Draft

June 1979

An Econometric Business Cycle Model with
Rational Expectations: Some Estimation Results

by
John B. Taylor

Columbia University

The purpose of this paper is to develop and estimate a quarterly
model of wage and price behavior which captures important expectational
influences without neglecting the impacf of wage contracts on the in-
flationary dynamics. While the work focuses on the wage-price sector
we use the label "busingss cycle model" for two reasons: (1) The
wage aqg price dynamics of the moéel produce cyclicﬁl swings in out-
put, employment, and inflation which closely resemble busineés cycle
fluctuations in the U.Sf and other countries. In a typical cyclical
pattern, inflation accelerates, government policy becomes restrictive, re-
cession ensues, policy e;ses, a reneved inflationary boom begins, and
so on. {(2) The criterion we use for evaluating alternative policy
proposals is their estimated ability to hold these recurrent swings
of inflation and cmpldymen; within tolerable limits. An anti-inflatien
policy, for example, would be judged not only by its forecasted success
at bringing down inflation from an historically given high level, but
also by its ability to prevent renewed cyclical inflationary surges.

Similarly an antirecession policy would be judged not only by its

success at stimulating the economy out of a particular recession,



but also by the attention it pays to expectations and the cyclical workings
of the econamy to prevent a renewed recession shortly thereafter. 7
The premise upon which the model is based is that forecasts of
future inflation rates and business conditions, which figure into
wage negotiations, can be represented approximately by the forecasts
of the model itself. This is, of course, ghe rational expectations
technigque. As a technique it is useful if it works better than avail-
ablg alte:ﬁative techniques. Practical alternative expectations tech-
ﬁiques now in use in econometric models include adaptive expectations
mechanisms or subjective "constant adjustment” of expectations egua-
tions to make them look more reasonable or perhaps consistent with
forecasters' expectations. The view presented here is that the rational
expectations technique is potentially more useful than these alternatives.
of cour;e, future research may diséover alternative techniqués (per-
haps with learning behavior incorporated explicitly) which are superior
to those currently available.
This paper describes the structure of the model, develops an
estimation technique, and reports some estimation results. A follow-

1
up paper will dgsqribe the policy evaluation procedures.



1. The Structure of the Model

The macrceconomic model contains 5 endogenous variables and is
constructed with quarterly U.S. data. Though small by some
standards the mcdel appears rich enough to serve as a framework for
examining the policy questions mentioned above without straining
computational resources. As will be shown, the full system is repre-~
sented as a S-dimensional vector simultaneous autoregressive moving
average (ARMA) model with cross equation and cross error constraints.
It is estimated by nonlinear maximuﬁ likelihood techniques. Because
the constraints generally have no explicit analytic representation,
even this simple model requires rather involved computations to obtain
the maximum likelihood estimates. Limited information techniques
might be.useful for oﬁtaining initial parameter estimates, but the
essence of the rational expectations approach is that the cross egua-
tion constraints be fully'specified and the system estimated jointly,
so that the impact of changes in eﬁch behavioral equation on expecta-
tion formation in other eguations is adeguately accounted for.

In Sections (1.1), (1.2), and (1.3) which follow, we describe
the structural equations of the model along with their stochastic
elements. In Section (1.4) we. specify the interaction between shocks

to individual eguations, and consider the model as a whole.

1.1 contract Duration and the Determination of Wages and Prices

A difficulty with trying to incorporate wage contracts into a

macroeconometric model is the reduction of the intricate detail of



real world labor market contracts into a manageable framework suit-
able for empirical work without losing those details which make con-
tracting important. The problem is to find a method of aggregating
across contracts which are written in the same period with the same
duration, and then determining the behavior of these "contract aggre-
gates". If the method is to capture the interaction between contracts
negotiated at different dates, then aggregation across contracts
written at different points in time can only occur at the last stage
of analysis after this interaction has been modelled. The problem
becomes more difficult when the contract wages are uncbservable.
Although very little ;nformaticn is available con implicit or
explicit wage contracts in the U.S., information on the approximately
10 percent of .5, wo;ke#s in major collective bargaining gives perspective
to the éroblem. Table 1 shows the.number of workers in this grcup
negotiating explicit contracts of different lengths each quarter
during the last several years. Obviously it would be too gross an
approximation to assume that contracts in the U.5. economy are all of
the same length. Even if we ignore the 90 percent of all workers not
represented in Table 1, and who probably work under implicit er
explicit contracts averaging about 1l year in duration, the range of
contract length is gquite wide; On the other hand, abstracting from
seasonal influences, the distribution of workers by contract length
does not show any systematic pattern over time (with the exception of
the well-known 3 year cycle in the longer term contracts). In parti-

cular, there does not appear to be a marked tendency for the distribution



of contracts to change over the business cycle. Hence, if one is
ultimately interested in describing the behavicr of seascnally adjusted
data, and if the one-year and two-year contracts in Table 1 are more
representative of the economy as-a whole, then a first approximation
would be to assume that the distributicn of workers by contract length
is homogeneous overtime. This approximation results in a major
simplification for the aggregation procedures, and will be made in the
analysis which follows. We will refer to this as approximation (l).

