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1 Unit Root in the Inflation Target

e Unit root shocks to the gross inflation target 7} are a key feature of the model.

e As we will normalize by this process throughout this Technical Appendix rather than
at the end, we present it here first.

e To make the model stationary, all nominal variables must be normalized by the target
price level P;. The unnormalized growth rate of prices (inflation) is a non-stationary
variable and therefore needs to be eliminated from the equation system by suitable
normalization.

e Inflation target shocks are given by:
— In Levels:

* T*

* _
Ty = Tp1&¢

— Linearized:
Ak o oAx N
T, =T+ & .

2 Households

e Objective Function:

o L1+'Y a M 1—e
M E § k 1 . t+k t+k
“ tk:oﬁ {n(0t+k) Hl+7+1—6 Py 7

Ct =C —VC—1 .

e Budget Constraint (multiplier = A;):

1
By =418+ M — M, + W, L, + / IL(j)dj + Py — Picy .
0

e Note 1: Linearization for any variable z around its steady state = uses the following
notation: T = (x; — )/Z.

e Note 2: All interest rates and inflation rates are gross rates.



e FOC for Ct ()\t = AtPt):
C;' = BvECLL = N\

Steady state: B ~
CH1-8v)=\.

Linearization:

BUEtC't+1 =Cy+ (1- ﬁv)j\t .
Linearization of habit relationship:

N 1 v
Ct: l_vct—l_vctfl.
— Combine the two (¢f = ¢;—1):
Bv . 1+ B2, Voo .
1_UEtCt+1: 1— o Ct—l_UCIt"‘(l_BV))\t- (1)
e FOC for B;:

N = Birk At“)

. . ~ . . T '
— Normalization (¢; = i;/7}, Te41 = Tet1 ];" 1)

. A
A = B Ey <v t+i* ) .

Tt41€¢ ¢

— Linearization (remember that Etéﬁ_l = 0):

j‘t - it — Et <5‘t+1 - 7ATt+1> . (2)
e FOC for L;:
/i.[/’tY = )\twt .
— Linearization: X A
'UAJt + )\t = 'YLt . (3)

e Consumption -labor relationship:

6 =3+ Ly . 4)



3 Firms

3.1 Maximization Problem

e Discounted nominal profits:
— Nominal revenue P;(j)y:(j), where y.(j) is output.
— Nominal wage bill W;4,(j).
— Nominal k-period ahead gross interest rate i¥.

e Pricing policy of firm j that reoptimizes at ¢, choosing V; and v; (a gross inflation rate):

Pon(G) = V7 (v])" .

e Profit maximization:

Max EtZ(fSﬁ)k At ik [ Hk(jjjyt%(]) - wt+k€t+k(]):| , S.t.
Vi ] =0 t+k

Yk (J) = zenlerr(J)
A

' V7 Uj 7
?Jt+k(]) = Ct+k ( tP( t) )
t+k

e Substitute constraints:

- V7 (v]) Witk V7 (v])*
MazE 5B8)F A LAt c Et
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e Can drop superscript j.
e Define terms:
— Front-loading term:

— Inflation rates re-scaled by the inflation target, with 0, = v, /7}, 77y = m/7}.
— Cumulative aggregate normalized inflation:

I, = H;?:lfrtﬂ fork>1 (=1fork=0).
— Cumulative aggregate inflation deviation:

=X 7 fork>1 (=0fork =0).



3.2 First-Order Conditions

e FOC wirt. V:
> Vv T ViuP\ 7
25" (58) ) (ul_ +Jt+)c( ) _0
tkz:%< B) hes Pt+k( ) Zitk T\ Py
— Equivalently:
© k kN —C
B (68)F A (o —1) — otk -t ~0.
t;( B)" Aev (pthk (o ) Uzt% Ce+k | Pt I,
— Equivalently:
E > i (55)k A+kYi+k(J) Zfr:
Pt = p o A NI (5)
E, Zk:o (68) )\t+k:yt+k(]) (ﬁt’k>
where 1 = =%
o FOC w.rt. v;:
By Y0 (08)" kv k() et ©
—= M - ] o & .
By ilo (55)k kA4 xYerx(d) (%)
e Re-scaling by the inflation target - comments:

This takes the form of dividing all price level rates of change by the inflation target
.
(ve)*

In the preceding formulas this only affects Etm’ 1.e. future firm-specific and

aggregate cumulative inflation rates have to be deflated by future cumulative target
inflation rates.

However, under unit roots all expected future quarterly target inflation rates are
simply equal to the current target rate.

In all forward-looking conditions like (5) and (6) we can therefore simply lin-
earize around the current inflation target 7.

Example: Our final conditions will contain expected inflation terms for periods ¢
and t + 1. For actual future inflation the correct definition is 7,1 = In(myy1) —
In(7}, ;). Butitis OK to linearize around 7; instead because only the expected
future inflation deviation enters the equations, and for this we have:

Etﬁ't+1 = Et (ln<7rt+1) — hl(ﬂ';rl)) = Et (111(7'('1/+1) — 111(77':))
The same is not true for backward-looking conditions. See the section on “The
Price Index”.



