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Comparative statics

Comparative statics is the study of how endogenous variables
respond to changes in exogenous variables
Endogenous variables are typically set by

1 Maximization, or

2 Equilibrium

Often we can characterize a maximization problem as a system of
equations (like an equilibrium)

Typically we do this using FOCs

Key comparative statics tool is the Implicit Function Theorem

Runs into lots of problems with continuity, smoothness,
nonconvexity, et cetera

Since we often only care about directional statements, we will also
cover monotone comparative statics tools
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Comparative statics tools

We will discuss (and use throughout the quarter):

1 Envelope Theorem

2 Implicit Function Theorem

3 Topkis’ Theorem

4 Monotone Selection Theorem
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Envelope Theorem

The ET and IFT tell us about the derivatives of different objects
with respect to the parameters of the problem (i.e., exogenous
variables):

Envelope Theorems consider value function

Implicit Function Theorem considers choice function
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Envelope Theorem

A simple Envelope Theorem:

v(q) = max
x

f (x , q)

= f
(
x∗(q), q

)
∇qv(q) = ∇qf

(
x∗(q), q

)
+∇x f

(
x∗(q), q

)︸ ︷︷ ︸
=0 by FOC

·∇qx∗(q)

= ∇qf
(
x∗(q), q

)
Think of the ET as an application of the chain rule and then FOCs
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Illustrating the Envelope Theorem

Objectives and envelope for v(z) ≡ maxx −5(x − z)2 − z(z − 1)
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A more complete Envelope Theorem

Theorem (Envelope Theorem)

Consider a constrained optimization problem v(θ) = maxx f (x , θ)
such that g1(x , θ) ≥ 0, . . . , gK (x , θ) ≥ 0.

Comparative statics on the value function are given by:

∂v

∂θi
=

∂f

∂θi

∣∣∣∣
x∗

+
K∑

k=1

λk
∂gk

∂θi

∣∣∣∣
x∗

=
∂L
∂θi

∣∣∣∣
x∗

(for Lagrangian L(x , θ, λ) ≡ f (x , θ) +
∑

k λkgk(x , θ)) for all θ
such that the set of binding constraints does not change in an
open neighborhood.

Roughly, the derivative of the value function is the derivative of
the Lagrangian
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Example: Cost Minimization Problem

Single-output cost minimization problem

min
z∈Rm

+

w · z such that f (z) ≥ q.

L(q,w , λ, µ) ≡ −w · z + λ
(
f (z)− q

)
+ µ · z

Applying Kuhn-Tucker here gives

λ
∂f (z∗)

∂zi
≤ wi with equality if z∗i > 0

The ET applied to c(q,w) ≡ minz∈Rm
+, f (z)≥q w · z gives

∂c(q,w)

∂q
= λ

10 / 42



Introduction The FOC approach Monotone comparative statics Producer applications

The Implicit Function Theorem I

A simple, general maximization problem

X ∗(t) = argmax
x∈X

F (x , t)

where F : X × T → R and X × T ⊆ R2.

Suppose:

1 Smoothness: F is twice continuously differentiable

2 Convex choice set: X is convex

3 Strictly concave objective (in choice variable): F ′′xx < 0
(together with convexity of X , this ensures a unique
maximizer)

4 Interiority: x(t) is in the interior of X for all t (which means
the standard FOC must hold)
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The Implicit Function Theorem II

The first-order condition says the unique maximizer satisfies

F ′x
(
x(t), t

)
= 0

Taking the derivative in t:

x ′(t) = −
F ′′xt
(
x(t), t

)
F ′′xx
(
x(t), t

)
Note by strict concavity, the denominator is negative, so x ′(t) and
the cross-partial F ′′xt

(
x(t), t

)
have the same sign
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Illustrating the Implicit Function Theorem

FOC: F ′x
(
x(t), t

)
= 0

Suppose F ′′xt > 0 Thus thigh > tlow =⇒ F ′x(x , thigh) > F ′x(x , tlow)

F ′x(·, tlow)
x

x(tlow)

x

F ′x(·, thigh)

x(thigh)

F (·, tlow)

x
x(tlow)

x

F (·, thigh)

x(thigh)
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Intuition for the Implicit Function Theorem

When F ′′xt ≥ 0, an increase in x is more valuable when the
parameter t is higher

In a sense, x and t are complements; we therefore expect that an
increase in t results in an increase in the optimal choice of x

This intuition should carry through without all our assumptions

MCS will lead us to the same conclusion without smoothness
of F or strict concavity of F in x

The sign of x ′(t) should be ordinal (i.e., invariant to
monotone transformations of F )
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Motivating “increasing differences”

Recall the implicit function theorem relies on the cross-partial
derivative of the objective function between the choice variable and
the parameter

Key idea behind the implicit function theorem

“An increase in the choice variable is more valuable when the
parameter is higher.”

