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a b s t r a c t

This study addresses the influences of residual radical impurities on the computation and experimental
determination of ignition times in H2/O2 mixtures. Particular emphasis is made on the often-times
encountered problem of the presence of H-atoms in the initial composition of H2/O2 mixtures in shock
tubes. Two methods are proposed for quantifying experimentally H-residual impurities in shock tubes,
namely, an a priori method that consists of detecting OH traces upon shocking unfueled mixtures, and
a posteriori method in which the amount of impurities is inferred by comparing fueled experimental
autoignition data with calculations. A stochastic Arrhenius model that describes the amount of H-radical
impurities in shock tubes is proposed on the basis of experimental measurements as a function of the test
temperature. It is suggested that this statistical model yields a probability density function for the resid-
ual concentration of hydrogen radicals in standard shock tubes. Theoretical quantifications of the uncer-
tainties induced by the impurities on autoignition times are provided by using the 5-step short chemistry
of Del Álamo et al. [1]. The analysis shows that the relative effects of H-impurities on delay times above
crossover become more important as the dilution increases and as the temperature and pressure
decrease. Below crossover, the effects of H-impurities on the ignition delay vanish rapidly, and are neg-
ligible compared to the departures produced by the non-ideal pressure rise that is seen in some shock-
tube experiments at such low temperatures. The influences of kinetic uncertainties on the ignition time
are typically negligible compared to the effects of the uncertainties induced by H-impurities when the
short mechanism is used, except for air at high temperatures for which kinetic uncertainties dominate.
Furthermore, calculations performed with the short mechanism show that correlations between the
uncertainties in the rates of branching and termination steps have only some small influences on the igni-
tion-time variabilities near crossover, where a global sensitivity analysis shows an increasing importance
of the recombining kinetics. Computational quantifications of uncertainties are carried out by using
numerical simulations of homogeneous ignition subject to Monte-Carlo sampling of the concentration
of impurities. For the conditions analyzed, these computations show that the variabilities produced in
ignition delays by the uncertainties in H-impurities are comparable to the experimental data scatter
and to the effects of typical uncertainties of the test temperature when the Stanford chemical mechanism
[2] is used. The calculations also unveil that the utilization of two other different chemical mechanisms,
namely San Diego [3] and GRI v3.0 [4], yields variations in the ignition delays which are within the range
of the uncertainties induced by the H-impurities. Finally, the effects of residual impurities in kinetic-iso-
lation experiments and in supersonic-combustion ramjets are briefly discussed.

� 2013 The Combustion Institute. Published by Elsevier Inc. All rights reserved.
1. Introduction

The chemistry of gaseous H2–O2 systems has been studied for
more than half a century [5] and is of central importance as a sub-
mechanism for hydrocarbon oxidation [6]. A number of H2–O2 de-
tailed mechanisms have been developed [7–12,3,13–17,2,18], most
of which contain about 20 or 21 elementary steps for the 8 species
involved, namely H2, O2, H2O, H, O, OH, HO2 and H2O2. Reductions
of these detailed mechanisms have been obtained that describe to
a good extent autoignition [1,19], propagation of laminar deflagra-
tions [20,21,19] and extinction of strained diffusion flames
[22,23,19]. All these mechanisms describe the same qualitative
structure of the chemical processes involved in hydrogen flames.
In particular, all H2/O2 mechanisms are composed of long-period
chain-branching steps, which generate a pool of active radicals.
These radicals are depleted subsequently in exothermic recombi-
nation reactions. Additionally, an explosion diagram that contains
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Fig. 1. Effects of residual H impurties on the relative autoignition time of
hydrocarbon fuels (1). The ignition criterion is set as the maximum slope of the
temperature time-history. The reference mechanisms are: H2 [2], C2H4 [48], 2-
component JP-7 surrogate [48], C2H2 [48], CH4 [48], n-C7H16 [4], and C3H8 [4].
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three limits (first, second, and third explosion limits) is readily
available in the literature [24] and plays a focal role in risk analysis
and hazard prevention [25].

A target frequently used by chemical-kinetic modelers to obtain
rate constants is the ignition delay time, which can be experimen-
tally determined, for instance, by the use of shock tubes [26]. In
shock tubes, a driver section is filled with an inert high-pressure
gas separated by a diaphragm from the driven test mixture. When
the diaphragm is relieved, a shock wave propagates into the driven
mixture. The incident or reflected passage of the shock wave leaves
the mixture at the test pressure and temperature, which eventually
leads to autoignition in a mostly transport-free environment. The
onset of ignition is typically characterized by a sudden rise in light
emission, or by an increase on radical or product concentrations
[26]. Additionally, kinetic rates can be determined by analyzing
concentration time-histories through laser-absorption spectros-
copy techniques if the mixture is diluted enough to isolate the
reaction of interest [2]. To determine rate constants, chemical-ki-
netic modelers typically integrate the conservation equations for
homogeneous ignition using the post-shockwave conditions as ini-
tial temperature, pressure and chemical composition [26]. There
are a number of studies that have provided experimental autoigni-
tion times [27–38,4] and kinetic rates [41–44,40,39] for hydrogen
by using shock tubes. Despite being much more accurate than
other measuring devices, shock tubes are subject to a number of
imperfections, such as non-ideal pressure rise at long times (espe-
cially below crossover), boundary-layer effects, uncertainties in the
post-shock temperature, and the presence of radical impurities, the
latter being analyzed in what follows.

In this paper, we use experimental, analytical and computa-
tional methods to study the effect of impurities on autoignition
times for H2/O2 mixtures. A stochastic model of impurities for H
radicals is proposed based on experimental data in shock tubes.
Theoretical analyses based on reduced chemical descriptions are
used to give a physical explanation of the influences of H-impuri-
ties on delay times, and comparisons are made with the corre-
sponding effects of chemical-kinetic uncertainties on ignition.
Additionally, numerical simulations of H2/O2 homogeneous igni-
tion under uncertainties in the concentration of H-impurities are
performed using detailed chemistry. The variabilities in the igni-
tion time caused by uncertainties in the concentration of impuri-
ties are quantified and compared to variabilities introduced by
chemical-kinetic uncertainties and by typical experimental errors
in the measurements of the test temperature.

The paper is organized as follows. Section 2 shows local sensi-
tivity studies of H-impurities in ignition-delay time calculations
of relevant hydrocarbon fuels. In Section 3, methods are proposed
for quantifying impurities in shock tubes by using experimental
data, and a statistical model of the probability-density function
(PDF) of the impurities concentration is proposed. Theoretical in-
sight is given in Section 4 to tackle the presence of radical impuri-
ties in ignition-delay models and regime diagrams are obtained. In
Section 5, Monte-Carlo sampling of the impurities PDF is per-
formed in the numerical simulation of the ignition problem to as-
sess the variabilities induced by the impurities in the delay time,
and comparisons with experiments are performed. Sections 6
and 7 are devoted to a short assessment of the effects of impurities
in kinetic-isolation experiments and supersonic combustion,
respectively. Finally, conclusions are drawn in Section 8.
2. Sensitivity of the autoignition time of hydrocarbon fuels to
radical impurities

Radical intermediates are of paramount importance for catalyz-
ing ignition processes in combustion [45]. Residual radicals in the
environment may therefore lead to significant changes in the
autoignition of reacting mixtures.

Figure 1 shows Flamemaster [46] calculations, for a number of
mixtures of hydrocarbons with oxygen in typical shock-tube con-
ditions, of the relative variations in the autoignition time tig,

Dtig=t0
ig ¼ tig � t0

ig

� �
=t0

ig ; ð1Þ

produced by H-impurities. Here t0
ig is the nominal autoignition time

calculated with the tabulated rate constants of the corresponding
mechanism and zero initial H-impurities, XH,0 = 0, where the symbol
X denotes the molar fraction. This simple exercise shows that the
ignition times of hydrogen (H2), ethylene (C2H4), 2-component JP-
7 surrogate and acetylene (C2H2) are influenced in a non-negligible
manner by the addition of small amounts of H atoms in the initial
composition. The ignition process in these fuels is dominated by
an initiation period during which H atoms are formed and fed into
the branching steps to generate the radical pool. As noted below,
the addition of H atoms to the initial mixture can shorten this stage.

The ignition of other fuels such as butadiene (C4H6), methane
(CH4), propane (C3H8), and n-heptane (n-C7H16), is dominated by
a multi-step process in which first the fuel molecule rapidly
decomposes into intermediate products, which get subsequently
decomposed in a slow stage and eventually lead to the exponential
growth of the radical pool. For these fuels, which are mostly char-
acterized by having a large number of hydrogen bonds, the H-
impurities are rapidly scavenged by the large fuel molecules in
the first decomposition stage or by the intermediate fuel products
in the second decomposition period, and do not affect the autoig-
nition time in a considerable manner.

It is therefore expected that experimental data of ignition times
of C2H4, C2H2 and H2 should be viewed with caution, especially in
diluted conditions as shown below, unless outstanding care is ta-
ken for cleaning and maintaining high-purity conditions in the
shock tube. The effects of impurities should however not play
any significant role in ignition-time measurements of heavier
hydrocarbons.