3.3 Linearization

e Geometric distribution formulas:

op
> =TT ™
k=0 —0p)
- B(1+ 68
> (08K = —1( > ) ®)
k=0 ( - 6)
e Linearization for V;:
— Rewrite (5):
- k O = k A\ Witk
peEy Z (68)" Mewyern(f) | =— | = nEy Z (68)" Mexyerx () :
k=0 Iy =0 Zt+k
— Linearization of the common terms ;14 (j) cancels.
— Remaining terms are:
ﬁ’—téﬁ B> (68) ko =E > (68)" [ﬂt,k by — m} .
k=0 k=0
— Equivalently:
D 003 - k[ ) .
—E Y (08)" 11 2 - 9
1—5ﬁ+(1—55)2 t;(ﬁ) tk + Witk — 24k )
e Linearization for v;:
— Rewrite (6):
- . Utk = k N Witk
peEy Z (55) kAeekyern(J) | =— | = ks Z (08)" EAerrYerr(J) .
P I, 4 P 2tk
— Linearization of the common terms A, ;14 (j) cancels.
— Applying (7) to the p;-term, the remaining terms are:
PO - PR ko [ . .
—— + F Z (08)" k*0y = E Z (08)" k [Ht,k + Wyt — Zt+k] .
(1-4p) k=0 k=0
— Applying (8) to the 9;-term and simplifying further, we get:
PO 0:6B(1 +08) - kg [F . .
+ = F; (08)" k [Ht,k + Wik — Zt+k] : (10)
(1-08)°  (1-0p)° ;



3.4 Quasi-Differencing

3.4.1 Quasi-Differencing for (9)

e Note the following for fIt+17k:
16 = Ofork=0, (11)

= Tyeo fork=1
= ﬁ'H_g + ...+ ﬁt—&—k—s—l for k:2,3,4,...

e Rewrite (9) as:

. BB ook 1 . )
bt oy = (19 B3 (68) [ Mo+ s = 2] (12)
e For future reference, lead this by one period and multiply by (1 — §/3):
(1= 68) Eipri1+08Esiyer = (1 - 0p)° Z lderiar = 2] + Y (68) Ty
k= k=1

(13)

For the last term the subscript runs from 1 because ﬂt+1,0 = 0.
e Write out terms in (12):
00
(1—0p)
Ey [(UAJt — 2) 4+ (0B) (Wig1 — 2o + Teg1) + (55)2 (Wit — Zig2 + Toq1 + Tig2)
+ (55)3 (Wiy3 = Zo4g + Tep1 + Tego + Tigs) + ] .
e Multiply the last equation by 63 and lead by one period:

Dt + = (1-08)*

(65)°
(1—245)
Ey [(68) (0141 — 2e41) + (68)” (42 — Zivo + Figo)
+ (55)3 (Wey3 — Zeys + T2 + Tegs) + oo ] )
e Deduct the last equation from the preceding one:

053
(1—0p)

= (1= 68) [(d — &) + Evitia (68 + (68)" ++(88)* +...)] .

OBEpri1 + E 1 = (1—-968) x

[ﬁt - 66Etﬁt+1] + [{}t - 65Et'0t+1]



e Equivalently:

A~ A N 5/8
[Pr = Eprir + (1= 08) Eipr] + 7= (1-46p)

= (1 —08) (W — 2) + 6BE 141 -

[0 — EyUp1 + (1 = 03) Byt

e Equivalently:

X X 0 N . . A
D — Etpt+1]+(1 _655) [0r — Eybya] = (1 = 0B) (0 — 2 — Eypry1)+68 (Eiftryr — Edgn) -

e Equivalently:
0f

[EDrer1 — ﬁt]er [EiOrs1 — 0 = — (1= 683) (W — 2 — Eiprr)+08 (Erbrer — Evfrpga)
e Equivalently:
R R 0 5 X 5
OBE D1 — Pr + (1_—6(56) [Eie1 — 0] = — (1 = 68) (W — 2) + 68Ebrs1 — OB E Rt -
(14)

3.4.2 Quasi-Differencing for (10)

e Rewrite (10) as:

. (1+068). (1 (55) ~ . .
Dy + (1= D) Uy = 55 kzg 0B)" k [Ht,k + Witk — Zi4k

e Write out terms:

Dt +

(1+08). _ ((1=08)°")
(1—o8)" ( 53 )
Ey [(08) (tps1 — 21 + Treg1) + 2 (08) (Wry2 — Zrp2 + Tt + Trga)
+3(08)® (Wers — Zeys + Fop1 + Fepo + Fuga) + o]
e Multiply the last equation by 65 and lead by one period:
2
BB1+38) o ((1 —98) ) .

OBEpry1 + (1—35) 53

E; [(55>2 (et — Zevo + Frgz) +2(68)° (Wirs — Zias + Foga + Fegs) + oo ]



e Deduct the last equation from the preceding one:

[pr — 0BEPria] + El - gg; [0y — 0B EU41] = (%) *

E; [(55) (We1 — Ze41) + (55)2 (W12 — Zryo + Teg2) + (55)3 (Wr13 — Ze43 + Foga + Fegs) + oo
+ 741 (55 +2 (55)2 +3 (55)3 )}
e Use (7) for the final term:

. 2
Fyir (%) (65 +2(08) +3(68)° +..) = Eyftras .

e Simplify:

(1 +45)
(1—14p)

Ey [(Wr41 — Zi41) + (08) (g2 — Zrgz + Feva) + (68)° (rss — s + oo + Fegs) + ] -

e Rewrite:

(e — 08Epr1] + ot [0 — 08B0 1] = Erfrryr + (1 — 0B)°

[y — OBEpyi1] + El i gg; [0y — 0BEi41] = Eyiryq + (1 — 55)2 *
t Z (68)" (Wrs14% — Ze414%) + B ((68) 7rrpa + (68)° (Frrsz + Trg3) + )
k=0

e The final term can be rewritten using (11):

Ey [(68) 7o + (88)? (Freyo + Trvs) Z J LRI P

k=1

e Then we can simplify further as:

. R 1490 R
[pe — 0BEPrya] + E 5?; [0y — 0BE U141 = Byt +
(1— 55 Z wt+1+k — Zpp14k) + Z (55)k ﬁtJrl,k
k= k=1
e Now we can simplify the rlght-hand side using (13):
R R (1408) R R R
[pt - 66Etpt+l] + T ( 55) [ 55Etvt+1] Bt + (1 - 55) Epr1 + 0BE D4 -



Further simplification:

. . . 1+460) .. . .
[Pt — Epryr + (1 —68) Eypria] + 21_752; [0y — Bty + (1 — 08) By 14]
= Bty + (1 = 08) Eipra + 0B E U4

Cancel terms:

. . 14+40) .. . . .
(Dt — Eipria] + % [0y — EyOp1] = Eyftypr — By
e Equivalently:
. . . . 1+0 . .
Eiprir = P + Eylppr — Eiften — % [Etber1 — 0] - (15)
e Equivalently:
. . —26 . . 1+60).
Epryr — D = u_—(%Etthrl — By ﬁvt . (16)

3.4.3 Combine (14) and (15)

e (14) for ease of reference:

R R 0 R R S R .
0B Eipr1 — Pr + (1——555) (Bt — 0] = — (1= 0f) (@ — 2) + 00 EyDr41 — 68 Eepa -
e Plugin (15):
. . . 1+0 . . . ) . .
0B | Pt + Eylri1 — Eifteyr — % [Eitr 1 — 0] | — Pe + (1_755@ [Eidpq — 4

- — (1 - 55) (wt - ét) + 55Et’f)t+1 - 56Et7%t+1 .
e Equivalently:

“ﬁ—ﬁ(w) (1—=1—08) (Elp1 — 0¢) — 08ETt4a

- — (1 - 55) (wt - ét) + 55Et’f)t+1 - 56Et7%t+1 .
e Cancel terms to get a preliminary difference equation for v;:

(08 —1)pr + 0BE U141 +

5 2
A (B = 00 = (1= 88) (i — &~ 50
e Equivalently: ,
_5
(it — i) = % (e~ 5~ ) - a7)

10



4 The Price Index

4.1 Formula for the Index

e Price Level:
1

1—0o

P =

-9 [vt_sm_s)ﬂ“]

e Deflate by current target price level P and write out terms (P, = P,/ Py, V, = V;/ P}):

l1—0o
(7)== a0+ (- a2

t

2 (1—0) 3 (1-0)
+(1—5)52V;;( = ) (1= 88T (L) 4.

* * * * *
Ty 1 T Ty 1Ty 2

e Divide by P,_1:
( pt )1—0 _ (1_5) (E)1—0< ) >1—0
Pt,l Pt Ptfl
> 1-0o l—0o
+(1—0)0 <‘?—1> (Ut_*l)
P T
l1—0o 1—0c —0
+(1 — 6)0? ( f—Q) (5—2> ( Uiy )1
P Py T
. l1—0 l1—0c ~ 1-0o —0
o () (B2) 7 (B) T (e )
B3 P P i 1Tt

e Use &, / P_i=7 = ZL (this is the deviation of gross inflation from its target):
(7)™ = (1=0) ()" (7)™
l—0o
o [V
R

+(1 = 6)0% (py 2)1_0 ( ! )1_0 ( Uiy )1_0
- M1 T4

. 1 l1-0o 1 l1-0o U3 5 l1—0o
+(1 = 0)8% (pr_s) ™7 ( ) ( ) (**t—_*) + ..
7rt72 7Tt7]_ ’ﬂ't 7Tt_17Tt_2




e Divide through by ()"
1 = (1-dp ™"

l1—0o
(1= )l ( )

7th7T>tk

+(1—0)8°p=5 <_ (vp-2)* ) )

~ =k *
ﬂ-t—lﬂ-tﬂ-t—lﬂ-t

+(1—5)53p§_‘§< (vg) ) + .

ﬁt,gfrt,lﬁtﬂr_ﬂrf_lﬂf
e Let v, 1 = v_1/m 4, the deviation of firm-specific gross inflation from the inflation
target, and use 7} /7} |, = €7 :
1 = (1-0)p" (18)

- l1—0o
Ut—1
ﬁ'tgzr*

. 2 l1-0o
+(1—0)0%p;~5 F2) T
) et

~ ~ *
7Tt_]_7rt (6?_1

+(1 = 0)dp; 7

(9-3)°

-0
+ ...
oMy 17¢ (5?i2)3 (6?,*1)2 6?)

