
Dis
rete Bids and Empiri
al Inferen
e in Divisible Good Au
tionsJakub Kastl∗Stanford University and NBERO
tober 23, 2009Abstra
tI examine a model of a uniform pri
e au
tion of a perfe
tly divisible good with privateinformation in whi
h the bidders submit dis
rete bidpoints rather than 
ontinuous downwardsloping demand fun
tions. I 
hara
terize ne
essary 
onditions for equilibrium bidding. The 
har-a
terization reveals a 
lose relationship between bidding in multi-unit au
tions and oligopolisti
behavior. I demonstrate that a re
ently proposed indire
t approa
h to the revenue 
omparisonsof dis
riminatory and uniform pri
e au
tions is not valid if bid fun
tions have steps. In parti
-ular, bidders may bid above their marginal valuation in a uniform pri
e au
tion. In order todemonstrate that dis
rete bidding 
an have important 
onsequen
es for empiri
al analysis I usemy model to examine a dataset 
onsisting of individual bids in uniform pri
e treasury au
tionsof the Cze
h government. I propose an alternative method for evaluating the performan
e of theemployed me
hanism. My results suggest that the uniform pri
e au
tion performs well, bothin terms of e�
ien
y of the allo
ation and in terms of revenue maximization. I estimate thatthe employed me
hanism failed to extra
t at most 3 basis points in terms of the annual yieldof T-bills worth of expe
ted surplus while implementing an allo
ation resulting in almost all ofthe e�
ient surplus. Failing to a

ount for dis
reteness of bids would in my appli
ation resultin overestimating the unextra
ted revenue by more than 50%.Keywords: multiunit au
tions, treasury au
tions, uniform pri
e au
tions, stru
tural esti-mation, nonparametri
 identi�
ation and estimationJEL Classi�
ation: D44
∗This paper is a revised version of Chapter 1 of my PhD dissertation at Northwestern University. I am indebtedto my advisors, Robert Porter and Mi
hael Whinston, for their support and guidan
e throughout this proje
t. I amgrateful for the 
omments from two anonymous referees and the editor, Bruno Biais, that substantially improvedthe paper. I would also like to thank Susan Athey, Liran Einav, Je� Ely, Igal Hendel, Ali Hortaçsu, Aviv Nevo,Alessandro Pavan, Salvatore Pi

olo, Bill Rogerson, Azeem Shaikh, Tomasz Strzale
ki, Elie Tamer, Frank Wolak,Asher Wolinsky, and seminar parti
ipants at various universities and 
onferen
es for many helpful 
omments. Spe
ialthanks are also due to the Cze
h National Bank for making the data set available to me. Finan
ial support fromthe Center for the Study of Industrial Organization at Northwestern University and from the NSF (SES-0752860) isgratefully a
knowledged. Any remaining errors are my own responsibility.

1



1 Introdu
tionThere is a 
onsensus among e
onomists that the most e�e
tive way to sell government se
uritiesis through an au
tion. There is not a 
onsensus on the best au
tion me
hanism, however. Thetheoreti
al literature on multiunit au
tions does not provide a de�nitive re
ommendation whetherthe ultimate goal is either revenue maximization or e�
ien
y of the allo
ation. In pra
ti
e, there is a
lear preferen
e between the two most widely employed me
hanisms. Bartolini and Cottarelli (1997)report that 39 out of the 42 
ountries surveyed use the dis
riminatory au
tion me
hanism (�payyour own bid�), and only three 
ountries use a uniform pri
e au
tion me
hanism. In this paper I
ontribute to the debate on the optimal au
tion me
hanism by providing a method that allows a
hoi
e between di�erent au
tion me
hanisms based on data on individual bids. An essential partof my model is that the equilibrium strategies are step fun
tions, whi
h is a restri
tion that hasimportant impli
ations, but has not been re
ognized expli
itly in the literature.In both dis
riminatory and uniform pri
e au
tions, bidders may submit multiple pri
e-quantitypairs as their bids. These points tra
e out a bid fun
tion. The au
tioneer then aggregates these bidfun
tions. As in any other market, the 
learing pri
e is the point at whi
h the aggregate demand(bid) fun
tion interse
ts the supply 
urve, whi
h in thie 
ase is inelasti
 at a quantity that is usuallypreannoun
ed. The se
urities are then allo
ated to the bidders for those units for whi
h their bidswere higher than the market 
learing pri
e. The payments 
olle
ted from the bidders depend on theau
tion me
hanism. In the dis
riminatory au
tion, also known as a pay-your-bid or multiple-pri
eau
tion, the bidders pay their full bid for all se
urities that they are allo
ated. In the uniform pri
eau
tion, ea
h bidder pays the market 
learing pri
e for every unit won. The au
tioneer's revenue inthe dis
riminatory au
tion is therefore the area under the aggregate bid fun
tion up to the supplyquantity. In the uniform pri
e au
tion, the revenue is the produ
t of the market 
learing pri
eand the quantity supplied. It might be tempting to 
on
lude that the dis
riminatory au
tion musttherefore lead to a higher revenue, just as a perfe
tly dis
riminating monopolist is able to earn morethan if she 
annot dis
riminate. This intuition is misleading sin
e the me
hanism 
hoi
e a�e
tsbidders' strategi
 behavior and thus the lo
ation and shape of the aggregate bid fun
tion. Resultsfrom single-unit au
tion settings are also misleading. For example, one might 
on
lude from thesimilarity between a se
ond pri
e au
tion and a uniform pri
e au
tion, or between the �rst pri
eau
tion and a dis
riminatory au
tion, that the revenue should be the same if the values are private,bidders are risk neutral and symmetri
, and signals are independent. This intuition is misleadingsin
e the revenue equivalen
e theorem requires that the me
hanisms be allo
ationally equivalent,whi
h is typi
ally not the 
ase in a multi-unit environment.The strategi
 
onsiderations are quite di�erent in the two au
tion formats. In a dis
riminatoryau
tion, a rational bidder would not bid his full marginal valuation for any unit that he might winbe
ause he wants to retain some surplus. In a uniform pri
e au
tion a bidder should shade his bidbelow his marginal valuation at quantities that might be pivotal and might therefore determine the2



market 
learing pri
e. Hen
e, in both au
tion me
hanisms, bidders will not always bid their truemarginal valuations. Ausubel and Cramton (2002) show that the 
omparison of the uniform anddis
riminatory au
tion formats, in terms of both e�
ien
y and revenue, is an empiri
al question.Either format 
an be better than the other, under either 
riterion, under some 
ir
umstan
es.Most of the previous empiri
al literature that 
ompares these two au
tion me
hanisms fo
useson �natural experiments� in whi
h di�erent au
tion formats have been used in di�erent time periods.Those papers examine the di�eren
e between the market 
learing au
tion pri
e and the resale orforward pri
e of the se
urity (Umlauf (1993), Simon (1994), Nyborg and Sundaresan (1996)). Adrawba
k of this approa
h is that the resear
her has to maintain strong assumptions on the informa-tion stru
ture a
ross the au
tions, espe
ially those involving di�erent au
tion formats. In parti
ular,observed di�eren
es that 
annot be explained by observable 
ontrol variables are attributed solelyto the au
tion format.My paper instead belongs to a small set of re
ent papers that employ stru
tural e
onometri
modeling to 
ompare the alternative au
tion me
hanisms in a divisible good setting.1,2 These papersuse a bidder's optimality 
ondition to re
over stru
tural parameters and, in parti
ular, the distri-bution of the marginal valuations, as proposed in Guerre, Perrigne and Vuong (2000) in the singleunit setting. This approa
h avoids problems with 
omparing realizations of di�erent formats, andit is also amenable to answering 
ounterfa
tual poli
y questions. My paper di�ers from these re
entpapers in two ways. First, some of these papers use parametri
 assumptions to 
ir
umvent theproblem of multiple equilibria (for example, by restri
ting attention to equilibrium strategies thatare linear in private signals, as in Fevrier, Preget and Visser (2002)). My approa
h will instead benonparametri
 and does not require expli
it solution of equilibrium strategies. Hen
e I do not needto rely on approximation te
hniques to obtain these, as in Armantier and Sbaì (2004), who apply
onstrained strategi
 equilibrium framework developed in Armantier, Florens and Ri
hard (2002).Se
ond, and more signi�
antly, most of these papers fo
us on equilibria in stri
tly downward-sloping
ontinuous bid fun
tions. In the data, however, we instead typi
ally observe step bid fun
tions. Thiso

urs both be
ause bidders are in reality limited in the number of bidpoints they are allowed tosubmit, and be
ause they 
hoose to submit even fewer bids than the allowed number. For example,in my dataset the bidders are restri
ted to submit at most 10 bidpoints, yet the average numberof submitted bidpoints is less than 3 and the maximum number of submitted bidpoints is 9. I ex-pli
itely model this feature of the data and I will show that this seemingly inno
uous institutionaldetail has important impli
ations for empiri
al analysis. I extend the model and estimation methodproposed in Hortaçsu (2002) to expli
itely a

ount for this feature and I �nd that failing to take intoa

ount this dis
reteness in bidding may result in biased estimates of marginal valuations. Hortaçsurationalized the dis
rete bids by assuming that they have to lie on a dis
rete grid of pri
es and the1A divisible good au
tion is also known as a share au
tion.2Leading examples are Armantier and Sbaì (2004), Chapman, M
Adams and Paars
h (2006), Hortaçsu (2002)and Wolak (2003). 3



optimal 
ontinuous bid fun
tion is thus �
onstrained� to be de�ned only on the pri
es on the grid.My analysis instead fo
uses on strategi
 de
isions of the bidders where to lo
ate ea
h step, wherethe lo
ation impli
itly depends on the lo
ation of other steps. Moreover, my analysis shows that ina model with equilibria in step fun
tions rather than 
ontinuous downward sloping bid fun
tions,the revenue of the hypotheti
al uniform pri
e au
tion in whi
h bidders bid truthfully their valuesdoes not 
onstitute an upper bound on the ex post revenue of the uniform pri
e au
tion. The reasonis that bidders might �nd it optimal to submit bids that are higher than their marginal valuations.In general, the marginal valuation s
hedule may not be the upper bound on the bid s
hedule in auniform pri
e au
tion, whenever the bidder is not allowed to submit a separate bid for every unito�ered for sale and thus submits bids for �bundles.� This introdu
es an additional trade-o� betweenthe potential (ex post) loss on the marginal unit (in some states of the world) and the probabilityof obtaining the inframarginal units in the bundle.The main 
ontributions of the paper 
an be 
lassi�ed into two groups. On the theory side, inse
tions 2 and 3, I introdu
e a model of a divisible good au
tion with private information in whi
hthe bidders may be restri
ted in the number of bids they are allowed to submit and thus submitstep bid fun
tions. I 
hara
terize ne
essary 
onditions for equilibrium bidding in this model. Thesene
essary 
onditions di�er from those in the di�erentiable downward sloping bid fun
tions 
ase.3These 
onditions, whi
h relate the primitives of the model to the observables, serve as the basis forthe empiri
al work later in the paper. They are also useful for understanding equilibrium behaviorin multiunit au
tions of indivisible goods, in whi
h 
ase the observed bid is a dis
rete ve
tor, sin
ea model with a divisible good 
an be viewed as the limiting 
ase of su
h a 
lass of models. My
hara
terization theorem reveals a 
lose relationship between the optimal behavior of a bidder in auniform pri
e au
tion and that of an oligopolist fa
ing un
ertain demand.4 I also demonstrate thatwhen bidders are restri
ted in the number of bids they 
an submit, they may submit bids higher thantheir marginal value for some units. This suggests, for example, that important re
ent empiri
alwork 
omparing uniform pri
e and dis
riminatory au
tions by Hortaçsu (2002) may provide anunderestimate of the potential (ex post) revenue arising from the uniform pri
e au
tion.Se
tions 4 and 5 turn to the empiri
al side of the paper. In Se
tion 4, I provide 
onditionsunder whi
h the primitives of the model 
an be identi�ed nonparametri
ally and propose an esti-mation method using a generalization of the resampling approa
h introdu
ed into the literature byHortaçsu (2002). In two re
ent related empiri
al papers, Wolak (2003, 2007) examines Australianele
tri
ity au
tions taking into a

ount that the bid fun
tions are step fun
tions.5 He develops an3In a related working paper (Kastl (2008)) I show that these ne
essary 
onditions for equilibrium 
onverge to their
ounterpart in the model with di�erentiable downward sloping bid fun
tions as the number of submitted bidpointsgoes to in�nity.4Similarity between au
tion theory in the single unit environment and a monopolist engaging in third-degree pri
edis
rimination has been pointed out in Bulow and Roberts (1989) and further similarities between oligopoly theoryand au
tions have been des
ribed in Bulow and Klemperer (1996).5There is also theoreti
al literature on ele
tri
ity au
tions whi
h expli
itely in
orporates indivisibility of the supplyfun
tions dues to generating 
apa
ities into the model. See e.g., von der Fehr and Harbord (1993) or Fabra, von der4



alternative e
onometri
 te
hnique to estimate parameters of parametri
ally spe
i�ed 
ost fun
tionsfrom data on individual bids whi
h is based on approximation of the non-di�erentiable ex-postpro�t fun
tions by smooth fun
tions. Using the moment 
onditions implied by ea
h bidder biddingoptimally taking into a

