
1

Supplementary material for “The evolution of coopera-

tion and altruism. A general framework and a classifica-

tion of models”

This supplementary material is divided into three sections. In the first section, we

provide a description of the selective pressure on a helping trait under broad de-

mographic and ecological conditions. In particular, we highlight how Hamilton’s

rule emerges as a particular situation of the general selective pressure and delineate

its relationship to multilevel selection theory. In the second section, we analyze

the explicit selective pressure on helping under both direct and indirect reciprocity

when evolution occurs in an a panmictic population. Finally, in the third section

we analyze the selective pressure on helping under one-shot interactions when evo-

lution occurs in a geographically structured population. This sections illustrates the

fundamental role played by kin selection under “spatial structuring” models.

1.Measuring selection on helping

The inclusive fitness effect

Here we provide a description of the selective pressure acting on a social trait (z)

affecting the fecundity and/or survival of actors and recipients. The strength of

both effects is a function of the phenotype of the actors which in turn is determined

by their genotype. Selection on such a trait can be analysed by considering a mu-

tant allele coding for a phenotypic value deviating by small magnitude from that

expressed by individuals bearing a resident allele fixed in the population. The selec-

tive pressure on such a mutant allele, which determines whether it will increase or

decrease in frequency in the population is given by Hamilton’s inclusive fitness effect

(Hamilton, 1964, pp. 6, 15). The inclusive fitness effect represents the marginal con-

tribution of the allele to fitness and there are two standard ways by which it can be
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evaluated. First, by summing up the effects of individual bearing the mutant allele

(i.e., the actors) on the fitness of all individuals in the population (i.e., the receptors)

weighted by their genetic similarity to the actors. Alternatively, the inclusive fitness

effect can be evaluated in the direct fitness manner as a relatedness weighted sum of

the effects of all individuals in the population on the fitness of individuals bearing

the mutant allele (Taylor and Frank, 1996; Frank, 1998; Rousset and Billiard, 2000).

Both ways of evaluating selection are equivalent (Rousset, 2004, p. 108). We use here

the direct fitness method as developed in Rousset and Ronce (2004) and Rousset

(2003, 2004), which fits within a one locus population genetic model and provides

an exact descriptions of the first-order effects of selection (weak selection) on allele

frequency change. Accordingly, all components of selection are taken into account,

whether these are described as individual, kin, or group selection. This approach can

be interpreted as a particular case of the general multilocus selection theory devel-

oped by Kirkpatrick et al. (2002). Relaxation of the one locus assumption does not

change our general conclusions albeit introducing additional component of selection

resulting from the association of genes within and between individuals.

In the presence of additive gene action and weak selection, the inclusive fitness

effect can be decomposed into two terms:

∆WIF = Sf + SPr, (1)

(Rousset and Ronce, 2004, eq. 25). The first term in this equation (Sf ) is a weighted

effect of all individuals in the population on the expected number of actor’s offspring

reaching adulthood. The second term, SPr, is a weighted effect of all individuals,

through changes in the demographic states of the population, on the reproductive

value of these offspring. In a population of constant size or when a trait cannot

affect the demography, SPr = 0 and the inclusive fitness effect (∆WIF) reduces to the

classical selective pressure for structured population in the presence of kin selection

(Taylor, 1990, 1996; Taylor and Frank, 1996; Frank, 1998), where the structure can

for instance be by sex, age or geography.
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For simplicity, we now consider a population of constant size (see below for a

relaxation of this latter assumption) that can be geographically structured. In such

a population, the fitness of a focal individual w ≡ w(z•, ..., zj , ...) can be expressed

as a function of its own phenotype (z•) and the average phenotypes (zj) of different

classes of actors (labelled j) affecting its fitness (Taylor and Frank, 1996; Frank,

1998; Rousset, 2004). The inclusive fitness effect then reads

∆WIF =
∂w

∂z•
Q• +

∑
j

∂w

∂zj
Qj . (2)

This equation sums up the effect of the action of all actors in the population on the

fitness of the focal individual, that is, on its expected number of offspring reaching

adulthood. The effect of each category of actors comes under the form of a weighted

partial derivative of the fitness of the focal individual (w) with respect to the average

phenotype of individual’s in that category. The weight is the probability that an

individual of that category bears a copy of a randomly drawn homologous gene in the

focal individual. The probability of genetic identity between two randomly sampled

genes in the FI is denoted Q• while Qj denotes the probability of identity of two

homologous genes, one sampled from the FI and the other from a class j actor.