To complete the aggregation procedure, three additiocnal approxi-
mations will be made: (2) the variation in average contract wages
across contract classes of different lengths is negligible relative
to the variation in contract wages over time; (3) all wage adjust-
ments occur during the guarter ip which the contraét is negotiated2;
(4) any indexing which changes the wage contract at regula? intervals
during the contract period can be represented as a series of short
term contracts, rather than as one long term contract. The thifd
approximation is partiaily a matter of definition, and will tend to
make our estimated distribution of contract lengths shorter than what
a literal reading of Table 1 would indicate. Most indexing in the U.S.
economy is found in ﬁultiyear contracts. The import of approximation
(3) is that these indexed contracts are comparable to shorter contracts
with lengths equal to the indexing review period. It is an approxi-
mation because contract wage adiustments are influenced by a wider
range of factors when they are adjusted by renegotiation than by

indexing.



Using these approximations we now proceed to develop a wage deter-
mination equation which takes account of the interaction of contracts
of different duration signed at different points in time. Let

xjt = average contract wage set in quarter ¢ in contracts
which are j quarters in length (j=l,...,J)

njt = number of workers affected by cohtract wage changes
in quarter t in centracts which are j quarters in
length (j=1.,...,J)

W, = average wage in the economy in quarter t-

Then, by definition of v, we have

n X .
(1.1) w, = 122 520 £7s Jes
3

If the distribution of workers by contract length is homogenous over

time (njt = nj), and if the variation of average contract wages over
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where the T are defined as

J=1 J -1
(1.3 mo=l Izl I 3n,
i=s j’l

and where n(L) is a J-1 order polynomial in the lag operator L with
the “s as coefficients. Note that the r-weights sum to 1 and are

time invariant. Hence the aggregate wage v, is a fixed coefficient

moving average of the "index" of contract wages x, set in the recent
past. An important presumption behind the empirical work which follows
is that these weights are structural--they constitute the “contract
technology" and are relatively insensitive to changes in economic

. 3
policy.

Some examples are useful for illustrating how the t weights depend
on the distribution of workers across contracts of different lengths.
If all contracts are the same length, say 4 gquarters, then
n, =n, = n3 = 0, and no =T, =T, EE, .25. This is the type of
contract distribution used in the theoretical examination of staggered
contracts presented in Taylor (1979b). If the distribution of workers

across contracts of Qifferent lengths is uniform up to 4 guarter

contracts, then n, =n, =ny =n, and the n weights decline linearly:



Tl'o - -4, 'Hl = -3| 1T2 = -2' and 1!'3

workers across contracts can be recovered from the m weights through

= ,1. Note that the distribution of

the identity:
4 g -1
(1.5) (n, =" )%y = ni(jzlnj] i®1,2,...,3, (1y=0).

The wn-weights and hence this distribution of workers will be part of the
economic structure to be estimated along with the other parameters of
the model.

Eguation (1.2) describes how the aégregate wage w, evolves from
the index of contract wages x.. Since the contract wages which con-
stitute this index will prevail for several quarters, workers and firms
negotiating a contract wage will be concerned with tﬁe labor market
conditions expected to prevail during the upcoming contract p;riod. For
example, those setting 4-quarter contracts will be concerned with the
going wage and the availability of workers during the next 4 quarters,
while those setting 8 qua;ter contracts must forecast these variables
8 qﬁarters ahead. Moreover, in the process of forecasting future
wages, these firms and workers will take account of contracts negotiated
in the recent past since these will be part of the relative wage
structure during part of the contract period.4

A behavioral equation for the determination of the contract wage

index which takes account of these factors is given by

(1.6) X, = a(L‘l)Gt + hln(L-l)ét



where"h1 is an adjustment parameter, e, is an index of excess demand in

t
the labor market, and P, is the aggregate price level. The hat re-
presents conditional expectations given information at time t-1, and

the operator L"1 holds this viewpoint date constant while advancing the

variable to be forecast one period (L-lv:vt = ;t+1)'

The polynomial
n{+} is the same as that described in equaticon (1.3). Future average
wages and demand conditions are weighted by these factors because
of the distribution of contracts extending inte future periods. TFor

example, 7w, of all contracts signed in period t will last through the

1l
end of peried t+l, and ﬂ4 of all contracts will last through the end of
period t+4. Therefore, Vel and LT should be weighted by

m, while Gt+4 and ét+§ should be weighted by n,. The forwazd
expectations operator in (1.6) is a compact way to-represent this
weighting scheme.

Some of the important gquestions about wage and price dynamics can
be cast in terms of the parameters in equation (1.6). The parameter
h, should be positive and of significant magnitude if aggregate demand
management is to be effective in stabilizing wage inflation. Whether
hl is large or small is relevﬁnt for determining how accommodative
policy should be toward price or supply shocks. However, lagged
price shocks could enter (1;6) directly to portray catch~up effects.
This latter possibility will be considered below when we introduce a
stochastic structure to the behavioral equations.