ount the un
ertainty due to other bidders' bidding behavior and un
ertaindemand for ele
tri
ity, he applies GMM to re
over the parameters of interest. As my method,Wolak's approa
h is based on using the best-response hypothesis to provide a link between theobserved bids and the primitives of the model. However, unlike my approa
h, his method doesnot explain the possibility of bidding above one's value. On the other hand, one of the advantagesof Wolak's approa
h is that sin
e he estimates the model using GMM, he is able to easily obtainstandard errors for his estimates without employing 
ostly resampling pro
edures.In se
tion 5, I des
ribe my data and apply my estimation method to obtain information aboutbidders' marginal valuations in uniform pri
e treasury au
tions of the Cze
h government. I showthat in a non-negligible share of these au
tions, the a
tual realized revenue ex
eeds the revenuethat would have been obtained had the bidders bid their true marginal valuation s
hedules in ahypotheti
al uniform pri
e au
tion. I propose a new method for evaluating the performan
e of theau
tion me
hanism using these estimates and �nd that in my appli
ation the uniform pri
e au
tionperforms quite well, both in terms of e�
ien
y and revenue. On average, the employed me
hanismimplements an allo
ation that a
hieves almost all of the e�
ient surplus. Moreover, the estimatedmaximum total expe
ted surplus (in terms of the annual yield of T-bills) left to the bidders doesnot ex
eed 3 basis points.In se
tion 5.2 I use my estimates to bound the expe
ted surplus that the bidders forego by usingfewer bid points than allowed. Similar to the re
ent empiri
al work by Chapman, M
Adams andPaars
h (2006), I �nd that this loss of surplus is very small relative to the magnitudes involved.Chapman, M
Adams and Paars
h (2006) study dis
riminatory au
tions of Canadian Re
eiver-General building on partial identi�
ation results from M
Adams (2008), who investigates boundson marginal valuations that are 
onsistent with observed bids by 
onsidering many possible de-viations from the observed bids and requiring that these be unpro�table given the true marginalvaluation s
hedule. Unlike this paper, they are not interested in evaluating the performan
e ofthe au
tion me
hanism, but rather in investigating whether bidders' behavior is 
onsistent withthe best-response hypothesis. While they �nd eviden
e of frequent departures from best-responses,they argue that the deviations are very small (similar to the �ndings about implied 
osts in thispaper) and the equilibrium hypothesis might thus be a good approximation.Finally, se
tion 6 
on
ludes the paper. All proofs are relegated to the appendix.Fehr and Harbord (2006).
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2 ModelI will start with the basi
 uniform pri
e share au
tion framework of Wilson (1979) with privateinformation, in whi
h both quantity and pri
e are assumed to be 
ontinuous. There are N (potential)bidders, who are bidding for a share of a perfe
tly divisible good. Ea
h bidder re
eives a private real-valued signal, si, whi
h is the only private information about the underlying value of the au
tionedgoods. The joint distribution of the signals will be denoted by F (s). The one-dimensionality ofprivate information is essential neither for any of the theoreti
al results, nor for the estimationte
hnique.Assumption 1 Bidder i's signal si is drawn from a 
ommon support [0, 1] a

ording to an atomlessmarginal d.f. Fi (si) with stri
tly positive density fi (si).Winning q units of the se
urity is valued a

ording to a marginal valuation fun
tion vi (q, si, s−i).For most of this paper, I will deal with the spe
ial 
ase of independent private values (IPV). I willdis
uss the appropriateness of the private value paradigm in the 
ontext of my appli
ation later.In the 
ase of private values, bidders' valuations do not depend on private information of otherbidders, i.e., vi (q, si, s−i) = vi (q, si). At the estimation stage I will not impose symmetry, sin
e Iwill allow for di�erent groups, within whi
h the bidders share the same marginal valuation fun
tionand the same distribution of private signals. I will impose the following assumptions on the marginalvaluation fun
tion vi (·, ·):Assumption 2 vi (q, si) is bounded, stri
tly in
reasing in si ∀q and weakly de
reasing and 
ontin-uous in q ∀si.I will denote by V (q, si) the gross utility: V (q, si) =
∫ q

0 vi (u, si) du.Bidders' pure strategies are mappings from private signals to bid fun
tions: σi : Si → Y, wherethe set Y in
ludes all possible fun
tions y : R+ → [0, 1]. A bid fun
tion for type si 
an thus besummarized by a fun
tion, yi (·|si) , whi
h spe
i�es for ea
h pri
e p, how big a share yi (p|si) of these
urities o�ered in the au
tion (type si of) bidder i demands. Q will denote the amount of T-billsfor sale, i.e., the good to be divided between the bidders. Q might itself be a random variable if itis not announ
ed by the au
tioneer ex ante, or if the au
tioneer has the right to augment or restri
tthe supply after he 
olle
ts the bids. In either 
ase, I will assume that the distribution of Q and theway it depends on the bids is 
ommon knowledge among the bidders.6 Furthermore, the number ofpotential bidders parti
ipating in an au
tion, denoted by N , is also 
ommonly known. The naturalsolution 
on
ept to apply in this setting is Bayesian Nash Equilibrium. The expe
ted utility of type
si of bidder i who employs a strategy yi (·|si) in a uniform pri
e au
tion given that other bidders6I will provide further details later in the text. 6



are using {yj (·|·)}j 6=i 
an be written as:
EUi (si) = EQ,s−i|si

u (si, s−i)

= EQ,s−i|si

[

∫ qc
i (Q,s,y(·|s))

0
vi (u, si) du − pc (Q, s,y (·|s)) qc

i (Q, s,y (·|s))

]where qc
i (Q, s,y (·|s)) is the (market 
learing) quantity bidder i obtains if the state (bidders' privateinformation and the supply quantity) is (Q, s) and bidders bid a

ording to strategies spe
i�ed inthe ve
tor y (·|s) = [y1 (·|s1) , ..., yN (·|sN )], and similarly pc (Q, s,y (·|s)) is the market 
learing pri
easso
iated with state (Q, s). A Bayesian Nash Equilibrium in this setting is thus a 
olle
tion offun
tions su
h that almost every type si of bidder i is 
hoosing his bid fun
tion so as to maximizehis expe
ted utility: yi (·|si) ∈ arg maxEUi (si) for a.e. si and all bidders i.In most of the previous literature, starting with Wilson (1979), the set Y of admissible strategiesis restri
ted to 
ontinuously di�erentiable fun
tions so that 
al
ulus of variations te
hniques 
anbe applied. These te
hniques enable us to show that in a symmetri
 IPV model, and within thisrestri
ted 
lass of strategies, a symmetri
 BNE y (·|·) has to satisfy the following ne
essary 
onditionfor all (p, si):

v (y (p|si) , si) = p − y (p|si)
Hy (p, y (p|si))

Hp (p, y (p|si))
(1)where H (p, x) is the probability distribution of the market 
learing pri
e when x units are demandedby bidder i and all other bidders j 6= i submit the equilibrium bid fun
tions, i.e., H (p, x) ≡

Pr (pc ≤ p|x) = Pr
(

x ≤ Q −
∑

j 6=i y (p, sj)
) (Hp and Hy are the derivatives of H (·, ·) with respe
tto the �rst and se
ond argument respe
tively). As Wilson points out, the au
tion game might havemultiple equilibria, some of whi
h lead to low revenue for the au
tioneer.7 Su
h equilibria, whilea
hieved in a non-
ooperative way, are usually 
alled "seemingly 
ollusive" and several authors(e.g., LiCalzi and Pavan (2005) and M
Adams (2007)) show how the au
tioneer would eliminateat least some of these undesirable equilibria by slightly modifying the uniform pri
e au
tion. Inrelated papers, Biais and Faugeron-Crouzt (2002) and Biais, Bossaerts and Ro
het (2002) analyzethe di�erent au
tion me
hanisms, their optimality and sus
eptibility to ta
it 
ollusion in the 
ontextof IPO au
tions under pure 
ommon values paradigm. Their analysis in
ludes the 
hara
terizationof an optimal me
hanism in the presen
e of better-informed dealers (investment banks) and retailinvestors.8Be
ause of the restri
ted set of strategies, it is an essential feature of a 
andidate equilibrium thatthe equilibrium strategies are stri
tly downward-sloping di�erentiable fun
tions. One impli
ationof this fa
t is that the rationing rule does not matter for equilibrium behavior, sin
e rationing does7See also Ba
k and Zender (1993 and 2001), Kremer and Nyborg (2004b) and Wang and Zender (2002).8Other papers that analyze equilibria a
ross di�erent me
hanisms expli
itely in
lude Rostek, Weretka and Py-
ia (2009) who 
ompare a parti
ular 
lass of equilibria - those in linear strategies - a
ross di�erent me
hanisms andBrenner, Galai and Sade (2009) who 
ompare the au
tion me
hanisms in an experimental setting.7



not o

ur in equilibrium.9 In other words, we always have qc
i (Q, s,y (p|s)) = yi (p

c (Q, s,y (·|s)) |si).While Wilson's model provides useful insights, and illuminates some of the trade-o�s bidders fa
ein share au
tions, it 
annot a

ount for several features of the data in most a
tual share au
tions.In the next se
tion, I introdu
e a 
on
ept of a K-step equilibrium, in whi
h I address dire
tlya 
entral feature of most real-world share au
tions: bid fun
tions are step fun
tions, and hen
e not
ontinuously di�erentiable. I will argue that a

ounting for these features has important impli
ationsfor both the theoreti
al model and empiri
al inferen
e in these au
tions.3 K-step equilibriumWhy do bidders submit step fun
tions in these au
tions? One reason is institutional. In the vastmajority of a
tual share au
tions, the au
tioneer imposes an upper bound, K, on the number ofbidpoints that the bidders 
an submit, whi
h restri
ts the bidders' strategy spa
e and makes sub-mitting a 
ontinuous fun
tion impossible. Yet, sin
e this institutional 
ontraint is often not binding,it does not seem to be the main 
ause. Building on Wilson's (1993) results about approximate op-timality of multipart tari�s, Kastl (2008) shows that the presen
e of just a small 
ost of submittinga step would make it stri
tly optimal for bidders to use only a few steps to 
hara
terize their bids.10In this se
tion I develop a model that in
orporates these features, 
hara
terize its equilibrium anddemonstrate that bidders may submit bids that are higher than their marginal values. The mostimportant features of the model are (i) bidders submit only �nitely many bidpoints (due to endoge-nous restri
tions su
h as 
ost of submitting a step or exogenous restri
tions on strategies), and (ii)the quantity in ea
h bidpoint is a 
ontinuous 
hoi
e variable.While most of the previous literature restri
ts bid fun
tions to be 
ontinuously di�erentiable,my goal is for them to be step fun
tions. With this possibility, I 
annot apply the 
al
ulus ofvariations to 
hara
terize equilibrium strategies. Sin
e for a �nite K bidders submit left-
ontinuousstep fun
tions, I 
an summarize bidder i's a
tion as a Ki−dimensional ve
tor of bidpoints (bi, qi),where the kth point denotes the pri
e (the height of 
urrent step) and quantity (stri
tly speaking,the share of total quantity) at whi
h this step ends (its length). I will also assume that there isan upper bound on the maximal bid, whi
h for example in the 
ase of treasury bills 
ould be thefa
e value. In general, any bid above the value of the �rst in�nitesimal unit is weakly dominatedby bidding this value, and thus this upper bound is v (0, s̄) where s̄ is the highest possible signal.To summarize:9Be
ause individual bid fun
tions are stri
tly downward sloping, residual supply is always stri
tly upward slopingand thus the market always 
lears exa
tly.10Formally, the loss from using step fun
tions rather than 
ontinuous bid fun
tions vanishes at a quadrati
 rate inthe number of steps.
8



Assumption 3 Ea
h player i = 1, ..., N has an a
tion set:
Ai =

{

(

~bi, ~qi,Ki

)

: dim
(

~bi

)

= dim (~qi) = Ki ∈
{

0, ...,K
}

,

bik ∈ B =
[

0, b̄
]

, qik ∈ Q = [0, 1] , bik ≥ bik+1, qik ≤ qik+1

}In what follows when more 
onvenient I use the shorthand ve
tor notation (bi, qi) to des
ribethe step fun
tion y (·|si) of type si of bidder i.It is also apparent that be
ause ea
h bidder's bid fun
tion is a step fun
tion, the residual supplywill be a step fun
tion, and therefore but for knife-edge 
ases any equilibrium will involve rationingwith probability one. Rationing o

urs whenever there is ex
ess demand at the market 
learing pri
e,while at all higher pri
es there is ex
ess supply. On su
h o

asions the au
tioneer will determine arationing 
oe�
ient, by whi
h demand is adjusted to equal supply. While the theoreti
al literaturehas 
onsidered a few alternative rationing rules, in my analysis I will 
onsider only the rationingrule that is employed in all uniform pri
e au
tions in pra
ti
e, rationing pro-rata on-the-margin.Assumption 4 The rationing rule is pro-rata on-the-margin, under whi
h the rationing 
oe�
ient,
R (pc), satis�es

R (pc) =
Q − TD+ (pc)