The derivatives of the fitness function with respect to phenotypes are evaluated at

(z• = ... = zj = ... = z) where z is a candidate evolutionary stable strategy (ESS).

When ∆WIF > 0, selection favours the behaviour and the candidate ESS is found

at ∆WIF = 0. Here, our goal is not to find the evolutionary stable level of helping

but to establish the conditions under which selection favours helping.

Hamilton’s rule

For the model presented in the main text, we assumed that only three classes of

actors affect the FI’s fitness. These are the FI itself, individuals of the class defined

as related (with average phenotype zd) and individuals that are encountered at

random in the population (with average phenotype z0). The probabilities of genetic

identity between the FI and these two classes of actors are designated by Qd and Q0
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for, respectively, an individual of the related class and the other class. From eq. 2,

the inclusive fitness effect is then given by

∆WIF =
∂w

∂z•
Q• +

∂w

∂zd
Qd +

∂w

∂z0
Q0. (3)

Using the property that the partial derivatives of the fitness function add up to

zero (Rousset, 2004, pp. 96), we rearrange the inclusive fitness effect by substituting

∂w/∂z0 = −(∂w/∂zd + ∂w/∂z•) into eq. 3. Hence

∆WIF ∝ ∂w

∂z•
+
∂w

∂zd
r

∝ rb− c, (4)

where ∂w/∂z• ≡ −c is the effect of the behaviour of the FI on its fitness, ∂w/∂zd ≡ b

is the effect of the behaviour of individuals of the related class on the fitness of the FI

and r ≡ (Qd −Q0)/(Q• −Q0) is the coefficient of relatedness that comes as a ratio

of differences of probabilities of genetic identity (∝ means proportional to). This

coefficient of relatedness measures the extent to which an individual of the related

class is more likely to bear genes identical in state with the FI than is an individual

taken at random (but excluding the FI) from the population. The selective pressure

on the trait is positive (∆WIF > 0) when

rb− c > 0 (5)

is satisfied, which is Hamilton’s rule. Accordingly, Hamilton’s rule provides a con-

dition for selection on a trait in a particular simple demographic situation, that is,

when three classes of actors are affecting the trait under selection.

Multilevel selection

One could equally well describe the fitness of the FI as w = gf , where g is the

expected number of offspring of the focal group that reach adulthood and f is the

focal individual’s share of these offspring. Then, the inclusive fitness effect given by
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eq. 4 is equivalently given by

∆WIF ∝
(
∂f

∂z•
+ r

∂f

∂zd

)
1
N︸ ︷︷ ︸

∂f

+
(
∂g

∂z•
+ r

∂g

∂zd

)
N︸ ︷︷ ︸

∂g

, (6)

where N is the number of individuals in the group (Rousset, 2004, p. 121). The

first term in this equation (∂f) measures the effects of all actors in the focal group

on the FI’s share of the offspring of that group. This effect is in fact equivalent to

the first order effect of selection on the covariance between individual trait value

and relative fitness of the Price equation, which is interpreted as a component of

selection within groups (Frank, 1998). The second term (∂g) measures the effects of

all actors on the total number of offspring of the focal group that reach adulthood.

This term is in fact the first order effect of selection on the covariance between group

trait value and fitness of the Price equation, which is interpreted as the component of

selection between groups. Importantly, both components (within and between-group

selection) involve relatedness and thus a kin selection components.

2. Selection on helping in a randomly mixing population

For simplicity, we assumed a randomly mixing (i.e., panmictic) population of very

large size in the model presented in the main text. The timing of the life-cycle was

the following: (1) Repeated interactions occur between pairs of adult individuals.

With probability x an individual interact repeatedly with an individual of the related

class. With complementary probability (1− x), the stream of repeated interactions

occur with an individual encountered at random in the population. Under indirect

reciprocity, such streams of interactions occur with different individuals from the

respective classes. (2) Each adult produces a large number of juveniles depending

on the costs and benefits of social interactions and then dies. (3) Competition occurs

with the effect of regulating the population to a constant size.

Under such a life-cycle, the fitness function of a FI (eq. 2 of the main text) can
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be written

w =
xF•,d + (1− x)F•,0

F0
, (7)

where F•,j is the relative fecundity of the FI when interacting with an individual of

class j and F0 is the expected relative fecundity of an individual randomly sampled

from the population. From the assumption of a very large population size (say

infinite), F0 is independent of the FI’s fecundity and depends only on the interaction

of two individuals bearing the same average phenotype z0 in our pairwise interaction

setting. Since the population is infinite and randomly mixing we also have Q0 = 0 in

the relatedness coefficient of eq. 5 and the model corresponds to Hamilton’s original

model of interaction among family members (family structured population).