Special caution should be exercised with jet fuel surrogates in
the present context of numerical simulations of autoignition
experiments. For instance, the 2-component fuel surrogate of the
partially-cracked JP-7 chosen by the HiFiRE program [47] for
hydrocarbon-fueled hypersonic flight is a two-component gas-
phase mixture of C2H4 and CH4 (64% and 36% mole fraction, respec-
tively), which simulates ignition, extinction and flame propagation
experimental tests. The chemical mechanism required for these
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Fig. 2. (a) Equivalent concentration of H impurities measured in the Stanford Shock-Tube Facilities as a function of the inverse of the temperature. The shaded contours
indicate the PDF of H-impurities concentration P(XH,0) given by the stochastic model of impurities (2) and (3), with dark and white regions indicating high and low probability,
respectively. The dotted lines represent one standard deviation from the linear regression curve (solid line) as given by Eq. (3). Dot-dashed and dashed lines represent linear
regression models if data obtained by using eitherM1 orM2 are retained, respectively. (b) Example of OH laser trace [55] obtained by using the methodM1, together with
the corresponding numerical simulations of the ignition problem. (c) Example of H impurities being quantified by using methodM2 to analyze H2O experimental traces [2]
(solid line) and numerical simulations (dashed lines).
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simulations must accurately describe C2H4/CH4 oxidation over a
wide range of combustion conditions. As indicated in Fig. 1, the ef-
fects of H-impurities in the autoignition of this 2-component JP-7
surrogate are non-negligible when the USC C2-oxidation mecha-
nism [48] is used, even though JP-7 is a compound made of long-
chain hydrocarbons. That the autoignition time of this 2-compo-
nent JP-7 surrogate is sensitive to the initial concentration of H
radicals can be understood by noticing that, in its cracked version,
it is mainly composed of C2H4, with the ignition delay of C2H4

being fairly sensitive to the presence of initial H radicals as evi-
denced in Fig. 1.
3. Experimental quantification of impurities in shock tubes

3.1. Residual impurities in shock tubes

In shock tubes, residual radicals may be generated by the
decomposition of long-chained hydrocarbon molecules. These
large molecules may be present in the shock tube because of three
main reasons: (i) they remain in the tube as leftovers of previous
experiments, (ii) they are introduced by cleaning substances for
shock-tube maintenance, and (iii) they are products generated by
decomposition of the organic compounds which gaskets, seals, dia-
phragms and wall coatings are made of. Among all sources of
impurities, non-volatile compounds at room temperature, in par-
ticular heavy hydrocarbons, are most likely to be adsorbed onto
surfaces and remain in the tube. To worsen the problem, these con-
taminants remain in the shock tube even after gas-exchange pro-
cesses, ultra-vacuum pumping, and meticulous cleaning
procedures [44,50,49]. These compounds act as radical precursors.
As the test gas mixture is blown into the shock tube it comes in
contact with the supply tubing and with the shock tube wall. Ex-
change with surface contaminants and with outgassing from cre-
vices in the shock tube puts the radical precursors into the bulk
gas. The diaphragm rupture and laser measurements typically oc-
cur within 1 min after filling. When the shock wave passes through
the bulk gas, the high temperatures decompose the radical precur-
sors and forms radicals such as H-atoms. Despite being supported
by common experience, the above explanation is only qualitative
and more research is needed in order to assess the exact causes
of formation of impurities in shock tubes.

The exact composition of the impurities pool is also extremely
difficult and often impractical to characterize in shock-tube normal
operating conditions. However, an equivalent amount of H impuri-
ties can be inferred by using any of the following two methods pro-
posed here: (M1) ‘‘a priori OH absorption in unfueled mixtures’’
and (M2) ‘‘a posteriori comparison of fueled experimental data
with calculations’’. These two methods are described below. Exper-
imental data obtained using these two methods are shown in
Fig. 2a, in which an equivalent amount of H impurities is obtained
for a range of operating temperatures in a number of shock tubes at
the Shock-Tube Facilities at the High-Temperature Gasdynamic
Laboratory at Stanford. Given the standardized cleaning proce-
dures used for the operation of the Stanford Shock-Tube Facilities,
the experimental results shown in Fig. 2a are most likely represen-
tative of the temperature distribution of impurities in any other
typical shock tube. As depicted in Fig. 2a, the concentration of rad-
ical impurities tends to increase for increasing temperatures be-
cause of the increasingly faster activation of the radical precursors.

In a hierarchy of possible models, the results in Fig. 2a suggest a
simple Arrhenius model

XH;0 ¼ nXH;0; with XH;0 ¼ AHe�Ta;H=T ðppmÞ; ð2Þ

for the molar fraction of H-impurities XH,0, where Ta,H = 12,916 K is
the activation temperature and AH = 682.93 ppm is a pre-exponen-
tial factor. In this formulation, n is a dimensionless log–normal ran-
dom variable given by

ln n � N 0;r2
H

� �
; with r2

H ¼
1
4

ln2UFH; ð3Þ

where r is the standard deviation, and UFH is an uncertainty factor
described below. In this analysis, the temperature T is assumed to
be a known parameter in the calculations. The effects of the temper-
ature uncertainties on delay times obtained from shock-tube exper-
iments are briefly explored in Section 5.
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Eq. (2) represents a thermal-activation process for the genera-
tion of impurities, in which the nominal Arrhenius parameters AH

and Ta,H are obtained by a least-squares approximation. Eqs. (2)
and (3) imply the use of a Gaussian distribution for the PDF
P(lnXH,0), which is a model that proves to be accurate to describe
the multiplicative spread of data observed at increasing tempera-
tures. Therefore, ln XH;0 represents the mean, mode and expecta-
tion of lnXH,0. Similarly, XH;0 and XH;0expð�r2

HÞ are the median
and mode of XH,0, respectively. The expectation of the impurities
distribution is E½XH;0� ¼ XH;0expðr2

H=2Þ, which should not be con-
fused with XH;0.

In Eq. (3), a notation based on the uncertainty factor UFH has
been used, which is widely employed in the assessment of chemi-
cal-kinetic uncertainties [51]. In particular, ln UFH represents two
standard deviations in lnXH,0 from its expectation ln XH;0, which is
equivalent to variations in XH,0 within the interval XH,0/UFH and
XH,0UFH. In this model, the variance of lnXH,0 is constant with tem-
perature and can therefore be written as varðln XH;0Þ ¼ r2

H. The var-
iance of XH,0 is varðXH;0Þ ¼ X2

H;0½expð2r2
HÞ � expðr2

HÞ�, which
increases with temperature in the same manner as X2

H;0. Using a
variance estimator for the data in Fig. 2a and Eq. (3), the uncer-
tainty factor of the H-impurities concentration is estimated to be
UFH ’ 41, which gives an expectation E½XH;0� ¼ 5:61XH;0.

Notice that, in general, the total amount of uncertainty in the
distribution of impurities may be different from the uncertainty
solely quantified by the data scatter, since each of the individual
points in Fig. 1a are subject to experimental errors. However, in
case of being important, these experimental errors would only in-
crease the uncertainty factor UFH. Additionally, different values of
A, Ta,H and UFH may be obtained depending on the data subset cho-
sen in Fig. 2a. The present model for the PDF P(XH,0) of the impuri-
ties concentration may be considered as a first approximation in an
escalation of difficulty. Further research may be required to pro-
pose more rigorous models.

Regarding the activation process depicted in Fig. 2a. and de-
scribed in Eq. (2), it may be tempting to explain the production
of H impurities by arguing that they may have been generated
by C–H bond breaking. Note that the C–H bond dissociation en-
ergy remains roughly of the same order of magnitude across a
wide span of hydrocarbons, with a typical activation tempera-
ture of �50 � 103 K [52]. However, the H-impurities concentra-
tion XH,0 in Fig. 5a has an activation temperature
Ta,H = 12,916 K when data points from both M1 and M2 methods
are retained for the least-squares, Ta,H = 7570 K for data points of
method M1 only, and Ta,H = 14,131 K for data points of method
M2 only. The discrepancies in the experimental activation tem-
peratures with respect to the mean C–H bond activation temper-
ature indicate that there may be more complex chemical
processes at play and, as emphasized above, that the theory
for the presence of H impurities in shock tubes outlined here
is only qualitative.

3.2. Methods for quantifying H residual impurities in shock tubes

The two methodsM1 andM2 proposed here for the experimen-
tal quantification of impurities in shock tubes are detailed in what
follows.