In what follows it will be convenient to express the eguations of

the model in log-linear form. For this reason we will interpret w,.



X, and'pt as logarithms of the avérage wage, the contract wage index,
and the price level. Hence, the aggregation of the contract wages into
the average wage should be interpreted as a geometric averaging pro-
cedure. The excess labor demand .variable e will be measured as the
negative of the unemployment rate, measured as a fraction of the labor
force rather than as a percentage. Hence, we do not take a logarithmic
transformation of e . In equation (l.6) aﬂd in the equations which
follow the constant terms and any trend factors will be omitted since
we will be working with detrended data when the model is estimated.s
Given the aggregate wagg w, as determined from the contract wage
index xt, we will assume that prices are determined on the basis of
wage and other costs, that is |
(1.7) _ p_=w + ¢ (Lu
t t P pt
where BP(L) is a lag polynomial and uptis a serially uncorrelated shock.
The term BP(L)upt is a measure of other factors affecting pricing
decisions. Our assumption is that the pPrices which underlie the index
p, are relatively free to vary so that no additional dynamics in the
model enter explicitly through staggered price contracts. However, we
do model the influence of wages on price decisions as operating with a
one period lag; firms forecaét their wage costs Gt during the current
period and set pt accordingly. 1In the empirical work which follows
the error term will be a general stochastic process, so that exogenous
serial correlation in the detrended real wage w_ - P, will be part of

the model. Some of the other factors which may affect P, relative to
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;t might be demand conditions, raw material costs, and temporary

fluctuations in productivity about trend.

1.2 Aggregate Demand and Employment

The main reason for modelling the aggregate demand side of the
economy is to close the model so that expecﬁations of future wages and
employment can be forecast rationally. To keep the analysis simple

we will assume that
{1.8) Y. = al(mt - pt) + ey{L)uYt

where Y. is the log of (detrended) real output, and m, is the log of
the (detrended) money supply. As in equation {1.7) ey(L) is a lag

polynomial and u__ is a serially uncorrelated error. The main variable

vt
missing from equation (1.8) is a measure of the real interest rate
which would link'this equation explicitly with investment and con-
sumption decisions and Qith fiscal policy. Our appreoach at this
stage is to model these factors as part of a general stochastic struc-
ture; an alternative procedure would be to add lagged values of Yy
m, and P, to equation (1.8), but sorting out these lags from the serial
correlation structure is quite difficult. A natural extension of this
model would be to introduce real interest rate factors or measures of
expected inflation in equation (1.8).

To link the aggregate demand variable Y, ;o our measure of labor

market tightness e_, we will utilize an Okun's law type relationship

t

with serial correlation to approximate temporary discrepancies or

lags. That is,
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(1.9 e, = ayy, + ee(L’UEt

where ee(L) is a polynomial in the lag operator and u_ is a serially

et
uncorrelated error. Since Ye is\#he log dgviation of cutput about
trend it will behave like tﬁe negative of the percentage output gap.
With e, defined as the negative of the unemployment rate, a, should
approximately equal the inverse of the Okun's law multiplier.

1.3 The Government Policy Reaction Function

Since fiscal policy is assumed to be inco;porated in the error
structure of the aggregate demand equation (1.8), the only toocl of
aggregate demand management which we model explicitly is monetary
peolicy. We will consider feedback reaction funections of the following

form: -
(1.10) m = GyPy *GpW t gy, + 8 (Dlu,

where §, (L} is a polynomial in the lag operator and Une is serially
uncorrelated. Equation (1.10) is a feedback rule because all the
variables on the right hand side are predetermined; they are forecasts
of conditions in period t given information through the previous period.
The coefficient 9, represents attempts at counter cyclical monetary
policy; we would expect that 95 is negative. The coefficients gl ang
g, and their sum are measures of how accommodative monetary policy is
to price shocks or wage shocks. If 6= 9, =0 then policy is not

accommodative at all, while if g < g_ then peolicy is less accommodative

1 2
to price shocks than to wage shocks. An important pelicy question is
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whether it is appropriate to accommodate pPrices, but not wages: the
answer depends in part on whether Prices enter the wage eguation. 1In
‘order to explore possible var%ations in 9 and 95 it is necessary to
estimate these parameters jointly with the rest of the model. It should
be emphasized that the form of equation (1.10) is not derived from a
policy optimization procedure. In general we would expect an optimal
feedback rule to depend more explicitly on lagged values of the endo-

'genous variables or on the shocks to the other equations.6

1.4 Summary of the Equations and the Stochastic Structure

Gathering the above equations together we have:

Y, * al(mt - pt) + ey(L)uYt

P = Wy + O (L,

Me = 9P * Wy * 93y, + Sp(liu
{(1.11)

8¢ = ¥y * B, (Liu,,

W =‘;l!(L]xt

e oYY -1, \ -
Ye ¥ (L )Wt f hlﬂ(L )tt + bxp(L)Upt + ﬂx(h)uxt

Note that in the contract wage indcx equation we have added a serially
correlated error structure By (Lhu,, and more importantly a cross error

term Bxp(L)upt which captures catchur effects from Past price shocks

o wages.
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We will assume that the vector (u ., u ) is

vt' Ypt’ Ume’ Y

et’ Uxt
serially uncorrelated with zero mean and covariance matrix I.
This correlation assumption does Put restrictions on the
model despite the fact that we afe considering fairly general error
Processes in each equation via the 8 parameters. we are
assuming that there is only one cross-effect in the errors (exp):
the omission of other cross-effects is a constraint.

