposes a normalization on the factor loadings Λ̃j = Λ̂j/||Λ̂j ||2. Other

normalizations are also possible without loss of generality. In particular partition the matrix of factor

coefficients as follows:

(3.4) Λ =

(
Λ̂1
Λ̂2

)

,

where Λ̂1 is a p× p submatrix of Λ̂. We can now define the normalized factor loadings to be:

(3.5) Λ̃ =

(
Λ̂1
Λ̂2

)

Λ̂−11 =

(
Ip

Λ̂2Λ̂
−1
1

)

=

(
Ip

Λ̃2

)

.

Under this normalization we have, Rj,t = Fj,t + uj,t, for j = 1 . . . p. This means that, without loss of

generality, we can choose the first p observations to act as proxies measured with error of the underlying



30

latent factors. Now choose any observation Rp+k,t, for k ≥ 1. Substituting the first p vectors of observations

for the p factors in the equation for observation p+ k we obtain:

(3.6) Rp+k,t =

p∑

j=1

Λ̃kj,2Rj,t + up+k,t −
p∑

j=1

Λ̃kj,2uj,t,

where Λ̃kj,2 corresponds to the row k and column j entry of the normalized loadings matrix Λ̃2.

If we assume an exact factor structure with ui,t iid then we have

(3.7) E



Rp+m,t



Rp+k,t −
p∑

j=1

Λ̃p+k2 Rj,t







 = 0,

for m ≥ 1 and m 6= k. Therefore we can use all observations other than the first p observations and

observation p+ k as instruments for the p factor proxies used in the equation for Rp+k.

Notice that for the exact factor model with AN = IN and BT = IT we have N − p − 1 moment

conditions and the observations on the remaining N − p− 1 variables (Rp+1, ..., Rp+k−1, Rp+k+1, ..., RN ) are

valid instruments which can be used in order to estimate the coefficients Λ̃j2 for j = 1..p.

For other choices of AN andBT not all moment conditions will be available. The identification of equation

3.6 under such conditions will follow the usual procedures for the identification of equations with endogenous

right hand side variables. This framework, however, is sufficiently flexible and allows us to complement the

set of equations with additional linear restrictions or moment conditions in order to guarantee identification.

Notice that for the exact factor model, each N − p equation Rp+k,t can be written as in equation 3.6.

Each equation is identified with a degree of over-identification equal to N−2p−1. Therefore we can estimate

all the factor loadings Λ̃2 using instrumental variables by repeatedly estimating each set of factor loadings

using all other observations except for the first p observations as instruments.

For simplicity let us focus on a model with only one factor:

(3.8)

R1,t = ft + u1,t

R2,t = λ2ft + u2,t

...

RN,t = λNft + uN,t,

where λ2, λ3, ..., λN are the factor loadings that we are interested in estimating and f is the unobserved

latent factor. Let us assume that ui,t are distributed jointly Normal with E(ui,t) = 0 and E(ui,tuj,t) = 0 and

E(u2i,t) = σ
2
i . These assumptions allow us to investigate the case where the maximum number of possible

instruments, N − 2, is allowed. More general correlations restrict the number of instruments that can be

employed but will not affect the intuition behind the next result. Identification in such settings follows the

usual rules for the identification of systems of equations.
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Consider the estimation of λk for k = 2 . . . N . Using R1,t as a proxy for the latent factor we obtain:

(3.9) Rk,t = λkR1,t + εk,t

where εk,t = uk,t − λ2u1,t. Furthermore, notice that for each equation j > 1, j 6= k we have

ft = (1/λj)(Rj,t − uj,t). Hence we can write the reduced form equation for R1,t as

(3.10) R1,t = ztπ + vt,

where

zt = (R2,t, ..., Rk−1,t, Rk+1,t, ...RN,t)(3.11)

vt = u1,t − Utπ(3.12)

(3.13) Ut = (u2,t, ..., uk−1,t, uk+1,t, ..., uN,t) .

Notice that the dimension of zt is N − 2 which is potentially large relative to the sample size T . Let us

first assume that the number of potential instruments is large relative to the sample size but less than the

sample size, i.e. c = N/T < 1. Let E(v2t ) = σ
2
v and let χ

2 = π′z′zπ/σ2v be the concentration parameter.

We wish to investigate the bias in the estimation of λk using the most common IV estimation procedure,

Two-Stage Least Squares (2SLS):

(3.14) λ̂2SLSk =
R1PzRk

R1PzR1
,

where Pz = z(z
′z)
−1
z′, and Rj = (R1,1, ..., Rj,T )

′
.

The next proposition gives the second-order bias of the 2SLS estimate.

Proposition 10 (Second Order Bias of 2SLS in Factor Models): We expect the bias in estimating

the factor loadings by 2SLS to be approximately:

(3.15) E(λ̂2SLSk )− λk ∼=
E(εv)

σ2v

K − 2
χ2

= −λk
σ21
σ2v
(N − 4)

(
1−R2

)

(T −N − 2)R2
,

where R2is the theoretical R2of the first stage regression.

This expression reveals that the 2SLS estimate of the factor loadings is biased downward. Moreover, the

amount of bias is proportional to the degree of over-identification and monotonically increasing in N . This

explains why estimation by 2SLS suffers relative to estimation by PCA even for strong factors as the 2SLS

bias increases with N .

Note that the expression given above is similar to the expressions found by Hahn and Hausman (2002 a,b)

in their investigation of estimation bias in simultaneous equations. The relationship is due to the asymptotic
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framework used in our analysis of high-dimensional factor models. We allow the number of cross-sectional

observations to grow with the sample size at the same rate. Estimation of the factor loadings by 2SLS uses

some of these observations as instruments, thereby generating a model with many instruments very similar

to that of Bekker (1994). Note however, that there are also differences due to the very specific form which the

correlation between the structural equation and the reduced form takes in the factor model. In particular,

the bias expression depends on the variances in each equation.

In order to explore the behavior of different IV methods in the estimation of factor models we focus in

Table 6 on a simple model with one factor constructed using the design outlined in the Appendix for different

choices of N and T such that c ∈ {0.3, 0.5, 0.7, 0.9}. Our aim is to compare the behavior of IV estimators

and understand the nature of the “many instruments” bias exhibited by 2SLS in this case. As such, we do

not choose an example with very weak factors where PCA will fail so as not to give the impression that IV

methods have a very substantial advantage by design. Rather our aim is to show that IV methods perform

at least as well as a PCA approach, and in some cases, as discussed in Table 5, IV methods prove to be more

robust to the presence of very weak factors.

In Table 6a we report the mean bias, the median bias and the means squared error (MSE) of the factor

loadings estimates for the case with c < 1. In the second column we report the results for the standard 2SLS

procedure. As predicted by the bias expression in equation 3.15 above we observe a negative bias which is

increasing in c = N/T .