3.2.1. Method M1: a priori OH absorption in unfueled mixtures
In method M1, an O2/inert gas mixture is introduced in the

shock tube after cleaning but prior to any experiment with the
target fuel. Then OH absorption is performed in the shock tube
after passing a shock over the mixture. For these experiments,
the OH absorption was performed using a laser to produce UV
light of 306.7 nm wavelength. A trace of OH was found even if
the mixture was thoroughly monitored to be composed of O2
and inert only [53–56]. An example of an OH trace found in
the experiments is shown in Fig. 2b. The resulting amounts of
OH implied that a source of H radicals must have remained
somewhere in the tube. In these ultra-lean conditions, the
branching step H + O2� OH + O is assumed to be the sole
responsible for the early production of OH observed. The initial
concentration of H can be retrieved from the intermediate pla-
teau of the OH concentration time-history by using conservation
of atoms, conservation of mass and partial equilibrium of
H + O2� OH + O, which gives

K1 ¼
XOHXO

XHXO2

� 2X2
OH

ðXH;0 � XOHÞXO2 ;0
: ð4Þ

Note that Eq. (4) is independent of the kinetic rates, and therefore
method M1 is not influenced by any uncertainties in the chemical
rates. In this formulation, K1 ¼ exp½ðg0

H � g0
OH � g0

OÞ=R0T� is the equi-
librium constant of H + O2� OH + O, with R0 the universal gas con-
stant and g0

i the Gibbs free energy of formation of species i. In Eq.
(4), the approximation XOH � XO has been made, since the initial
concentration of H radicals is very small. Eq. (4) provides a relation
between the concentration of OH at equilibrium, XOH, and the initial
concentration of H, XH,0, in a given mixture of oxygen mole fraction
XO2 ;0.

To illustrate this procedure, Fig. 2b shows a numerical calcu-
lation, performed with Flamemaster [46] and the reference
mechanism [2], of the concentration histories for a typical mix-
ture used in method (M1). Note that the OH absorption mea-
surements can only be carried out for test times of the order
of miliseconds, since the driver expansion wave and non-ideal
pressure rise effects set in at longer times. During the experi-
mental time window, the main branching step attains chemical
equilibrium, which is manifested by the intermediate plateau of
the OH signal. The OH concentration along this intermediate
plateau is independent of the chemical rates and can be cap-
tured by using Eq. (4). Furthermore, Eq. (4) yields
XH;0 ¼ XOH½1þ 2XOH=ðXO2 ;0K1Þ�, which becomes XH,0 � XOH since
XOH=ðXO2 ;0K1Þ is a small number at typical temperatures (of or-
der 10�3 for the conditions in Fig. 2b). This indicates that each
ppm of OH produced is approximately equal to an equivalent
ppm of initial H impurities in the shock tube. The remaining
branching steps reach equilibrium at a much later stage
(t > 10 s), which is beyond the experimental range and of no
interest here.
3.2.2. Method M2: a posteriori comparison of fueled experimental
data with calculations

In methodM2, numerical calculations of autoignition are com-
pared a posteriori with shock-tube experimental data for represen-
tative fuels, and agreement between the two is achieved after
adjustment of the initial concentration of H radicals in the
computations.

Typical experiments in shock tubes for kinetic isolation or
autoignition use atomic absorption spectroscopy (ARAS) [26] or
its more advanced tunable-diode laser version (TDLAS) for low-
temperature measurements [41,44]. An example of the approach
M2 is given in Fig. 2c, where an experimental H2O concentration
time history obtained by TDLAS in a H2/O2/Ar initial mixture [44]
is matched by adding initial amounts of H in the numerical calcu-
lations. The need of adding amounts of initial H atoms in the calcu-
lations to match experimental concentration histories indicates
that the shock tube must have been contaminated with impurities.
A similar approach for quantifying impurities in shock tubes was
adopted in other experimental studies of the same group
[57,50,49,58].



Fig. 3. The dimensionless parameters �, c, jO, jOH and K1 as a function of
temperature for H2/air mixtures. Depicted in the figure are also the contours of the
PDFs P(�) of each parameter that describe the variabilities on delay times induced by
the uncertainties in chemical-kinetic rates when represented by the model (10) and
(11). High and low probabilities are indicated by dark and white regions,
respectively. Solid and dashed white lines represent mean and mean ± standard
deviation, respectively.
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4. Theoretical quantification of the effects of impurities in H2–
O2 autoignition

In this section, theoretical insight is given about the physics of the
interaction between radical impurities and the main test gases during
the ignition process. Consideration is given here to ignition above
crossover, with the below-crossover case being briefly analyzed in
Section 5.2. The numeration of the chemical steps involved in the
description is taken from the Stanford H2/O2 mechanism [2].

The crossover temperature Tc in H2–O2 combustion, which in-
creases with increasing pressure (Tc � 950 K at p = 1 bar), is typi-
cally defined as the limit temperature in which the main
branching H + O2 ? OH + O and termination H + O2 + M ? HO2 + M
reaction rates become equal up to the multiplicative branching fac-
tor, k2f[M] = 2k1f, with [M] = p/R0T the molar concentration of the
diluent gas and R0 the universal gas constant. Below the atmo-
spheric pressure, the crossover temperature indicates the second-
explosion limit, in which rapid chain-branching reactions lead to
the build up of active radicals that are subsequently depleted in
slow exothermic recombination steps. Near the atmospheric pres-
sure and above, the crossover temperature represents the bound-
ary between the strong-ignition region at T > Tc, in which the
description of the branched-chain explosions in the second limit
holds to a good extent, and the weak-ignition region T < Tc (yet
above the third limit), in which a much slower branching path
involving HO2 and H2O2 leads to thermal explosion [59].

4.1. Reduced-order formulation

In this subsection, an extension of the description of above-
crossover branched-chain explosions given in the seminal work
by Del Álamo et al. [1] is made to account for non-negligible initial
concentrations of residual radicals.

Following [1], for T > Tc the rapid chain-branching dynamics
starts with the production of H and OH radicals from collisions be-
tween H2 and O2 molecules through the main initiation reaction

ð13bÞ H2 þ O2 ! HO2 þH UFK;13 ¼ 2:0;

(the reaction numbering follows the reference-mechanism notation
hereafter [2]). The alternate chain-initiation step H2 + O2 ? -
OH + OH is not included in the reference mechanism [2] in accord
with ab initio computations that relegate it to highly unlikely
events. The rate constant of (13b), k13b = 0.75 � 106T2.43 ex-
p(�26,926 K/T) (cm3 mol�1 s�1), was measured in earlier work
[39] by a combination of O-ARAS methods in shock tube experi-
ments and ab initio calculations. A characteristic initiation time tI

associated with (13b) can be defined as tI = (k13b[O2]0)�1, with the
subindex 0 indicating initial values. In particular, tI represents the
timescale over which H atoms are formed in amounts of order
[H2]0. The kinetic uncertainty factor listed by Konnov [60] for this
reaction is UFK,13 = 2.0.

When the concentration of H radicals generated by (13b) is suf-
ficiently large, a branched-chain process follows, which can be de-
scribed by the steps

ð1fÞ Hþ O2 ! OHþ O UFK;1 ¼ 1:1;
ð9fÞ H2 þ O! Hþ OH UFK;9 ¼ 1:3;
ð10fÞ H2 þ OH! H2OþH UFK;10 ¼ 2:0;

[1], where (1f) and (9f) are chain-branching reactions and (10f) is a
chain-propagation step. Inspection of these chemical steps shows
that two H atoms are formed by (9f) and (10f) for each H atom con-
sumed in (1f), which leads to a rapid build up of H radicals. Similar
considerations can be used to describe the multiplication of OH
radicals.
The value of the rate constant of (1f) has been revised recently
[44] by making use of advanced H2O-TDLAS diagnostics, which
yielded k1f = 1.04 � 1014exp(�7701 K/T) (cm3 mol�1 s�1) within
an uncertainty factor UFK,1 = 1.1. A characteristic branching time
tB associated with (1f) can be defined as tB = (2k1f[O2]0)�1, which
corresponds to the timescale over which the total number of H
atoms becomes multiplied by a factor e1. The values of the rate
constants of (9f) and (10f) are taken from [2] as follows: k9f =!
3.82 � 1012exp(�4000 K/T) + 8.79 � 1014exp(�9650 K/T) (cm3

mol�1 s�1) and k10f = 2.17 � 108exp(�1740 K/T) (cm3 mol�1 s�1),
with uncertainty factors UFK,9 = 1.3 and UFK,10 = 2.0, respectively
[60].

Upon induction, the radicals are depleted in direct recombina-
tion reactions (2f, 7b, 18b, 19f, 20f), which are responsible for the
heat release and the corresponding temperature increment. Out
of these steps, the fastest termination reaction is found to be

ð2fÞ Hþ O2 þM! HO2 þM UFK;2 ¼ 1:3;

where M denotes the collider. The termination step (2f) is subject to
the fall-off effect, which is neglected in this study (a good approxi-
mation for not too high pressures). The rate of (2f) is taken from [2]
as k2f = 6.81 � 1018T�1.2 (cm6 mol�2 s�1) with an uncertainty factor
UFK,2 = 1.3 [60]. Following (2f), the HO2 radical forms stable species
before doing anything else and the chain is terminated. A character-
istic termination time tT associated with (2f) can be defined as
tT = (k2f[M][O2]0)�1.