+(1=6)0°pi=g (

4.2 Linearize (18)

e Linearize:
0 = (1=0)(1—0)p
+(1=6)(1—0) 8 (Pror + o1 — 7 — &)
+(1=6) (1= 0) 0% (Pros + 2042 — Fyy — 71e — 28], — &)
+(1—6) (1= 0) 0% (Pros + 3043 — Ty — Frem1 — A1e — &4 — 2671 — &7 ) + ...
e Cancel terms and bring 7; onto left-hand side:
e (5 + 0%+ 6 + ) =Py +9 (ﬁt—l + U1 — é;r*)
+0° (ﬁt—Q + 20 — g — 287, — éf)—|—53 (ﬁt—?, + 30,3 — g — My — & 5 — 287 | — é;r*)—i—...
e Equivalently:

~ 1 - 5 ~ ~ ~ ATT* ~ ~ ~ ATT* Ar*
Ty = S pt+(1 - 5) (pt—l + U1 — & )"’(1 - 5) 0 (pt—Z + 209 — My — 28, — & )

+ (1= 6) 6 (Prs + Bbyo3 — Ty — Frpo1 — B8] 5 — 287 | — &7 ) + ...

12



4.3 Quasi-Differencing
e Lag the last equation and multiply by 9:
01 = (1=0)pr—1+ (1= 06)6 (P2 + 12 — éil)
+ (1= 6) 6% (Do + 2043 — ryz — 257 5 — E7}) + ...
e Deduct the last equation from the previous one:
1—9

Ty =0 = ——p+(1-0) (-1 — &7 ) + (1 —0) 6 (D — Frem1 — &7 4 — &)

+ (1= 6) 6% (Bs — Feon — 615 — 67, — &7 ) + ..

e Equivalently:

. . 1—90. . . o . U
T — (57Tt,1 = 5 Pt — (571'1571 + (]. — (5) (’Ut,1 — & ) + (1 — 5) ) ('Ut72 — &1 — & )

+(1—0) 0% (-3 — Ey— e — é?) T

e Equivalently:

1-96 . . .
Ty = 5 ﬁt"’(l_é)(@tfl_é?)+(1_5)5(@t*2_é?71_é?)
S0P (g — S —ET) 4

e Equivalently:
1-4. -
P+ Yy, (19)
by = (1= 08) (Bro1 — &7 )H(1 = 0) 8 (Do — Ey — &7 ) H(1 = 0) 62 (-5 — & 5 — &7 1 — &7 ) 4.
Equation (19) is the key expression discussed at some length in the paper.

7%,5:

4.4 The Auxiliary Variable ¢,
e [ag the last equation for ﬂ)t and multiply by ¢:
0y = (1= 08)8 (-0 — 85 1) + (1 — )02 (-5 — &7 5 — &7 1) + ...
e Deduct the last equation from the previous one:
{bt = 5{%—1 + (1 - 5)@75—1 - é?* ‘
e Create auxiliary variables for the King/Watson dynamic system formulation:

Auxiliary Variable I1I: cjf’ = ?/Aftq .
Auxiliary Variable IV: ¢ = 0,1 .

13



Use these in the equation for {bt:

by =04 + (1= 8)g — & . (20)
Also, for future reference:
(Bidbia =) = @ =0)o = (1= 8) 3. e
Finally we will also be able to use (19) to substitute p; out of equation (17):
R o (. 5
b= (Fe= 1) . 22)

4.5 More Intuition for (20)

Assume that we incorrectly linearize (18) around the period ¢ inflation target 7} regard-
less of the time subscript of the variables. We get the following, after changing notation
to distinguish this linearization from (20):

by = 80y y + (1= 8)5 . (23)

Note that for v;_; we have (the same holds for Jt:)

—

U1 = In(vy—q1) —In(7}) , while
U1 = In(vy_q) —In(nw}_,) .

This implies that (again similarly for qﬁ/t:)

— A

Vi1 = Up_q — é?f* )
Also L
V=1,
Substituting the foregoing into (23) we obtain (20):

*

by = 0,y + (1= 8)i1 — &7

4.6 Final Equation for 0,

Equation (17) reproduced for ease of reference:

) ) 1-68)°, . .
(Etvt-l-l_vt):&(wt_zt_pt)'

(68)*

e Plug (22) into this:

B = 0+

(1=08)° 0 » (=0p)° o . (=08 (1-98)°" .,
ooy 1o Ty 1o ey ey Y

14



4.7 Final Equation for 7,

Deduct (19) from its once led version to get:

R R 1-96 R R N N
(Eifrepr — ) = 5 (Eiprir — Dr) + (Etwm - %) .

To substitute for the first term on the right-hand side, use (16), which we reproduce

To substitute for the second term on the right-hand side, use (21), which we reproduce

here: . . A
(Et¢t+1 - @Z)t> - (1 - 5)@ - (1 - 5) % :

9683

Substitute: A
(Biftior — ) = (1= 0)0y — (1 —0) 1,

1-6[ —208 ) (1+45) .
5 l(l _ 56)Etvt+1 Byt 1— 55)Ut .
e Equivalently:
. I . 1=9 29 . 1-6(1+6 . -
By <1 + T) =T ﬂ——ﬁﬁ)Eth—'—(T El — 52; +(1— 5)) o—(1—06) ¢, .
e Simplify and substitute from (24) for E;0;41:
.1 1-6(1+6p . .
Etﬂ't+1g:7rt (721—55;+(1_5)) oy — (1 —0) 1,

5 (1-09) e

1-0_ 28 [Ma—w § g (=887 6 L (1-69° 2>]
CeB? 1-0 et 10" () ua

e Equivalently:

Etﬁtﬂl:ﬁt(l—kw)+@t<1__5<1+6ﬁ>+(1_5)_1;5 208 )

5 @) 5 (1-29) 5 1-9)
. /2(1—88) 1-62(1-38) .
(-0 - 5y e

15



e Equivalently:

.1 (0B +2—-200 (1= (1+08—2p)
Etﬂ-t—l—lg—ﬂ-t (T) +Ut( 5 (1—55) +(1—5)>
s (2—=20B+ 66 —0°B 1-62(1-68),. .

e Equivalently:

Bz = i (2 _ 55) 4, (W)

) op )
- [(2—-68—6°8 1-62(1-68),. .
_¢t< 55 ) - 5 (56) (wt—zt) .
e Equivalently:
B = (3-0) +a-0a+a)+i (s0+0-3) @)
N 2(1—=90)(1—=465) 5 2(1—=9)(1=4606)
( (59) )+< (59) >

16



5 The Backward-Indexation Case

5.1 Profit Maximization

e Pricing policy of firm j that reoptimizes at ¢, choosing V; and indexing to 7;_; (the
lagged aggregate inflation rate):

Pt+k:(]) = Vtﬁt,k .

e Define additional terms:
— Cumulative lagged aggregate inflation:

ﬁt,k = Etﬂlemﬂ,l fork>1 (=1fork=0)
— Cumulative lagged aggregate normalized inflation:

ﬁt,k = Etﬂlefrtﬂ,l fork>1 (=1fork=0)
— Cumulative lagged aggregate inflation deviation:

ﬁtk = EtE;?:lfrHj_l fork>1 (=0fork =0)

Profit maximization:

> v, w
k thle  Wipk .
%ﬁm Ey ’;0 (68)" Atk (Ptnt,k Zt+k) yt+k(])] , s.t.

() = cup (LMl

t = )
* T\ P
Substitute constraints:

~ l1-o ~ —o
= I1 11
]\/{/axEt Z (8)" Ask (Vt t,k) ook — Wik (Vt t,k) ok

Z Pl
P t+k tllg g

FOC for V; normalized by inflation target:

Er Y20 (08)" Avswyesn(d) 15:: (26)

B "% 0 (68) Mesresn () (EZ?)

bt =p

Rewrite (26):

Pl 2 (09 s ) (E) = HEY (56) Mkt (1) 2

k=0 t.k =0 t+k

17



e Linearization of (26):

1 ft(;@ + B Z (8)" (ﬁtk - ﬂt,k) = E; ; (68)" (tesk — Z4n) -

k=0

e Equivalently:

1 f t(m + E, Z (68)" (7 — Fon) = By Y (68)" (s — Zrsn) -
k=0

k=0
e Equivalently:

Dy + T > A R A
Zit_ (gﬁt =L Z (65>k (Wek — Zogr + Tern) -

e (Quasi-Differencing:
(Pt + 71) = 6BE; (Prar + Tegr) = (1 = 0B) (Wrk — 2ok + 1) - (27)

5.2 The Price Index

e Price Level: 1

(1-0) fj 5 (Vi ] T

e Deflate by current target price level P* and write out terms (Pt P,/ P, V.=V, /P}):

1-o
() = =7+ - apavi (22

t

(1= 08V (w)(l_a) (1= 8)8V, (w) o

* ok I "
TeMi—1 T Ty 1T 2

P, =

e Divide by P,_;:

) o))

m

Pt—2> (ﬂ't QT — 1> (1-0)
Py T 1

vt

e o (1-0)
=) —3> (Pt 2) (romema)
2 » % __% * e
=3 t—2 P T 1T o




1\ 1\ /=« 3T TTi—1
—o t—3Tt—2T¢—
w-aron (20) (7)) (s

Te_o M1 (R

e Usern)/ni | =¢eF:

1

e Linearize:

0 =

e

T—2T¢—1

1-0o
T4 1Ty 17Tt)

< T—3Tt—2T¢—1

pt 3
(1—0)p—°
< 1—0o
_ Te—1
+(1 = 6)opi=¢ 2
( ) Pr1 (ﬁt)ff )
¥ l1-0o
1—08)8%pi=y 2
"’( ) DPi_o (ﬁtﬁf &7
- 1—0c
-3
_’_1_563}?10(\, * * *> —I—
( )P TE{_9EF 167

+0 (Proy + Ty — 1 — é‘f)
+6% (Prog + Fpmo — 710 — B, — g:;f*)

+-6° (ﬁt—:s + Mg — T —E)_o —

A * * A
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e Cancel terms and bring 7; onto left-hand side:
A (6407 + 8% +.) =P+ 6 (B + 7 — 7))

+02 (Proz+Fr2— ] — &) )+ 8 (Pros + Fis — & 5y — &1 4 — &7 ) + ...
e Equivalently:

~ 1 - 5 N ~ N ATr* ~ ~ Ar* ATT*
= — P+ (1—=0) (Do + 1 — & )+ (1 —06)6 (Pro2 + Trn — &1 — &7 )
+(1=0)8" (Pros+Fres— &1 o — 211 — &7 ) + ..
e Lag the last equation and multiply by 9:

01 = (1=8)p1+(1—=6)0 P2+ fra—& )
+(1—0)6% (Pros + fre—s3 — &5 — &1 1) + ...
e Deduct the last equation from the one before:

1-9., .
5 pt‘i‘(l—é)ﬂ't,l

F(1=0) (&7 )+ Q=80 (=&7 )+ (1 —=08)0* (=] ) + ...