As explained in the main text, the fecundity of each individual depends on succes-

sive rounds of pairwise interactions between individuals. The number (T ) of rounds

of interaction (1,2,3,...) for each individual is assumed to follow a Geometric distri-

bution with parameter ω and the fecundity of an individual being the sum of the

payoff of all rounds of interaction. Then, from the assumptions that costs and ben-

efits are linear functions of investment into helping, the average relative fecundity

of the FI interacting repeatedly with an individual of class j is

F•,j = 1 +
∞∑

T=1

(1− ω)ωT−1
T∑

t=1

[ζBI•,j(t) +B(1− ζ)Ij,•(t)− CI•,j(t)]

= 1 +
∞∑

t=1

ωt−1 [ζBI•,j(t) +B(1− ζ)Ij,•(t)− CI•,j(t)] , (8)

where I•,j(t) designates the level of investment of the FI into helping at round t

when interacting with an individual of class j and Ij,• is the level of investments into

helping of its partner at that round. The second equality is eq. 1 of the main text

and follows by noting that
∑∞

T=1

∑T
t=1 g(t, T ) =

∑∞
t=1

∑∞
T=t g(t, T ). The relative

fecundity of an individual randomly sampled from the population is given by

F0 = 1 +
∞∑

t=1

ωt−1 [ζBI0,0(t) +B(1− ζ)I0,0(t)− CI0,0(t)] , (9)
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where I0,0(t) is the level of investment into helping at round t of an individual

randomly sampled from the population when interacting with another individual

randomly sampled from the population.

Using the same approach we also investigated the consequences of changing the

functional relationships between investment into helping and fecundity (e.g., mul-

tiplicative streams of payoffs or non-linear cost and benefits) and the impact of

different types of distribution of the number of rounds. These analyses reveal that

the general conclusions are robust and not directly influenced by the assumed setting

(L.Lehmann, unpublished results).

Helping and direct reciprocity

The inclusive fitness effect (∆WIF) of both the initial move (τ) and response slope

(β) can be explicitly expressed as a function of the model’s parameters (i.e., memory

m and probability of interacting again ω). This is done by solving the system of

equations

Ii,j(t) = mβiIj,i(t− 1) (10)

describing the investment into helping Ii,j(t) of an individual of class i playing with

an individual of class j at round t for three pairs of interacting actors: the FI and an

individual of the related class; the FI and a randomly sampled individual from the

population; and two randomly sampled individuals from the population (see eq. 3

of the main text). The initial conditions of these equations are given by the initial

moves Ii,j(1) = τi, which are the investment into helping of actors at the first round

of interaction. Solving these equations gives the relative fecundity of the FI (eq. 8)

when interacting repeatedly with an individual of class j

F•,j = 1 +B

[
ζ
τ• + ωmβ•τj
1− ω2m2βjβ•

+ (1− ζ) τj + ωmβjτ•
1− ω2m2βjβ•

]
− C

[
τ• + ωmβ•τj
1− ω2m2βjβ•

]
(11)



8

and the relative fecundity of a randomly sampled individual in the population

(eq. 9):

F0 = 1 + (B − C)
[
τ0 + ωmβ0 τ0
1− ω2m2β2

0

]
. (12)

Substituting the relative fecundities (eq. 11 and eq. 12) into the fitness function

(eq. 7 here or eq. 2 in the main text) allows us to evaluate the effect of the behaviour

of all actors on the FI’s fitness. The effect of the FI on its own fitness when helping

a partner at the first round is

∂w

∂τ•

∣∣∣∣
τ•=τ0=τd=τ

=
ζB + (1− ζ)ωmβB − C

(1 + (B − C)τ −mβω) (1 + ωmβ)
. (13)

The effect of an individual of the related class on the FI’s fitness by helping the FI

at the first round reads

∂w

∂τd

∣∣∣∣
τ•=τ0=τd=τ

=
x [(1− ζ)B + ωmβ(ζB − C)]

(1 + (B − C)τ −mβω) (1 + ωmβ)
. (14)

Similarly, the effect of the FI on its fitness when responding to the investment into

helping of its partner is

∂w

∂β•

∣∣∣∣
β•=β0=βd=β

=
ωmτ [ζB + (1− ζ)ωmβB − C]

(1 + (B − C)τ −mβω)
(
1− (ωmβ)2

) . (15)