In order to correct for the bias due to the large number of instruments employed in the estimation of

the factor loadings, we evaluate the performance of additional estimators familiar from the literature on

many instruments as possible solutions to the many instruments problem. We consider the Fuller (1977)

estimator, which is a modification of the Limited Information Maximum Likelihood (LIML) estimator with

parameter a = 1. Additionally, we compute a Bias Corrected 2SLS derived by solving for λk in equation 3.15

of Proposition 10. The exact expression for these estimators are given in the Appendix. Furthermore, we also

estimate the Continuously Updating Estimator (CUE) (Newey and Windmeijer, 2005), a particular choice

of a generalized empirical likelihood estimator. In order to overcome the computational issues associated

with the CUE estimator we employ a bounded Nelder-Mead algorithm.

Table 6a shows that all the estimators considered above perform well and can be used to obtain second

order unbiased estimates of the factor loadings. Fuller seems to have comparable MSE to CUE, but the

mean bias and MSE performance of CUE suffers for c = 0.9. This may indicate that CUE has a moment

problem when the number of instruments is close to the sample size. Additionally, the estimators considered

appear to be median unbiased. CUE appears to dominate the performance of the other estimators in terms

of MSE except for the case with c = 0.9, while Fuller dominates in terms of mean bias.
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So far we have only considered cases where c < 1, i.e. where the number of possible instruments is less

than the sample size. In many applications, however, the number of individuals may be larger than the

number of time periods over which the sample is observed. In this case the standard IV estimation methods

fail since they employ the Pz = z(z
′z)
−1
z′ projection and z′z becomes singular when N > T . At first glance

this appears to be a limitation of IV procedures since they restrict the number of instruments to be less than

the sample size.

In Table 6a and Table 6b we also investigate a proposal of Theil (1973) which advocates the use of an

incomplete projection which avoids the singularity of z′z by using PD,z = z(D)
−1
z′ for some positive definite

matrix D. The resulting 2SLS estimator which we call T-2SLS is given by λ̂2SLSk = (R1PD,zRk)/(R1PDzR1).

A similar modification can be applied to the CUE estimator by choosing a moment weighting matrix which

depends on D rather than on z′z. The exact expression is given in the Appendix and we label the resulting

estimator T-CUE. We use Monte-Carlo to investigate the behavior of the estimate of the factor loadings for

a simple choice of D = I for both c < 1 and c > 1.

For c < 1 the bias of T-2SLS is only slightly higher than that of BC2SLS while delivering a lower MSE

than Fuller, BC2SLS and CUE. For c > 1 the bias of T-2SLS becomes substantial. By contrast T-CUE

performs extremely well for both c < 1 and c > 1 in terms of both bias and MSE. For c < 1 T-CUE

seems to avoid the moment problem of CUE for c = 0.9 and seems to outperform Fuller and BC2SLS. We

plan to explore the performance of estimators employing Theil’s modification in future work to establish

their distributional properties and the optimal choice of the matrix D. The simulations presented in this

section, however, indicate that Fuller, BC2SLS, CUE and T-CUE can be used as alternatives for the accurate

estimation of the factor loadings. Moreover, T-CUE can be used even when N > T , and the number of

instruments exceeds the sample size. Given the difficulties inherent in estimating weak factors using PCA

or imposing structural restrictions on the factor loadings, the methods explored in this section provide much

needed accuracy and flexibility for the estimation of factor models.

4. Applications

In order to explore the useability of the proposed estimation procedure for large factor models to real world

data, we estimate two stylized models. First, we look at the effect of adding more data on the estimation of

a classical APT model of stock returns. Second, we re-consider the classical problem of choosing the number

of factors in a large dataset of macroeconomic indicators.

4.1. The Number of Factors in Large and Noisy Asset Covariance Matrices

The use of factor models in economics is historically linked to the development of APT models of systemic

risk in finance (Ross, 1976; Chamberlain and Rothschild, 1983). Over the years, numerous empirical studies
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have been conducted estimating the “true” number of factors from financial data. There are good reasons

to believe that this question is not as well posed as it may seem at first glance. Indeed, no agreement

exists in the literature as to the number of risk factors. It depends on the market and type of assets under

consideration, the sampling frequency and time-frame of the data. Ceteris paribus, Random Matrix Theory

makes precise predictions of the effect of adding more time periods of data to a sample used in the estimation

of an APT model. Our ability to extract factors from financial data depends on the ratio of signal to noise in

the data since noisy data leads to imprecise estimates of the empirical covariance matrix. In high-dimensional

settings it can be shown that the key to identification is the ratio of individual units (stocks) to the number

of time periods, c = N/T . Exact analytic results are given in Harding (2008b) and are not repeated here.

The underlying intuition is however very simple. While the eigenvalues corresponding to the strong factors

diverge easily in large samples, the eigenvalues of weak factors remain bounded and their behavior may be

indistinguishable from that of eigenvalues due to noise. The extent to which the noise may obfuscate the

presence of latent factors depends on a large extent on the ratio of individual units to time periods, c. Since

we are averaging over time-periods, in the absence of nonstationarity, having more time-periods leads to a

more precise estimation of the empirical covariance matrix and a more condensed distribution of eigenvalues

resulting from the noise part of the model. This makes it easier for weaker factors to manifest themselves in

the data. Therefore, we would expect that in the absence of structural breaks, estimating the APT model

would reveal more latent risk factors when using longer time series.

Notice that this prediction is contrary to and distinct from the often cited Epps effect, where the

correlation among price changes decreases substantially as we increase the sampling frequency (Epps, 1979;

Huang and Jo, 1995; Toth and Kertesz, 2008). We are interested in understanding the behavior of APT

models as we add more time periods to the model, rather than subdivide the existing time-frame and sample

at higher frequencies. The Epps effect shows that at very high frequencies, market microstructure noise may

dominate and limit our ability to make suitable inferences.

In order to investigate our prediction that the estimated number of latent factors in a standard APT

model increases as we add more time periods of observations, i.e. is a decreasing function of c = N/T ,

we construct a sample of daily stock returns over a 10 year period, starting in January 1996. Data was

downloaded from the CRSP database and we initially consider all companies that are traded on three main

US stock exchanges AMEX, NYSE and NASDAQ. Given the nature of this stylized exercise, we do not

construct construct any particular type of portfolio and all firms on which data is available are admissible.

Given the infrequent trading in some stocks, we only include those companies for which data is consistently

recorded. In order to avoid the obfuscation of our results by missing data issues, we exclude all companies

which are not traded for more than 1 day in any given month. Using this admittedly arbitrary criterion we

only keep 2,336 stocks from a total of 17,517 stocks on which data is available over the period of interest.

We use the rates on the 90 day Treasury bill to construct excess returns for all stocks.
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We apply the proposed estimator of the number of latent factors to a sequence of samples of increasing

length. Thus, the first sample contains data on the first year of the data, the second sample covers the first

two years of the data and so on. Notice that a year is measured as the number of trading days which equals

252 calendar days in most years. The last sample which includes the data for the entire 10 year period covers

2,539 trading days.

In Figure 2 we plot the estimated number of factors from each of the 10 samples as a function of the

number of trading days used in the estimation while keeping the number of stocks equal against the ratio

c = N/T . As we use more trading days in the data, the estimated number of factors increases from 5 in the

one year sample to 40 in the 10 year sample. It is important to remember that in this simple example it is

not possible to evaluate the extent to which any one of the 40 factors estimated over a period of 10 years

did in fact persist over the entire period. The assumption of factor pervasiveness only states that in order

for a factor to be identified it has to be strong enough in the sense of affecting the majority of stocks over a

significant period of time. It may well be that some of these factors were not active over the entire sampling

period.