The set (13b)–(1f)–(9f)–(10f)–(2f) represents the 5-step short
mechanism of Del Álamo et al. [1], the accuracy of which was
tested thoroughly in earlier work (see for instance Fig. 3 in [1] or
Fig. 4 below). Briefly, the 5-step mechanism is accurate in an inter-
mediate range of temperatures, but it fails at high temperatures
( J 2500 K) because of the absence of dissociation reactions in
the description, and at low temperatures and high pressures (near
and below crossover) because it does not account for HO2 and H2O2

chemistry.
When the short mechanism (13b)–(1f)–(9f)–(10f)–(2f) is used,

and since the reactant consumption and the temperature incre-
ment are negligible during the induction period, the species con-
servation equations for the radicals become [1]



Fig. 4. Ignition time obtained from numerical simulations with the H2/O2 Stanford
mechanism [2] (solid line), from the numerical integration of the problem (5)–(7)
subject to (12) (dashed line), and from the use of formula (13) (dot-dashed line).
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dyH

ds
¼ � cþ 1

2

� �
yH þ

yO

2
þ yOH

2
þ �; ð5Þ

dyO

ds
¼ /

jO
ðyH � yOÞ; ð6Þ

dyOH

ds
¼ /

jOH
ðyH þ yO � yOHÞ; ð7Þ

where yH = [H]/[H2]0, yO = [O]/(jO[O2]0) and yOH = [OH]/(jOH[O2]0)
are the dimensionless radical concentrations, and s = t/(2k1f[O2]0)
is the nondimensional time. Similarly, jOH = k1f/k10f and jO = k1f/
k9f are dimensionless ratios of OH and O consumption rates,
respectively, and / = [H2]0/2[O2]0 is the equivalence ratio of the gas-
eous mixture. Note that jO[O2]0 and jOH[O2]0 are the characteristic
steady-state concentrations of O and OH radicals, respectively.
Additionally,

� ¼ tB

tI
¼ k13b

2k1f
; ð8Þ

is the ratio of the branching-to-initiation characteristic times, and

c ¼ tB

tT
¼ k2f ½M�

2k1f
; ð9Þ

is the ratio of the branching-to-termination characteristic times,
which increases with increasing pressure and decreasing tempera-
ture. The value c = 1 indicates the second explosion limit. For
c > 1, the branching dynamics is much slower than the termination,
and the ignition process is utterly slow as described in earlier work
[59]. For c < 1, the branching timescale is smaller than the charac-
teristic termination time, which rapidly leads to ignition. In the
ignition zone, for c < �� 1 (which occurs at high temperatures)
the ordering of time scales is tB� tI < tT, and for �� c < 1 (which
occurs at moderate-to-low temperatures) the times scales become
tB < tT� tI.

For illustration, the nondimensional parameters �, c, jO and jOH

are shown in Fig. 3 as a function of temperature and pressure.
Additionally, Fig. 3 depicts the variabilities in �, c, jO and jOH, in-
duced by the uncertainties in the chemical kinetic rates given by
the uncertainty factors UFK,1, UFK,2, UFK,9, UFK,10 and UFK,13. The
uncertainty model

kj ¼ gj
�kj; ð10Þ

is used for the rate constants j = 1f, 2f, 9f, 10f and 13b, where kj is
the tabulated rate constant (which in turn is the median of kj and
whose logarithm is the mean of lnkj), and gj are independent log–
normal variables given by

lngj � N 0;r2
K;j

� �
; with rK;j ¼

ln UFK;j

2
: ð11Þ

The model (10) and (11) assumes uncorrelated uncertainties among
the chemical rates, and it has been used in earlier studies of chem-
ical-kinetic uncertainty quantification in combustion [61–63]. In
particular, the model (10) and (11) and an extension of it that ac-
counts for chemical-kinetic cross-correlations are used in Sec-
tion 4.4 to compare the uncertainties in the autoignition time
generated by the impurities with those produced by the uncertain
chemical rates. A thorough discussion on modeling chemical-ki-
netic uncertainties is given in Urzay et al. [64]. A plot similar to
Fig. 3 can be found in Del Álamo et al. [1] without the uncertainties
induced by chemical kinetics.

Eqs. (5)–(7) are subject to the initial conditions

yH ¼ nH; yOH ¼ nOH and yO ¼ nO; ð12Þ

at s = 0, where nH ¼ XH;0=XH2 and XH,0 is given by the distribution (2)
and (3). The initial conditions (12) were set to zero in Del Álamo’s
work [1], nH = nO = nOH = 0, but they are retained here as non-zero
values in order to illustrate the effect of radical impurities on the
induction time.

To calculate the autoignition time, a threshold value for the rad-
ical concentrations computed from (5)–(7) and (12) needs to be
specified. Here, ignition is associated with the instant in which
reaction H + O2� OH + O reaches partial equilibrium, or equiva-
lently, when the relation 2/K1/(jOjOH) = yOyOH/yH is satisfied. In
this formulation, K1 is the equilibrium constant of step H + O2 -
� OH + O, which is depicted in Fig. 3 and was used in Eq. (4) to
determine the level of impurities with method M1. The resulting
autoignition time is found not to depend much on this selection
[1].

The system (5)–(7) has two complex conjugate eigenvalues
with negative real parts and a real eigenvalue k1, which becomes
positive for c < 1 and negative for c > 1. The solution for the autoig-
nition time, which accounts for nH > 0,nO > 0 and nOH > 0 in (12), is
given by

tig ¼
1

2k1f ½O2�0k1
ln

2C11/K1

b1C12C13jOjOH

� �
; ð13Þ

where C1i are the components of the k1-eigenvector C1 of the coef-
ficient matrix in the linear system (5)–(7). Additionally, b1 is a con-
stant that depends on the initial conditions (12) and is calculated by
imposing that q(s = 0) = C�1(n � yp), where q ¼ ½b1ek1s;

b2ek2s; b3ek3s�T;C is the matrix of eigenvectors, n = [nH,nO,nOH]T is
the vector of initial conditions, and yp = [��/(1 � c),��/
(1 � c),�2�/(1 � c)] is the particular solution of (5)–(7).

Eq. (13) is essentially the same formula as the one obtained by
Del Álamo et al. [1] with the only difference that the constant b1

retains here the initial conditions for the radical concentrations,
which were set to zero in [1] and which play a central role here.
The result obtained from formula (13) under non-zero residual
impurities is shown in Fig. 4, in which the numerical integrations
of the reduced problem based on short chemistry, i.e. Eqs. (5)–(7)
and (12), are compared to the computations of the ignition time
using Hong et al. mechanism [2] and Flamemaster.

4.2. Residual impurities in rich to stoichiometric mixtures above
crossover

For rich to stoichiometric mixtures mixtures, / J 1, Eqs. (5)
and (6) suggest that variations in yO and yOH occur in a much faster
time scale than the variations of yH. In particular, after short
dimensionless times of order s � 1//, the information of the initial



(a)

(b)
Fig. 5. Effects of uncertainties in the residual impurities on the autoignition time
variations (1) calculated from the solution to the reduced-order ignition problem
(5)–(7) subject to (12), for (a) air and (b) diluted H2 mixtures after 120 � 103

samples. Solid and dashed lines indicate mean and mean ± standard deviation
respectively. The symbols denote the same experimental data points shown in
Fig. 2a.

Fig. 6. PDFs of the autoignition time variations PðDtig=t0
igÞ as defined in (1)

calculated from the solution of the reduced-order ignition problem (5)–(7) subject
to (12), and integrated using 10,000 samples of the impurities concentration for
each temperature value.
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concentrations nO and nOH is lost and the O and OH atoms reach
steady state with yH � yO and yOH � 2yH. In this limit, Eq. (4) can
be integrated to give the time evolution of the concentration yH.
For tig/tB	 1 J 1//, the ignition time

tig;R ’
1

2k1f ½O2�0ð1� cÞ ln
/K1

jOjOH½nH þ �=ð1� cÞ�

� 	
; ð14Þ

is obtained. As pointed out in Del Álamo et al. [1], the validity of Eq.
(14) extends from rich mixtures /	 1 to near stoichiometric mix-
tures / � 1. In view of Eq. (14), a competition occurs between the
kinetic parameter �/(1 � c) and the dimensionless concentration
of impurities nH. The H-impurities become important if

nH J �=ð1� cÞ; ð15Þ

or equivalently, if

XH;0=tB J k13bXH2 ;0XO2 ;0p=ðR0TÞ; ð16Þ

which corresponds to the limit in which the molar fraction of the H-
impurities is larger than the molar fraction of H atoms generated by
the initiation step (13b) during a characteristic branching time tB.
Furthermore, Eq. (14) shows that the autoignition time is
bounded by the upper limit t0

ig;R, in that tig,R is always smaller than
t0

ig;R if impurities are present, with tig,R tending to t0
ig;R from the left

as nH ? 0.
Based on the criterion (15), Fig. 5(a) and (b) shows the temper-

ature dependence of the dimensionless parameters � and nH as well
as the autoignition-time decrement caused by H-impurities, for
both diluted and non-diluted conditions. In particular, it is ob-
served that dilution increases the relevance of the H-impurities,
in that the effective value of nH in (15) increases with increasing
dilution because of the decrease in XH2 . The effects of the H-impu-
rities increase as the temperature decrease (still above crossover)
because of the disparity in the slopes of � and nH, which makes
the initiation (13b) to become slower at a faster rate than the de-
crease in the speed of the activation process that leads to the gen-
eration of H impurities from the radical precursors. The effects of
the H-impurities are largely independent of the pressure for mod-
erately to high temperatures, for which c� 1, but at low temper-
atures c ’ 1 an increase in pressure causes a faster termination
rate, which in turn reduces the effects of contamination of the
shock tube on the delay time. Overall, autoignition-time decre-
ments of order 15% for air, and of order 30% for 99.2%-Ar diluted
mixtures are predicted by this model in the low-temperature
end, with increasing variance and increasing departures from the
nominal autoignition time t0

ig as the temperature decreases. These
estimates are consistent with the findings shown in Section 5
where the full mechanism is used for calculations.