TD (pc) − TD+ (pc)where TD (pc) denotes total demand at pri
e pc, and TD+ (pc) = limp↓pc TD (p). Only the bidsexa
tly at the market 
learing pri
e are adjusted.Under this rule all bids above the market 
learing pri
e are given priority, and only after all su
hbids are satis�ed, the remaining marginal demands at exa
tly pri
e pc are redu
ed proportionallyby the rationing 
oe�
ient so that their sum exa
tly equals the remaining supply. An alternativerationing rule would, for example, not give bids at higher pri
es priority. Kremer and Nyborg(2004a) show that, in a 
omplete information framework, this alternative rationing rule en
ourages
ompetition and may thus be preferred. Noti
e, however, that this alternative rationing rule mayhave an adverse e�e
t on allo
ative e�
ien
y. Assumptions 1-4 are assumed throughout the analysis.De�nition 1 A K-step equilibrium is a 
olle
tion of fun
tions su
h that for ea
h bidder i and almostevery type si, yi (·|si) solves
yi (·|si) ∈ arg max

yi(·|si)∈Ai

EU (si)Chara
terization of equilibriumEven though the 
urrent problem involves many di�
ulties due to the la
k of di�erentiability, I 
anprovide the equivalent of a �rst-order ne
essary 
ondition by working dire
tly with limit arguments.The heart of the proof of the subsequent main 
hara
terization result is to 
onsider separately thee�e
ts of the demand at the kth step on si's expe
ted payo� in di�erent possible states of the9



residual supply. Shading the demand has a 
ost when the demand is fully satis�ed, and also whenthere is a tie at kth step. A tie at kth step o

urs when there is rationing and at least one otherbidder is rationed so that the marginal demand a
tually matters for allo
ation due to rationingpro-rata on-the-margin. There is a bene�t, however, when the shading leads to a lower expe
tedmarket 
learing pri
e and also when there is a tie (and thus rationing) at k+1st step (as by shadingdemand at the kth step, 
eteris paribus, the marginal demand at k + 1st step is higher). Thesee�e
ts need to be traded o� against ea
h other.The next proposition 
hara
terizes a ne
essary 
ondition for a K-step equilibrium in a privatevalues model. This result 
an also be viewed as a 
hara
terization of an equilibrium of a limit of amultiunit au
tion as the units be
ome arbitrarily small, and it reveals the 
lose relationship betweenthe behavior of a bidder in a uniform pri
e au
tion and that of an oligopolist fa
ing un
ertain demand(as in Klemperer and Meyer (1989)).Proposition 1 (Chara
terization) Under assumptions 1-4, in any Bayesian Nash Equilibrium, foralmost every si, every step k in the Ki-step fun
tion yi (·|si) in the support of i's equilibrium strategyhas to satisfy
Pr (bk > p

c
> bk+1)

ˆ

vi (qk, si) − EQ,s−i|si
(pc|bk > p

c
> bk+1)

˜

+Pr (bk = p
c ∧ T ie) EQ,s−i|si

»

(vi (qc
i (Q, s,y (·|s)) , si) − bk)

∂qc
i (Q, s,y (·|s))

∂qk

|pc = bk ∧ T ie

–

+Pr (bk+1 = p
c ∧ T ie) EQ,s−i|si

»

(vi (qc
i (Q, s,y (·|s)) , si) − bk+1)

∂qc
i (Q, s,y (·|s))

∂qk

|pc = bk+1 ∧ T ie

–

= qk

∂EQ,s−i|si
(pc; bk ≥ pc ≥ bk+1)

∂qk

(2)where EQ,s−i|si
(pc; bk ≥ pc ≥ bk+1) ≡ EQ,s−i|si

(pcI (bk ≥ pc ≥ bk+1)).11The intuition for the result is more easily provided by abstra
ting away from ties, in whi
h 
asethe 
ore of the trade-o� 
an be illustrated graphi
ally12 as in Figure 5 and we get the following
ondition:
Pr (bk > p

c
> bk+1)

ˆ

vi (qk, si) − EQ,s−i|si
(pc|bk > p

c
> bk+1)

˜

= qk

∂EQ,s−i|si
(pc; bk ≥ pc ≥ bk+1)

∂qk

(3)This 
ondition, whi
h rules out pro�table lo
al perturbations of qk, reveals the parallel betweenthe behavior of a bidder in a multiunit uniform-pri
e au
tion and an oligopolist fa
ing un
ertaindemand. When ties do not o

ur with positive probability, the only states at whi
h a bidder 
ana�e
t his payo� by varying the quantity demanded, qk, are those in whi
h the residual supply
uts the verti
al pie
e of his bid fun
tion, i.e., between his adja
ent bids bk > pc > bk+1. In all11The 
ontinuity and di�erentiability of this obje
t are examined in Lemmas 2-4 in the Appendix.12The �gure, however, does not take into a

ount the e�e
t of shading the demand on the probability of the market
learing pri
e being stri
tly between the two adja
ent bids, hen
e the need for the un
onditional expe
tation.10



states su
h that the market 
learing pri
e is between the two steps of bidder i, he obtains his fullquantity request, and the expe
ted marginal 
ost of quantity shading 
aptured on the LHS is thusthe di�eren
e between his marginal utility and the expe
ted pri
e. Sin
e in all states that he isrationed he is the only marginal bidder with probability one, there is no 
ost of quantity shading inthose states. On the other hand, the marginal bene�t of quantity shading is saving money on theinframarginal units, and this is 
aptured on the RHS. Therefore, the bidder fa
ing random residualsupply a
ts in the same way as a monopolist fa
ing random demand. Noti
e that (3) 
an also berewritten as
vi (qk, si) = E (p|bk > pc > bk+1) +

qk

Pr (bk > pc > bk+1)

∂E (pc; bk ≥ pc ≥ bk+1)

∂qk

(4)whi
h is very 
lose to MC = E [P (Q)]+E [P ′ (Q)] Q, i.e., to an oligopolist's optimality 
ondition ina setting where the oligopolist fa
es un
ertain demand in the spirit of Klemperer and Meyer (1989).In the appendix, I also present a se
ond set of ne
essary 
onditions given by (A-3), whi
h ensurethat a lo
al perturbation of bk is not optimal.13 Bidder i has to balan
e the 
hange in the expe
tedpri
es in the steps above and below the kth one. He also needs to take into a

ount the payo� e�e
tof the perturbation if he is rationed at bk, whi
h in
ludes the indire
t e�e
t on the expe
ted quantityre
eived after rationing. It is this 
ondition that we would regularly obtain in a multiunit au
tionwith dis
rete units, but 
ontinuous bid spa
e. Equation (3) would be
ome a system of inequalitiesin that setting.Bidding above marginal valuesEquation (3) immediately gives us the following important 
orollary, whi
h states that bids abovemarginal values may be optimal in a uniform pri
e au
tion with restri
ted strategy sets. Theintuition (developed in more detail in the subsequent text) has to do with the restri
tion on thestrategies requiring the bidders to �bundle� bids for several units together and thus to trade-o�potential (ex post) loss on the last unit in the bundle against the probability of obtaining thehigh-valued infra-marginal units in the bundle.Corollary 2 Under the hypotheses of Proposition 1, when bidders are restri
ted to submit step fun
-tions, they may optimally bid above their marginal valuation s
hedules in a uniform pri
e au
tion.To see why this 
orollary holds, it is su�
ient to 
onsider one very small bidder, so that he is a�pri
e taker,� a non-degenerate distribution of the market 
learing pri
e with 
ontinuous and stri
tlypositive density over a 
ompa
t support and let Ki = 1.14 In this 
ase, (2) 
ollapses to (3) as ties13Sin
e these 
onditions would be appli
able only of ties did not o

ur with positive probability (as otherwise thedistribution fun
tion of the market 
learing pri
e would not be di�erentiable) and I will not be using them in theempiri
al exer
ise, I do not present them here in the sake of brevity.14A bidder is a pri
e taker if no small 
hange in his bid has any e�e
t on the distribution of the market 
learingpri
e. 11



at any bid have zero probability (due to the assumed properties of the distribution of the market
learing pri
e), and the RHS of (3) vanishes be
ause of the bidder being a pri
e taker. This bidderthus optimally asks for a quantity su
h that his marginal valuation at that quantity is equal tothe expe
ted pri
e 
onditional on this pri
e being lower than his bid, vi (qk, si) = Es−i
(pc|bk > pc).Therefore, whenever there is a positive probability of the market 
learing pri
e being below his bid,his bid will be higher than his marginal valuation for that quantity. This important result indi
atesthat the ex post revenue in a uniform pri
e au
tion is not ne
essarily bounded by the revenue ofthe �best 
ase� Vi
krey au
tion, in whi
h ea
h bidder submits his marginal valuation s
hedule ashis bid without getting any transfer from the au
tioneer. Note that this �best 
ase� upper bound isvalid for revenues from equilibria in 
ontinuously di�erentiable bid fun
tions sin
e in that settinga bidder never submits a bid above his marginal value su
h that this bid is in the support ofthe distribution of the market 
learing pri
e. This result is important for empiri
al work, sin
e
al
ulating 
ounterfa
tual equilibria and the asso
iated revenues under alternative au
tion regimesis often an intra
table task. The resear
her is thus for
ed to report estimated revenue losses fromthe realized au
tion relative to this �best 
ase� Vi
krey au
tion (also sometimes 
alled the �truthfulbidding� au
tion). Corollary 2 reveals, however, that even a uniform pri
e au
tion 
an lead to ahigher ex post revenue than the �best 
ase� Vi
krey au
tion. As we will see later in the empiri
alse
tion, this point is not purely theoreti
al, sin
e in a non-negligible share of au
tions in my datasetthe realized ex post revenue is higher than the revenue in an au
tion in whi
h the bidders submitbids equal to the estimated upper bound of their marginal valuation s
hedules. This result alsosuggests that using the model with 
ontinuously di�erentiable bid fun
tions might not be a goodapproximation, at least in situations in whi
h bidders submit demand fun
tions 
onsisting of justfew steps.The trade-o� that results in the possibility of bidding above one's value is that between a biddernot willing to give up the probability of winning high-value infra-marginal units versus potentialloss of surplus on the last unit in some states of the world. It arises sin
e a bidder is for
ed tobundle bids for several units together (rather than being allowed to submit a separate bid for everyunit for sale). To illuminate this trade-o� further, 
onsider the following example: there are twounits for sale and a single risk neutral 
onsumer with values 10 and 5 for units 1 and 2, respe
tively.The market pri
e is un
ertain, either $6 or $1, where the state 
orresponding to $6 o

urs withprobability ω. Any demand at or above the realized pri
e is satis�ed, while no units demandedbelow that pri
e are sold. The 
onsumer must submit his demand using one step: a pri
e and thenumber of units he is willing to buy at any weakly lower pri
e, before the un
ertainty is resolved.It is easy to see that when ω ≤ 4

5 , the 
onsumer will prefer to submit a demand for two units at apri
e of 6. The gains from the �rst unit in both states of the world and the gains on the se
ond unitwhen the pri
e is low more than o�set the losses on the se
ond unit when the pri
e is high. The
onsumer would also not want to 
ap his demand at a pri
e of $1 sin
e then he would lose 3ω > 0relative to demanding both units at pri
es up to $6. The gain on the inframarginal �rst unit in the12



high pri
e state is simply too valuable and, at the same time, the loss on the se
ond unit in thehigh pri
e state is outweighed by the surplus enjoyed from this additional unit when the pri
e islow. Noti
e that this example illustrates that the rationale for bidding above one's marginal valuein the 
urrent model 
omes purely from the restri
tions on the strategy sets and not from rationing.One more point worth noti
ing and one that will be important in my empiri
al exer
ise is thatthe results of Proposition 1 remain valid for all models of the (possibly random) supply Q as long asthe appropriate sto
hasti
 model is 
ommon knowledge among the bidders. In parti
ular, Q 
an beboth purely random and thus independent of bids, or the au
tioneer 
an employ some deterministi
rule whi
h maps the a
tual bids into Q. Bidders will simply take this into a

ount when formingthe expe
tations involved in Proposition 1. The exa
t rule that governs Q, however, 
an a�e
testimation and inferen
e.The existen
e of an equilibrium in a model of a uniform pri
e au
tion with restri
ted strategysets is an open question. Kastl (2008) shows that as the restri
tion on the strategy sets is removed,we obtain existen
e of a pure strategy equilibrium in the uniform pri
e au
tion. He also shows thatan equilibrium in distributional strategies exists in a dis
riminatory au
tion both with and withoutrestri
tion on strategy sets whenever either marginal valuations are stri
tly de
reasing in quantityor signals are independent. One of the building blo
ks for those results is that ties with positiveprobability are not 
ompatible with equilibrium. With restri
ted strategy sets and uniform pri
eau
tion, however, two bidders who bid above their marginal valuations for the last unit, might behappy to tie with positive probability and re
eive only those units for whi
h their marginal valuationweakly ex
eeds the bid even if the pri
es were assumed to be 
ontinuous. The empiri
al analysisthus has to be performed 
onditional on equilibrium existen
e, or alternatively, assuming that pri
espa
e is dis
rete, so that the ne
essary 
onditions for quantity 
hoi
e derived above hold and anequilibrium (at least in distributional strategies) exists.4 E
onometri
 Model and Identi�
ationIn the previous se
tion we analyzed a model with an equilibrium in step fun
tions. But the fa
t thatbidders are restri
ted to use a �nite number of bidpoints is not the whole story. In most au
tionsthe bidders do not attain this institutionally-set upper bound and the number of steps employedby bidders varies both within and a
ross au
tions. Moreover, the number of bidpoints bidderssubmit is usually very low. One way to rationalize this varian
e is that there is some 
ost of bidsubmission that might di�er a
ross bidders and/or time and whi
h leads them to submit di�erentnumber of bids. The presen
e of su
h 
osts would 
onstitute an endogenous, e
onomi
 restri
tionon the number of bidpoints and therefore I will now introdu
e this 
on
ept more expli
itely. Let ussuppose that the 
ost of submitting Ki steps is private information summarized by a 
ost fun
tion
c (Ki, ti) where the parameter ti is private information of bidder i.13