4.2. Data Reduction of Macroeconomic Measurements

Factor models are often employed as a data reduction device, whereby a large set of economic indicators is

reduced to a small set of statistical factors. This can be done in abstraction of an economic model and the

resulting factors, containing the condensed information, can then be used to predict other outcomes of interest

such as consumption, industrial production or inflation (Stock and Watson, 2005). It may also be possible

to combine a factor model with a structural economic model, whereby the data reduction is performed

conditional on the structure of the model, thus in effect imposing additional identification restrictions which

fix the rotation of the factors along preset dimensions thereby improving our ability to interpret the estimated

factors from an economic perspective. This idea can be implemented in a DSGE framework to account for the

imperfect measurement of key macroeconomic quantities (Boivin and Giannoni, 2006) or in a New-Keynesian

model where financial data can be used to determine the stochastic dimension of the macroeconomy and

accurately measure supply shocks (Harding, 2008a).

First, we estimate the number of factors in the classical dataset of Stock and Watson (2005), which is

often used as a benchmark in macroeconomic models. This database contains 131 economic and financial

indicators for the U.S. at monthly frequency for 368 months ending in December 2003. The number of

factors estimated by the procedure outlined in this paper is 7. We have found this number to be robust

to a number of alternative specifications, such as varying the penalty function, normalizing the covariance

matrix to unit variances or letting the constant c change over the estimation as eigenvalues are removed.

Notice that this number is consistent with earlier studies of the same data. Thus, for example, both Stock

and Watson (2005) and Bai and Ng (2007), find, using different methods, the number of factors to be 7 in
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the same dataset. Onatski (2008) concludes that the number of factors is greater than 2, but the proposed

estimator is not sensitive enough to determine exactly how many factors there are in this dataset.

Second, we estimate the number of factors in an alternative dataset of economic indicators for the Euro

area which has recently been made available by Angelini et. al. (2008). The data is similar to that of Stock

and Watson (2005) and consists of 100 monthly time series collected between 1993 and 2007 on a number of

macroeconomic and financial indicators characterizing the Euro area. The number of factors estimated in

this dataset is 6. We also find this number to be robust to a number of variations of our estimator.

It is important to interpret the number of estimated factors with caution. As we have seen in our first

example the estimates may be sensitive to the dimensions of the available data and potentially valuable

information may be obscured by the noise inherent in such measurements. Furthermore, in the absence of

an associated economic model it is not clear how to give these factors an economic interpretation. From a

statistical point of view however, data reduction remains a valuable tool in condensing large datasets and

may provide valuable information when used carefully within the confines of economic theory.

5. Conclusion

In this paper we introduce new econometric theory for the estimation of large panel data models with

unobserved latent variables. We show that it is possible to estimate the number of factors consistently for

both the exact and approximate factor model without having to estimate first the factor loadings or factor

scores. Our procedure allows for arbitrary models of heteroskedasticity and autocorrelation.

This paper also contributes to the theoretical understanding of the behavior of large random matrices by

providing a series of mathematical tools based on free probability theory which are employed to characterize

the spectra of random matrices.

We show that our procedure performs better in a number of Monte Carlo methods than the leading

method of Bai and Ng (2002). The improvement in precision comes from the use of parametric restrictions

which are motivated by economic theory. The use of economic restrictions also improves our ability to

associate economic meaning to estimated latent factors.

Additionally, we have shown that in factor models with weak factors, the estimation of factor loadings

by PCA is inconsistent. To solve this problem we develop alternative IV based procedures with excellent

finite sample properties. We relate the IV estimation of the factor model to current research on many and

weak instruments.

We also consider a series of realistic examples in finance and economic which employ factor models and

show that our methods perform very well on real data and provide useful insights.
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6. Appendix

Simulation design

We simulate a models Rt = ΛFt + Ut, where U = A
1/2
N εB

1/2
T for εj,t iidN(0, 1) and Fj,t iidN(0, 1). AN

and BT are as discussed in the text. Factor loadings are generated as follows: let Λj,k =
√
m1/
√
m2 for

j = 1 . . . p0 and k = 1 . . . p0, where p0 is the number of factors. For j = p0+1 . . . N and k = 1 . . . p0 we have

Λj,k = a
√
m1/(N − k) where a = −1 if j = rk and a = +1 if j 6= rk for r = 1, 2, 3... . We can generate

weak factors by setting m1 = 3 and m2 = N and strong factors by setting m1 = 10 and m2 = 1.

Proof of Equation 2.37: If a and b are freely independent then so is the product abab. We can apply

Definition 2 since all adjacent terms of the product are free and hence:

(6.1) φ((a− φ(a)1) (b− φ(b)1) (a− φ(a)1) (b− φ(b)1)) = 0.

We can expand this expression to obtain:

(6.2) φ(abab)− φ(a)φ(bab)− φ(b)φ(aab) + φ(a)φ(b)φ(ab)− φ(a)φ(abb)+

φ2(a)φ(bb) + φ(a)φ(b)φ(ab)− φ2(a)φ2(b)− φ(b)φ(aba)+

φ(a)φ(b)φ(ba) + φ2(b)φ(aa)− φ2(a)φ2(b) + φ(a)φ(b)φ(ab)−

φ2(a)φ(b)φ(b)− φ(a)φ2(b)φ(a) + φ2(a)φ2(b) = 0

Using the fact that φ(ab) = φ(a)φ(b) and that φ(aba) = φ(aa)φ(b) we can simplify this expression as:

(6.3) φ(abab)− φ2(a)φ(bb)− φ2(b)φ(aa) + φ2(a)φ2(b)− φ2(a)φ(bb)+

φ2(a)φ(bb) + φ2(a)φ2(b)− φ2(a)φ2(b)−

φ2(b)φ(aa) + φ2(a)φ2(b) + φ2(b)φ(aa)− φ2(a)φ2(b)+

φ2(a)φ2(b)− φ2(a)φ2(b)− φ2(a)φ2(b) + φ2(a)φ2(b) = 0

Since most of the terms in this expression cancel, we obtain

(6.4) φ(abab) = φ2(a)φ(bb) + φ2(b)φ(aa)− φ2(a)φ2(b).

Proof of Proposition 6: Define the series %F (w) = 1/
∞∑

s=1
msFw

s where msF are the moments of some

probability distribution F . Let SF (w) = %F (w)(1 + w)/w. Let X and Y be two free random variables with

associated probability measures F and G. Then, SF (w)SG(w) = SFG(w) (Voiculescu, 1998).

Now consider the Cauchy Transform GΩ of ΩN as N →∞ and let msΩ be the moments of the asymptotic

eigenvalue distribution of Ω. Then GΩ(w) =
∞∑

s=0
msΩ/w

s+1. Following Burda et. al. (2006) we can let
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GΩ(w) = MΩ(w)/w + 1 such that MΩ(w) =
∞∑

s=1
msΩ/w

s. Note also that MΩ(%Ω(w)) = w. If we now

apply equation 2.6 to the heteroskedasticity matrix A we have N−1
N∑

p=1

1
1−λp/w

= 1 + w. Furthermore,

N−1
N∑

p=1

1
1−λp/%A(w)

= 1+w. If we now multiply both the numerator and denominator by 1/%Ψ(w) we have

N−1
N∑

p=1

1/%Ψ(w)
1/%Ψ(w)−λp/[%A(w)%Ψ(w)]

= 1 + w. Since SA(w)SΨ(w) = SAΨ(w) we have,

N−1
N∑

p=1

1/%Ψ(w)

1/%Ψ(w)− zλp/((1 + z)%AΨ(w))
= 1 + w.