Ty — 0T

e Equivalently:
1—-9

4]

A

T — M1 = ﬁt - 32’* . (28)

5.3 Final Inflation Dynamics
e Rewrite (27):
Pr = 0B Eprir — 0B (Eyfrypr — ) = (1 —0) (e — %) -

e Use (28):
. 5B . . A A o
Pe—1"% (Bifropr — 7t) — 0B (Beftegr — ) = (1= 08) (0 — 3) .
e Equivalently:
A 56 . . A ) o
e = 75 (Bitens = &) = 05 (Exfteen — 7e) = (1= 00) (w0 — 2) -

e Use (28) again:
Dr— BEpria = (1= 68) (w0 — ) -
e Use (28) again:
S . . 1—-068)(1—=9),. . -
(7Tt — 7Tt,1) = 5Et <7Tt+1 — 7Tt) + ( 55)( ) (wt — Zt) — & . (29)

e This is the New Keynesian Phillips Curve for the backward-indexation case, which
replaces the three equation pricing block of the optimal indexation system.
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6 THE CALVO-YUN CASE

6.1 Profit Maximization

e Pricing policy of firm j that reoptimizes at ¢, choosing V; and indexing to 7} (the current
inflation target):
Prir(j) = WHZk :
e Define additional terms:
— Cumulative inflation targets:
k
I, = E [ [ 77, fork > 1 (= 1fork = 0)
j=1
— Cumulative aggregate inflation target deviation:
k
I, =E Y #,fork>1 (=0fork=0)

j=1

Profit maximization:

> VI
k Pk Witk .
]\/.{/?x E; go (55) Atk l(Pth,k Zt+k) yt—&-k(])} , S.t.

VAL, ) -

Yi+k (J) = Ct+k (Pth,k

e Substitute constraints:
o) ‘/tl_-[* 1—0o w V;H* —0
MazE 58\ t.k Witk t.k
ngc t kz_; ( 5) t+k ( PII, , Ct+k 2o \PIL Ct+k

FOC for V;, normalized by inflation target:

Ey ZZ‘;O (55)k )‘t+kyt+k(j) —Ltk

Zt4-k
1

“ .
E> 2, (55)k AerkYerk(F) (ﬁt,k>

(30)

Rewrite (30):

ey Z (68)" Arsryrsr(d) (ﬂi> = pky Z (68)" )\t+kyt+k:<j>l:t+k .

k=0 t.k k=0 t+k
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e Linearization of (30):
Z (’wwk — Zipr + ﬂtk) .
1— 56 prs
e Quasi-Differencing:
Pr — OBEpry1r = (1 —08) (0 — 2) + 0B E T4 - (€29)

6.2 The Price Index

Price Level:

1
(1-94 Z(SSX/;StSS ] .

Deflate by current target price level P} and write out terms (P, = P,/ P}, V, = V,/P}):

(B)'77 = (1= V7 + (1= 0)aV7 + (1 - )82V + (1 - 68V + .
e Divide by P,_;:

ORI NCON

o Use B,/Py =7, = It
t




e Divide through by ()"
1 = (-0,

1\
( 5)5]% 1 (ﬁ-)
pt 2 < 17Tt>
+ ...
pt 5 ( 9Ty 17Tt)

0=pi+0(p_1 — ) + & (Dr—g — Trp_1 — 7t) + 5 (Prog — Tp—g — Te—1 — ) + ...

e Linearize:

e Cancel terms and bring 7; onto left-hand side:
Ty (5 +62+6° + ) = P+ P14+ 0 (Dr—2 — Fe1) + 0% (o3 — Tz — Fpm1) + ...
e Equivalently:

1—9

4]
e Lag the last equation and multiply by 9:
61 =(1—=0)pr1 + (1 = 8) 8py—a + (1 = 6) 6% (P13 — F—2) + ...

e Deduct the last equation from the preceding one:

. 1—-6
T=—5"D. (32)

~

Ty = Pe+(1=0)pr—1+ (1 —=08) 6 (P2 — Ty—1) +(1 = 0) 5 (Pr—g — o — Te—1) +...

6.3 Final Inflation Dynamics
e Plug (32) into (31):

o . o . . .
1 671',5 — 551T6Et71't+1 = (1 — 56) (wt — Zt) + 56Et7rt+1 .

e Simplify:

L0002 4, -5 (33)

e This is the New Keynesian Phillips Curve for the Calvo-Yun case, which replaces the
three equation pricing block of the optimal indexation system.

Ty = BE T +
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7 Household Wage Setting

7.1 Labor Demand

e /(i,j) = demand for labor variety i by firm j.
e (i) = aggregate demand for labor variety i
1

Lussli) = [ 6.0
0
e [, = aggregate demand for composite labor:

1 1 St
m=/</&@ﬁ%W) g
0 0

e Labor demand equation for labor variety :

w (pwyk\ 7Y
Lt+k(i) = Ly <M> . (34)

e Key parameter: o,, = elasticity of substitution between labor types.