Finally, the effect of an individual of the related class on the fitness of the FI by

reciprocating the help of the FI is

∂w

∂βd

∣∣∣∣
β•=β0=βd=β

=
ωmτx [(1− ζ)B + ωmβ(ζB − C)]

(1 + (B − C)τ −mβω)
(
1− (ωmβ)2

) . (16)

Since the effects on the FI’s fitness of the initial move and the response slope are

proportional to each other, the condition for the spread of both helping behaviours

is given equivalently by

ζB − C + (1− ζ)ωmβB︸ ︷︷ ︸
−c

+r x [(1− ζ)B + ωmβ(ζB − C)]︸ ︷︷ ︸
b

> 0. (17)

This condition is obtained by applying Hamilton’s rule (eq. 5) for both evolving

traits (τ and β) and simplifying (for simplicity of notations, −c and b will be used
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throughout the Target Review and this supplementary material to designate effects

on fitness up to a constant of proportionality). The effect of the behaviour of the FI

on its fitness (−c) depends on two components. The first is the net effect of the act

of helping on its fecundity, which involves the cost of helping −C and the benefit

ζB that directly return to him. The other stems from the helping reciprocated by

the partner as a result of the FI investing into helping. This benefit depends on

the cooperative tendency β of the partner, here the average response slope in the

population. The effect of the behaviour of the FI on the fitness of its related partner

(b) also depends on two components, the benefit (1− ζ)B received by the partner as

a result of the helping of the FI, and the net effect (ζB−C) on the partner fecundity

resulting from the partner investing into helping to reciprocate the helping expressed

by the FI.

In a population where there are no direct benefits (ζ = 0) and where no individual

initially express any helping, the inclusive fitness effects of the initial move and the re-

sponse have to be evaluated at zero (τ• = τ0 = τd = τ = 0 and β• = β0 = βd = β = 0).

In such a resident population, the initial move and the response evolve when the con-

dition

−C + rxB > 0 (18)

is satisfied. Accordingly, the evolution of helping through reciprocal interactions

takes off only in the presence of preferential interaction among close kin selection

and is therefore altruistic (−c = −C < 0 and b = xB > 0).

Helping and indirect reciprocity

We consider here a simple situation of the evolution of helping under indirect reci-

procity. Following previous analyses (Nowak and Sigmund, 1998) we assume that

the level of investment into helping of an individual is a linear function of its part-

ner’s image score which can take only two values: good or bad. In this situation,
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investment into helping at any round is assumed to depend on the evolving response

slope α (varying between 0 and 1) on the partner’s probability g of having a good

image score. The probability that an individual has a good image score at a given

round depends on two events. First, we assume that an observer of the behaviour

of that individual at the previous round assigns an image score to that individual

based on its investment into helping at that round (Ohtsuki and Iwasa, 2004). We

also assume that assignment errors occur (Ohtsuki and Iwasa, 2004), and we denote

by q the probability that an observer correctly attributes the image score to the

player he observes. Hence, 1 − q can be interpreted as the probability that the ob-

server mistakenly assigns a bad image score when he should assign a good one and

we do not consider (for simplicity) the situation where the observer assigns a good

image score when he should assign a bad one. The strategy described here is of the

“Scoring” type in the classification of Brandt and Sigmund (2004).

We posit that the FI encounters randomly its partner (x = 0) and that it does

not interact twice with the same partner. Then, the investment of the partner of

the FI at round t is

I0,•(t) = α0g•(t), (19)

which depends on the response slope (α0) of an individual sampled at random from

the population. The image score of the FI is given by

g•(t) = qI•,0(t− 1)

= qα•g0(t− 1). (20)

because the investment of the FI into helping a randomly encountered partner at

round t is

I•,0(t) = α•g0(t). (21)

In this equation, α• is the response slope of the FI and g0(t) is the probability that

its partner has a good image score at that round t. This image score obeys the
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recursion

g0(t) = qα0g0(t− 1) (22)

because in a population of very large size, the average reputation dynamics is in-

dependent of the reputation of the FI. All these equations can be solved once the

image scores at the initial moves are known. For simplicity, we assume that each

individual has a good image score at the initial move (i.e., g0(1) = 1 and g•(1) = 1).