Consider

Parameter values: t < t ′

Choice values: x < x ′

The “value” of an increase in the choice variable is

F (x ′, t ′)− F (x , t ′) when the parameter is high (t ′)

F (x ′, t)− F (x , t) when the parameter is low (t)
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Increasing differences I

Definition (increasing differences)

F : X × T → R (with X , T ⊆ R) has (weakly) increasing
differences iff for all x ′ > x and t ′ > t

F (x ′, t ′)− F (x , t ′) ≥ F (x ′, t)− F (x , t).

F has strictly/strongly increasing differences iff the above
inequality is strict.

Note the definition is symmetric between x and t
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Increasing differences II

Assuming F (·, ·) is sufficiently smooth, the following are
equivalent:

1 F has increasing differences

2 F ′x(x , t) is nondecreasing in t for all x

3 F ′t(x , t) is nondecreasing in x for all t

4 F ′′xt(x , t) ≥ 0 for all (x , t)

Intuitively, ID means the variables enter the objective function in a
“complementary” manner
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Increasing differences III

If for all x ′ > x and t ′ > t

F (x ′, t ′)− F (x , t ′) ≤ F (x ′, t)− F (x , t),

we can say any of

F has increasing differences in (x ,−t),

F has increasing differences in (−x , t), or

−F has increasing differences [in (x , t)]
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Towards Topkis’ Theorem I

Topkis will basically tell us that if the objective function has ID,
the maximizer x∗(t) will be increasing in parameter t

If the maximizer is unique, this is exactly what Topkis says

A slight wrinkle arises if the argmax is not always single-valued
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Towards Topkis’ Theorem II

Definition (strong set order)

A ≤ B in the strong set order iff for any a ∈ A and b ∈ B,

a ≥ b =⇒ b ∈ A and a ∈ B,

or equivalently

min{a, b} ∈ A and max{a, b} ∈ B.

That is, ranking the elements of A∪B from lowest to highest gives:

• • • •︸ ︷︷ ︸
A\B

• • • •︸ ︷︷ ︸
A∩B

• • • •︸ ︷︷ ︸
B\A

.

21 / 42



Introduction The FOC approach Monotone comparative statics Producer applications

Topkis’ Theorem I

Theorem (Topkis’ Theorem)

Suppose

1 F : X × T → R (with X , T ⊆ R) has ID,

2 t ′ > t,

3 x ∈ X ∗(t) ≡ argmaxξ∈X F (ξ, t), and x ′ ∈ X ∗(t ′).

Then
min{x , x ′} ∈ X ∗(t) and max{x , x ′} ∈ X ∗(t ′).

In other words, X ∗(t) ≤ X ∗(t ′) in strong set order.

This implies sup X ∗(·) and inf X ∗(·) are nondecreasing

If X ∗(·) is single-valued, then X ∗(·) is nondecreasing
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Topkis’ Theorem II

Proof.

If x ≤ x ′ the statement is trivial, so suppose x > x ′; thus
min{x , x ′} = x ′ and max{x , x ′} = x .

F (x , t) ≥ F (x ′, t) because x ∈ X ∗(t), and

F (x ′, t ′) ≥ F (x , t ′) because x ′ ∈ X ∗(t ′).

Adding these two gives

F (x , t) + F (x ′, t ′) ≥ F (x ′, t) + F (x , t ′),

while if x > x ′, ID gives that (recall t ′ > t and x ′ < x)

F (x , t) + F (x ′, t ′) ≤ F (x ′, t) + F (x , t ′).

Thus all the above inequalities hold with equality, implying that
x ∈ X ∗(t ′) and x ′ ∈ X ∗(t).
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Monotone Selection Theorem

The Monotone Selection Theorem is the analogue of Topkis’
Theorem for strictly increasing differences

It says any selection from X ∗(t) is nondecreasing in t

Theorem (Monotone Selection Theorem)

Suppose

1 F : X × T → R (with X , T ⊆ R) has SID,

2 t ′ > t,

3 x ∈ X ∗(t) ≡ argmaxξ∈X F (ξ, t), and x ′ ∈ X ∗(t ′).