Fig. 6 shows the autoignition-time PDFs obtained by sampling
the problem (5)–(7) and (12) subject to the impurities distribution
(2) and (3). It is observed that the PDFs transit from lognormal to
near-normal as the temperature decreases, a phenomenon which
is explained below.

In the limit in which the amount of impurities is – with high
probabilities – very small compared to the amount of H atoms gen-
erated by the initiation step (13b) during a characteristic branching
time, P[nH� �/(1 � c)] ? 1, which typically occurs at high temper-
atures, a series expansion of (14) gives

tig;R ¼ t0
ig;R

� 1
2k1f ½O2�0ð1� cÞ

ð1� cÞnH

�

� �
þ O

ð1� cÞnH

�

� �2
" #( )

;

ð17Þ



(a)

(b)
Fig. 7. Mean (solid lines) and mean ± standard deviation (dashed lines) of the
autoignition time variation (1) as a function of temperature after 120 � 103

samples, for (a) diluted and (b) air mixtures with H2. The figure shows the
comparative effect of the chemical-kinetic uncertainties (red color online) and the
uncertainties in the concentration of H-impurities (black color).
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Eq. (17) shows that, in this limit, the ignition-time decrement is log–
normally distributed to second order in (1� c)nH/� if the model for
H-impurities (2) and (3) is used, with expectation and variance given by

E½tig;R� ’ t0
ig;R �

1
2k1f ½O2�0

E½nH�
�

� �
; ð18Þ

and

var½tig;R� ’
1

4k2
1f ½O2�20

var½nH�
�2

� �
; ð19Þ

where E½nH� ¼ er2
H=2nH, var½nH� ¼ ðe2r2

H � er2
H Þn2

H; nH ¼ XH;0=XH2 ;0 and
rH is given in (3). Eqs. (18) and (19) state the linearity between
the mean and variance of the autoignition time and the impurities,
and in particular, they reveal that both the mean deviation from the
nominal autoignition time t0

ig;R � E½tig;R� and its variance var[tig,R] in-
crease with decreasing temperature, as shown in Fig. 5.

In the opposite limit, namely the limit in which the amount of
impurities is -with high probabilities- very large compared to the
amount of H atoms generated by the initiation step (13b) during
a characteristic branching time, P[nH	 �/(1 � c)] ? 1, which typi-
cally occurs at low temperatures (still above crossover), the igni-
tion delay asymptotes to

tig;R ¼
1

2k1f ½O2�0ð1� cÞ ln
/K1

jOjOHnH

� �
� �

nH

� �
þ O

�
nH

� �2
" #( )

:

ð20Þ

The leading-order approximation in (20) predicts a Gaussian distri-
bution for tig,R if the model for H-impurities (2) and (3) is used,
which contradicts the physical constraint that tig;R < t0

ig;R. To com-
pensate for this, the second approximation in (20), has a lognormal
distribution that sweeps out the high-tig,R tail of the leading-order
Gaussian distribution. The resulting distribution of tig,R has a distri-
bution with expectation and variance given by

E½tig;R� ’ t0
ig;R

� 1
2k1f ½O2�0ð1� cÞ ln

ð1� cÞ
�


 �
þ E½ln nH� þ �E

1
nH


 �� 	
;

ð21Þ

and

var½tig;R� ’
1

4k2
1f ½O2�20ð1� cÞ2

var½ln nH� þ �2var
1
nH


 �� 	
; ð22Þ

where E½ln nH� ¼ ln nH;E½1=nH� ¼ er2
H=2=nH; var½ln nH� ¼ r2

H; var½1=nH�
¼ ðe2r2

H � er2
H Þ=n2

H; nH ¼ XH;0=XH2 ;0 and rH is given in (3). Eq. (21)
indicate an intricate temperature dependence of the variance
var[tig,R] and mean deviation t0

ig;R � E½tig;R�.

4.3. Residual impurities in lean mixtures above crossover

In practical applications for high-speed propulsion, in which a
hydrogen stream is ignited by a hot coflow, autoignition tends to
occur in lean conditions [84]. For lean mixtures /� 1, Eqs. (5)–
(7) indicate that the variations in yH occur much faster than the
variations in yO and yOH. In particular, after short dimensionless
times of order s � /, the information in the initial condition nH is
lost and H reaches steady state, with yH = (yO/2 + yOH/2 + �)/(c + 1/
2). Upon substituting this result in (6) and (7) and solving the
resulting linear system, the formula

tig;L ’
1

½H2�0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k9f k10f

p

� ln
2/K1

kOkOH

� � 1þ
ffiffiffiffiffiffi
2kO
kOH

q
2þ

ffiffiffiffiffiffi
2kO
kOH

q� �
�
2

� �
þ nO þ nOH

2

� �h i
8><
>:

9>=
>;; ð23Þ
for the ignition delay is obtained, which is valid in the limit tig/tB -
	 1	 / and c� 1. Eq. (23) implies that the effects of OH impuri-
ties in the system become non-negligible if
XOH;0=tL J k13bXH2 ;0XO2 ;0p=ðR0TÞ; ð24Þ

or equivalently, if the molar fraction of OH impurities is larger than
the molar fraction of OH atoms generated by the initiation step
(13b) (note that the H atoms are consumed very fast by step (1f))
during a characteristic branching time tL ¼ 1= ½H2�0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k9f k10f

p� �
. The

ratio of the critical amount of H-impurities, given by (16) to the crit-
ical amount of OH-impurities, given by (24), is XH,0/XOH,0 � tB/tL = /
(jOjOH)�1/2, which indicates that ppm-levels of OH-impurities suf-
fice to perturb considerably the ignition delay if the mixture is suf-
ficiently lean, / [ (jOjOH)1/2 = O(10�1).

A more general expression for tig that likely bridges the rich to
stoichiometric region / J 1 and lean /� 1 regions can be ob-
tained, across which the effects of all impurities H,OH and O be-
come important, but the derivation of this formula will not be
pursued here.
4.4. Effects of chemical-kinetic uncertainties on ignition times

The results in Fig. 5 are compared here with Fig. 7, which shows
the effects of the uncertainties in the chemical-kinetic rates on tig.
Here, the uncertainties in the chemical-kinetic rates are imposed
by the uncertainty factors in (1f), (2f), (9f), (10f) and (13b)



(a)

(b)
Fig. 9. (a) Joint PDF of the rates k1f and k2f according to the uncertainty model (30)
and (31), with dark and white zones indicating high and low probability,
respectively. (b) Mean (solid lines) and mean ± standard deviation (dashed lines)
of the autoignition time variation (1) in a H2/air mixture calculated from the
solution to the reduced-order ignition problem (5)–(7) subject to (12) with
nH = nOH = nO = 0, for correlated (red color online, 120 � 103) and uncorrelated
(black color) branching (1f) and termination (2f) rates after 120 � 103 samples.

Fig. 8. Global sensitivities (25) of the ignition time to the chemical rates as a
function of temperature. Here the ignition time is calculated from the solution of
the reduced-order ignition problem (5)–(7) subject to (12) with nH = nOH = nO = 0.
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described above, and by using the uncertainty model (10) and (11)
for the rate constants upon integrating the problem (5)–(7) subject
to nH = nOH = nO = 0. In particular, it is observed from Fig. 7 that,
according to the 5-step short mechanism, the uncertainties in-
duced by the chemical kinetics on tig are typically smaller than
the uncertainties induced by the H-impurities, except for air at
high temperatures (T J 1600 K) at which kinetic uncertainties
dominate.

To ascertain which steps contribute significantly to the chemi-
cal-kinetic uncertainty in tig, the global sensitivities

Sj ¼ varfE½tig jkj�g=var½tig �; ð25Þ

are calculated for j = 1f, 2f, 9f, 10f and 13b as a function of the tem-
perature. In particular, Sj is a number that is comprised between 0
and 1 by the total law of variance, with Sj = 0 representing no sen-
sitivity to kj, and Sj = 1 indicating full sensitivity to kj in that the var-
iance of tig can be explained by only the variance in the uncertain
rate constant kj.