Assumption 5 A bidder submitting Ki bidpoints in
urs non-negative 
ost c (Ki, ti) where ti isprivate information of bidder i whi
h is drawn from a distribution fun
tion Gi (t|si) with support
[0, 1].Our assumption on ti guarantees that ti is independent a
ross bidders whenever si's are inde-pendent, and allows for arbitrary 
orrelation between si and ti. Noti
e that this formulation neststhe original model as a spe
ial 
ase in whi
h c (Ki, ti) ≡ 0 ∀ (Ki, ti). It also in
ludes the 
ase inwhi
h there is an exogenous upper bound K̄ on the allowed bidpoints, in whi
h 
ase c (Ki, ti) = ∞for Ki > K̄ and any ti. The expe
ted utility of a bidder of a type (si, ti) in a uniform pri
e au
tionnow be
omes:

EUi (si, ti) = EQ,s−i,t−i|si,tiu (si, s−i, ti, t−i)

= EQ,s−i,t−i|si,ti

[

∫ qc
i (Q,s,t,y(·|s,t))

0 vi (u, si, s−i) du

−pc (Q, s, t,y (·|s, t)) qc
i (Q, s, t,y (·|s, t)) − c (Ki, ti)

]where Ki is the number of steps of yi (·|si, ti). Inspe
ting the expression for the expe
ted utility,we should note that spe
ifying the 
ost fun
tion as above allows us to obtain the same equilibriumrelationship between the bid and the marginal value at every step k as derived in the previous se
tion.The type ti a�e
ts only the extensive margin, the number of steps Ki, whereas the lo
ation of thesteps (
onditional on Ki) is determined by lo
al optimality 
onditions given by proposition 1.15 Thereason for allowing for more general 
ost fun
tions is simply to rationalize the data as the number ofsubmitted bidpoints varies both a
ross bidders and even for a given bidder a
ross au
tions. Underfairly mild assumptions (su
h as indepedent un
ertainty about Q or BNE in stri
tly in
reasingstrategies and independent types) and without the 
ost of an additional step or some other fri
tionbidders should always use as many steps as allowed. Yet in the data the upper bound on the numberof steps allowed is never attained.Suppose we have data on all bids from T au
tions. I will impose the following assumption onthe data generation pro
ess.Assumption 6 Bidders have private values and 
an be split into G groups within whi
h the marginalvaluation fun
tion is symmetri
. Private information is identi
ally distributed within groups andindependent a
ross bidders and au
tions. The data {

{bit, qit}
Nt

i=1

}T

t=1
are generated by K-step equi-librium behavior, where Nt is the number of (potential) bidders in au
tion t.15The only di�eren
e is that the strategy depends on type (si, ti), all expe
tations are over rivals' types andun
ertain supply (Q, s−i, t−i) 
onditionally on own type (si, ti) and similarly, the market 
learing pri
e and quantityare fun
tions of the whole ve
tor of random variables (Q, s, t).

14



4.1 Identi�
ationThe identi�
ation argument follows the �rst-order 
ondition approa
h proposed in La�ont andVuong (1996) and Guerre, Perrigne and Vuong (2000).16 In parti
ular, the pri
e-quantity pair sub-mitted as the kth out of Ki total bidpoints has to satisfy the ne
essary 
onditions (2). However,inspe
ting (2) reveals that in 
ase of equilibria in whi
h ties happen with positive probability we
annot invert for v (qk, si) unless we know E
(

v (qc
i (Q, s,y (·|s)) , si)

∂qc
i (Q,s,y(·|s))

∂qk
|pc = bk ∧ T ie

)

.In this se
tion I will dis
uss identi�
ation of the marginal valuation using the identi�
ation equa-tion (4). This optimality equation is valid whenever ties o

ur with zero probability or if biddersignore the e�e
t of their quantity demand on the quantity they are allo
ated in the event they tie,whi
h seems to be the 
ase a

ording to my dis
ussions with parti
ipants in the Cze
h treasuryau
tions.17 ,18 Sin
e in the 28 au
tions in my data set the average supply satis�ed at bids above themarket 
learing pri
e is about 80% (in 16 au
tions it is more than 90%) and the mean rationing
oe�
ient is 60%, the data does not suggest that bidders should be too 
on
erned with the tieswhen pla
ing their bids. When rationing indeed o

urs, on average only 4 bidders are rationed andtheir identities vary a
ross au
tions - hen
e (also given that bidders submit on average slightly morethan 2 steps) from the perspe
tive of an individual bidder a tie at a given step is ex ante fairlyunlikely.19 ,20 Noti
e that even when ties are ignored, there is still a fundamental di�eren
e betweenthe identi�
ation 
ondition implied by the model with 
ontinuous downward-sloping bids and modelwith dis
rete bids. Suppose for the moment that all (un
ertain) residual supplies are verti
al trans-lations of ea
h other (i.e., have the same slope at every q) and all the un
ertainty is only about theirlo
ation. In this 
ase one 
an show that the shading fa
tors (implied by a bidder's market power) 
o-in
ide in both models and the di�eren
e be
omes that the model with 
ontinuous downward-slopingbids implies bidding su
h that v (qk, s) = bk +Shading Factor whereas the model with dis
rete bid-ding requires v (qk, s) = E (pc|bk > pc > bk+1) + Shading Factor. The model with 
ontinuous bidswould thus overestimate marginal values implied by bid data by Bias = bk −E (pc|bk > pc > bk+1).The general problem of multiunit au
tions is that the full marginal valuation fun
tion mightstill not be identi�ed be
ause there 
ould be many fun
tions v (·, ·) that: (i) go through the esti-mated points , (ii) are everywhere non-in
reasing in the �rst argument, (iii) are everywhere stri
tlyin
reasing in the se
ond. We 
ould potentially also use a se
ond set of ne
essary 
onditions whi
hare implied by the bid, bk, being 
hosen optimally. But as equation (A-3) in the appendix shows,16For a survey of re
ent results on non-parametri
 identi�
ation of au
tion models see Athey and Haile (2007).17Horta
su (2002) also reports that Turkish bidders seem to ignore the e�e
t of their demand on the rationedquantity.18In Appendix B I des
ribe an alternative approa
h whi
h allows for identi�
ation taking into a

ount the tiesunder an additional assumption on the marginal valuation 
urve.19The (ex ante) likelihood of tying at a step is roughly 9.7%(=4/18*1/2.3) and 
onditional on tying one shouldexpe
t the marginal demand to be shortened by 40%.20The pra
ti
al problem when allowing for ties 
an be seen in appendix B: apart from the ne
essity to imposeadditional assumptions on v(·, s), the optimality 
ondition involves a ratio of two probabilites, whi
h have to beestimated and thus small errors in the estimates of these probabilities lead to potentially large errors in the estimatesof the marginal values. 15



using these 
onditions would still not a
hieve unique identi�
ation, be
ause they put restri
tionson the area below the marginal valuation fun
tion between ea
h two bidpoints (by relating theaverage surplus and the bid), but there is still not enough information to pin down the 
urvature.In Kastl (2006) I showed that more information about marginal valuation fun
tion 
an be obtainedby using bidders who submit multiple bidpoints if we are willing to make stronger assumptionson the data generation pro
ess. Alternatively, we may approa
h the identi�
ation problem via setidenti�
ation instead. We may be able to use both ne
essary 
onditions for bidding (3) and (A-3)and inequalities implied by assumptions on the primitives and by the data to further restri
t the setof possible marginal valuation fun
tions that would rationalize the data, in a similar way to Haileand Tamer (2003). M
Adams (2008) makes a step in this dire
tion by making use of a large numberof potential deviations to tighten the identi�ed set. The di�
ulty with this approa
h in my setting,however, is that both the ne
essary 
ondition (A-3) and inequalities implied by 
hoosing qk ratherthan qk − ∆ involve the gross utility V (·, si), whi
h is an integral of the obje
t of interest, v (·, si).This resear
h dire
tion is 
urrently left for the future.While we 
annot identify the 
ost fun
tion, c (K, t), we 
an identify bounds on the in
remental
ost of an additional step. In equilibrium, the additional 
ost of submitting one more bidpoint
∆c (Ki + 1, ti) = c (Ki + 1, ti)−c (Ki, ti)must be weakly higher than the expe
ted bene�t. Similarly,
∆c (Ki, ti) = c (Ki, ti) − c (Ki − 1, ti) must be weakly less than the expe
ted bene�t of going from
Ki − 1 to Ki bidpoints. This allows us to 
ompute bounds on the implied in
remental 
ost ofbidding for a given bid (i.e., for a �xed ti). In order to obtain valid bounds in our setting of partialidenti�
ation of the valuation fun
tion, we have to also take into a

ount the e�e
t of the marginalvaluation fun
tion on these 
osts. In parti
ular, let Vi = {v (q) : vi (qk) = v̂ik ∀k ≤ Ki, vq (q) ≤ 0}be the set of all non-in
reasing level 
urves (at a parti
ular signal si ) of marginal valuation fun
tionsthat are 
onsistent with our estimates v̂ik at all steps k ≤ Ki. Then

∆c (Ki + 1, ti) ≥ inf
v(q)∈Vi

[EU (si|σ
∗ (Ki + 1)) − EU (si|σ

∗ (Ki))] (5)denotes the lower bound on 
ost of going from Ki to Ki + 1 steps for bidder i and
∆c (Ki, ti) ≤ sup

v(q)∈Vi

[EU (si|σ
∗ (Ki)) − EU (si|σ

∗ (Ki − 1))] (6)the upper bound on going from Ki − 1 to Ki steps for bidder i, where σ∗ (Ki) denotes the optimalbidding strategy 
onditional on using Ki steps.4.2 EstimationLet us now dis
uss the method for obtaining the point estimates of marginal valuations at thesubmitted quantity-bids non-parametri
ally. Noti
e that all obje
ts on the RHS of (4) that are notdire
tly observed, E (pc|bk > pc > bk+1) and ∂E(pc;bk≥pc≥bk+1)
∂qk

, are some fun
tionals of the distribu-16



tion of the market 
learing pri
e. Hortaçsu (2002) shows that this distribution 
an be 
onsistentlyestimated from the bidding data using a resampling method, whi
h 
losely follows the usual boot-strapping approa
h and whi
h I will now des
ribe and adapt to my appli
ation.Estimating E (pc|bk > pc > bk+1)Under assumption 6, we 
an perform the following resampling pro
edure:1) Fix bidder i from group g ∈ G among Ntg bidders in au
tion t who belong to group g.2) From the sample of Ntg bid ve
tors in the data set, draw a random sample of Ntg − 1 bidve
tors (i's bid does not need to be ex
luded be
ause of the assumed symmetry and independen
e)3) From all groups h other than g draw Nth bid ve
tors for h ∈ G\ {g} with repla
ement, givingequal probability of 1
Ntg

(or 1
Nth

respe
tively) to ea
h bid ve
tor in the original sample.4) Constru
t the residual supply fun
tion generated by these resampled bid ve
tors.5) Interse
t this residual supply 
urve with bidder i's bid fun
tion to �nd the market 
learingpri
e.6) Repeat steps 1-5 B (a large number) times for ea
h bidder and for all bidders in the data set.This pro
edure generates B market 
learing pri
es 
onditional on the bid ve
tor (

~bi, ~qi

) and one
an estimate E (pc|bk > pc > bk+1) by looking at the 
onditional distribution of the market 
learingpri
es whi
h fall in the required interval.For this method to perform reliably we would like to have a large number of bidders in ea
h groupin every au
tion, so that we observe bid ve
tors re�e
ting a large number of signal realizations fromthe group distribution fun
tion of signals. If that is not the 
ase, but we are willing to assume thatwe have several au
tions with no observed or unobserved heterogeneity, we 
an pool together bidve
tors from di�erent au
tions. Alternatively, if we have au
tion-level observables, we 
an 
ondu
t
onditional resampling where the resampling weights are not uniform ( 1
Nth

), as in the 
ase above,but rather a fun
tion of the observables (see Hortaçsu and Kastl (2008)). In either 
ase, if we 
all theestimator obtained by the above pro
edure the resampling estimator ER
T (pc|bk > pc > bk+1), it 
anbe shown (Hortaçsu (2002), Hortaçsu and Kastl (2008)) that it is 
onsistent for E (pc|bk > pc > bk+1)(it 
onverges almost surely) as the number of au
tions goes to in�nity, T → ∞.21Estimating ∂E(pc;bk≥pc≥bk+1)

∂qkTo obtain this pie
e of equation (4), we 
an use the same resampling approa
h des
ribed earlierwhen estimating E (pc|bk > pc > bk+1) to estimate E (pc|bk ≥ pc ≥ bk+1), whi
h together with anestimate of Pr (bk ≥ pc ≥ bk+1) and Bayes' rule yields an estimate of E (pc; bk ≥ pc ≥ bk+1). Callthis estimate ER
T (pc; bk ≥ pc ≥ bk+1). Noti
e that while obtaining this estimate, we 
ondition onthe submitted ve
tor of bidpoints. The natural way to estimate the derivative of this expe
tationwith respe
t to quantity bid at step k is to perturb qk in the submitted bid ve
tor to some qk − εn21It may also be 
onsistent under other 
onditions - see Hortaçsu (2002).17



and obtain an estimate of ER
T (pc; bk ≥ pc ≥ bk+1) 
onditional on the perturbed bid ve
tor. We 
anthen 
onstru
t the estimator of the derivative:

∂ER
T (pc; bk ≥ pc ≥ bk+1)