The parameters of the model are oy az. hl, gy 92’ 94 z
and the coefficients of the polynomials w(L), EY(L), ep(L), em(L).
Be(L), BXP(L), Bx(L). Hence the number of parameters depends on the
length of the longest contract considered (which determines the order
©of m), and the extent of serial correlation. The model has two
simultaneous equations where more than one current ehdogenous variable
appear. Most of the equations contain one-period ahead ratioﬁal fore-
casts of the endogenous variables, but only the contract wage equation
contains multiperiod forecasts. Extensions of the model might add
multiperiod forecasts in ;ther equations--in particular the aégregate
deriand equation and the price equation. In the next section we show

how the model can be manipulated to obtain a form which can be esti-

mated.



2. Solution and Estimation Technigues

The contract wage equation for X, involves forecasts of the wage rate
Wy and labor market demand e, as fgr into the future as the length of
the longest contract. These forecasts are conditional on all information
available through the end of period t-1, and can be written as functiens
of the past shocks to each eguation of the model. One sﬁlution tech-
nique is therefore to sclve the egquation of the system for §t+1 and
ét+1-the rational forecasts--substitute these into the contract wage

equation and finally determine a reduced form for the contract wage. The

solutions of the model for et'and w, are

- -1 n - -
(2.1) e, ='-u2(1 - alq3) [Baln(L)xt - ey(L)uyt + Blalap(L)upt

- o, 8 (Liu ]+ Be(L?uet

(2.2) Gt = T(L)%,

where 8 = 1 - g, - g, and Bl =] - 9 and where it should be noted that
Gys = 0 for s>t -1 and'ﬁys = uysfor 5 2t -1 and similarly for the
other random shocks.

Substituting (2.1} and (2.2) into the eqguation for the contract

wage x, and taking expectations results in

- - -1 2 = -1 ~ - -1 -
{2.3) 1 (1 hlysal)n(L )'I'I(L)]xt hlyw(L )ey(L)uY thB a, (L )BP(L)UP‘

t 11
+ hyyaym(L™1) 8 (L) Gpe + hym (L7186, (L) Gy

+ exp(L)upt-l- ex(L)uxt

where 1'-32(1 - algsl“l. Equation (2.3) is a difference equation in the
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forecast of the contract wage x conditional on information througi

t+s .
period t-] with various combinations of the past shocks as forcing vari-
ables. To solve the equation we note its symmetry since the coefficients
of 1° and L% in n(l)n(L) are the same. Hence, the lag operator in
brackets on the left hand side of (2.3) can be factored intc a form
AA(L)A(L-l). Imposing stability on the system requires that wt chosc
A(L) sc that its roots are outside or on the unit circle and since, by
symmetry, half the roots are outside or on the unit circle the factori-
zation is unigue {see Taylor (1979b)). Multiplying both sides of (2.3)

through by flA(L'l)]'Iand adding u_, to the eguation gives

xt

- 1 .
{2.4) A(L)xt = hlvk Hy(L)uYt + [pr(L) - hlvslalnpu.)lupt

=1

-1 : .
+ leall Hm(;)umt M hlA He(muet + dx(L)uxt + Uyt

where
~1yy-1, ;-1
Hy (L) = [ )™ e w],
- -1,,-1, -1
Hp(L) = (AT @™o (m ],
2.5 Bl = tae ) e heyw,
L TP |
Ho(L) = (e~ n=lnw 6w,
He (L) = [(a@-1))-le, (L)),

Hyp (L) = [ 1))=ls, i,

and the notation [+], means that only the positive powers ef L in the
polynomial preducts are retained (see Whittle (1963) or Hansen and Sargent

(1579)).
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Eguation (2.4) is autoregresgive in the contract wage with moving
average errors entering from all the equations of the model. Past
shocks to aggregate demand enter the equation with positive coeffi-
cients (if these shocks are positively correlated), because aggregate
demand shocks are an indicator of low unemployment in the near future
which tends to bid up contract wages (hl>- 0). For similar reascns

monetary surprises u

it and employment surprises u

ety STter the wage eguation

with positive coefficients. The impact of past price shocks on wage

determination is ambiguous, however. We would expect the sum of the

coefficients of HXP(L) to be-positive. but this catchup effect may be

offset in the reduced form by hl'YBl“al(L) which captures the "anti-

inflation” reaction of the monetary authorities to price shocks. If

9 = l, so that pricg mbvements are completely accommodated, then

By =0 ;nd the “anti-inflation” effect drops out. But if gl'is less

than one, then price shocks may appear to have a negative effect on wages.
The sensitivity of wages to excess demand h1 enters into the reduced

form wage equation in several ways. It is one of the determinants of

the autoregressive coefficients in A{L) because it appears in the

symmetric lag polynomial on the right hand side of equation (2.3).