Notice that (25) is a much better measure of the sensitivity than
local sensitivities based on partial derivatives @tig/@kj, since the lat-
ter do not account for the extent and nature of the variation of kj. In
particular, approximate values of the global sensitivities (25) can
be obtained by using a first-order polynomial-chaos expansion
for tig as a function of the random variables gj given in (11). This
procedure yields the approximated result

Sj ’
PN

m¼1tig;mbj;m

� �2

r2
K;jN

2var½tig �
; ð26Þ

with rK,j given in (11) and N being the number of samples per tem-
perature value. The derivation of Eq. (26) is shown in Appendix A.
Fig. 8 shows the global sensitivities calculated using (26), which
indicate that the branching (1f) and – in a lesser extent – initiation
(13b) steps are the most relevant steps for this problem. The termi-
nation step (2f) only becomes important at low temperatures near
crossover.

When the chemical-kinetic uncertainties are modeled by using
(10) and (11), the resulting mean of the autoignition time is longer
than the nominal t0

ig , which is based on the tabulated values of the
rate constants �kj. This effect can be explained by using Eq. (17), by
which the ignition time becomes

tig ’
1

2�k1f ½O2�0ðg1 � �cg2Þ
ln

g1 � �cg2
��g13

� �
; ð27Þ

up to small deterministic constants, and where � ¼ �k13b=2�k1f and
�c ¼ �k2f ½M�=2�k1f . The retention of only g1,g2 and g13 as random
variables is justified on the basis of the global sensitivities calcu-
lated in Fig. 8. Sufficiently far above from crossover,
�c� ðUFK;1UFK;2Þ�1 and ��� ðUFK;1UFK;13Þ�1, and therefore (27)
becomes

tig ’
1

2�k1f ½O2�0g1

ln
1
�

� �
: ð28Þ

In view of the high-temperature limit (28), it is clear that the
ignition time has a lognormal distribution with the tail pointing
towards the slow side and with an expectation given by

E½tig � ’
er2

K;1=2

2�k1f ½O2�0
ln

1
��

� �
; ð29Þ

which is larger than the corresponding nominal ignition time
t0

ig ’ ð2k1f ½O2�0Þ
�1 lnð1=�Þ by a factor of 1%, as observed in Fig. 7.

Similarly, the variance of the autoignition time variation in (1) be-
comes expð2r2

K;1Þ � expðr2
K;1Þ � 2:2%, also in agreement with

Fig. 7. These considerations highlight the importance of accurate
measurements of the branching rate (1f) to calculate ignition times
[2].

Earlier experimental work [44] determined the rate constant k1f

within a kinetic uncertainty factor UFK,1 = 1.1 by using H2O-TDLAS
diagnostics, in which k1f was fitted to match the maximum slope of
the experimental H2O profile. However, it was also remarked there
that the maximum slope of the experimental H2O profile becomes
sensitive to the rate k2f at low temperatures near crossover (see
Fig. 2 in Ref. [44]), which indicates a potential cross-correlation
among the errors in the measurements of k1f and k2f. This cross-
correlation is not included in the uncertainty model (10) and
(11) nor in the kinetic uncertainty factors UFK,j. To test the effects
of a cross-correlation between the uncertainties in the branching
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(1f) and termination (2f) rates, calculations are performed by using
the uncertainty models
(a)
k1f ¼ g
ffiffiffiffiffiffiffiffiffiffi
1�c2

1;2

p
1

� �
g

c1;2rK;1
rK;2

2

 !
�k1f ; ð30Þ

k2f ¼ g2
�k2f ; ð31Þ

with the remaining three rates being kept fixed to their tabulated
values from [2], i.e. k9f ¼ k9f ; k10f ¼ k10f and k13b ¼ k13b. In this for-
mulation, g1 and g2 are log–normal independent variables given
by (11). Additionally, c1,2 is the correlation coefficient between ln
k1f and ln k2f, the exact quantification of which remains unknown
in the literature to the best knowledge of the authors. Note that
the exponents of g1 and g2 in (30) and (31) are chosen in a way
to triangularize the covariance matrix of the logarithm of the
rate vectors. In this way, the quantities k1f and k2f form a joint
bivariate lognormal distribution in the basis {lng1,lng2}, as shown
in Fig. 9a.

Figure 9b shows that effects of a high branching-termination
correlation, c1,2 = 0.85, are mostly negligible for autoignition, with
only a secondary influence in tig near crossover, where the branch-
ing and termination time scales start becoming comparable. These
results are consistent with Eq. (27), which predicts that tig is mostly
independent of the termination time scale except for low temper-
atures (c ¼ 0:32 in the low-temperature end of Fig. 9b).
(b)
Fig. 10. (a) Contours of the PDF of the ignition time P(tig) for H2/air mixtures after
2 � 105 samples of the concentration of H-impurities, calculated using the Stanford
mechanism [2], together with Bhaskaran et al. experiments [36] (red dots), with
darker regions indicating high probability. Panel (a) shows 1% error bars in
temperature around experimental points, the mean E[tig] (solid white line), E[tig] ±
standard deviation (dashed white line), and deterministic calculations of tig

calculated with XH,0 = 0 using the Stanford mechanism (red solid line) [2], the San
Diego mechanism (blue solid line) [3] and the GRI v3.0 mechanism (green solid line)
[4]. Panel (b) shows scaled PDFs P(tig) at two different temperatures for the same
pressure and mixture composition as in (a), with dots (red color online) indicating
experimental data at the corresponding temperature.
5. Computational quantification of the effects of impurities in
H2–O2 ignition

In this section, numerical simulations with Flamemaster [46]
are performed to integrate the accumulation–reaction conserva-
tion equations with detailed H2/O2 chemistry under uncertainties
in H-impurities, and comparisons are made with experimental
data. The calculations are carried out for conditions above and be-
low crossover. The detailed kinetics used in the computations is
the Stanford H2/O2 chemical mechanism of Hong et al. [2], but also
the San Diego [3] and GRI v3.0 [4] kinetic descriptions are used for
comparisons.

In all the computations shown below, a characteristic error in
the test temperature DT = 10 K has been included, the reason being
that in shock tubes the post-shock temperature is estimated by
substituting in the Rankine–Hugoniot equations the shock speed,
which is obtained by a procedure that involves the detection of
the shock by pressure transducers and the differentiation of its po-
sition in time, giving errors of order 10 K in the temperature. Fur-
ther details are given elsewhere [54]. As shown below, this
uncertainty in the temperature produces non-negligible uncertain-
ties in the ignition time, which are comparable to the uncertainties
induced by impurities and to the variabilities obtained by using
two other chemical mechanisms.
5.1. Computations of H2/O2 ignition subject to impurities above
crossover

Figures (10) and (11) show comparisons of the computations of
ignition under uncertainties in the H-impurities with experimental
data of Bhaskaran et al. [36] for air, and of Petersen et al. [37] for
diluted mixtures. In these calculations, the uncertainty model (2)
and (3) has been used for the H-impurities. It is worth noticing that
for the air case in Fig. 10, the effect of the temperature uncertainty,
the variabilities among different mechanisms and the uncertainties
induced by the impurities are all within the same range with re-
gard to their effects on the ignition time. This is not the case for
the diluted mixture in Fig. 11, for which the uncertainties in tig in-
duced by the impurities tend to dominate everything else.

In these calculations, the global trends shown by the theoretical
analyses in Section 4 are confirmed, in that the diluted case in
Fig. 11b shows a wider PDF of tig than in the air case, and the
PDF transits from lognormal to a ’nearly-Gaussian’ distribution as
temperature decreases (still above crossover), as predicted by the
theory.

Additionally, Fig. 12 shows that the variance var[tig] and mean
deviation E½tig � � t0

ig increase as the temperature decreases until
crossover is reached. Below crossover, both magnitudes decay
rapidly with decreasing temperatures. The effects of H impurities
below crossover are negligible. Note that the theoretical model in
Section 4 and the original impurity-less formulation of Del Álamo
[1] do not include the chemistry near crossover, and therefore
this effect could not be captured. The reasoning behind the van-
ishing effect of H impurities below crossover is explained in what
follows.



(a)

(b)
Fig. 11. (a) Contours of the PDF of the ignition time P(tig) for a H2/O2 mixture
diluted with Ar after 2 � 105 samples of the concentration of H-impurities,
calculated using the Stanford mechanism [2], together with Petersen et al.
experiments [37] (red dots), with darker regions indicating high probability. Panel
(a) shows 1% error bars in temperature around experimental points, the mean E[tig]
(solid white line), E[tig] ± standard deviation (dashed white line), and deterministic
calculations of tig calculated with XH,0 = 0 using the Stanford mechanism (red solid
line) [2], the San Diego mechanism (blue solid line) [3] and the GRI v3.0 mechanism
(green solid line) [4]. Panel (b) shows scaled PDFs P(tig) at two different
temperatures for the same pressure and mixture composition as in (a), with
dots (red color online) indicating experimental data at the corresponding
temperature.