Then x ′ ≥ x.
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Multidimensional increasing differences

Suppose we have more than one choice variable, e.g.,

max
(x1,x2)∈X⊆R2

F (x1, x2, t)

Topkis says

F has ID in (x1, t)⇒ x∗1 holding x2 fixed is nondecreasing in t

F has ID in (x2, t)⇒ x∗2 holding x1 fixed is nondecreasing in t

Nothing if both x∗1 and x∗2 can respond to changes in t

There are indirect effects between the choice variables; they may
reinforce or counteract the direct effects

To apply multivariate Topkis, we also need effects to reinforce

This also requires ID between x1 and x2
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Lattice theory 101: Meet and Join

For x , y ∈ Rn,

Definition (meet)

x ∧ y ≡
(
min{x1, y1}, . . . ,min{xn, yn}

)
.

Definition (join)

x ∨ y ≡
(
max{x1, y1}, . . . ,max{xn, yn}

)
.

More generally, on a partially ordered set, x ∧ y is the greatest
lower bound of x and y , and x ∨ y is the least upper bound
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Lattice theory 101: Sublattices

Definition (sublattice)

Any set X ⊆ Rn such that for all x and y ∈ X , we have x ∧ y ∈ X
and x ∨ y ∈ X .

Sublattice Not
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Lattice theory 101: Supermodularity

Definition (supermodularity)

F : X → Rn on a sublattice X is supermodular iff for all x , y ∈ X ,
we have

F (x ∧ y) + F (x ∨ y) ≥ F (x) + F (y).

Supermodularity is equivalent to ID in all pairs of variables

Definition (submodularity)

F : X → Rn on a sublattice X is submodular iff for all x , y ∈ X ,
we have

F (x ∧ y) + F (x ∨ y) ≤ F (x) + F (y).

Submodularity is equivalent to −F having ID in all pairs of
variables
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Multivariate Topkis’ Theorem I

Theorem (Topkis’ Theorem)

Suppose

1 F : X × T → R (for X a lattice, T fully ordered) is
supermodular,

2 t ′ > t,

3 x ∈ X ∗(t) ≡ argmaxξ∈X F (ξ, t), and x ′ ∈ X ∗(t ′).

Then
(x ∧ x ′) ∈ X ∗(t) and (x ∨ x ′) ∈ X ∗(t ′).

That is, X ∗(·) is nondecreasing in t in the stronger set order.
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Multivariate Topkis’ Theorem II

Topkis’ Theorem as stated on the last slide still makes unnecessary
assumptions; in full generality it actually says

Theorem (Topkis’ Theorem)

Suppose
1 F : X × T → R (for X a lattice, T partially ordered)

is supermodular in x (i.e., ID in all (xi , xj))
has ID in (x , t) (i.e., ID in all (xi , tj))

2 t ′ > t,

3 x ∈ X ∗(t) ≡ argmaxξ∈X F (ξ, t), and x ′ ∈ X ∗(t ′).

Then
(x ∧ x ′) ∈ X ∗(t) and (x ∨ x ′) ∈ X ∗(t ′).

That is, X ∗(·) is nondecreasing in t in the stronger set order.
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Complement and substitute inputs I

Informally, two inputs are called

Substitutes when an increase in the price of one leads to an
increase in input demand for the other

Complements when an increase in the price of one leads to a
decrease in input demand for the other

If differentiable, given by sign of an element of substitution matrix:

Substitutes: ∂yi/∂pj = ∂yj/∂pi ≤ 0

Complements: ∂yi/∂pj = ∂yj/∂pi ≥ 0

(Recall sign convention: inputs are negative quantities)
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Complement and substitute inputs II

Things are actually a bit more complicated. . .

1 May not be uniform (substitutes somewhere, complements
elsewhere)

2 Which firm problem should we use?

All inputs and outputs can vary

Some inputs are held fixed (“short-run optimization”)

Output is held fixed (cost-minimization problem)

33 / 42



Introduction The FOC approach Monotone comparative statics Producer applications

Complement inputs I

Consider single-output profit-maximization with all inputs free to
vary (“long-run optimization”)

Theorem

Restrict attention to price vectors (p,w) ∈ Rn
+ at which factor

demand correspondence z(p,w) is single-valued.

If production function f (z) is increasing and supermodular, then
z(p,w) is

1 Nondecreasing in p, and

2 Nonincreasing in w.

Supermodularity of the production function implies price-theoretic
complementarity of inputs
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Complement inputs II

Proof.