Higher values of h1 will tend to reduce the coefficients of A(L) and

make wage changes less persiétent. However, h, also enters into the

1

serial correlation and cross serial correlation cocefficients in the xt

equation. 1In these serial correlation expressions higher values of h1

will raise the impact of all these shocks on wage behavior. This effect

represents the interaction between the forecasts of future labor market
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demand (via extrapolations from the model using recent observations) and
the impact of demand on wage behavior.

The policy parameters 9y 92; and 94 alsc enter the eguation in
several ways. The sum of 9 + 9, represents the combined accommodation
of monetary policy to price and wage shocks. This sum enters the autc-
regressive coefficients through the parameter f. Larger values of 9; *+ 9,
imply larger autoregressive coefficients and more persistence of wage
changes. As mentioned above, 9 has an effect which 95 does not have;
the price accommodation parameter tends to affect the feedback of prices
onto wage determination. Hence, if gl_is small then price shocks will
not have as large an impglse effect on the wage-price dynamics. But
9 does not have any unigue ability to change the prépagation of these
price shocks once they are into the dynamic¢s. Both accommodaﬁion
pa:ame;ers are equally powerful at changing the propagation properties (i.e. the
autoregressive weights). Proposals for policies which are very accommo-

dative toward price shocks, but not toward wage shocks, evidently place
emphasis on reducing the propagation effects while not
regarding large impulse effects. This rather technical discussion is
of course closely related to the guestion of whether price shocks get
incorporated into the underlying inflation rate.

To complete the solution of the model we need to substitute the
reduced form contract equation back into the structural egquations.
First we compute the average wage v, which simply requires us to pass

Xy through the moving average operator w(lL). This results in



(2.6) v, = ---Al(L)wt + Gy(L)uyt + Gp{mupt + Gy (L)uy, + Ge(L)uet + gx{L)uxt + u
= -1
where GY(L) w(L)hlyl HY(L)
GP(L) = w(L)[HxP(L) - hlyaluIHP(L)]

G (L) = (L) thyyay Aty (1))
Ge (L) = (L) [hya™lHg (L)}

Gy (L) = 7(L}H, (L)
A, (L) = [A{L})]+
Equation (2.6€) along with the equations for Yer Pyr By and e, constitute

a2 system in which only one period ahead forecasts of the endogenous
variables appear, all with viewpoint date t-1. Using matrix notation

we can write this system as
(2.7) Ye = Co¥p + C1¥y + CL)y, + D(Llu, + u,

where the C and D matrices are relatively sparse:

"0 -al ﬂl 0 o) I

‘0 0 0 0 0

X
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c(Ly=10 0o 0 0 O

LE o 0 0 -Al(Fi}
ieY(L) 0 0
(0 BP(L) 0
D(L) = -0 0 Bm(L)
0 0 0

Gyl G Gu(L)

and where

Yt = {th ptr mt: etl Wt)

ut = (uytl uptl umt: uetl .uwt)‘ -

0
0
Ee(L)

Gg (L)

0

G, (L)

Substituting for ft (which involves no factorization) results in

- Ed - - -1 L bl
(2.8) Yy Coyt + (I Co)(I c0 cl) C(L)yt‘+(1 co)(I CO
or
{2.9) Aoyt = A(L)yt + B(L)ut

-1
-Cl)

where the matrix Ag and the matrix polynomials A{(L) and B(L) are defined

accordingly. This equation system is simultaneous (Co ¥ 0) with an

autoregressive moving average structure.

The structure is very heavily

D(L)ut+ut

constrained both because C(L) and D(L) are constrained as discussed above,
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and because Co and cl contain many of the same elements which are in
c(L) and D(L).

We can estimate the system (2.8) using maximum likelihood techniques
using the working assumption that Uy is normally distributed. The c<on-
centrated log likelihood function (given a set of initial cenditions) can
be written as

T
(2.10) =3 log | | weuy] + T leg |1 - ¢y

t=1

excluding the constant term. This function can be evaluated numerically
in terms of the fundamental structural and stochastic parameters intro-
duced in Section 1, and hence can be'maximized using numerical techniques.
Tests of thelmodel an be developed using likelihood ratio tests, and
standard errors can be estimated from the matrix of second derivatives
of the likelihood function. Since the factorization technigque reguires
finding the roots of polynomials with orders as high as B, we cannot
represent the congtrained likelihood function apalytically. Hence
derivatives and second derivatives must be computed numerically. We
had most success using the Davidon-Fletcher-Powell technique, computing
numerical first derivatives during each iteration. The matrix of second
derivatives was computed at the last iteration for the purposes of

statistical inference.
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3. Empirical Implementation

Specific empirical measures for the § endogencus variables used for
estimation were: real GNP for Y, the GNP deflator for p, compensation
per manhour in the private sector for w, the Ml definition of the money
supply for m, and the (inversely scaled) unemployment rate for males
between the ages of 25 and 54 for e. Seasonally adjusted data was used
in each case. For all the variables except e, a logarithmic transforma-
tion was used, and the transformed data was detrended linearly over the
sample period 1960:1 through 1977:4.