Furthermore, we have N−1
N∑

p=1

1
1−(λp%Ψ(w))/((

1+z
z
)%AΨ(w))

= 1+w. If we now substitute MΩ(w) for w we have

N−1
N∑

p=1

1

1−
λp%Ψ(M(w))

1+MΩ(w)
MΩ(w)

w

= 1 +MΩ(w). Re-writing this expression we obtain MΩ(w) = MA(
w(1+MΩ(w))

MΩ(w)%Ψ(M(w))
).

Moreover, it ca be shown that %Ψ(w) = (1+w)(c+w)/w. Substituting in the previous expression (and after

some further cancelations) we obtain MΩ(w) = MA(
w

1+cMΩ(w)
). Re-writing this expression as a series we

obtain equation 2.54:
∞∑

s=1

msΩ
ws
=
∞∑

s=1

msA
ws
(1 + c

∞∑

r=1

mrΩ
wr
)
s

.

Proof of Proposition 7: We need to show that limN,T→∞ Pr(Ĵ(θ̂, Spp(ΣN )) > Ĵ(θ̂, Spp0(ΣN )) for all

p 6= p0 and p ≤ pmax. Let Π̃ = [Nm1Ω, Nm
2
Ω, ..., Nm

s
Ω] and

Π̃p = [
∑

λj∈Spp(ΣN )

λ1j ,
∑

λj∈Spp(ΣN )

λ2j , ...,
∑

λj∈Spp(ΣN )

λsj ].

For simplicity we consider the case of the minimum distance estimator with equal weighting. First consider

the case where p < p0. Then,

Ĵ(θ̂, Spp(ΣN )) =

s∑

r=1



NmrΩ −
∑

λj∈Spp(ΣN )

λrj





2

=

s∑

r=1



NmrΩ −
∑

λj∈Spp0 (ΣN )

λrj





2

+ J (λp0+1, ..., λp),

(6.5)

(6.6) Ĵ(θ̂, Spp(ΣN )) = Ĵ(θ̂, Spp0(ΣN )) + J (λp0+1, ..., λp).

The term J (λp0+1, ..., λp) consists of polynomial terms which depend on eigenvalues resulting from the

latent factors. Hence by the pervasiveness of the factors (Assumption 4) J (λp0+1, ..., λp) → ∞ as N → ∞

and T →∞. A fortiori, Ĵ(θ̂, Spp(ΣN )) > Ĵ(θ̂, Spp0(ΣN )) with probability 1.

Now consider the case with p > p0. Repeating the steps above we have Ĵ(θ̂, Spp(ΣN )) > Ĵ(θ̂, Spp0(ΣN ))

with probability 1. In this case however, it is no longer true that J (λp0+1, ..., λp) → ∞. Rather, we have
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J (λp0+1, ..., λp) > 0. This is a consequence of the fact that for p 6= p0 the moment conditions on the

eigenvalue distribution are going to be misspecified. The objective function is however asymmetric since it

diverges for p < p0 but is increasing for p > p0. Adding an information criterion does not change affect

the case where p < p0. For the case where p > p0 however adding an information criterion penalized the

objective function proportionally to (p − p0) which is advantageous for values of p close to p0 such that

J (λp0+1, ..., λp) is small.

It is important to understand the intuition behind this result. While the case with p < p0 is immediate

due to the fact that the eigenvalues due to the factors diverge, the case with p > p0 is perhaps less so. If

we mistakenly throw away p− p0 eigenvalues, why would this mistake not be asymptotically negligible since

we are throwing away only a finite number of them. It is important to realize that the we are not removing

these p − p0 eigenvalues at random but rather we are removing the p − p0 largest eigenvalues. Since the

eigenvalue distribution due to the noise has a finite support this is equivalent to a placing a restriction on

the domain of the pdf. This restriction becomes easily apparent in simulations where we show that the finite

moments are very sensitive to this form of restriction. It may of course happen that in very large samples the

distinction between the minimized objective function at p0 and the minimized objective function at p where,

p− p0 is small and p > p0 is very small, thereby having an objective function which is essentially flat to the

right of p0 over the interval [p0, p]. This explains the small upward bias of the estimator in some simulation

designs. In such cases we recommend choosing the smallest number of factors at which the objective function

is minimized. In all simulations however, we have found this not to be an important issue. The objective

function was sensitive enough to detect the correct number of factors in all attempted Monte Carlo designs.

But we do recommend checking the plot of the minimized objective function in order to eliminate such a

possibility in some applications to real world data.

Proof of Proposition 8: The proof of equation 2.66 is very similar to that of given in Proposition

6 with (Ψ, B) substituted for (A,Ψ) and using the fact that MΨB(w) = cM 1
T εBε

′(w). In order to derive

equations 2.67, 2.68, 2.69 and 2.70 we can expand equation 2.66 as follows:

(6.7) c(MΩ − 1) = c
m1B
w
M+ c2

m2B
w2
M2 + c3

m3B
w3
M3 + c4

m4B
w4
M4 +O(w−5),

where

(6.8) M = 1 +
m1Ω
w
+
m2Ω
w2
+
m3Ω
w3
+
m4Ω
w4
+O(w−5).

Expanding the RHS of equation 5.7 in terms of 1/w we obtain:

c(M− 1) =
1

w
cm1B +

1

w2
(
cm1Bm

1
Ω + c

2m2B
)
+
1

w3
(
cm1Bm

2
Ω + c

3m3B + 2c
2m2Bm

1
Ω

)
+(6.9)

+
1

w4

(
3c3m3Bm

1
Ω + cm

1
Bm

3
Ω + c

2m2B(2m
2
Ω +

(
m1Ω
)2
) + c3m4B

)
+O(w−5).
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Dividing both sides by c, equating terms in powers of 1/w and substituting recursively for earlier terms we

obtain:

m1Ω = m
1
B(6.10)

m2Ω = cm
2
B +m

1
Bm

1
Ω = cm

2
B +

(
m1B
)2

(6.11)

(6.12) m3Ω = c
2m3B + 2cm

2
Bm

1
Ω +m

2
Ωm

1
B = c

2m3B + 2cm
2
Bm

1
B +

(
cm2B +

(
m1B
)2)
m1B

which can be further simplified as

m3Ω = c
2m3B + 2cm

2
Bm

1
Ω +m

2
Ωm

1
B = c

2m3B + 2cm
2
Bm

1
B +

(
cm2B +

(
m1B
)2)
m1B(6.13)

(6.14) m3Ω = c
2m3B + 3cm

2
Bm

1
B +

(
m1B
)3

Additionally, we have:

(6.15) m4Ω = m
1
Bm

3
Ω + cm

2
B(2m

2
Ω +

(
m1Ω
)2
) + 3c2m3Bm

1
Ω + c

3m4B

which after substituting the values of m3Ω, m
2
Ω and m

1
Ω derived above and simplifying leads to:

(6.16) m4Ω = c
3m4B + 4c

2(m3Bm
1
B +

1

2

(
m2B
)2
) + 6cm2B(m

1
B)
2
+
(
m1B
)4
.

Proof of Proposition 9: A detailed discussion of the inconsistency of PCA in large N , T models can

be found in Paul (2007) and Onatski (2006, 2007). Here we show that the maximum degree of inconsistency

depends on our measure μ̃ of the spectral gap. Let dj = limN→∞Λ̂
′Λ̂. Since the non-zero eigenvalues of

Λ̂′Λ̂ are the same as the eigenvalues of Λ̂Λ̂′ we have that Sp(limN→∞(Λ̂Λ̂
′)) = {d1, d2, ..., dp0}, where p0 is

the number of factors in our factor model. Let d̃ = min Sp(limN→∞Λ̂Λ̂
′). If we restrict our attention to the

exact factor model we have σ2 = max(Sp(limN→∞(ΩN ))). By Theorem 1 of Onatski (2006) we have that

the degree of inconsistency for the j − th Principal Component is given by

(6.17) ∅(Λ̂j ,Λj) =

√
d2j − σ

4c

dj(dj + σ2c)

Note however that ∅(Λ̂j ,Λj) is monotonically increasing in the eigenvalues dj due to the factors:

(6.18) 0 <
∂∅(Λ̂j ,Λj)
∂dj

=
cσ2(d2j + 2σ

2dj + σ
4c)

2

√
d2j−σ

4c

dj(dj+σ2)
(dj + cσ2)

2
d2j

,

since dj > 0. Hence,

(6.19)

√
d̃2 − σ4c

d̃2 + σ2d̃c
< ∅(Λ̂j ,Λj).
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We can re-write the expression on the left as:

(6.20)

√√
√
√
√
1−

(
σ2

d̃

)2
c

1 + σ
2

d̃
c
< ∅(Λ̂j ,Λj).

If we define μ̃ = d̃/σ2 we obtain the expression for the inconsistency of PCA as given in equation 3.3.

Proof of Proposition 10: Consider the estimation of the factor loadings in a strict factor model with

1 latent factor given by 3.8. We can sequentially estimate the factor loadings by estimating λk for k = 2..N

using Rk,t = λkR1,t + εk,t for k = 2..N and εk,t = uk,t − λku1,t. Focusing on the estimation of equation k

we can re-write the estimating equation as a system of equations with two endogenous variables y1 and y2

in a form familiar to the IV literature:

y1 = βy2 + ε = βzπ + w(6.21)

y2 = zπ + v(6.22)

where y1 = Rk, y2 = R1, z = (R2, R3,...,Rk−1, Rk+1, ..., RN ) and v = u1,t − Utπ. Let K = dim(π). For

the strict factor model K = N −#factors− 1. In our case K = N − 2.

Furthermore, assume that the reduced form errors (w, v) are i.i.d Normal distributed as

(6.23)

(
w

v

)

∼ N(0,Ω) = N

(

0,

(
σ2w σwv

σwv σ2v

))

,

and let the covariance between the structural equation (1) and the reduced form equation (2) for the

endogenous variable y2, be σεv. Note that for the exact factor model with 1 factor σεv = −λkσ21 where

σ21 = Var(u1). Let the concentration parameter be given by χ
2 = π′z′zπ/σ2v . We are interested in the bias

of the 2SLS estimator as a function of the concentration parameter. The finite sample bias of the 2SLS

estimator β̂2SLS was derived by Richardson (1968) and is given by the following expression:

(6.24) E(β̂2SLS)− β =
σεv

σvv
exp(−χ2/2) 1F1(K/2− 1;K/2;χ

2/2),

where 1F1(a; b; c) denotes the confluent hypergeometric function 1F1(a; b; c) given by the following

expansion

(6.25) 1F1(a; b; c) =

∞∑

j=1

(a)j
(b)j

cj

j!
,
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Note that the confluent hypergeometric function is defined in terms of Pochammer’s symbol (a)j which

corresponds to the ascending factorial:

(6.26) (a)j =

j−1∏

k=0

(a+ k) = a (a+ 1) (a+ 2) ... (a+ j − 1) for(a)0 = 1.

Let A = exp(−χ2/2) 1F1(K/2− 1;K/2;χ2/2) and consider an expansion of A for large values of χ2:

A = exp(−χ2/2)
Γ(K/2)

Γ(K/2− 1)
exp(χ2/2)

(
χ2

2

)(K/2−1−K/2)
+O[

(
χ2

2

)−2
](6.27)

(6.28) A = 2
Γ(K/2)

Γ(K/2− 1)

(
1

χ2

)

+O[

(
χ2

2

)−2
]

But since Γ(K/2) = (K/2− 1)Γ(K/2− 1) we have

(6.29) A =
K − 2
χ2

+O[

(
χ2

2

)−2
]

If we now substitute the first term of A in our bias expression we obtain

(6.30) E(β̂2SLS)− β ∼=
σεv

σ2v

K − 2
χ2

=
σεv

σ2v
(K − 2)

(
1−R2

)

(N −K)R2
,

where R2 corresponds to the R2 of the first stage regression. This expression corresponds to the approx-

imate bias expression given in Hahn and Hausman (2002 a, b). Recall that K = N − 2 and σεv = −λkσ21 .

Hence we obtain the expression in Proposition 10:

(6.31) E(λ̂2SLSk )− λk ∼= −λk
σ21
σ2v
(N − 4)

(
1−R2

)

(T −N − 2)R2
.

IV Estimators used in Section 3.2:

The estimation of the loadings in a factor model using IV methods requires applying IV estimators

recursively to determine the set of loadings λk for each cross-sectional unit. The complete set of loadings is

obtained by adding the normalizations on the first p loadings. For simplicity we give the IV estimators under

the setup of equations 5.21 and 5.22. At each step however a different set of observations are substituted for

y1 and z. Let Pz = z(z
′z)
−1
z′ and Qz = I − Pz.

2SLS: β̂ = (y2
′Pzy1)/(y2

′Pzy2)

Fuller: β̂ = (y2
′Pzy1 − κy2′Qzy1)/(y2′Pzy2 − κy2′Qzy1) for κ = φ − 1/(T − N − 2), where φ =

min Sp{W ′PzW (W ′QzW )
−1} and W = (y1, y2).
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BC2SLS: Uses the idea in Hahn and Hausman (2002b) to solve for the population coefficient from the

second-order bias expression.

(6.32) β̂BC = β̂2SLS/

(

1−
σ21
σ2v
(N − 4)

(
1−R2

)

(T −N − 2)R2

)

where β̂2SLS is the 2SLS estimator. We can make this estimator feasible by substituting R
2 with the

estimated first stage R2, σ2v with the estimated first stage variance and estimate σ
2
1 = Var(y1) − 1, if we

normalize the variance of the factors to 1.