Following the same stream of calculations as in the previous section, we can

evaluate the relative fecundity of the FI (eq. 8) as

F•,0 = 1 +B

[
ζ

(
α•

1− ωqτ0

)
+ (1− ζ)

(
α0 +

ωqα0α•
1− ωqα0

)]
− C

[
α•

1− ωqα0

]
(23)

and the relative fecundity of a randomly sampled individual from the population

(eq. 9) as

F0 = 1 + (B − C)
[

α0

1− ωqα0

]
. (24)

Because we assumed random interactions (x = 0), the direct fitness of the FI

(eq. 7) is simply w = F•,0/F0 and the inclusive fitness effect of helping is given

directly by the effect of the FI on its fitness

∆WIF =
∂w

∂α•

∣∣∣∣
α•=α0=αd=α

=
ζB + (1− ζ)ωqαB − C
(1 + (B − C)α− qαω)

. (25)

In the absence of direct benefits (ζ = 0), helping spreads through indirect reciprocity

when

ωqαB − C > 0. (26)

This equation is consistent with the results of Nowak and Sigmund (1998). Indeed,

when the number of rounds of interactions is infinite (ω → 1) and when the response

slope of the partners (α0) is equal to one, the condition for helping to evolve is given
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by qB−C > 0, which is equivalent to eq. 59 of Nowak and Sigmund (1998). Inequal-

ity 26 has also a similar form as ineq. 6 in the main text. Indeed, α is akin to β so

that cooperation can spreads only if interacting individuals have an initial tendency

to be cooperative. Similarly, q is akin to m therefore requiring that individuals

can evaluate the cooperative tendency of their partners for cooperation to evolve.

Finally, cooperation can spread only if individuals are engaged in several rounds

of reciprocal interactions with partners (i.e., ω > 0), but where the partners are

different at each round under indirect reciprocity. Accordingly, the main difference

between direct and indirect reciprocity lies in the source of information individuals

have to evaluate the cooperative tendency of their partner. Our model can be inter-

preted as a particular case encapsulated in the setting of Ohtsuki and Iwasa (2004)

who consider very generally the co-evolution of reputation and cooperation.

3. Selection on helping in a geographically structured population

In order to illustrate the action of kin selection in a structured population, we con-

sider in this section two situations of the evolution of helping where individuals

interact randomly within demes connected by dispersal. First, we present a general-

ization of the overlapping generation model of Taylor and Irwin (2000), which takes

isolation by distance into account in a manner similar to Rousset (2004, p. 124)

in the absence of such overlapping generations. Second, we present a model where

demes can fluctuate between two different sizes: low and high number of individuals

and where helping can increase the probability of occurrence of the deme with the

high density of individuals.

Helping and overlapping generations

We assume that individuals are haploid (Q• = 1) and that the population lies on

a one-dimensional habitat where nd demes of finite size N are regularly arrayed on

a circle (circular lattice). Starting from a focal deme as origin, the different demes
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can be numbered positively by moving clockwise or negatively by moving counter-

clockwise to represent distance between demes. The life-cycle in the population

is the following: (1) Adult individuals express a helping act at a direct cost C to

themselves. This act generates a benefit B that is shared equally among all other

individuals in the deme. (2) Each adult then produces a large number (infinite) of

juveniles and has a probability s to survive to the next breeding season. (3) Each

juvenile disperses independently from each other juvenile with probability di to a

deme at a distance i from the natal deme (the probability of staying in the natal

patch is denoted d0). The dispersal distribution is identical for all juveniles, moving

clockwise or counterclockwise, and for all demes (isotropic dispersal). The resulting

dispersal distribution encompasses a large class of population structures. (4) Regu-

lation occurs. The proportion of juveniles competing in a deme reaching adulthood

is (1− s)N , which corresponds to the average number of empty breeding spots in a

deme resulting from the death of adult individuals.

The fitness function of a focal individual under this life-cycle reads

w = s+ (1− s)

[
nd−1∑
i=0

di
1 +BτD

0 − Cτ•∑nd−1
j=0 di−j(1 + (B − C)τR

j )

]
, (27)

where τ• is the phenotype of the FI. The superscript in τD
0 emphasizes that the

average phenotype in the focal deme is computed after dispersal by excluding the

FI. By contrast, the superscript in τR
j emphasizes that all individuals (including the

FI) are taken into account when computing the average phenotype in a deme at

distance j. We have τR
j = τD

j except that τR
0 = 1/N × τ• + (N − 1)/N × τD

0 .