In order to limit the number of Parameters to be estimated in the
stochastic processes describing the shocks to each equation, the general
moving average representation for these shocks was restricted. The
restrictions were o£ two types: first, the moving average was truncated
after a certain number of lags, and second, the coefficients of the
resulting truncated laé were constrained to be functions of a smaller
number of parameters than the length of the lag. More specifically
the following parametric forms were assumed for the g-polynomials

describing the stochastic part of the model:

- - - 2
{3.1) BY(L) I1 pyl;‘ °Y2L ]
- - -1
(3.2} OP(L) [1 DPL]
. 5 -1
{(3.3) Gm(L) = [l-pmlL - szL ]

1

{3.4) ae(L) n- pelL]
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‘ i ) 1
(3.5) BXF(L) (1 DxPLI

- 2 3 4
{3.6) ax(L) 1+ ele + esz + exBL + ex4L

where the subscripted p and 8 paiameters were treated as unconstrained.
The infinite power series in the lag operator in equations (3.1)
through (3.5) were truncated at the 4th oréer. We found that some
truncation of these polynomials was necessary to keep the order of
moving average parts of the vector model from growing too large. The 6
pelynomials in equation (2.6} have orders qual to the maximum contract
length plus the order of the corresponding pPolynomials. (Expleiting
the simple form of the inverse of the nontruncated 6 polynomials was not
useful in reducing the moving average lengthas is typical in ARMA
modellipg). In choosing the pa:amgtrié form and thé truncations in
(3.1) through (3.6), the serial correlation matrices of the r;siduals
were examined; when the serial correlation was tco high, the restric-
tions were loosened.

In addition to restricting the 6 polynomials, we also put constraints
on the © polyncmial which describes the distribution of contracts in the
econcmy by length. For the results reported below we truncated 7 at the
7th lag, thereby permiﬁting a maximum contract length of 8 guarters.

The shape of n was alsc constrained to decline very slowly for short lags
and never to take on negative values. (Recall that neither negative nor
increasing % weights make any economic sense from the point of view of

contract distributions). Operationally, these constraints were imposed by

assuming that ﬂj/ﬂo is equal to Riexp (—j2/5) with K, chosen to make the
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first Qalue equal to 1. This is simply the right hand side of a normal
density, and while it is convenient and has the slope we would expect for
the 7 weights, further work will be required to see whether the con-
straint is statistical;y acceptable. The hypothesis could be tested by
estimating the model with fully unconstrained = weights and comparing
the value of the likelihood function with that in the constrained case.
With these specifications the system (2.9) becomes a S5-dimensional
vector ARMA (7,11) model with simultaneous relationships among the
dependent variables. The 90 elements of the autoregressive and moving
average matrices are functions of 18 fundamental parameters. The com-
putational steps for evaluating the likelihood function in terms of these
parameters are summarized as follows: (1) evaluate ﬂ(L)ﬂ(L-l) and hence
the l4th order symmetric polynomia; en the left hand‘side of eguation
(2.3); (2) factor this polynomial to obtain A(L) in equatioﬁ (2.4) and
use the inverse of A(L) to evaluate the truncated pelynomials in {2.3)
and thereby obtain the basic G-polynomials in the wage equation (2.6);
(3) evaluate (I =~ Co) (T - Co = Cl)'l in equation (2.8); (4) compute a
time series of vectors U, corresponding to these parameters using
equation (2.8) and from these compute the log likelihood function
{(2.10). Each function'evalugtion requires this same sequence of computa-
tions and for the model estimated here takes about .1 second of CPU time
on an IBM 360/91. These function evaluations were used for computing
gradients during the iterations of the Davidon-Fletcher-Powell algorithm
and for computing numerical second order derivatives for estimating the

vaz;ance-covaziance matrix of the estimated coefficients.
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4. Estimation Results

The estimates of the structural and stochastic shock parameters
are given in Table 2 along with the ratio of these coefficients to their
standard errors as computed from the inverse of the second derivative
matrix of the likelihood function. All the structural coefficients
have signs and magnitudes which are reasonable. The elasticity of real
GNP with respect to real money balances ulcorresponds to an income
elasticity of money demand of about 2/3. The estimated elasticity of
unemployment with respect to the output gap is .4, which corresponds
to an Ckun's law multiplier of 2.5. The responsiveness of contract
wages to excess demand hl is .11, but is only marginally significantly
different from zero. Since the policy evaluation procedures, which we
will report subseguently, are very dependent on hl' it wil; be important
to establish whether h1 is sensitive to changes in functional forms or
stochastic assumptions.’