CUE: β̂ = argminβ∈B ĝ(β)
′
Ω̂(β)ĝ(β)/2 for ĝ(β) = z′(y1−βy2) and Ω̂(β) = E(σ̂2t z

′
tzt), where σ̂

2
t = E(ε

2
t ).

In order to optimize this objective function we applied a bounded version of the Nelder-Mead algorithm

which allows us to impose restrictions on the parameter space B in order to avoid the multiple minima

occasionally found in the simulations.

T-2SLS: The idea behind Theil’s modification is to replace the term (z′z)
−1
by a matrix D. Here we

take D = I and therefore we have β̂ = (y2
′zz′y1)/(y2

′zz′y2). Note that this estimator is consistent since

β̂ = β0 + (y2
′zz′ε)/(y2

′zz′y2) and plim T
−1z′ε = 0.

T-CUE: The estimator is the same as CUE but uses a different weighting matrix Ω̂(β) = E(σ̂2t ).
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Figure 1. Objective function used to estimated the number of factors.
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Figure 2. Estimation of the number of factors for N = 300 stock returns and
T = 252 . . . 2539 (1 to 10 trading years).



Table 1: Estimating the Number of Strong Factors. # Factors = 5

N T c MD MDW MD-IC MDW-IC BN5 BN15 MD MDW MD-IC MDW-IC BN5 BN15
30 100 0.3 5.198 5.074 5.020 5.028 4.976 4.984 0.586 0.082 0.020 0.028 0.024 0.016
50 100 0.5 5.344 5.246 5.136 5.042 4.422 4.422 0.660 0.394 0.156 0.046 0.582 0.582
70 100 0.7 5.488 5.532 5.312 5.036 3.934 3.944 0.716 0.940 0.416 0.044 1.238 1.208
90 100 0.9 5.712 6.054 5.484 5.040 3.568 3.568 1.288 2.666 0.704 0.048 2.296 2.300
90 300 0.3 5.118 5.100 5.006 5.002 4.004 3.998 0.122 0.104 0.006 0.002 0.996 1.006
150 300 0.5 5.248 5.190 5.096 5.012 3.472 3.442 0.308 0.234 0.112 0.012 2.584 2.674
210 300 0.7 5.428 5.434 5.244 5.004 3.004 3.006 0.612 0.578 0.300 0.004 3.988 3.982
270 300 0.9 5.586 5.662 5.446 5.006 2.984 2.978 0.890 1.050 0.626 0.006 4.080 4.110
150 500 0.3 5.102 5.072 5.002 5.002 3.880 3.912 0.106 0.076 0.002 0.002 1.360 1.264
250 500 0.5 5.256 5.212 5.090 5.002 3.002 3.002 0.308 0.248 0.102 0.002 3.994 3.994
350 500 0.7 5.446 5.412 5.252 5.000 2.998 3.000 0.586 0.496 0.284 0.000 4.010 4.000
450 500 0.9 5.566 5.624 5.418 5.006 2.806 2.806 0.846 0.948 0.570 0.006 4.970 4.970

Number of Factors

Idiosyncratic Variance
Mean Bias MSE

Mean MSE

N T c MD MDW MD-IC MDW-IC MD MDW MD-IC MDW-IC
30 100 0.3 -0.081 -0.060 -0.072 -0.058 0.008 0.004 0.006 0.004
50 100 0.5 -0.078 -0.066 -0.069 -0.058 0.007 0.005 0.005 0.004
70 100 0.7 -0.074 -0.071 -0.067 -0.056 0.006 0.006 0.005 0.003
90 100 0.9 -0.077 -0.085 -0.069 -0.056 0.007 0.009 0.005 0.003
90 300 0.3 -0.025 -0.020 -0.022 -0.018 0.001 0.000 0.001 0.000
150 300 0.5 -0.024 -0.020 -0.022 -0.018 0.001 0.000 0.001 0.000
210 300 0.7 -0.024 -0.023 -0.022 -0.018 0.001 0.001 0.001 0.000
270 300 0.9 -0.024 -0.024 -0.022 -0.018 0.001 0.001 0.001 0.000
150 500 0.3 -0.015 -0.011 -0.014 -0.011 0.000 0.000 0.000 0.000
250 500 0.5 -0.015 -0.012 -0.013 -0.011 0.000 0.000 0.000 0.000
350 500 0.7 -0.015 -0.014 -0.013 -0.011 0.000 0.000 0.000 0.000
450 500 0.9 -0.014 -0.015 -0.013 -0.011 0.000 0.000 0.000 0.000

Estimators used
a) MD Minimum Distance Parameter Estimation and J‐test Objective Function
b) MDW Two‐Step Minimum Distance Parameter Estimation with Optimal Covariance Matrix and J‐test
c) MD‐IC Augmentation of J‐test in Estimator a) with Panel Information Criterion
d) MDW‐ICAugmentation of J‐test in Estimator b) with Panel Information Criterion
e) BN5 Bai and Ng (2002) Estimator with kmax=5
f) BN15 Bai and Ng (2002) Estimator with kmax=15



Table 2: Estimating the Number of Weak Factors. # Factors = 5

N T c MD MDW MD-IC MDW-IC BN5 BN15 MD MDW MD-IC MDW-IC BN5 BN15
30 100 0.3 5.176 5.064 5.028 5.016 3.798 12.904 0.444 0.076 0.040 0.024 1.606 63.016
50 100 0.5 5.256 5.178 5.088 4.992 2.774 6.100 0.528 0.306 0.180 0.072 5.134 1.700
70 100 0.7 5.304 5.314 5.110 4.812 2.144 3.984 0.696 0.754 0.354 0.260 8.308 1.232
90 100 0.9 5.444 5.738 5.294 4.774 1.740 3.102 0.816 2.010 0.586 0.274 10.840 3.742
90 300 0.3 5.082 5.084 5.008 5.008 2.026 2.976 0.086 0.088 0.008 0.008 8.870 4.120
150 300 0.5 5.196 5.146 5.062 4.998 1.258 1.986 0.264 0.162 0.110 0.014 14.194 9.102
210 300 0.7 5.302 5.296 5.152 4.890 0.998 1.222 0.494 0.424 0.272 0.114 16.018 14.446
270 300 0.9 5.378 5.452 5.238 4.676 0.810 1.000 0.706 0.768 0.514 0.328 17.710 16.000
150 500 0.3 5.090 5.078 5.008 5.008 1.672 2.000 0.102 0.086 0.008 0.008 11.296 9.000
250 500 0.5 5.190 5.126 5.034 4.992 1.000 1.076 0.234 0.146 0.058 0.008 16.000 15.468
350 500 0.7 5.274 5.232 5.120 4.890 0.844 0.996 0.426 0.316 0.272 0.114 17.404 16.036
450 500 0.9 5.308 5.414 5.182 4.644 0.106 0.598 0.572 0.646 0.410 0.356 24.046 19.618