Fig. 12. Dimensionless standard deviation induced by the uncertainties in H -
impurities on the ignition time calculated using the Stanford mechanism [2] after
2 � 105 samples, for H2/air, / = 1.0 and p = 2.5 bar. The mean deviation E½tig � � t0

ig

follows a similar trend with decreasing temperature as the standard deviation
shown here.
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5.2. Computations of H2/O2 ignition subject to impurities below
crossover

At temperatures below crossover, the parameter c in (9) is c > 1,
indicating that the branching step (1f) is slower than the termina-
tion reaction (2f). Therefore, all radicals tend to be removed rapidly
by (2f) with a time constant that decreases with decreasing tem-
perature and increasing pressure. Below crossover, c > 1, the order-
ing of time scales becomes tT < tB� tI. In Treviño’s [65] description
of ignition below crossover, the step (2f) generates HO2 upon
removing H radicals. The resulting HO2 forms H2O2 through the
steps (6f) HO2 + HO2 ? H2O2 + O2 and (15b) HO2 + H2 ? H2O2 + H,
with UFK,6 = 2.5 and UFK,15 = 3.0, respectively [60]. The H2O2 is sub-
sequently depleted in the exothermic reaction (3f) H2O2 + -
M ? OH + OH + M, with UFK,3 = 1.2 [2].

The slowest step among (13b)–(1f)–(9f)–(10f)–(2f)–(6f)–(15b)–
(3f) at low temperatures tends to be (3f), which sets the ignition
time in the first approximation, with HO2 being approximately in
steady state [59]. Because of the rapid removal of radicals by the
fast termination step (2f), the H-impurities play a very modest role
in ignition below crossover, as confirmed in the calculations shown
in Figs. 12 and 13.

The long test times make measurements of ignition times below
crossover particularly difficult for a number of reasons, among
which the most important one seems to be the non-ideal pres-
sure-rise in the shock tube during the experimental time window
[26]. An interesting question is whether the impurities in shock
tubes may have comparable effects to the shift in the ignition time
caused by non-ideal pressure rise. Although the computations in
Fig. 13a show some effect of impurities in the near-crossover re-
gion in the H2–air experiments of Bhaskaran et al. [36], these
experiments did not fully reach below-crossover temperatures.
On the other hand, Fig. 13b concludes that the effects of H-impuri-
ties below crossover in the highly diluted mixture of Petersen et al.
[37] are practically negligible compared to non-ideal effects, which
would otherwise lead to the prediction of much shorter autoigni-
tion times in accord with experiments if, for instance, other soft-
ware such as CHEMSHOCK is used to model the pressure
variations in the shock tube [66].
6. Residual impurities in kinetic-isolation experiments

A short comment must be made here about the possible influ-
ences of residual impurities in the determination of kinetic rates
based on shock-tube data. Kinetic-isolation experiments are aimed
at isolating the value of rate constants of chemical mechanisms.
However, the determination of the value of the target rate constant
typically relies on the remaining rate constants of the mechanism
and on the degree of certainty in the values of composition and
temperature. For instance, in Hong et al. experiments [44], the
slope of the H2O profile is most sensitive to the rate constant of
the branching step (1f) and – in a lesser extent – to the termination
step (2f) (the latter becoming increasingly important at near-cross-
over temperatures as emphasized in Section 4.4), but it remains
mostly insensitive to the level of impurities in the shock tube
and to the remaining rates in the H2/O2 mechanism.

Therefore, in Hong et al. experiments [44] only a weak correla-
tion is expected between the uncertainties in the concentration of
impurities and the rate constant of the branching step (1f), and



(a)

(b)
Fig. 13. Effects of uncertainties in the residual impurities on the autoignition time
(a) near and (b) below crossover. The figure shows PDFs P(tig) after 2 � 105

simulations, for ignition in air/H2 and (b) H2/O2/Ar calculated using the Stanford
mechanism [2], together with (a) Bhaskaran et al. [36] and (b) Petersen et al. [37]
experiments (red dots). Both panels show 1% error bars in temperature around
experimental points, the mean E[tig] (solid white line), E[tig] ± standard deviation
(dashed white line), and deterministic calculations of tig calculated with XH,0 = 0
using the Stanford mechanism (red solid line) [2], the San Diego mechanism (blue
solid line) [3] and the GRI v3.0 mechanism (green solid line) [4].
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between this branching rate and other rates in the H2/O2

mechanism. Since the main target of Hong et al. experiments
[44] was to determine the branching rate, the experiments were
found to be robust in that they were mostly independent of the
remaining elementary rates and of the residual impurities in the
shock tube.

However, the ramp location in the H2O concentration time
history in Hong et al. experiments [44] is sensitive to the level of
impurities, and to the uncertainties in the rates of branching (1f)
and – in a lesser extent – initiation (13b), as shown in Fig. 8.
That the uncertainties in the rates of (1f) and (13b) are much less
important than the level of impurities in the shock tube for the
determination of tig is demonstrated in Sections 4.2 and 4.4.
In particular, it is shown in Eq. (16) that a small amount of impu-
rities is typically sufficient for bypassing the initiation stage. In any
case, these uncertainties were inconsequential in [44] for the
determination of the branching rate because of the procedure used
there.

Nonetheless, it should be noted that the measured rates may
not always be independent of the level of residual radical
impurities in the shock tube if, in particular, the experiments use
radical absorption methods, such as O- or H-ARAS [67] and OH-
ARAS [50].

Additionally, it is worth mentioning that, in the most general
case, the methodM2 of quantification of impurities relies on refer-
ence values of rate constants. Since the rate constants of kinetic
schemes are not uncertainty-free [51,60,64], the concentration of
impurities is subject not only to experimental uncertainties in
the determination of the concentration time-histories, but also to
uncertainties induced by the inexact chemical rates utilized to re-
trieve the impurities from experimental signals. The other way
around may also be true for specific reaction rates measured with
techniques that rely on the absorption of radicals, as mentioned
earlier.

Therefore, in the most general case, all uncertainty factors in the
experimental variables and in the kinetic parameters may be
dependent through a set of equations of the type

UðUFK;1;UFK;2; . . . UFK;M ;UFX ;UFT ;UFpÞ ¼ 0; ð32Þ

where U is a problem-dependent operator and the subindices K, X, T

and p are used to denote kinetic, initial composition, temperature
and pressure uncertainty factors. Expression (32) does not account
for uncertainties in other kinetic parameters such as activation en-
ergy, temperature exponent, collider efficiencies, and fall-off fac-
tors. In case that flames are used to isolate rates, additional
factors need to be added to (32) in order to treat uncertainties in
transport phenomena.

The usual practice in uncertainty-quantification literature in
chemical kinetics is to set UFX = UFT = UFp = 1, to consider only
uncertainties in the pre-exponential factors, and to decouple all
UFK,j, j = 1, . . . , M, so that the uncertainties in every kinetic rate
are independent and there are no uncertainties in the initial com-
position, temperature and pressure of the system. Only recent at-
tempts have dealt with cross-correlations in kinetic-rate
uncertainties [68,63], including the present study. It should also
be noted that, to the best knowledge of the authors, none of the re-
cent treatments have considered any epistemic uncertainties re-
lated to model errors in the chemical mechanisms and physical
formulations used by numerical simulations to match experimen-
tal data.

A general statistical framework useful for analyzing the com-
plex interdependence (32) among different parametric uncertain-
ties in a chemical mechanism, which was referred to as the
active chemical-mechanism approach, was described elsewhere
[64] and will not be pursued here.
7. Residual impurities in SCRAMJETS

Propulsion in air-breathing hypersonic airplanes is achieved by
the use of supersonic combustion ramjets (SCRAMJETS), in which
the oxidizer is supplied at supersonic velocities from the surround-
ing atmospheric air [69]. The oxidizer stream is mixed and burns in
the combustion chamber with the fuel carried onboard. Residual
impurities in SCRAMJETS may come from particulates released
upon thermal or structural loading on wall materials, by combus-
tion products or by atmospheric entrainment. Whether residual
impurities may play a role without any intentional injection during
the actual high-altitude flight of a SCRAMJET in the atmosphere
still needs to be elucidated and is not the topic of this section.

In ground tests of SCRAMJET engines, the stored high-pressure
air stream must be heated considerably in order to simulate the ac-
tual hypersonic-flight conditions. The main techniques for achiev-
ing air preheating involve the use of electric arcs or the pre-
combustion of gases. In the second approach (which is the most
economical one), fuel is burnt with air in an auxiliary burner with



(a)

(b)
Fig. 14. Sketch of two canonical problems often found in SCRAMJET engines: (a)
Spontaneous ignition and (b) shock-induced ignition in supersonic mixing layers.
Here Ma denotes the Mach number and Lig the distance to ignition.
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the resulting products being mixed with oxidizer. The hot vitiated
mixture then enters supersonically in the main combustor after
being expanded in a convergent–divergent nozzle. At such high
velocities, the combustion behavior is found to be extraordinarily
sensitive to the inflow composition, which raises concerns about
the relevance of ground tests for assessing the engine performance
in actual flight conditions, as confirmed by a recent NATO mono-
graph on the topic [70].