The policy parameters 91+ 9 and 93 indicate that monetary policy
was significantly accommodative during the sample periéd. The sum of
gl and 9, which represents the combined accommodation to wage and price
shocks is .53 with a standard error of .18. (The estimated covariance
between the estimates.of gl_and 9, ig -.019). However, the individual
accommodation covefficients suggest that it is important to distinguish
wages from prices when estimating reaction functions. According to these
estimates, policy is almost fully accommodative to wages, but not at all
accommodative to prices. In fact price shocks seem to generate a

restrictive monetary policy, after taking account of the accoommodation
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to wag;s. Whether this is optimal or not depends on how price shocks
enter into the inflationary dynamics--both through expectations and
contract effects~-and is an issue which we hope to be able to address
with this type of a model. Einaily. the parameter g3 indicates a
countercyclical reaction of monetary policy. When the economy is expected
to move below full employment, monetary policy becomes more stimulative.

The estimate of 8, which constrains the contract distribution
weights, is most  easily int;rpreted in terms of the m-weights or the
implied distribution of contract lengths. These are given in Table 4.
According to these estimates, contract lengths in the 3 to 4 quarter
range appear to predominate. This corresponds to the general view that
most implicit contracts are about 1 year in length.

The parameters of the stochastic processes whi;h describe the
stochastic shocks are generally very significant with the exception of
the last three unconstrained parameters of the wage shock. The serial
correlation matrices presented in Table 5 suggest that some serial
correlation remains in the estimated residual vectors so that further
eiﬁerimentation with the stochastic processes would be useful.

The cross-serial correlation parameter between price shocks and
wage shocks is very significgnt and indicates that past price shocks
do feed back into the wage formation process. If this impulse effect
of price shocks on the inflationary propagation process is to be offset,
thenprice shocks should not be accommodated as much as wage sShocks.
Atteﬁpts to reduce this impulse effect may explain the big difference
between the price and wage accommodation parameters 9; and g5 during the

sample period.



-27-

éhe implied autcregressive and moving average coefficients for the
model are given in Table 3, where the constraints we have imposed are
fairly evident. Note that these coefficients represent the simultaneous
form of the model. The reduced form would be obtained by multiplying
through by n;f

For example, some of the reduced form dynamics in Y, are due to past

ard would have fewer elements constrained to egqual zero.

movements in m, and P,- These would be evident in the reduced form,
but are only implicit in the simultaneous form of the model.

The constraints which the model and the expectations assumptions
put on the wage and price dynamics are.evident in the second and fifth
rows of the matrices A and B given in Table 5. The second row corresponds
to the price dynamics and the fifth row to the wage dynamics. With one
importgnt exception ‘these dynamiqs are the same. The exception is that
B(2,2) ¥ B(5,2). The B(2,2) coefficients are partially dete?mined by the
impact of non-wage shocks on the Pricing process; that is, the influ-
ence of the other components of unit costs, such as productivity shifts.
The B(5,2) coefficients‘reflect the impact of these same price shocks on
wages.

Note, however, that both B(2,2) and B(5,2) as well as most of the
octher elements of the'matxiqes A and B depend cn the policy parameters
9y Gyr and g3- As these coefficients change, the coefficients of a
and B will change in a predictable way. It is this impact of the policy
parameters on the dynamics of the model which will form the basis of the

policy evaluation procedure.
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5. Concluding Remarks

The aim of this paper has been to develop a quarterly empirical
model of wage and price dynamics and to embed these dynamics in a
simple model of the U.S. economy. The main features of the model are
(1) the use of rational expectations to describe the impact of future
inflation rates, business conditions, and economic policy on current wage
determination, and (2) the use of a wage contxacfing process to explain
the serial persistence of wages which is not captured by pure expecta-
tions effects. A discussiop of econometric and computational technigues
showed how the parameters of the model could be estimated in practice,
and some estimation results were repcrted for a specific form of the
model. The econometric technigques seem to work well and the estimation
resultg seem reascnable. While ﬁlternative functional forms of the
equations and the stochastic structure might be investigated, the
general framework of the model appears to be an adeguate basis for

evaluating alternative ﬁolicy proposals.
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The framework presented here rests heavily on extensive research
during the last several years. 1In pafticular: the critigue by
Lucas (1976); the rational expectations modelling techniques studied
by Barrc (1976), Fischer"(1977), Phelps and Taylor (1977), Sargent
and Wallace (1975), and Taylor (1979b); the empirical work by
Sargent (1978) and Taylor (197%a, 1979¢) : and the econometric
technigques studied by Hansen and-Sargent (1979), Ravenkar (1979},

and wWallis (1979).

This "full front-end loading" approximation is the easiest of the
four to modify, and if deferred wage increases turn out to be

important empirically (see Table la for an indication), it should

be modified.

Note that approximation (2) could be generalized to permit a time-
invariant dispersion in the contract wages across different contract
lengths while still retaining the simplification of invariant Tg-

This would alter the interpretation of Ts which follows, however.
See Taylor (1979h) for a further discussion of these issues.