7.2 Utility Maximization

e Wage setting policy of a worker 7 that reoptimizes at ¢, choosing V; and v;” (a gross
wage inflation rate):
Wier (i) = Vi (vi”)k
e Define terms:
— Front-loading term:

—
by = Wt
— Real wage:
W,
Wy = ?t

Wage inflation rates re-scaled by the inflation target, with 7} = 7} /7.

Cumulative aggregate rescaled wage inflation:
Iy, = 7, fork > 1 (= 1for k = 0)
Cumulative aggregate rescaled wage inflation deviation:

ﬂg}’f =Yk 7y, fork >1 (=0fork =0)
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e Utility maximization - relevant part of the problem:

C (Lwrk(i))H7 A Vi (UZ“)k Wik

k
pha Et;@wm A Wi P

e Key parameter: d,, = Calvo delta for wage setters.

7.3 First-Order Conditions

e Firm specific wage inflation rescaled by the inflation target v = v}’ /7.

— By the unit root property we can ignore future changes in the inflation target (see
discussion above for firms):

Byt = B (In (vy) — In(m7,,)) = B (In (viy) — In(7))
e FOC for V,*:

e 9] vw\k e 9]
P Er Z <5w5)k Ath Ltk (2) (wt+k(%t—w)) = p B, Z (5w5)k K (Lt+k(i))1ﬂ (35)

k=0 2 k=0
e FOC w.rt. vy

00 Kk 00
S () EAceiLasi(i) (mﬁﬁ—j) = 1B (6u8) ke (Lis(D) (36)
k

kIZO t7 k‘:O
7.4 Linearization

7.4.1 Linearization for V"

e First step:
- k|3 7 . N A ~w Tw
E, Z (0uwB) [)\H—k — YLy (1) + Wepp + <Pt + ko — Ht,kﬂ =0
k=0

e Linearization of labor demand:
(f/tJrk(i) - fft+k) = Oy (ﬁtw + kﬁ%” - ﬂ?k:)

e Marginal rate of substitution:

— MRS in levels:
/iLt (Z)’y

At

mrs; =
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— Log-linearized:

'I’)’/M”\St = ’)/f/t(Z) — /\t
— Combine with the expression for labor demand (note that, for contemporaneous
terms, k£ = 0):

~

mrs; = Wﬁt —YowPy — At

Combine the above:

B (6uB)" (ﬁ;" + kDY — Hwk) =E Y (0uB)" (M3 — ier)

k=0 k=0

Apply formulas (7) and (8):

PO S (5, ) [ — e + T
1—14,53 " (1—6,8)7 E; ; (0wf) [mrst+k Wik + 1T (37

With the appropriate change in notation this is exactly identical to equation (9) for price
setting, after replacing Wy 1, — Z¢ys With mrs; p — Wy

7.4.2  Linearization for v’

First step:
E, Z (5w5)k [/\t—f—k — 7Lt+k< )+ Wy + (Pt + ko’ — ﬁf‘,ﬂkﬂ =0
k=0

Combine with the above:

E; Z (6uB)" k (]5;"” + ko’ — ﬂ%) = E; Z( oB)" ke (MF3e4r — Wiesn)
k=0 k=0

Apply formulas (7) and (8):

PyowB | 00wB(1+ 5wﬁ S
+
(1 - 6w6)2 (1 - wﬁ kz::

ok [ — s+ 11 (38)

With the appropriate change in notation this is exactly identical to equation (10) for
price setting, after replacing ;. 1, — 21, With mrs; , — Wy
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7.5 Final Wage Inflation Dynamics

e Given the identical forms of (37)/(9) and (38)/(10), we obtain after quasi-differencing
as the end result an equation analogous to (17):
AW ~w (1 — 51115)2 —— N A
(Evoge, — o) = 0B (mrs, — iy — py’) (39)
e Furthermore, the derivation of the wage index is identical to that for the price index
above. The correct expression for wage inflation is:

7%;” - wt - UA}tfl + 7%15 (40)

e Furthermore, the derivation of the wage index is identical to that for the price index

above. We get:
)

AW 1-— W A 5w
Ty = 5 e+ Py (41)
U = 0uthyy + (1= 0u)0fy — & (42)
e Combining this with the results of quasi-differencing we obtain the equations for £;0;
and Fy7r)’

(L=06u8)° 6w v  (L=0uB)? duw .,

E ~W — pw w
Vi1 v+ (5w5)2 1— 5w% (5w5)2 1— 5w77t (43)
1-6,8)7,
% (mrs, — i)
(0u)
~w w2 cw
Emd, = 7 (E - 5w> + 0 (1= 6y) (14 04)) (44)
- 2 2(1 =6,) (1 =0u08) , — .
+ dw(1+ 0y ——)— mrs; — w
i (s 480 -3 =0 (s, )
e We can also use (41) to get a final expression for the marginal rate of substitution:
_ - 0w au Ow ~w 2
mrsy = yLy — Vw5t Wme% -\ (45)
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7.6 The Backward Indexation Case

By analogy with the derivation under price setting we obtain the following for wage
setting:
(1_5wﬁ)(1_5w) ——— A

5 (mrs, — ) — &7 (46)

(7' = 7i1) = BE, (7 — 7)) +
s, = Ly — ’yawﬁﬁ” + fyawﬁﬁ‘il — X\ (47)
7.7 The Calvo-Yun Case

By analogy with the derivation under price setting we obtain the following for wage

setting:
(1 —6uf) (1 = bw)