∂qk

=
ER

T (pc; bk ≥ pc ≥ bk+1, qk) − ER
T (pc; bk ≥ pc ≥ bk+1, qk − εn)

εnwhere {εn}
∞
n=1 is a sequen
e 
onverging to zero. One di�
ulty when estimating the slope of thisexpe
tation w.r.t. qk is 
hoosing the appropriate neighborhood εn so that the numeri
al derivativeis a 
onsistent estimate. Loosely speaking, this neighborhood should shrink to zero as the samplesize in
reases. Pakes and Pollard (1989) establish that with a regularity 
ondition (on uniformity),su
h an estimator is 
onsistent whenever n− 1

2 ε−1 = Op (1), i.e., whenever ε does not de
rease toofast as the sample size in
reases.Proposition 3 (Consisten
y of the resampling estimator)Under assumptions 1-6:(i) If Pr (bk > pc > bk+1) > 0, then ER
T (pc|bk > pc > bk+1) →

a.s. E (pc|bk > pc > bk+1) as T → ∞(ii) If Pr (bk ≥ pc ≥ bk+1) > 0 and T− 1
2 ε−1 = Op (1), then ∂E

R

T (pc;bk≥pc≥bk+1)
∂qk

→a.s. ∂E(pc;bk≥pc≥bk+1)
∂qk

as T → ∞.Given 
onsistent estimates of all the pie
es of the right hand side of (4), we 
an obtain the pointestimates of the marginal valuations at the submitted bids, 
onditional on the �xed unobservedprivate signal.5 Data and Results5.1 Des
ription of the DataMy dataset 
onsists of 28 au
tions of Treasury bills of the Cze
h government. The sample periodis 11/25/1999 until 12/14/2000. The au
tions were 
ondu
ted by the Cze
h National Bank. Thepayment by ea
h bidder whose order was a

epted was determined a

ording to the uniform pri
erule; ea
h bidder paid the market 
learing pri
e for all units for whi
h his bid was at least themarket 
learing pri
e. These au
tions of T-bills were 
ondu
ted weekly, with the au
tion plan beingpublished quarterly. The T-bills that were sold in di�erent au
tions di�ered in maturities. I will
onsider only au
tions of 3-month T-bills, sin
e they were au
tioned most often - usually bi-weekly.In the quarterly published au
tion plan, the Bank announ
es the intentions of the Ministry ofTreasury as to how many se
urities will be sold on a given week and of whi
h maturity. The mainpurpose of the T-bills is to smooth out the di�eren
e between tax revenue and expenditures by thegovernment.The bidders who wished to parti
ipate in an au
tion of T-bills had to be preregistered by theCze
h National Bank. The only requirement for the registration was that the bidder possesseseither a banking li
ense or a broker li
ense in the Cze
h Republi
 or other EU member 
ountry.The list of registered bidders was publi
ly available and hen
e the number of potential bidders is18



known in every au
tion. Furthermore, there were limits with whi
h ea
h registered bidder had to
omply. Ea
h bidder was obliged to buy at least 3% of the se
urities o�ered within a 
alendar year,and his demand in a given au
tion 
ould not ex
eed 50% of the se
urities o�ered for sale. The�rst restri
tion was usually met by ea
h bidder early in the 
alendar year. Moreover, sin
e bidderswere not given any information about rivals' allo
ations after any au
tion, we 
an safely ignore thisrestri
tion in our model, sin
e it is not likely to a�e
t the strategi
 behavior. The se
ond restri
tionis virtually never binding in the data (ex
ept for 1 o

uren
e).Let us now brie�y dis
uss the assumption of private values whi
h is ne
essary for the identi�
a-tion of bidders marginal values outlined in the previous se
tions. The main motive for the biddersto pur
hase the treasury bills in the Cze
h au
tions was for their investment portfolios, sin
e T-billsdo not 
arry any risk premium and thus unlike other investments do not have to be outweighedby any 
ash (or other no-risk) reserves. Moreover, many of the banks involved in these au
tionsare subje
t to investment risk regulation for various reasons, and T-bills are one of the few waysto pro�t from their 
ash reserves. Most banks thus hold the T-bills in their portfolios until thematurity. It is for these reasons that the se
ondary market for T-bills in the Cze
h Republi
 isvirtually nonexistent. The absen
e of a
tive trading on the se
ondary market suggests that we maynot have to worry about an unknown 
ommon resale value 
omponent in the au
tions.22 Finally,Hortaçsu and Kastl (2008) develop a formal test for private versus 
ommon values in the 
ontextof Canadian T-bill au
tions and they fail to reje
t private values in the 
ase of 3-months T-bills,while they reje
t private values for 12-months T-bills.23 Taking all of these �ndings together leadsme to believe that the private values model might be appropriate for the au
tion of Cze
h 3-monthsT-bills.Table 1 des
ribes the summary statisti
s of the important data 
omponents. The fa
e value ofall T-bills is 1,000,000 Cze
h Korunas (approximately $26,300). The range of bids in annual yieldis 66 basis points, while the range of the market 
learing yield is 32 basis points. Noti
e that ourunit of observation is the whole bid fun
tion (
hara
terized by pri
e-quantity pairs), and hen
e therelatively low variation in the bids does not imply low variation in the data. Indeed, the variation inthe quantity demands is mu
h higher. This point also highlights why using a share au
tion model,in whi
h identi�
ation of marginal valuations 
omes from the ne
essary 
onditions for the 
hoi
e ofquantity, seems to be more appropriate than an alternative model, in whi
h identi�
ation is basedon the optimality of pri
e-bids.Bidders submitted bids for as little as 0.01% of total quantity supplied and for as mu
h as 50%whi
h is the maximal amount they 
an demand in an au
tion. Bidders are allowed to submit up22Another important point to note is that an a
tive resale market is also usually a

ompanied by an a
tive when-issued (forward) market and hen
e any private information about the resale value should be already re�e
ted in thepri
es on the when-issued market. Therefore the variation in the bids should rather be as
ribed to other privateinformation than that related to the resale value.23This test is unfortunately not appli
able in my 
urrent data sin
e it relies on a parti
ular feature of the Canadianau
tions whi
h is here absent. 19



to 10 bidpoints (pri
e-quantity pairs) in any given au
tion. Yet the average number of bidpointssubmitted by a bidder in an au
tion is less than 3 and the maximal number of submitted bidpointsis 9.24 For ea
h au
tion I observe all individual bids (in
luding the non
ompetitive ones pla
ed onbehalf of the government, whi
h will be des
ribed below), the preannoun
ed supply quantity, andthe market 
learing pri
e. I also observe the �nal allo
ation. My dataset in
ludes 16 unique bidderidentities. 7 of these bidders 
an be 
lassi�ed as belonging to the �small bidder� group, sin
e theyrequest less than 5% of the total quantity in any given au
tion and also submit fewer bidpoints onaverage than their larger opponents. The remaining 9 bidders will be treated as belonging to the�large bidder� group. The 
lassi�
ation of bidders into groups applies a
ross all au
tions. Table 2o�ers a split of summary statisti
s between these groups.25An important feature of many treasury au
tions of government se
urities is the possibility of�non
ompetitive bids.� These bids spe
ify a quantity whi
h the bidder would like to obtain at themarket 
learing pri
e no matter what this pri
e will be. Therefore, in terms of modeling, these bidssimply de
rease the available supply of T-bills in a given au
tion. While the rules of the au
tionallow for su
h bids to be submitted by regular bidders, they rarely use this possibility. In my dataset,none of the bidders submits a non
ompetitive bid in any au
tion. On the other hand, the au
tioneerhimself, as instru
ted by the Treasury, 
an submit su
h a bid even after observing the bids of regularbidders. In fa
t, in ea
h announ
ement about an up
oming au
tion, whi
h in
ludes the details su
has the number of T-bills to be au
tioned o�, there is a dis
laimer that, �The issuer of the se
urityreserves the right to in
lude part or all of the emission in his own portfolio.� This possibility thenserves as an insuran
e devi
e against low market 
learing pri
es.26 In my data set, the treasury keptas mu
h as 77% of the supply in its portfolio. However, most of this supply withdrawal was notunexpe
ted - a big part of the supply redu
tion has been previously 
ommuni
ated to the bidders,sin
e the Treasury keeps from time to time part of the emission in its portfolio in order to beable to 
ondu
t various �nan
ial repo operations later. Table 1 shows that the unexpe
ted supplyredu
tion amounted to less than 0.2%. In only two au
tions did the unexpe
ted supply withdrawalex
eed 2% of the preannoun
ed issue and no supply was withdrawn in 6 au
tions. There is thussome un
ertainty with respe
t to the a
tual quantity for sale on the part of the bidders.27 Furthernoti
e that the referen
e interest rate that the banks use for transa
tions among themselves has all24In the au
tions in my data there is no dete
table time trend in the number of bid points used.25Note that assuming multiple bidder groups in 
ase that all bidders are symmetri
 does not a�e
t the 
onsisten
yof the estimates, but only results in e�
ien
y loss.26One 
an also view this part of the me
hanism as allowing for the possibility of �shill-bidding� (or a se
retreserve pri
e). Vin
ent (1995) showed that under 
ommon values, keeping the reserve pri
e se
ret might en
ourageparti
ipation and thus alleviate the winner's 
urse. Izmalkov (2003) establishes that allowing shill-bidding in anEnglish au
tion with asymmetri
 independent private values leads to an equilibrium of su
h an English au
tion whi
h
oin
ides with the equlibrium of Myerson's (1981) optimal au
tion. While it is not 
lear that keeping the reserve pri
ese
ret might bene�t the au
tioneer through informational externalities, it might, however, eliminate the low-pri
eequilibria of a uniform pri
e au
tion that Wilson (1979) and others identi�ed.27This also suggests that a model whi
h fo
uses on the optimality of the 
hoi
e of quantity-bid rather than pri
e-bidmight be more appropriate for treasury bills. 20



des
riptive statisti
s only slightly higher than the 
orresponding statisti
s of the market 
learingyield of T-bills, whi
h suggests that it might be a fa
tor in the au
tioneer's de
ision how mu
hsupply to withdraw. From my dis
ussion with the insiders it is apparent that the Treasury is usingthe non
ompetitive bids to keep the market 
learing yield within some fairly narrow band aroundthe referen
e interest rate (espe
ially when the market 
learing yield in the au
tion would ex
eedthis referen
e rate). In terms of empiri
al implementation, I 
onsider two alternative models of thenon
ompetitive bids of the government:In model M1, I treat government as a separate bidder group and thus resample from the observed(non
ompetitive) bids in the same way as I resampled from the other two groups. In parti
ular,I resample the government bid independently of the resampled bids of regular bidders. The ideawhy this approa
h might yield a good approximation is that for estimating a bidder's marginalvalue at step k, the distribution of the market 
learing pri
e matters only in the interval [bk+1, bk].Therefore, if the independent draw of the government bid would 
ause a big 
hange in the market
learing pri
e (e.g., due to too big a withdrawal of supply), this realization would not matter forthe estimate of v̂ (qk, si).In model M2, I postulate the following rule for government bid whi
h is motivated by mydis
ussion with insiders: Withdraw supply if market would not 
lear or if the 
learing rate wouldex
eed the referen
e interest rate by more than 1 basis point. In terms of estimation, I �rst resamplethe residual supply, and if the resulting market 
learing pri
e were to ex
eed the referen
e interestrate (in that au
tion week) by more than 1 basis point, I adjust the supply. We will see in the resultsI report below that using M1 or M2 results in very similar estimates of marginal values and bidders'interim pro�ts. This rule prevents a situation with an undersubs
ribed T-bill emission and thus azero market 
learing pri
e. I 
onje
ture that having su
h rule in pla
e (i.e., having su
h an option)may also eliminate the �
ollusive-seeming� equilibria of a uniform pri
e au
tion, in whi
h biddersnon-
ooperatively �split� the market and a
hieve a low market 
learing pri
e (see e.g., LiCalzi andPavan (2005) or M
Adams (2007)).5.2 Results5.2.1 Estimating marginal valuationsI �rst illustrate the resampling pro
edure, des
ribed in Se
tion 4, that I use to estimate the distribu-tion of the market 
learing pri
e, and thus the 
onditional expe
tation and its derivative. Considera parti
ular au
tion labeled as Au
tion 52 in my data. There are 13 bidders (8 large and 5 small)who a
tually submitted a bid and there are 15 potential bidders (8 large and 7 small) that wereregistered with the au
tioneer before the au
tion. For the purposes of resampling, this is not alarge number and therefore I pool 4 neighboring au
tions, in whi
h T-bills of the same maturity
21