Consider the firm’s objective function F (z , p,w) = pf (z)− w · z .

F ′p = f (z) is nondecreasing in zi , hence F has ID in (zi , p) for
all i ;

F ′′zi wi
= −1 ≤ 0, hence F has ID in (zi ,−wi ) for all i ; and

F ′′zi wj
= F ′′wi wj

= F ′′p wi
= 0 ≤ 0, hence F has ID in (zi ,−wj),

(−wi ,−wj), and (p,−wi ) for all i 6= j .

Supermodularity of F in z obtains from supermodularity of f ,
since w · z1 + w · z2 = w · (z1 ∨ z2) + w · (z1 ∧ z2) and p ≥ 0.

Thus F is supermodular in (z , p,−w); by Topkis’ Theorem,
z(p,w) is nondecreasing in p and nonincreasing in w .
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Substitute inputs I

For the two-input case, we get an analogous result
Consider single-output profit-maximization with all inputs free to
vary (“long-run optimization”)

Theorem

Suppose there are only two inputs. Restrict attention to price
vectors (p,w) ∈ Rn

+ at which factor demand correspondence
z(p,w) is single-valued.

If production function f (z) is increasing and submodular, then

1 z1(p,w) is nondecreasing in w2, and

2 z2(p,w) is nondecreasing in w1.

Submodularity of the production function implies price-theoretic
substitutability of inputs in the two input case
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Substitute inputs II

Proof.

f (·) is increasing and submodular, thus the firm’s objective

pf (z1, z2)− w1z1 − w2z2

is supermodular in (z1,−z2,w2) and in (z2,−z1,w1).

By Topkis’ Theorem, z1(p,w) is nondecreasing in w2 and z2(p,w)
is nondecreasing in w1.

If there are ≥ 3 inputs, feedback between inputs with unchanging
prices makes for unpredictable results.
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LeChâtelier principle

Samuelson’s “LeChâtelier principle” claims that

“Auxiliary constraints (‘just-binding’ in leaving initial
equilibrium unchanged) reduce the response to a parameter
change”

That is, long-run reactions are larger than short-run reactions,
since more inputs can be adjusted

In particular, firms react more to input price changes in the
long-run than in the short-run

The principle does not consistently hold
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LeChâtelier principle: Examples

Profit-maximization problem for a single-output firm with

Two inputs: capital and labor

Production function f (k , l) with decreasing returns to scale
(which implies f (·, ·) is concave)

Firm maximizes pf (k , l)− rk − wl (PMP). . .

over l in short run (capital fixed)

over l and k in long run
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LeChâtelier principle: Example 1

Example

PMP for single-output firm with two inputs complements in the
sense of supermodularity (i.e., f ′′kl ≥ 0 if f sufficiently smooth).

Suppose wages increase but capital is fixed in the short-run:

1 In the short run, labor goes down
(pf ′l (k∗old, l

∗
SR) = wnew > wold)

2 In the long run, labor goes down and capital goes down by
submodularity (pf ′l (k∗LR, l

∗
LR) = wnew > wold)

3 LR labor goes down more, since firm responds not only to
higher wage, but also reduced capital stock with its resulting
lower MPL
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LeChâtelier principle: Example 2

Example

PMP for single-output firm with two inputs substitutes in the sense
of submodularity (i.e., f ′′kl ≤ 0 if f sufficiently smooth).

Suppose wages increase but capital is fixed in the short-run:

1 In the short run, labor goes down
(pf ′l (k∗old, l

∗
SR) = wnew > wold)

2 In the long run, labor goes down and capital goes up by
submodularity (pf ′l (k∗LR, l

∗
LR) = wnew > wold)

3 LR labor goes down more, since firm responds not only to
higher wage, but also higher capital stock with its resulting
lower MPL
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Does the LeChâtelier principle hold?

Both examples above were characterized by a special property that
made for a positive feedback loop
The principle does not consistently hold; only if each pair of inputs
are substitutes everywhere or complements everywhere

Theorem (LeChâtelier Principle)

Suppose twice differentiable production function f (k, l) satisfies
either f ′′kl ≥ 0 everywhere, or f ′′kl ≤ 0 everywhere. Then if wage wl

increases (decreases), the firm’s labor demand will decrease
(increase), and the decrease (increase) will be larger in the
long-run than in the short-run.

This can be described as a corollary of a more general principle
proved in the lecture notes
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