7y = BET  + 5 (mrs; — ) (48)
mrs, = ’YIA/t - vawﬁﬂ” - 5\t (49)

8 MONETARY POLICY

e Policy rule in levels (p° = 0 in the baseline case):

* ¢ 0
. . i e s Yt -1
vl (/3 N ) \w)

e Normalization (remember that Etéfll = 0and y; = ¢&):

o\ (1 i\ ! o
< t—1 . o [ Yt 61

= — —F =~ h

t (a?) (ﬁ (Foss) (y?> t )

e Linearization:

= p' (i1 =) + (1= p) (6B + 0 — )+ (6= Vi) (50)

1

1-p
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9 COMPLETE DYNAMIC SYSTEM

9.1 Calibration
B =0.99
Habit: v = 0.7
Inverse Frisch: v =1
Calvo Delta Prices: 0 = 0.8
Calvo Delta Wages: 6, = 0.8
EoS between Goods Varieties: o = 6
EoS between Labor Varieties: o, =6
Monetary Policy Rule - Inflation Feedback: ¢ = 1.5
Monetary Policy Rule - Output Feedback: 6 = 0.5
9.2 Steady State

Yy

I
ol
Il
gl
Il
|
Il
—_
~~
=
:
)
=
N
(M)
=
o
=
p—

9.3 Aggregate Demand Block
e Equation (1):

v . 14+ B2 v N
5 EtctJrl = 5 Cy — Ci—1 + (1 — BV))\t (OPTI)
1—w 1—w 1—w
e Equation (2):
Et)\t+1 - Et’]ATtJrl == )\t - it (OPTZ)
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9.4 Market Clearing

Equation (4): R
ét == ZA’t + Lt

9.5 Monetary Policy

Equation (50):

=" (b1 — &)+ (1—9) <¢Eﬁrt+1 +0(¢—¢&)+(¢—1)

9.6 Exogenous Shocks

Monetary Policy Shock:

iLt = phiLt_l + é?
Technology Shock:

2= p 2 +E
Inflation Target Shock:

A’;’r*
€t

9.7 Natural Rate of Output Block

Consumption Euler Equation:

2
1B_V Ly = 11—1-_/35 C — 1— G+ (- 5”)5‘
Labor Supply:
W4 N — L =0
Labor Demand:
Wy = %
Market Clearing:

NG 2 rn
¢ =%+ Ly

30

A~

hy

)

(OPT3)

(OPT4)

(OPT5)
(OPT6)

(OPT7)

(OPTS)

(OPT9)
(OPT10)

(OPT11)



9.8 Price Setting Block

9.8.1 Optimal Indexation
e Equation (20): X
b =0 + (1= 0)q — & (OPT12)
e Equation (24):

o =8Bty (=687
Bubuer = bt = 5(wt—wt)+W<wt—zt> (OPT13)

e Equation (25):

Bty = <g—5)ﬁ+%1—®u+ﬁﬁy%C%Lhﬂ—g)@t(OFN@

3
AN
(2“ ") 6B

) (=2

9.8.2 Backward Indexation

(1—=08)A=0) - .\ _ .

(7ty = Tty1) = BE (Typ1 — ) + 5 (W — 2) — 5? (BWI112)
9.8.3 Calvo-Yun
. . 1—-08)(1—=9), . .
Ty = BE 1 + ( ﬁ;( ) (0 — %) (CY12)
9.9 Wage Setting Block
9.9.1 Flexible Wages
e Equation (3):
W+ A —yLy =0 (OPT15/BWI13/CY13)
9.9.2 Optimal Indexation
e Equation (42):
Uy = 0wthy_q + (1= 8)0" — &7 (OPT15-w)

31



e Equation (43):

2 2
<1(g 6;)5) 1 fw(s (‘%? - ﬁ”) + % (s, — 1) (OPT16-w)

AW . Nw
Liigy, =0 +

e Equation (44):

2 A w 2
Etﬁ-jtu—kl = ﬁ-:fu (B - 5w) + @;U(l - 5w) (1 + 5w) + % (511)(1 + 5w) - B)
2(1 - 6w) (1 B 5w6) — A
— — OPT17-
) (mrs; — ) ( W)
e Equation (45):
_ A Ow Ow ~w 2
mrsy = ’th - ’yawﬁﬂ't + ’}/O'wﬁwt — At (OPTlg-W)
e Equation (40):
7%21} = ?Ijt - ’UA)t,1 + 7%,5 (OPT19-W)

9.9.3 Backward Indexation
e Equation (46):

(1 —0,8)(1 — 04) (77/17“\815 — ) — é?* (BWI13-w)

(Al = #il1) = BE (R — A1) +

Ow
e Equation (47):
——— T 51!1 AW 6111 ~Aw 3
mrs; = YLy — you———7) + Yo7 — Nt (BWI14-w)
1 — 0y 1—dy
e Equation (40):
7%2” = 1[),5 — wt_l + ﬁt (BWIIS-W)

9.9.4 Calvo-Yun

Equation (48):
(1 B 511)6)(1 - 5w) ——

7y = BET  + . (mrs; — wy) (CY13-w)

e Equation (49):
mrs, = vL; — vawﬁfrf — X\ (CY14-w)

e Equation (40):
Ty = Wy — Wy + Ty (CY15-w)
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