were o�ered, and assume that no observed or unobserved heterogeneity is present.28 I split mysample of 28 au
tions into 7 groups with 4 au
tions in ea
h. Sin
e the number of preregisteredbidders virtually does not 
hange a
ross au
tions, I assume that the 
lassi�
ation of bidders intobidder groups remains the same and also that the number of potential bidders is the same with oneex
eption. In parti
ular, I assume that there are 7 potential small bidders and 8 potential largebidders.29 The reason for assuming there are 8 potential large bidders even though there are 9bidder identities that I 
lassify as large is that one large bidder starts bidding �rst in au
tions laterin the sample and another large bidder at that point stops bidding and never submits a bid againduring the sample period. Bids of those two bidders overlap only in two au
tions, and therefore forthe group of four au
tions in whi
h these two parti
ular au
tions belong I assume that there are 9potential large bidders rather than 8. I assume that any bidder for whom I do not observe a bidin a given au
tion submitted a losing bid (a bid of zero for any quantity) and I in
lude su
h a bidfun
tion in the sample from whi
h I resample.Grouping four au
tions together might be problemati
, sin
e as I argued above the private in-formation driving the marginal valuation of ea
h bidder is assumed to 
ome from the 
urrent stateof its 
ash reserves and alternative investment opportunities, both of whi
h 
ould be a�e
ted bythe out
ome of previous au
tions, or be 
orrelated a
ross au
tions. In Kastl (2006) I in
luded arobustness 
he
k against this possibility by testing whether winning larger quantities in earlier au
-tions results in lower levels of private signals for the later au
tions. I de
ided to pool 4 neighboringau
tions for two reasons. For resampling, I want to in
lude bid fun
tions from au
tions from asshort a time-span as possible in order to be more 
on�dent about the e
onomi
 environment not
hanging. On the other hand, I need a larger number of bid fun
tions so that resampling generatesenough variation, be
ause the heart of the 
onsisten
y argument is that the observed data should inthe limit as the number of au
tions goes to in�nity in
lude the equilibrium bid for every type andwith the appropriate population frequen
y of that type. Given that there are 15 potential biddersin an au
tion pooling 4 au
tions together yields 60 bid fun
tions for the purposes of resamplingwhi
h should 
ontain enough variation in bids. Ea
h four neighboring au
tions I pool together were
ondu
ted in a time frame of two months, and the ma
roe
onomi
 variables su
h as the 
onsumerpri
e index or the interest rate were stable a
ross this period. In prin
iple, with ri
her data one
ould modify the resampling method in order to allow for some au
tion 
ovariates Z. Instead ofresampling with repla
ement with equal probability 1
N

on all bid fun
tions, we 
ould instead usea probability distribution Γ (Z,N), for example using a normal kernel. Su
h pro
edure has beendeveloped in detail and implemented in Hortaçsu and Kastl (2008).28The referen
e interest rate, an obvious sour
e of observed heterogeneity, varies very little within ea
h group of4 au
tions. In prin
iple, with enough data one 
ould also perform 
onditional resampling by introdu
ing 
ovariateswhi
h would 
ontrol for the e
onomi
 environment. One possible implementation is des
ribed in the subsequentparagraph.29I also estimated the model assuming that the number of potential bidders di�ers a
ross the groups of au
tionsand is equal to the largest number of a
tive bidders within an au
tion in that group. The results were similar.22



In the �rst three au
tions, there are 5 a
tive small bidders and 8 a
tive large bidders. In thefourth au
tion, there are 6 a
tive small bidders and 8 a
tive large bidders. Under the assumptions offull symmetry and 
onstant number of potential bidders (7 small and 8 large bidders), pooling thesefour au
tions results in 60 ex ante symmetri
 bidders, who di�er ex post be
ause of their privateinformation. Alternatively, with two groups, this results in 28 ex ante symmetri
 small biddersand 32 large bidders. Let us �x bidder 1's bid fun
tion and generate the di�erent residual supply
urves he might fa
e by the above des
ribed resampling pro
edure. Figure 1 shows the pro
edurewith 15 di�erent realizations of the residual supply 
urves using M1 as the model of government'ssupply withdrawal. This pro
ess generates a distribution of market 
learing pri
es. The distributiongenerated by 5000 residual supply draws under M1 is depi
ted in Figure 2.With the distribution of the market 
learing pri
e, we 
an re
over the marginal valuations forthe bidder by using our optimality equation (4). Figure 3 shows using squares point estimates ofmarginal valuation of bidder 1 at quantities for whi
h he submitted a bid. Open 
ir
les depi
t the
onditional expe
tation of the market 
learing pri
e E [pc|bk > pc > bk+1]. The distan
e betweenthese two points is the amount of shading that the bidder exe
utes, whi
h is a dire
t measure ofbidder's market power. Noti
e that, as a possibility suggested in Corollary 2, the a
tual bid ofbidder 1 is above the estimated marginal valuation for the �rst bidpoint. The fa
t that it o

ursat the �rst bidpoint is not a 
oin
iden
e, sin
e the in
entives to shade in
rease in the quantitydemanded. Thus, it is more likely that for smaller quantities the marginal valuation will be 
loser(given market power) to the 
onditional expe
tation of the market 
learing pri
e and thus belowthe a
tual bid. However, it may also o

ur at larger quantities - when in the states that lead tothe market 
learing pri
e being even lower than the bid for those quantities this bidder's demandis not pivotal and thus marginally shading this demand does not a�e
t the market 
learing pri
e.Similarly, Figure 4 shows the results of the estimation for bidder 6. At many quantities, the bidagain ex
eeds the estimated marginal value.Repeating the same pro
edure for ea
h bidder in the au
tion, we obtain point estimates of themarginal valuation fun
tion v (q, s) at the (observed) quantities that the bidders request and at the(unobserved) signal levels s. As des
ribed in the working paper version of this paper, we 
ould useinformation from bidders who submit at least two bidpoints to estimate v (q, s) nonparametri
ally,as long as in the limit, as the number of data points in
reases, the whole domain of v (., .) would be
overed. Even if the latter 
ondition were satis�ed, however, this exer
ise would not be useful forempiri
al estimation with little data, sin
e it involves a three-dimensional kernel regression.5.2.2 Standard ErrorsObtaining the asymptoti
 varian
e of the estimated marginal valuations is 
umbersome, sin
e ourmarginal valuation estimator is a nonlinear fun
tion of the distribution of the market 
learing pri
e,
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whi
h is also estimated. For this reason, I employ bootstrap methods30 to 
ompute the standarderrors of my estimates. The reported standard errors are from the sample of 500 estimates generatedby repetitions of the estimation pro
edure with a new bootstrap sample of bid fun
tions at ea
hround. The argument that the bootstrap 
an be used for estimates based on the distribution of themarket 
learing pri
e is based on Theorem 2 of Bi
kel and Freedman (1981), whi
h proves validityof the bootstrap for U-statisti
.315.2.3 Step fun
tions versus 
ontinuous downward sloping bidsOne might wonder what di�eren
e it makes to assume that bidders submit step fun
tions strate-gi
ally, rather than treating the observed bidpoints as some sele
tion from a downward sloping
ontinuous fun
tion. Equation (1) reveals that in the 
ontinuous bid fun
tions setting the observedbids should equal marginal valuations less a markup asso
iated with that bidder's market power. Inother words, it is ne
essarily the 
ase that within su
h a model the marginal valuations are stri
tlyabove the observed bids (as long as these bids are within the support of the distribution of themarket 
learing pri
e), unless the bidder is a pri
e-taker, in whi
h 
ase the two values 
oin
ide. Toillustrate the di�eren
e between using the optimality 
onditions for the model with step fun
tionsfrom the one with 
ontinuously di�erentiable bids, we 
an approximatethe marginal values in thelatter model by adding the estimated shading fa
tor32 from the model with step fun
tions to theobserved bid rather than to the 
onditional expe
tation of pri
e.33 The di�eren
e is statisti
allysigni�
ant whenever bk −E [pc|bk > pc > bk+1] is statisti
ally di�erent from zero, whi
h has to holdsimply by de�nition of the 
onditional expe
tation. Sin
e using the ne
essary 
onditions from themodel with 
ontinuously di�erentiable bid fun
tions would overestimate marginal valuations, usingthese biased estimates for 
ounterfa
tual exer
ises would result in upward biased 
ounterfa
tualrevenues from a dis
riminatory au
tion. Figures 3 and 4 show that the model used for estimation
an matter, espe
ially when estimating marginal valuations at quantities, at whi
h the two adja
entbids are substantially di�erent. As I will present later, in my data using the model with 
ontinu-ously di�erentiable bids for estimation would result in approximately 60% overestimate of bidder'ssurplus.34I 
onje
ture that in appli
ations with more un
ertainty about the market 
learing pri
e thedi�eren
e between estimates from a model that takes into a

ount the dis
reteness of bids and30For an introdu
tion to bootstrap see Efron and Tibshiranim (1993).31The resampling estimator is basi
ally a V-statisti
 and by Lehmann (1999, Theorem 6.2.2, p.388) the asymptoti
distribution of this V-statisti
 is identi
al to that of the U-statisti
. See Hortaçsu and Kastl (2008) for more detaileddis
ussion of the asymptoti
s.32Re
all that the shading fa
tor is the di�eren
e between the 
onditional expe
tation of pri
e and the estimatedmarginal value.33As mentioned in se
tion 4 this approximation would be exa
t if the residual supplies were just verti
al translationsof ea
h other and the un
ertainty would thus be only over their lo
ation.34The estimated unextra
ted revenue using the model with dis
rete bidding is approx 3 basis points per T-bill andit is about 5 basis points per T-bill when using the 
ontinuous model.24



those from a model that ignores the dis
reteness will be even more pronoun
ed. In my appli
ationthis un
ertainty is somewhat redu
ed by allowing the ex-post supply adjustment whi
h eliminatesthe un
ertainty about the market 
learing interest rate in the upward dire
tion (the au
tioneer doesnot want this rate to ex
eed the referen
e interest rat), as, rather than allowing a higher yield, theau
tioneer would potentially withdraw supply. In absen
e of this institution, bidders might haveto submit �steeper� bid fun
tions, i.e., with steps further apart, and the di�eren
e between the bidand the expe
tation of the market 
learing pri
e 
onditional on it being between the two steps,
bk − E [pc|bk > pc > bk+1], might thus be larger.Furthermore, I will now show that in a non-negligible number of the au
tions, the a
tual ex postrevenue ex
eeded the revenue that would have been realized had all bidders bid the upper bound oftheir estimated marginal valuation fun
tions. As pointed out earlier, this result would not obtainif we ignored the dis
reteness of bids.5.2.4 Counterfa
tual: Truthful BiddingIn my �rst 
ounterfa
tual analysis, I 
ompare the a
tual revenue to the revenue from a �best 
ase�Vi
krey au
tion, i.e., a uniform pri
e au
tion in whi
h bidders truthfully bid their marginal valuations
hedules without a
tually re
eiving any payments. To perform this experiment exa
tly, we needto know the full fun
tional form of v (q, s). Instead, I 
onstru
t an upper and lower envelope ofmarginal valuations by using step fun
tions that have steps at the estimated marginal valuations.Unfortunately, we do not have enough information to 
onstru
t the upper bound on the marginalvaluation to the left of the �rst step. Similarly, we 
an only bound the marginal valuation to theright of the last step from below by zero and from above by the last estimated marginal value. Itherefore assume that the estimated �rst marginal valuation is also equal to the highest possiblemarginal valuation. This assumption should not be too in�uential, sin
e for the important (large)bidders whose demands are essential for market 
learing, the market usually 
lears at one of their�interior� steps, and we use the appropriate bounds for those. Nevertheless, to test the robustnessof the results with respe
t to this assumption, I also tried using the �rst step plus a mark-up asthe maximum marginal valuation for smaller quantities, and obtained qualitatively similar results.While the upper bound on the marginal valuation for larger quantities than the last observedbidpoint is the marginal value estimated at this bidpoint, I 
annot use su
h a bound in my analysis.The reason being that there 
an be a small bidder who demands just a negligible share of the totalsupply with a high marginal value at his last step, and by bidding su
h an upper bound for alllarger quantities she might win the full supply. I will therefore assume that the marginal valuefor larger quantities than the one demanded at the last bidpoint is zero. Using these upper andlower envelopes of marginal valuations, I obtain the market 
learing pri
e given the same ex postrealization of non
ompetitive bids as in the a
tual au
tion. Tables 3 and 4 report the results interms of the market 
learing pri
e. The �rst 
olumn reports the a
tual realized market 
learing25



pri
e and the se
ond and third 
olumn the market 
learing pri
e under bidding truthfully the loweror upper envelope respe
tively.These tables reveal that the a
tual market 
learing pri
es are not far from those that wouldbe obtained under truthful bidding. This suggests that bidders do not have enough (lo
al) marketpower around the expe
ted market 
learing pri
e to a�e
t adversely au
tion's revenue.In 6 of the 28 au
tions, whi
h are highlighted by an asterisk in the table, the a
tual ex postrevenue ex
eeds the revenue from bidding the upper bound of the marginal valuation s
hedules,whi
h suggests that the point raised in Corollary 2 is not purely theoreti
al. These results may
ast some doubt on the 
on
lusions that Hortaçsu (2002) rea
hes in his empiri
al study of Turkishtreasury au
tions, whi
h have a dis
riminatory format. In parti
ular, he 
on
ludes that sin
e therevenue generated in a uniform pri
e au
tion in whi
h bidders submit the upper bound of theestimated marginal valuations (whi
h is 
onstru
ted in the same way as in this paper) as theirbids is lower than the a
tual revenue, the dis
riminatory au
tion performs better ex post. Fromthe ex ante perspe
tive, when he draws the bid fun
tions randomly before the au
tion, he 
annotreje
t the revenue equivalen
e hypothesis. My results suggest that using a model with 
ontinuouslydi�erentiable bid fun
tions as an approximation to the true model of dis
rete bidding to 
ondu
t any
ounterfa
tual exer
ises will most likely lead to results that are biased towards the dis
riminatoryau
tion be
ause of overestimated marginal values.5.2.5 E�e
tiveness of value extra
tionHow e�e
tive a me
hanism are these uniform pri
e au
tions? Could the Cze
h government dobetter by using a dis
riminatory au
tion? One way to get a handle on these questions is to 
omparethe performan
e of the employed me
hanism to the ideal me
hanism, whi
h would implement ane�
ient allo
ation and extra
t full surplus. We 
an use the upper envelope of the estimated marginalvaluations together with the estimated distribution of the market 
learing pri
e to obtain estimatesof (an upper bound for) bidders' expe
ted (interim) utility per T-bill sold in the au
tion. If thisexpe
ted utility is 
lose to zero for every bidder, and the allo
ation is e�
ient, then the au
tionme
hanism would perform well even from an ex ante perspe
tive. Under the equilibrium hypothesis,the observed bid fun
tion of ea
h bidder should be a best response of his type to the equilibriumstrategies of other bidders. Using the estimated distribution of the market 
learing pri
e 
onditionalon bidder i's bid and setting c (Ki, ti) ≡ 0, I 
an evaluate i's expe
ted utility given the submittedbid fun
tion, i.e., 
onditional on his type. In equilibrium, this submitted bid fun
tion should deliverthe highest utility this bidder 
an obtain (given his type). Therefore this exer
ise indeed delivers anestimate of the maximal interim utility of ea
h bidder. The results are reported in Tables 5 and 6.The minimal estimated interim utility is 
lose to zero, whi
h suggests that submitted bid fun
-tions are individually rational. It also suggests that using the upper envelope of the marginalvaluations may be 
lose to the true valuation fun
tions. This should hold at least for bidders with26