Number of Factors
Mean MSE

Idiosyncratic Variance
Mean Bias MSE

N T c MD MDW MD-IC MDW-IC MD MDW MD-IC MDW-IC
30 100 0.3 -0.088 -0.067 -0.080 -0.065 0.009 0.005 0.008 0.005
50 100 0.5 -0.081 -0.070 -0.073 -0.063 0.008 0.006 0.006 0.005
70 100 0.7 -0.076 -0.073 -0.068 -0.057 0.007 0.006 0.005 0.004
90 100 0.9 -0.077 -0.083 -0.071 -0.056 0.007 0.008 0.006 0.004
90 300 0.3 -0.028 -0.022 -0.026 -0.021 0.001 0.001 0.001 0.001
150 300 0.5 -0.026 -0.022 -0.024 -0.020 0.001 0.001 0.001 0.000
210 300 0.7 -0.026 -0.025 -0.024 -0.020 0.001 0.001 0.001 0.000
270 300 0.9 -0.025 -0.026 -0.023 -0.018 0.001 0.001 0.001 0.000
150 500 0.3 -0.017 -0.013 -0.016 -0.013 0.000 0.000 0.000 0.000
250 500 0.5 -0.016 -0.013 -0.014 -0.012 0.000 0.000 0.000 0.000
350 500 0.7 -0.015 -0.014 -0.014 -0.012 0.000 0.000 0.000 0.000
450 500 0.9 -0.015 -0.016 -0.014 -0.011 0.000 0.000 0.000 0.000

Estimators used
a) MD Minimum Distance Parameter Estimation and J‐test Objective Function
b) MDW Two‐Step Minimum Distance Parameter Estimation with Optimal Covariance Matrix and J‐test
c) MD‐IC Augmentation of J‐test in Estimator a) with Panel Information Criterion
d) MDW‐ICAugmentation of J‐test in Estimator b) with Panel Information Criterion
e) BN5 Bai and Ng (2002) Estimator with kmax=5
f) BN15 Bai and Ng (2002) Estimator with kmax=15



Table 3: Estimating the Number of Strong Factors. # Factors = 5. Misspecified model with AR1(0.1) Idiosyncratic Errors.

N T c MD MDW MD-IC MDW-IC MD MDW MD-IC MDW-IC
30 100 0.3 5.226 5.120 5.062 5.034 0.394 0.144 0.066 0.034
50 100 0.5 5.460 5.384 5.212 5.044 0.664 0.572 0.244 0.048
70 100 0.7 5.792 5.878 5.480 5.092 1.500 1.846 0.696 0.108
90 100 0.9 6.272 6.792 5.914 5.152 2.964 5.328 1.762 0.172
90 300 0.3 5.344 5.292 5.040 5.028 0.448 0.368 0.044 0.028
150 300 0.5 5.886 5.804 5.476 5.052 1.358 1.228 0.592 0.056
210 300 0.7 6.538 6.670 6.146 5.066 3.262 3.802 2.034 0.070
270 300 0.9 7.338 7.884 6.978 5.146 6.606 9.864 4.902 0.150
150 500 0.3 5.596 5.536 5.088 5.028 0.796 0.680 0.092 0.028
250 500 0.5 6.500 6.450 5.916 5.112 2.956 2.866 1.344 0.116
350 500 0.7 7.574 7.784 7.064 5.268 7.598 8.944 5.044 0.320
450 500 0.9 8.486 9.028 8.126 5.366 13.118 17.192 10.758 0.426

Number of Factors
Mean MSE

Idiosyncratic Variance
Mean Bias MSE

N T c MD MDW MD-IC MDW-IC MD MDW MD-IC MDW-IC
30 100 0.3 -0.084 -0.065 -0.075 -0.061 0.009 0.005 0.007 0.005
50 100 0.5 -0.079 -0.070 -0.067 -0.058 0.007 0.006 0.005 0.004
70 100 0.7 -0.087 -0.087 -0.074 -0.062 0.009 0.009 0.006 0.004
90 100 0.9 -0.093 -0.109 -0.081 -0.063 0.010 0.014 0.008 0.004
90 300 0.3 -0.028 -0.024 -0.021 -0.020 0.001 0.001 0.001 0.001
150 300 0.5 -0.031 -0.029 -0.023 -0.020 0.001 0.001 0.001 0.000
210 300 0.7 -0.035 -0.037 -0.029 -0.020 0.001 0.002 0.001 0.000
270 300 0.9 -0.040 -0.047 -0.035 -0.021 0.002 0.002 0.001 0.000
150 500 0.3 -0.017 -0.016 -0.010 -0.011 0.000 0.000 0.000 0.000
250 500 0.5 -0.022 -0.022 -0.016 -0.012 0.001 0.001 0.000 0.000
350 500 0.7 -0.027 -0.030 -0.023 -0.013 0.001 0.001 0.001 0.000
450 500 0.9 -0.030 -0.036 -0.027 -0.014 0.001 0.001 0.001 0.000

Estimators used
a) MD Minimum Distance Parameter Estimation and J‐test Objective Function
b) MDW Two‐Step Minimum Distance Parameter Estimation with Optimal Covariance Matrix and J‐test
c) MD‐IC Augmentation of J‐test in Estimator a) with Panel Information Criterion
d) MDW‐ICAugmentation of J‐test in Estimator b) with Panel Information Criterion



Table 4: Estimating the Number of Factors with Autocorrelated Idiosyncratic Errors

N T c MD MD-IC BN5 BN15 MD MD-IC BN5 BN15
30 100 0.3 5.460 5.000 4.984 4.986 0.612 0.000 0.016 0.018
50 100 0.5 6.640 5.004 4.466 4.466 4.312 0.004 0.538 0.538
70 100 0.7 7.358 5.022 3.954 3.954 9.306 0.030 1.194 1.194
90 100 0.9 6.730 5.014 3.608 3.608 6.406 0.014 2.176 2.176
90 300 0.3 6.770 5.000 4.006 4.006 6.134 0.000 0.994 0.994

150 300 0.5 6.098 5.000 3.526 3.526 3.150 0.000 2.422 2.422
210 300 0.7 5.720 5.000 3.008 3.008 1.548 0.000 3.976 3.976
270 300 0.9 5.560 5.002 2.988 2.988 1.096 0.002 4.060 4.060
150 500 0.3 6.284 5.000 3.904 3.904 3.968 0.000 1.288 1.288
250 500 0.5 5.840 5.000 3.002 3.002 1.928 0.000 3.994 3.994
350 500 0.7 5.710 5.000 2.994 2.994 1.338 0.000 4.030 4.030
450 500 0.9 5.580 5.002 2.834 2.834 1.008 0.002 4.830 4.830

N T c MD MD-IC MD MD-IC MD MD-IC MD MD-IC
30 100 0.3 -0.092 -0.068 0.010 0.006 -0.168 -0.104 0.039 0.025
50 100 0.5 -0.130 -0.067 0.020 0.005 -0.148 -0.028 0.029 0.005
70 100 0.7 -0.144 -0.068 0.025 0.005 -0.106 -0.015 0.017 0.003
90 100 0.9 -0.117 -0.064 0.017 0.004 -0.046 -0.001 0.005 0.001