In fact, earlier studies [71,72,69,73,74,70] have shown that the
presence of active species such as H, O, OH, and CH3 in the inflow
gases can accelerate the combustion processes in SCRAMJET en-
gines. The presence of just 10 ppm OH in the combustor inflow as-
sists combustion and can reduce the ignition delay by an order of
magnitude [72]. Eq. (23) derived above shows the effects of OH
radicals in the autoignition time. In fact, the high benefits of radi-
cals in the inflow of SCRAMJETS can be such that electrical igniters
become unnecessary for starting the engine [69,74].

Consider the two canonical configurations often encountered
in H2-fueled SCRAMJET engines depicted in Fig. 14. In particular,
Fig. 14a shows a mixing layer downstream from a splitter plate
separating the fuel from the air stream. In Fig. 14b, the same con-
figuration is shown, but there the mixing layer is impinged by an
oblique shock wave caused by a (intentional or unintentional)
wall protuberance or by the shock reflection on the combustor
wall.

Both scenarios depicted in Fig. 14 have a region far downstream
where the chemistry is fast and the influences of impurities shed
intentionally would be negligible. In cross-flow SCRAMJETS such
as the HyShot-II [75], this region corresponds to a near-equilibrium
zone that sits in the bulk of the combustor far from the injector
[76]. However, near the splitter plate, and near the fuel injector
in the real HyShot-II configuration, there is an ignition region
where chemistry is slow and impurities shed intentionally may
play a role by shortening the distance to ignition Lig [73,76], in a
manner reminiscent of the one described above for the case of a
homogenous mixture. It should be noted that a 30 ls variation in
the ignition time leads to �5 cm variation in Lig at velocities
�1500 m/s in typical conditions of supersonic combustion.

Similarly, the shock-wave impingement depicted in Fig. 14b en-
hances flame ignition by a repressurization and mixing-invigoration
effect envisioned by Marble [77] and later lab-tested in actual
SCRAMJETS [78]. In particular, the production of H and OH radicals
is accelerated behind the shock wave, an effect that has been
referred to as radical farming [79–81], thereby highlighting the
importance of radicals in supersonic-combustion environments.

The deliberate presence of radical impurities through vitiation,
shock impingement or other mechanisms such as electric dis-
charge, can accelerate ignition, and shorten Lig in Fig. 14 by way
of bypassing the slow initiation step. In practice, this would allow
for wider margins of design in another crucial variables such as the
combustor inflow profiles. However, thorough studies that may
lead to these advantageous control capabilities in SCRAMJETS still
remain to be done [70].
8. Conclusions

In this study the influences of impurities on the calculation and
experimental determination of ignition times in H2/O2 mixtures
were addressed, with particular emphasis on the uncontrolled
presence of residual H-atoms in shock tubes. Two methods were
proposed for quantifying experimentally the H-residual impurities
in shock tubes, namely, a method that consists of detecting OH
traces upon shocking initial O2/inert mixtures, and another method
in which the amount of impurities is inferred by shortening the de-
lay time calculated after integration of the conservation equations
to match autoignition experimental data. The resulting concentra-
tions of impurities could be used to ascertain the H-atom equiva-
lent amount of impurities in standard shock tubes.

Based on experimental data, a stochastic Arrhenius model for
the H-impurities was proposed. Using this model, theoretical
quantifications of the uncertainties induced by the impurities on
autoignition times were performed by using a short 5-step chem-
istry, which showed that the relative effects of H-impurities delay
times above crossover become increasingly large as the dilution in-
creases and as the temperature and pressure decrease, reaching
their maximum importance near crossover. A formula was derived
that includes the effects of H-impurities on the ignition time. Addi-
tionally, a criterion was reported that yields the critical level of
impurities above which these have a considerable effect on the
ignition time.

For the conditions tested, and according to the short mechanism
used here, the effects of chemical-kinetic uncertainties and branch-
ing-termination rate correlations on the ignition time were typi-
cally negligible compared to the effects of the uncertainties
induced by the H-impurities. Exceptions to this conclusion occur
at high temperatures in air, for which chemical-kinetic uncertain-
ties dominate.

Below crossover, the effects of the impurities on ignition delay
decay rapidly and are negligible compared to the departures pro-
duced by the non-ideal pressure-rise effects typically found in
shock-tube experiments at such long test times.

Computational quantifications of uncertainties were carried
out by using numerical simulations of the homogeneous-ignition
problem subject to Monte-Carlo sampling of the concentration of
impurities. For the conditions analyzed, these computations show
that the variabilities produced in ignition delays by the uncer-
tainties in H-impurities are comparable to the experimental data
scatter and to the effects of typical uncertainties of the test tem-
perature when the Stanford chemical mechanism [2] is used. The
calculations also show that the utilization of two other different
chemical mechanisms, namely San Diego [3] and GRI v3.0 [4],
yields variations in the ignition delays which are within the
range of the variabilities caused by the H-impurities in the shock
tube.

In conclusion, the results obtained in this study suggest that a
quantification of radical impurities in the shock tube may be
needed prior to undertaking any tuning of the kinetic parameters
to match H2/O2 ignition targets.
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Possible extensions of this work could consist of calculating
high-speed hydrogen flames under uncertain amounts of residual
impurities upon vitiation of the injection port. However, it may
be tempting to argue that in realistic situations ignition occurs in
turbulent flows – including those depicted in Fig. 14, – and there-
fore simple analyses based on homogeneous ignition such as Eq.
(14) are not relevant due to the absence of strain-rate effects in
the formulation. Remarkably, the hydrogen ignition time obtained
from homogeneous-ignition analyses tends to be the correct order
of magnitude for laminar [82] and turbulent supersonic [83] cases
in hydrogen combustion above crossover. In the laminar case, the
concentration of radicals diffuses fast across the mixing layer,
which tends to homogenize the mixture. In the turbulent case,
since the local strain only acts to delay ignition, the mixing zones
embedded in the low-strain vortices convected with the flow are
the first to undergo ignition [84]. Nevertheless, a thorough
assessment of the effects of uncertain amounts of residual
impurities in autoignition of turbulent flames would require the
use of direct numerical simulations subject to Monte-Carlo
sampling of the impurities pool (which may be too costly even at
moderately high Reynolds numbers) or the development of
new subgrid models of unsteady turbulent combustion
compatible with efficient treatments of chemical-composition
uncertainties.

A different type of uncertainties not considered in this study are
those of the epistemic type, which are related to the observability
of the physical processes represented by the homogeneous-igni-
tion model to describe shock-tube experiments. For instance,
although shock tubes have been considered over the years to pro-
vide a wealth of experimental data under small influences of trans-
port processes, there are situations at long ignition times in which
hydrodynamic instabilities can develop in the tube as a result of
interactions between the shock wave and boundary layers, which
lead to the occurrence of isolated weak-ignition spots that may
not be describable by the homogeneous-ignition formulation
[85]. The assessment of errors in rate constants and ignition delay
times measured in shock tubes may benefit from the simultaneous
treatment of all these uncertainties.
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Appendix A. Calculation of the global sensitivity Sj

For fixed temperature and pressure, the sensitivity index (25)
can be approximated by using the following method, which repre-
sents a variance decomposition based on a polynomial-chaos
expansion of the autoignition time. In particular, consider the
expansion

tig ¼
X

z

uzwzðbÞ; ðA:1Þ

where z is a multidimensional index, uz are the expansion coeffi-
cients, wz are multidimensional Hermite polynomials and
b ¼ fln gjg

5
j¼1 is a vector of independent standard normal random

variables as described in Eq. (11). For a first-order expansion, only
the Hermite polynomials w0 = 1 and w1 = b need to be retained,
and (A.1) becomes
tig ’ E½tig � þ
X5

j¼1

ujbj; ðA:2Þ

where the coefficients uj are obtained by multiplying both sides of
Eq. (A.2) by bm exp �b2

m=2rK;m
� �

=ð
ffiffiffiffiffiffiffi
2p
p

rK;mÞ, integrating the result-
ing expression with respect to bm, and realizing that only the terms
i = m are non-zero. In this way, the coefficients

uj ¼
E½tigbj�
E½b2

j �
¼ 1

r2
K;jN

XN

m¼1

tig;mbj;m; ðA:3Þ

are obtained, with rK,j given in (11) and N being the number of sam-
ples per temperature value. Notice that the coefficients uz are gen-
erally dependent on temperature for a fixed pressure, with

var½tig � ¼
X5

j¼1

u2
j r

2
K;j: ðA:4Þ

Since the random variables bj are independent, the conditional
mean E[tig—kj] can be calculated by using

E½tig jkj� ¼ E½tig jbj� ’ E½tig � þ ujbj; ðA:5Þ

where use has been made of (A.2). Taking the variance of Eq. (A.5)
and using the definition (25), the expression (26) for the global sen-
sitivity Sj is obtained.
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