It can be shown that if all variables in the model are measured as
deviations from trend then x, can alsoc be measured as a deviation

from trend.



6. Anroptim&l control calculation is one of the aims of the model

estimated in Taylor (1979a). Puture work might be concerned with -
estimating a policy function of a more general type sc that optimal
control can be considered in this model via parametric changes in a

given functional form.

We tried extending the truncation period for the stochastic processes
out as far as 8 gquarters, but only for a model with contract lengths
equal to 4. This did appear to reduce the serial correlation.

However, with 8 quarter contracts this would give rise to an ARMA(7,15)

model which we did not try to estimate.
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TABLE 1
Number of Workers in Major Collective
Bargaining Situations by Contract Duration*
1974:1I1 - 1978:1IV
{Thousands)
l-Year 2-Year 3~Year
contracts Contracts contracts
1974:1I1 233 ‘ 269 1477
Iv 131 116 612
1975:1 t7 16 395
II 172 . 326 264
111 325 215 529
v 77 14 231
1976:1 29 7 67 158
I1 109 259 - 1044
I1T : 163 159 673
Iv 82 78 1104
1977:1 43 98 226
I1 215 138 950
III 125 121 . 1325
v 52 60 400
1978:1 19 29 338
I1 104 195 380
111 70 238 599
Iv : . 56 83 344

*A contract is classified as an N year contract if its duration
is N years plus or minus 6 months.

Source: (Current Wage Developments; figures refer to situations
with 1000 or more workers.
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TABLE la

Negotiated Wage Adjustments in Major Collective
Bargaining Situations by Contract Length

1974:I11 - 1978:IV

{Percent Change at Annual Rate)

l-year 2-Year 3-Year
Contracts Contracts Contracts
First First Second First Second Third
Year Year Yeaxr Year Year Year
1974:11I1 10.5 . 5.9 10.7 5.0 4.5
Iv 11.4 11.2 6.4 10.4 5.7 4.9
1975:21 6.8 13.8 9.6 13.2 4.0 4.3
II , 6.5 1c.9 8.4 10.9 6.0 5.3
III 7.8 8.9 6.6 10.7 6.0 5.8
Iv 7.3 10.6 7.1 ©.8 5.3 4.5
1976:1 6.2 8.0 6.9 9.3 8.1 6.1
II 5.8 7.0 5.2 9.0 6.1 5.8
IIT 5.5 8.7 6.5 10.7 6.7 5.5
v 6.2 7.0 5.2 7.2 4.1 3.3 1
1977:1 3.4 9.2 8.5 7.7 5.6 4.9
Iz 5.6 7.5 5.8 8.8 5.1 3.9
111 6.1 7.0 6.3 7.8 4.3 3.9
Iv 3.8 9.2 6.7 8.2 £.4 5.5
1978:1 6.4 5.5 4.6 10.6 6.4 5.5
I 5.2 7.7 7.1 6.8 5.4 4.9
I1 6.5 7.4 6.0 7.5 5.7 5.6
Iv 7.2 8.7 5.9 7.6 5.2 5.5
1
Sourcd:

refer to situations with 1000 ©r more workers,

Current Wage Developments; figures exclude cost of benefits and
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TABLE 2

Maximum Likelihood Estimates
of the Structural Parameters

Parameter

Estimate

1.48

.40

.11

- .46

.99

- .11

2.55

1.30

.78

1.37

-66

.10

.17

.06

.69

Asymptotic

5.5
11.6
1.5

3.5

‘14.98
4.9
3.5

11.7
6.2
2.1
4.7
1.2

1.9

6.1

Maximum value of the log likelihood: 1284.20
1961.4-1977.4

Sample period:

Correlation between actual values and sample period simulations:

y: .972;

p:

.995;

m: .975;

e: .977; w: .991
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TABLE 4

Estimated Distribution of Workers by Contract Length

Contract Length Fraction of Cumulative
in Quarters Workers {(n-weights)

1 .074 1.000

2 .190 .925

3 ' .234 .735

4 .208 .501

5 .146 .293

6 . .084 .147

"7 .040 .063

B .023 .23



.13
-.11
-23
.02
-.01

.08
-.14
-.10

.34

.15

.28
-le
.02
.47
.19

-12
-.19

.27

.18
.25

-3

TABLE 5

First through Fourth Order

Serial Correlation Matrices

Ts = E(ﬁt;ut-s)

-.20 .11 .01 .13
.33 -.07 -.14 -.47
-.06 .19 .19 .05
-.02 -.05 .15 .18
.10 .13 .09 .29
N
-.12 -.22 -.21 .04
.24 17 -.06 -.11
-, 22 .10 -.22 .03
S =11 ~.09 .10 .09
-.086 .16 .07 A3
o =.19 .03 .00 -.04
.31 .09 -.04 .12
-.10 .17 -.15 .13
-.18 .16 .22 .10
-.21 18 ° .07 .06
.04 -.10 .00 -.07
.41 .17 -.02 .17
-.20 .19 -.00 .18
-.10 -.08 -.01 .06
.01 .27 .13 .17 )