Factors
Mean MSE

Mean Bias MSE Mean Bias MSE
Idiosyncratic Variance Time Series Correlation

90 300 0.3 -0.049 -0.021 0.003 0.001 -0.094 -0.021 0.013 0.001
150 300 0.5 -0.036 -0.022 0.002 0.001 -0.031 -0.005 0.002 0.000
210 300 0.7 -0.031 -0.023 0.001 0.001 -0.015 -0.002 0.000 0.000
270 300 0.9 -0.027 -0.022 0.001 0.001 -0.008 0.001 0.000 0.000
150 500 0.3 -0.026 -0.014 0.001 0.000 -0.042 -0.012 0.003 0.000
250 500 0.5 -0.020 -0.013 0.001 0.000 -0.016 -0.004 0.000 0.000
350 500 0.7 -0.018 -0.013 0.000 0.000 -0.008 0.000 0.000 0.000
450 500 0.9 -0.016 -0.013 0.000 0.000 -0.004 0.001 0.000 0.000

Estimators used
a) MD Minimum Distance Parameter Estimation and J‐test Objective Function
b) MD‐IC Augmentation of J‐test in Estimator a) with Panel Information Criterion
c) BN5 Bai and Ng (2002) Estimator with kmax=5
d) BN15 Bai and Ng (2002) Estimator with kmax=15



Table 5: Inconsistency of PCA for Weak Factors

N T c PC1 PC2 PC3 PC4 PC5 IV1 IV2 IV3 IV4 IV5
70 100 0.7 0.202 0.067 ‐0.186 ‐0.016 ‐0.140 ‐0.094 0.073 ‐0.090 ‐0.084 0.094
90 100 0.9 ‐1.189 0.409 ‐1.678 ‐0.425 3.726 ‐0.128 0.096 0.122 ‐0.072 0.126

210 300 0.7 39.957 32.094 6.431 ‐52.497 ‐8.939 ‐0.014 0.023 0.006 ‐0.054 0.003
350 500 0.7 0.091 0.059 ‐0.022 ‐0.069 ‐0.058 ‐0.001 ‐0.011 0.009 ‐0.009 0.018
450 500 0.9 0.006 0.002 0.005 ‐0.014 ‐0.001 ‐0.002 0.045 0.019 ‐0.024 0.044

PC1 PC2 PC3 PC4 PC5 IV1 IV2 IV3 IV4 IV5
70 100 0.7 0.000 ‐0.003 ‐0.013 0.010 ‐0.003 ‐0.105 0.068 ‐0.065 ‐0.081 0.113
90 100 0.9 0.007 0.003 0.010 ‐0.007 0.013 ‐0.102 0.087 0.112 ‐0.074 0.098

210 300 0.7 0.002 ‐0.003 ‐0.005 ‐0.005 ‐0.002 ‐0.017 0.019 0.016 ‐0.031 0.023

Mean Bias

Median Bias

350 500 0.7 ‐0.001 ‐0.004 0.003 0.006 0.003 0.001 0.016 0.014 ‐0.003 0.013
450 500 0.9 0.006 ‐0.001 0.004 0.003 ‐0.004 0.006 0.037 0.017 ‐0.031 0.048

PC1 PC2 PC3 PC4 PC5 IV1 IV2 IV3 IV4 IV5
70 100 0.7 19.102 4.802 12.596 5.541 13.308 0.373 0.329 0.297 0.301 0.351
90 100 0.9 949.050 173.110 2414.200 606.960 12735 0.490 0.472 0.393 0.462 0.455

210 300 0.7 1337400 895190 50012 2451500 75091 0.423 0.293 0.268 0.348 0.297
350 500 0.7 4.771 2.633 0.421 3.836 2.689 0.352 0.289 0.192 0.346 0.239
450 500 0.9 0.627 0.168 0.076 0.480 0.165 0.848 0.689 0.548 0.738 0.764

MSE



Table 6(a): Estimation of Factor Loadings (c<1)

N T c PCA 2SLS Fuller BC2SLS CUE T-2SLS T-CUE
30 100 0.3 0.016 ‐0.230 ‐0.003 0.028 0.010 ‐0.014 0.017
50 100 0.5 0.010 ‐0.338 0.009 0.047 0.024 ‐0.040 0.010
70 100 0.7 0.013 ‐0.413 0.022 0.105 0.036 ‐0.054 0.014
90 100 0.9 0.009 ‐0.470 0.020 0.157 ‐0.004 ‐0.072 0.010
90 300 0.3 0.003 ‐0.237 0.000 0.012 0.004 ‐0.026 0.003
150 300 0.5 0.006 ‐0.341 ‐0.001 0.021 0.005 ‐0.041 0.005
210 300 0.7 0.008 ‐0.416 0.005 0.022 0.013 ‐0.055 0.008
270 300 0.9 0.005 ‐0.474 0.038 0.036 0.111 ‐0.074 0.005
150 500 0.3 0.001 ‐0.240 ‐0.001 0.005 0.002 ‐0.028 0.001
250 500 0.5 ‐0.002 ‐0.342 ‐0.001 0.011 0.004 ‐0.047 ‐0.002
350 500 0.7 0.004 ‐0.417 0.000 0.016 0.006 ‐0.059 0.004
450 500 0.9 0.001 ‐0.473 0.016 0.022 0.102 ‐0.076 0.001

N T c PCA 2SLS Fuller BC2SLS CUE T-2SLS T-CUE
30 100 0.3 0.024 0.066 0.028 0.065 0.030 0.022 0.025
50 100 0.5 0.023 0.125 0.039 0.127 0.045 0.022 0.025
70 100 0.7 0.023 0.180 0.078 0.334 0.094 0.021 0.024
90 100 0 9 0 023 0 229 0 394 0 459 0 289 0 022 0 023

Mean Bias

MSE

90 100 0.9 0.023 0.229 0.394 0.459 0.289 0.022 0.023
90 300 0.3 0.007 0.061 0.009 0.019 0.009 0.008 0.008
150 300 0.5 0.008 0.120 0.013 0.033 0.013 0.008 0.007
210 300 0.7 0.008 0.176 0.018 0.047 0.019 0.009 0.007
270 300 0.9 0.007 0.228 0.117 0.065 0.205 0.012 0.009
150 500 0.3 0.004 0.060 0.005 0.010 0.005 0.005 0.004
250 500 0.5 0.004 0.119 0.007 0.017 0.007 0.006 0.005
350 500 0.7 0.004 0.175 0.011 0.025 0.012 0.007 0.005
450 500 0.9 0.004 0.225 0.036 0.033 0.143 0.009 0.005

Table 6(b): Estimation of Factor Loadings (c>1)

N T c PCA T-2SLS T-CUE PCA T-2SLS T-CUE
150 100 1.5 0.011 ‐0.116 0.009 0.025 0.029 0.025
300 100 3 0.003 ‐0.194 0.005 0.024 0.050 0.025
500 100 5 0.022 ‐0.251 0.023 0.026 0.074 0.027
450 300 1.5 0.004 ‐0.115 0.004 0.008 0.019 0.008
900 300 3 ‐0.001 ‐0.191 ‐0.001 0.007 0.040 0.008
1500 300 5 0.005 ‐0.250 0.005 0.008 0.066 0.009
750 500 1.5 0.002 ‐0.116 0.002 0.004 0.017 0.005
1500 500 3 0.000 ‐0.189 0.000 0.004 0.038 0.005
2500 500 5 0.004 ‐0.250 0.004 0.004 0.063 0.005

Mean Bias MSE
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