This inclusive fitness effect for this life-cycle is from eq.(2)

∆WIF =
∂w

∂τ•
+

nd−1∑
l=0

∂w

∂τj
QD

j , (28)

where QD
j is the probability of genetic identity between two different individuals

sampled without replacement at distance j. Since we are only interested in the

selective pressure on helping when the population is initially filled with individuals
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that do not express the act, we evaluate the partial derivatives at τ• = ... = τj =

... = 0 (Rousset, 2004, p. 124). Then, substituting the fitness function (eq. 27) into

the inclusive fitness effect (eq. 28), we obtain after rearrangements

∆WIF = (1− s)

−C +BQD
0 − (B − C)

nd−1∑
i=0

nd−1∑
j=0

didi−j Q
R
j

 , (29)

where the probability of genetic identity between two adults randomly sampled with

replacement at distance j is QR
j = QD

j except that QR
0 = 1/N + (N − 1)/NQD

0 . The

effect of the behaviour of the FI on its own fitness can be obtained by replacing QR
0

by 1/N and QD
0 by 0 in the formula for the inclusive fitness effect, hence

∂w

∂τ•

∣∣∣∣
τ•=...=τD

j =...=0

= −(1− s)

[
C +

(B − C)
N

nd−1∑
i=0

d2
i

]
, (30)

which is a net fitness cost and where the second term in brackets is the increase in

competition faced by the offspring of the FI, which results from the help provided to

neighbours. This increase in competition depends on the probability of the offspring

of the FI dispersing into the same deme as an offspring produced in the focal deme.

We can solve the inclusive fitness effect in closed form if we know the stationary

probabilities of genetic identity. Combining previous analyses of kin selection theory

with overlapping generations (Taylor and Irwin, 2000, eq. A2) and classical analyses

of isolation by distance models (Rousset, 2004, eq. 3.46), we find that the equilibrium

probability of genetic identity between two individuals randomly sampled without

replacement after dispersal in the same deme is

QD
0 = s2QD

0 + 2s(1− s)√γ
nd−1∑
l=0

dlQ
R
l + (1− s)2 γ

nd−1∑
i=0

nd−1∑
j=0

didi−jQ
R
j , (31)

where γ ≡ (1− µ)2 and µ is the mutation rate. From this equation, we substitute

nd−1∑
i=0

nd−1∑
j=0

didi−jQ
R
j =

QD
0 (1− s2)
γ(1− s)2

− 2s
(1− s)√γ

nd−1∑
l=0

dlQ
R
l (32)

into the inclusive fitness effect (eq. 29). Assuming an infinite number of demes

(nd →∞), no mutations (γ → 1) and using the results of Rousset (2004, pp. 46-52)
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on Fourier analysis, we find after rearranging that

∆WIF ∝
2sL0(F)
(1− s)N

(B − C)− C. (33)

The function L0(F) ≡ 1
π

∫ π
0 F(y)dy is the inverse Fourier transform at zero distance

of

F(y) =
(1 + s)ψ(y)− 2sd0

(1 + s) + (1− s)ψ(y)
, (34)

where ψ(y) ≡
∑

j dje
ıjy is the characteristic function of the dispersal distribution

(A supplementary Mathematica package that details the derivation is available on

request). The function L0(F) is positive and depends on the shape of the dispersal

kernel with the effect that altruism spreads when

2sL0(F)
(1− s)N

(B − C)− C > 0. (35)

Hence, irrespectively of the structure of the population, altruism is favoured only

if individuals have a positive probability of surviving from one breeding season to

the next (s > 0). In this situation, altruistic interactions are favoured because

they can occur between parents and their offspring. In the absence of overlapping

generation (s = 0) the selective pressure on helping reduce to −C, which cannot

be positive whatever the structure of the population. That overlapping generations

is a mechanism promoting the evolution of altruism and cooperation under limited

dispersal through the action of kin selection was first formally demonstrated by

Taylor and Irwin (2000); Irwin and Taylor (2001) and has been repeatedly observed

in the literature (Nowak et al., 1994; van Baalen and Rand, 1998; Koella, 2000;

Le Galliard et al., 2003; Hauert and Doebeli, 2004).

The geometric distribution of dispersal (di ≡ (1− d0)(1− p)i−1p for i > 0) allows

us to investigate the effect of a continuum of spatial structures on the evolution of

altruism ranging from the stepping-stone model of dispersal (p → 1 hence d1 →

(1 − d0) and dj → 0 for j > 1) to Wright’s island model of dispersal (p → 0 hence

d1=d2=...=0). Under the geometric distribution of dispersal, the spatial structure
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that minimizes the deleterious effect of kin competition is that which maximizes