interim utility very 
lose to zero, sin
e a lower marginal valuation 
urve would result in negativeinterim utility, in whi
h 
ase the observed bid fun
tion would not be individually rational. Allo-
ations in all au
tions appear to be fairly e�
ient, sin
e the loss of surplus due to misallo
ationamounts to about 2.5 basis points. Moreover, the sum of expe
ted surpluses a
ross all bidders(stri
tly speaking, it is the sum a
ross their a
tual realized types) reported in the 
olumns labeled�Total 1� and �Total 2� of Tables 5 and 6 is 
lose to zero. I 
on
lude that the uniform pri
e au
tionme
hanism performed well, in terms of both e�
ien
y and value extra
tion. The 
olumns labelled�Total 1� and �Total 2� reveal that in 19 au
tions we 
annot reje
t the hypothesis that full expe
tedsurplus has been extra
ted. On average the me
hanism failed to extra
t about 3 basis points worthof bidders' surplus. Performing the same exer
ise with marginal values implied by the model with
ontinuous bids results in unextra
ted revenue 
orresponding to about 5 basis points35 or in relativeterms, in overestimation of bidders' surplus by about 60%.Be
ause the estimated average total expe
ted bidders' surplus is a 
onsistent estimate of thepart of the surplus that the me
hanism fails to extra
t ex ante, and be
ause the allo
ation is nearlye�
ient, I 
on
lude that the uniform pri
e au
tion exhibits ex
ellent performan
e. Value extra
tionmight be even better, sin
e I 
onsidered the upper bound on the marginal valuation fun
tions of ea
hrealized type when performing the 
omputations. Be
ause the uniform pri
e au
tion me
hanismperformed well in terms of both value extra
tion and allo
ative e�
ien
y, swit
hing to an alternativeau
tion me
hanism is unlikely to result in e
onomi
ally signi�
ant improvements in either aspe
t.5.2.6 Bidding 
ostsAs dis
ussed in Se
tion 4.1, we 
an identify bounds on the in
remental 
ost of submitting one more(or one less) step by using equations (5) and (6). Unfortunately, sear
hing over all possible marginalvaluation fun
tions in the set Vi and for ea
h v ∈ Vi sear
hing for the optimal bid with K or K + 1steps is extremely 
omputationally demanding and rather infeasible given 
urrent 
omputational
onstraints. Instead I assume that bidder i's marginal valuation is the upper envelope of my pointestimates as I did when evaluating the performan
e of the me
hanism36 and 
ompute the lowerbound on the in
remental 
ost of the se
ond bidstep for bidders submitting one bidpoint by sear
hingthe whole spa
e of bid fun
tions with two steps for the optimal one given the distribution of residualsupplies obtained in the resampling pro
edure. The estimates suggest that the 
osts of going from1 to 2 bidpoints 
an total as little as $2 and as mu
h as $150. I use the same pro
edure for bidderswho submitted two bidpoints to obtain an upper bound on 
ost of the se
ond bidpoint given thismarginal valuation 
urve. I estimate that the upper bound on 
osts of the se
ond bidpoint is aslow as $13 and as high as $360. These �gures are a negligible fra
tion of the expe
ted surplus35See the line �Mean Cont� in table 6 and noti
e that one basis point (in terms of annual yield) translates for3-months T-bills into approximately 25 pri
e units (when fa
e value is 1 million).36Noti
e that sin
e the minimal interim utility was slightly negative in virtually all au
tions, any marginal valuationthat would depart a lot from the upper envelope I 
onsider would imply that the observed bid violates individualrationality. 27



that bidders enjoy. Therefore these 
omputations suggest that the extra bene�t of �ne-tuning thebid fun
tion a little more may not be that high, at least for the assumed shape of the marginalvaluation fun
tion. In a slightly di�erent au
tion setting and using a di�erent approa
h based onM
Adams (2008), Chapman, M
Adams and Paars
h (2006) also found that the additional bene�tof �ner bids is very small.6 Con
lusionIn this paper, I analyze a model of a uniform pri
e au
tion of a perfe
tly divisible good with privateinformation. I show that the fa
t that bidders submit step fun
tions has important impli
ations forequilibrium. I 
hara
terize equilibrium strategies in a model in whi
h bidders submit step fun
tions.There is a 
lose relationship between the optimal behavior of an oligopolist fa
ing un
ertain demandand that of a bidder in a multiunit au
tion with private information. My results suggest that it isdi�
ult to make an indire
t 
omparison between a uniform pri
e and dis
riminatory au
tion as, forexample, is done in Hortaçsu (2002). In the uniform pri
e au
tion, bidders may submit bids abovetheir marginal valuation s
hedule when bid fun
tions have �nite number of steps. This point is notpurely theoreti
al. In many of the au
tions in my empiri
al analysis, a
tual revenue ex
eeds therevenue that would have been a
hieved had the bidders bid their marginal valuation s
hedules.I propose a new method to evaluate the performan
e of the employed me
hanism, based onestimating the e�e
tiveness of values extra
tion and the e�
ien
y of the allo
ation. In the empiri-
al analysis of Cze
h treasury au
tions, I examine the performan
e of the uniform pri
e au
tion. I
on
lude that the au
tion performed well. The allo
ation was nearly e�
ient, and the me
hanismextra
ted almost all of bidders' values.The ex
ellent performan
e of the me
hanism studied in thisappli
ation may be attributable in part to the �exibility of the au
tioneer to adjust supply ex post.My estimation method also allows me to obtain an estimate of the impli
it bidding 
osts fa
ed bybidders in these au
tions. I �nd that the bidders may not bene�t mu
h from submitting a �ner bidfun
tion. I 
onje
ture that in situations in whi
h these estimated 
osts are low, dis
rete biddingleads to approximately same out
ome in expe
tation (in terms of revenue extra
tion and allo
ativee�
ien
y) as 
ontinuous bids. The important 
ontribution of my paper is, however, that whentrying to obtain estimates of bidders' valuations 
orresponding to the submitted bids in order to
ondu
t 
ounterfa
tuals, one has to take into a

ount the dis
reteness. In my appli
ation, if onewere to use the values implied by the optimality 
ondition for 
ontinuous bids to 
ondu
t 
oun-terfa
tuals in alternative au
tion me
hanisms, the results might be qualitatively and quantitativelyquite di�erent.37 In parti
ular, the model with 
ontinuously di�erentiable bid fun
tions might notbe a good approximation, sin
e the results may be biased towards the dis
riminatory au
tion. Inmy appli
ation using this latter model would result in overestimation of the bidders' surplus by37I have not performed su
h 
ounterfa
tuals, be
ause we 
urrently la
k the tools for 
omputing (even numeri
ally)equilibria of share au
tions, but for a few very spe
ial parametri
 
ases.28
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s, Vol. 22, No. 7, pp. 1179-1209, 2007A AppendixA.1 Proof of Proposition 1With a slight abuse of notation, I will summarize a state (Q, s−i) by s−i and denote by S−i the setof all states. In what follows I will evaluate the following limit:
lim

q′→qk

Es−i
u (si|qk) − Es−i

u (si|q
′)

qk − q′De�ne the following sets given a ve
tor of bidpoints (

~b, ~q
) whi
h 
onsitute a partition of S−i.:

θ1k (qk) =
{

s−i : ∃p : bk+1 < p ≤ bk : qk ∈ SR (p, s−i) ∧ ∄q < qk : q ∈ SR (bk, s−i)
}

θ2k (qk) =
{

s−i : ∃q ∈ SR (bk, s−i) : qk−1 < q < qk

}

θ3k (qk) =
{

s−i : ∃q ∈ SR (bk+1, s−i) : qk < q < qk+1 ∧ qk /∈ SR (bk, s−i)
}

θ4k (qk) =
{

s−i : SR (bk, s−i) ≤ qk−1

}

θ5k (qk) =
{

s−i : SR (bk+1, s−i) ≥ qk+1

}The �rst set in
ludes all ve
tors s−i su
h that there is a market 
learing pri
e, whi
h is in theinterval (bk+1, bk] and bidder i gets his full demand. The se
ond set in
ludes all ve
tors s−i su
hthat the market 
learing pri
e will be bk and player i will be rationed. The third set in
ludes all
s−i su
h that the market 
learing pri
e will be bk+1 and player i will be rationed, in whi
h 
ase hispayo� might be a�e
ted by perturbation of qk in 
ase of rationing on-the-margin, sin
e his sharedepends on his marginal demand qk+1 − qk. The fourth set in
ludes all s−i su
h that the market
learing pri
e will be stri
tly above bk and perturbing qk does not a�e
t the payo�. The last setin
ludes all s−i su
h that the market 
learing pri
e is weakly less than bk+1, and perturbing qkwill not a�e
t the payo�. Further denote S−i as the set of all possible realizations of the ve
tor ofrandom variables in
luding the signals of all players other than player i and Q.To e
onomize on spa
e I will write Pr (θjk (qk)) for Pr (s−i ∈ θjk (qk)). By the law of totalprobability, we 
an rewrite Es−i

u (si) as:
Es−i

u (si) =

5
X

j=1

Pr (θjk (qk)) Es−i
[u (si) |θjk (qk)] (A-1)

= Pr
`

∪3
j=1θjk (qk)

´

Es−i

ˆ

u (si) | ∪
3
j=1 θjk (qk)

˜

+

+

5
X

j=4

Pr (θjk (qk)) Es−i
[u (si) |θjk (qk)]32



Noti
e that Pr
(

∪3
j=1θjk (qk)

) is 
onstant for any lo
al perturbation of qk, sin
e any su
h per-turbation only 
auses some reshu�ing of states s−i between θ1k, θ2k, and θ3k. Sin
e in states in θ4kand θ5k bidder i a
tually obtains at most qk−1 or at least qk+1 respe
tively, perturbing qk will notresult in any 
hange in (
onditional) expe
ted utility in these states.The main point of the following long derivation is to show that the terms obtained by dire
tdi�erentiation of the expe
ted payment bk
∂Es−i

(q(s−i);p=bk)

∂qk
, bk+1

∂Es−i
(q(s−i);p=bk+1)

∂qkand qk
∂Es−i

(pc(s−i);bk+1<p<bk)

∂qk

an be 
ombined into one term: qk

∂Es−i
(pc(s−i);bk+1≤p≤bk)

∂qk
and that thisobje
t exists in equilibrium for a.e. type si.Consider a perturbation of qk to q′ = qk − ε. Let ~q′ be the perturbed quantity-bid ve
tor, i.e.,

q′m = qm∀m 6= k and q′k 6= qk. De�ne the following subsets of θ2k and θ3k:
ω1k

(

q′
)

=
{

s−i : s−i ∈ θ2k (qk) ∩ θ1k

(

q′
)}

ω2k

(

q′
)

=
{

s−i : s−i ∈ θ2k (qk) ∩ θ3k

(

q′
)}

ω3k

(

q′
)

=
{

s−i : s−i ∈ θ1k (qk) ∩ θ3k

(

q′
)}The set ω1k in
ludes states in whi
h bidder i was rationed at pri
e bk originally, and after perturbing

qk down to q′ he gets his full demand. Set ω3k in
ludes states in whi
h he originally got qk, but afterperturbation the market is going to 
lear at bk+1 and bidder i will thus be rationed and obtains ahigher quantity. Finally set ω2k in
ludes states in whi
h he was rationed at bk and after perturbinghis demand qk, he will be rationed at bk+1 instead.Noti
e that with these sets we 
an now express the probabilities of sets θjk (q′) as follows:
Pr

(

θ1k

(

q′
))

= Pr (θ1k (qk)) + Pr
(

ω1k

(

q′
))

− Pr
(

ω3k

(

q′
))

Pr
(

θ2k

(

q′
))

= Pr (θ2k (qk)) − Pr
(

ω1k

(

q′
))

− Pr
(

ω2k

(

q′
))

Pr
(

θ3k

(

q′
))

= Pr (θ3k (qk)) + Pr
(

ω3k

(

q′
))

+ Pr
(

ω2k

(

q′
))Let us �rst state some preliminary results: We will show that in equilibrium for a.e. type si forevery step k (i) Pr (θjk (qk)) is 
ontinuous at qk and (ii) Es−i