L0(F) with respect to p. The spatial structure the most favourable for altruism to

evolve is Wright’s island model of dispersal (p → 0), that is when ψ(y) → m0 and

L0(F)→ F . Accordingly,

2sd0

N(1 + s+ (1− s)d0)
(B − C)− C > 0, (36)

which is the condition for the spread of altruism given by Taylor and Irwin (2000,

eq. A10). Alternatively, this result can also be found by directly applying Hamilton’s

rule.1

Exact results can also be established for a population structured into a finite

number of demes (nd) but they are more cumbersome. When such a population

behaves as a single panmictic unit, the direction of selection on altruism becomes

independent of the survival rate (s) and depends only on the effect of the FI on its

fitness. Hence,

∆WIF =
∂w

∂τ•

∣∣∣∣
τ•=τ0=τd=0

= (1− s)
(
−C − B − C

Nnd

)
, (37)

which highlights that the smaller the total population size (Nnd), the stronger the

selection against helping. The reason for this is that the by helping neighbours, the

FI not only decreases its own fecundity but also increases the competition faced by

its own offspring. This result was established by Rousset (2004, eq. 7.21) in the
1Because migration is random in Wright’s island model of dispersal (d1=d2=d3=dj for j 6= 0),

individuals from all demes (excluding those of the deme of the FI) bear on average the same

phenotype (τD
1 =τD

2 =τD
3 = τD

j for j 6= 0). One can then consider that there are only three classes of

individuals in the population and affecting the fitness of the FI (eq. 27): the FI itself (phenotype

τ•), its neighbours in its deme (with average phenotype τD
0 ) and individuals from different demes

(with average phenotype τD
1 ). The condition for the spread of altruism (eq. 36) is then equivalently

found by applying Hamilton’s rule rb + c > 0, where ∂w/∂τ• ≡ −c is the effect of the behaviour of

the FI on its fitness, ∂w/∂τD
0 ≡ b is the effect of the behaviour of the other individuals in the same

deme of the FI on its fitness and r = FST, where FST is Wright’s measure of population structure.



17

absence of overlapping generations and by Nowak et al. (2004, eq. 2) and Wild and

Taylor (2004, eq. 4.4) in the presence of overlapping generations.

Helping and fluctuating demography

Here, we consider a haploid population following an infinite island model of dispersal

where each deme can fluctuate between two different states, one characterised by a

high number Nh of individuals surviving to adulthood and the other characterized

by a smaller number Nl of individuals reaching adulthood. We assume that helping

between individuals within a deme affects the transition probabilities between the

deme states through habitat and/or resource engineering, in a way that increases

the probability of occurrence of the state with the highest number of individuals.

Helping thus exerts an effect on the subsistence of all offspring in the descendant

generation. We assume that a focal deme is either set to size Nh with probability τR
0 ,

which is the average level of helping of the parental generation, or to size Nh with

complementary probability 1 − τR
0 . Changes in deme size are independent of their

size in the parental generation but are dependent on the helping behaviour in that

generation. The life-cycle is the following: (1) Reproduction occurs. Each individual

produces an infinite number of juveniles. Helping reduces the relative fecundity of

actors by a factor C, which varies linearly with the investment into helping. All

adults die. (2) Juveniles disperse independently from each other with probability d

to another deme (d is equivalent to 1 − d0 in the model of the preceding section).

(3) Regulation occurs with the number of juveniles reaching adulthood in a deme

being determined by the investment into helping of the parental generation residing

in that deme.

In order to evaluate whether helping spreads under such a life-cycle with fluctu-

ating demography we use the inclusive fitness effect (eq. 1), which is then given by

two components: ∆WIF = Sf + SPr
2. To calculate this selective pressure, we need

2In the infinite island model of dispersal with fluctuations of deme size, the explicit expressions
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the fitness function

wp(n, n′) =
n′ (1− d) (1− Cτ•)

n (1− d) (1− CτR
0 ) +Neqd(1− CτD

1 ),
, (40)

which measures the FI’s expected number of offspring reaching adulthood in the

focal deme of size n′ (Nl or Nh) in the offspring generation, which was of size n (Nl

or Nh) in the parental generation. In this fitness function Neq = τD
1 Nh + (1− τD

1 )Nl

is the equilibrium deme size in the population. We also need

wd(n, n′, l) =
n′d(1− Cτ•)

(n (1− d) +Neqd)(1− CτD
1 )
, (41)

which is the expected number of offspring reaching adulthood, in demes of size n′

in the offspring generation that were of size n in the parental generation, of a FI

breeding in a deme of size l (Rousset and Ronce, 2004, e.g., eq. 31-32). We also need

the transition probability matrix of the demography of the focal deme

P =

 Pr(Nl | Nl) Pr(Nl | Nh)

Pr(Nh | Nl) Pr(Nh | Nh)

 =

 1− τR
0 1− τR

0

τR
0 τR

0

 , (42)

of the inclusive fitness effect ∆WIF = Sf + SPr are obtained from eq. 26 and eq. 27 in Rousset and

Ronce (2004); which read

Sf =
X
n′

X
n

ν(n′) Pr(n′ | n)

»
∂fp(n, n′)

∂z•
+

∂fp(n, n′)

∂zR
0

QR
0 (n)

X
l

Pr(l)

„
∂fd(n, n′, l)

∂z•
+

∂fd(n, n′, l)

∂zR
0

QR
0 (l)

«#
Pr(n) (38)

and

SPr =
X
n′

X
n

ν(n′)
∂Pr(n′ | n)

∂zR
0

fp(n, n′)QR
0 (n)Pr (n) , (39)

where ν(n′) is the relative reproductive value of a deme of size n, Pr(n′ | n) is the forward transition

probability of a deme of size n to a deme of size n′ and Pr (n) is the stationary probabilities that

a deme will be of size n (Rousset and Ronce (2004) use α(n) = ν(n) Pr(n) in their formalization,

which is the reproductive value of all demes of size n). The selective pressures also depend on

fp(n, n′) ≡ wp(n, n′)n/n′, which is the probability that a gene sampled in a focal deme of size n′ in

the offspring generation descend from the focal deme that was of size n in the parental generation

and on fd(n, n′, l) ≡ wp(n, n′, l)l/n′, which is the probability that a gene, conditional on its parental

deme being of size l, is sampled presently in a deme of size n′ that was of size n in the parental

generation.
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where Pr(n′ | n) is the forward transition probability of a deme of size n to a deme

of size n′.

Evaluating the expressions of the selective pressure at τ• = τR
0 = τD

1 = 0, that is,

in a population where individuals do not initially express helping and which implies

that demes are only of the smaller size, we find after simplification that

Sf = −Cν(Nl)(1−QD
0 (Nl)), (43)

where ν(Nl) is the relative reproductive value of a deme of size Nl and QD
0 (Nl) is

the probability of genetic identity of two individuals sampled without replacement

in such a deme (A supplementary Mathematica package that details the derivation

is available on request). Thus, conditional on the realization of the demographic

states, helping results in a loss of the number of adult offspring produced by the FI.

The effect of helping on the demography of the focal deme is

SPr = (ν(Nh)− ν(Nl)) (1− d)QR
0 (Nl), (44)

where QR
0 (Nl) is the probability of genetic identity of two individuals sampled with

replacement in a deme of low density, which varies inversely with deme size. The

effect of the behaviour on deme demography is a net benefit if the reproductive

value of all offspring in a deme of high density exceeds the reproductive value of all

offspring in a deme of low density (i.e., ν(Nh) − ν(Nl) > 0). Writing Nl = kNh, so

that a deme of low density is reduced relative to a deme of high density by a factor k

(varying between 0 and 1), the difference between the reproductive values simplifies

to

ν(Nh)− ν(Nl) = d

(
1
k
− k

1− d (1− k)

)
, (45)

which is null when both states result in the same deme size (k = 1) or when migration

vanishes (d = 0). This difference varies directly with the difference in deme size

because the contribution of a deme to the future of the population is increasing with

its size in the present model.
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Helping can spread under the present life-cycle when the inclusive fitness effect

is positive (∆WIF > 0). After evaluation of the probabilities of genetic identity and

some simplification, this inequality is satisfied when

(1− d) (1− k) (1− d+ k)
k (1− d (1− k))Nl

− C (2− d) > 0. (46)

The selective pressure on helping increases with an increased difference in the sizes

of the two types of demes and decreases with an increasing number of individuals in

the state with the lowest number of individuals. When helping out propagates its

alternative, it results in an expansion of deme size. Is such helping altruistic? The

answer to this question depends on the direct effects of the FI on its fitness. This

effect can be evaluated by replacing QR
0 (N) by 1/N in the formulae that are used

to evaluate the inclusive fitness effect (∆WIF). Here, helping is altruistic when

(1− d) (1− k) (1− d+ k)
k (1− d (1− k))Nl

− C 1
d

(
1− (1− d)2

Nl

)
< 0, (47)

which thus depends on the value of the parameters, a situation that sometimes occurs

under a constant demography as well (Rousset, 2004, p. 114). In the present model,

helping spreads (i.e.,∆WIF > 0) and is altruistic when dispersal is low (d � 1) or

when the difference in the sizes of both types of demes is small (k � 1).
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