[p|θ1k (qk)] is 
ontinuous at qk, andhen
e Es−i
[p; bk ≥ p ≥ bk+1] is 
ontinuous at qk, thus lo
ally di�erentiable a.e.Lemma 1 In equilibrium,

Pr
{

s−i : ∃pL, pU su
h that pL 6= pU , pU ≤ bk (si) and ∀p ∈ [pL, pU ] SR (p, s−i) = q̂
}

= 0for all bidpoints (bk, qk = q̂) that are submitted with positive probability by type si of bidder i, fora.e. si and every step k.Proof. Suppose for 
ontradi
tion that in equilibrium residual supply 
an be verti
al at qk with33



probability π. Re
all that pL is the lowest pri
e su
h that SR (p, s−i) = qk and pL < bk (si).Consider a deviation to q′k = qk − ε and bk = bk. This deviation results in a de
rease in themarket 
learing pri
e to pL in all states in whi
h the residual supply and i's bid overlapped underthe original strategy and thus in an in
rease in surplus from the inframarginal qk − ε units by
(pU − pL) on every su
h unit with positive probability π. Deviating bidder is also losing surplus
E

[

v
(

q̂RAT , si

)

− bk|p
c = bk

] due to being allo
ated slightly less q̂RAT < qRAT in the event of possiblerationing at bk due to slightly lower marginal demand at bk and also potentially not winning unitsin (qk − ε, qk). Noti
e that the expe
ted payo� in the event of rationing at bk is 
ontinuous in thedemand qk: the expe
ted gross utility is an integral of the marginal valuation fun
tion, whi
h isbounded by Assumption 2, and sin
e the produ
t of qk and the rationing 
oe�
ient is 
ontinuous,we get 
ontinuity by applying the dominated 
onvergen
e theorem to ∫

Iu∈[0,qkR(si,si)]v (u, si) duwhere R (si, s−i) is the rationing 
oe�
ient in the state of the world (Q, si, s−i). Therefore theloss of surplus resulting from the lower allo
ation in the event of rationing 
an be made arbitrarilysmall. Be
ause the residual supply 
an be verti
al only at �nitely many quantities with positiveprobability, there must exist an ε small enough, su
h that the loss of expe
ted surplus from notwinning the units in (qk − ε, qk) is also arbitrarily small. On the other hand the lower bound onthe expe
ted gain from this deviation is π (qk − ε) (pU − pL). Therefore for small enough ε su
h adeviation would be stri
tly pro�table. Hen
e only zero measure of su
h types of bidder i 
an havea pro�table deviation.For the following lemmas, we will make use of the fa
t that limq′→qk
ωjk (q′) = 0 ∀j, k whi
h isa dire
t 
orollary to the last lemma.Lemma 2 In equilibrium, Pr (θjk (qk)) is 
ontinuous at qk (kth 
omponent of ~q) ∀k,j for a.e. si.Proof. Consider θ1k. Pi
k ε > 0 and 
onsider qk − δ. Using notation de�ned above,

Pr (θ1k (qk − δ)) = Pr (θ1k (qk))+Pr (ω1k (qk − δ))−Pr (ω3k (qk − δ)). Therefore to prove 
ontinuitywe need to show that max {Pr (ω1k (qk − δ)) ,Pr (ω3k (qk − δ))} ≤ ε.Consider �rst Pr (ω1k (qk − δ)) and 
onsider a de
reasing sequen
e {δn}, su
h that lim δn = 0.By the elementary theorem from probability theory, the limit of the probabilities of the sets alongthe sequen
e is equal to probability of the limiting set. The limiting set has zero measure byde�nition of θ's and by Lemma 1, and hen
e Pr (ω1k (qk − δn)) → 0 whi
h implies ∃m : ∀n ≥ m :

Pr (ω1k (qk − δn)) − 0 ≤ ε.Analogous argument implies existen
e of m′ su
h that Pr (ω3k (qk − δm′)) ≤ ε. Choosing δ =

min {δm, δm′} 
on
ludes the proof sin
e the 
ase qk + δ is analogous. A similar argument establishes
ontinuity of Pr (θjk (qk)) for j ∈ {2, 3}, and sin
e Pr (θjk (qk)) = Pr (θjk (q′)) for j ∈ {4, 5} and
∀q′ ∈ (qk−1, qk+1) 
ontinuity is satis�ed for these states as well.Lemma 3 In equilibrium, Es−i

[pc (s−i, qk) |θ1k (qk)] is 
ontinuous at qk ∀k for a.e. si.34



Proof. By Lemma 2, Pr (θ1k (qk)) is 
ontinuous in qk. Re
all that the 
onditional expe
tation weare interested in is de�ned as:
E (pc|bk > pc > bk+1, qk) =

∫

s−i∈θ1k(qk)
pc (s−i, qk)

dF (s−i)

Pr (θ1k (qk))where pc (s−i, qk) solves: supp p s.t. qk ∈ 1 −
∑

j 6=i qj (sj, p). Let's �x ε > 0. Now we want to showthat there is δ > 0, s.t. ∀q ∈ B (qk, δ) : |E (pc|bk > pc > bk+1, qk) − E (pc|bk > pc > bk+1, q)| ≤ ε.Perturbing q will have two e�e
ts on the 
onditional expe
tation: a dire
t e�e
t through 
hanging
pc (s−i, qk) and an indire
t e�e
t through 
hanging the set θ1k (qk). We want to pi
k δ su
h thatneither of these e�e
ts is larger than ε

2 .Consider �rst the dire
t e�e
t. The 
hange in the market 
learing pri
e for a state s−i 
anhappen only in the 
ase that the residual supply 
orresponding to this state has at least one verti
alpie
e between q′ and qk, 
all the set of su
h states η1 (q′, qk). But under the BNE hypothesis theprobability measure of a set of states s−i that lead to a verti
al residual supply exa
tly at qk betweenpri
es bk and bk+1 and must be zero by Lemma 1. η1 (q′, qk) is therefore 
ontinuous by the sameargument as in Lemma 2 and in a neighborhood su�
iently 
lose to qk the probability measure ofthis set is arbitrarily small. Moreover, sin
e the new market 
learing pri
e still has to fall between
bk (si) and bk+1 (si), the indu
ed dire
t 
hange is bounded by |bk (si) − bk+1 (si)|, and therefore we
an pi
k δ1 su
h that:

|bk (si) − bk+1 (si)|max [Pr (η1 (qk − δ1, qk)) ,Pr (η1 (qk + δ1, qk))] ≤
ε

2Now 
onsider the indire
t e�e
t. Changing qk to q′ 
an result in some states s−i that originallyled to market 
learing pri
e between bk (si) and bk+1 (si) to no longer satisfy this restri
tion. Callthe set of su
h states η2 (q′, qk) . On the other hand there might be other states s−i whi
h originallydid not lead to pri
es between bk (si) and bk+1 (si), whi
h now do; 
all this set η3 (q′, qk). Again bythe same argument as in Lemma 2, as q′ be
omes arbitrarily 
lose to qk the probability measure ofeither of these sets is arbitrarily 
lose to zero, and it is 
ontinuous and limiting to 0 as δ → 0 on
[qk − δ, qk] and on [qk + δ, qk]. Sin
e the 
hange in expe
tation 
annot ex
eed |bk (si) − bk+1 (si)|,we 
an pi
k δ2 and δ3 su
h that

|bk (si) − bk+1 (si)|max [Pr (η2 (q − δ2, qk)) , η2 (q + δ2, qk)] ≤
ε

4

|bk (si) − bk+1 (si)|max [Pr (η3 (q − δ3, qk)) , η3 (q + δ3, qk)] ≤
ε

4Therefore we 
an pi
k δ = min {δ1, δ2, δ3} 
on
luding the proof.Lemma 4 In equilibrium, Es−i
[pc (s−i, qk) ; θ1k, θ2k, θ3k] = Es−i

[pc (s−i, qk) ; bk ≥ pc ≥ bk+1] is 
on-tinuous at qk ∀k and thus lo
ally di�erentiable a.e. for a.e. type si.35



Proof. We have:
Es−i

[

pc (s−i, qk) ;∪3
j=1θjk (qk)

]

= Pr (θ1k (qk)) Es−i
[pc (s−i, qk) |θ1k (qk)]+Pr (θ2k (qk)) bk+Pr (θ3k (qk)) bk+1By Lemma 2, Pr (θjk (qk)) is 
ontinuous in qk and by Lemma 3 Es−i

[pc (s−i, qk) |θ1k (qk)] is also
ontinuous. Therefore the obje
t of interest is a sum and produ
t of 
ontinuous fun
tions, andhen
e is itself 
ontinuous.With the preliminaries in hand, we are now ready for the main derivation.Let us fo
us on Pr
(

∪3
j=1θjk (qk)

)

Es−i

[

u (si) | ∪
3
j=1 θjk (qk)

]. First, Es−i
u (si, ti) 
an be fur-ther split into two parts: (i) the expe
ted gross utility Es−i

V (y (s−i, qk) , si) where y (s−i, qk)is either qk in 
ase of a state in θ1k, the rationed quantity qRAT (s−i, qk − qk−1) in 
ase of astate in θ2k, or qRAT (s−i, qk+1 − qk) in 
ase of a state in θ3k; and (ii) the expe
ted payment
Es−i

[y (s−i, qk) pc (s−i, qk)] where both y (s−i, qk) and pc (s−i, qk) depend on the state: e.g., y (qk) =

qk in θ1k, but pc (s−i, qk) is random, in θ2k on the other hand pc (s−i, qk) = bk, but y (s−i, qk) israndom due to rationing and similarly for θ3k. Re
all that
Pr

(

θ1k

(

q′
))

= Pr (θ1k (qk)) + Pr
(

ω1k

(

q′
))

− Pr
(

ω3k

(

q′
))

Pr
(

θ2k

(

q′
))

= Pr (θ2k (qk)) − Pr
(

ω1k

(

q′
))

− Pr
(

ω2k

(

q′
))

Pr
(

θ3k

(

q′
))

= Pr (θ3k (qk)) + Pr
(

ω3k

(

q′
))

+ Pr
(

ω2k

(

q′
))The di�
ulty we are fa
ing is that y (s−i, qk) and pc (s−i, qk) are not 
ontinuous over the 
ells ofour partition - in parti
ular they are di�erent fun
tions at ea
h 
ell, and hen
e the usual Leibnitzrule fails. To illustrate this, 
onsider Figure 6. y (s−i, qk) and pc (s−i, qk) are the same fun
tions on

A and A′ evaluated at qk and q′ respe
tively (for example if the set A is our θ1k, then y (·, x) = x).But in states falling to set C under q′, these fun
tions would be di�erent under qk. We 
an, however,always extend the same 
ontinuous fun
tion f that we are integrating on 
ell A under qk onto the
ell A under q′ and add to it the integral of the same fun
tion on 
ell C under q′. Similarly we 
anassume that the same fun
tion f that we are integrating on B under qk will hold on B under q′ andthen subtra
t the integral of the same fun
tion on set C under q′.[ Figure 6 about here.℄Let's 
onsider �rst the e�e
t that a perturbation in qk would have on the expe
ted gross utility.Deriving it indire
tly using the limit:
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lim
q′→qk

Es−i
V (y (s−i, q

′) , si) − Es−i
V (y (s−i, qk) , si)

q′ − qk

= lim
q′→qk

∑3
j=1

[

Es−i
[V (y (s−i, q

′) , si) ; θjk (q′)] − Es−i
[V (y (s−i, qk) , si) ; θjk (qk)]

]

q′ − qk

= lim
q′→qk

Es−i
[V (q′, si) − V (qk, si) ; θ1k (qk)] + [Pr (ω1k) − Pr (ω3k)] V (q′, si)

q′ − qk

+ lim
q′→qk

[

Es−i

[

V
(

qRAT (q′ − qk−1, s−i) , si

)

− V
(

qRAT (qk − qk−1, s−i) , si

)

; θ2k (qk)
]

−

Es−i

[

V
(

qRAT (q′ − qk−1, s−i) , si

)

;ω1k

]

− Es−i

[

V
(

qRAT (q′ − qk−1, s−i) , si

)

;ω2k

]

]

q′ − qk

+ lim
q′→qk

[

Es−i

[

V
(

qRAT (qk+1 − q′, s−i) , si

)

− V
(

qRAT (qk+1 − qk, s−i) , si

)

; θ3k (qk)
]

+

Es−i

[

V
(

qRAT (qk+1 − q′, s−i) , si

)

;ω3k

]

+ Es−i

[

V
(

qRAT (qk+1 − q′, s−i) , si

)

;ω2k

]

]

q′ − qkwhere the �rst equality follows by the law of total probability and the fa
t that on θ4k and θ5kperturbing kth-step qk to q′ does not alter the gross utility and also not their respe
tive probabil-ities. The se
ond equality results after plugging in the 
onditional gross utility before and afterthe perturbation using the approa
h des
ribed above - extending the 
ontinuous fun
tions to thepartition 
ells under qk and 
olle
ting terms.Now invoking the de�nition of the derivative and noting that limq′→qk

[

qRAT (.) |ωjk

]

= qk and
limq′→qk

Pr (ωjk (q′, q)) = 0 and hen
e after applying l'Hospital's rule all terms involving ωjk vanishin the limit, we 
an simplify the last expression above to:
Pr (θ1k (qk)) v (qk, si) +

+ Es−i

[

v
(

qRAT (s−i, qk − qk−1) , si

) ∂qRAT (s−i, qk − qk−1)

∂qk

; θ2k (qk)

]

+

+ Es−i

[

v
(

qRAT (s−i, qk+1 − qk) , si

) ∂qRAT (s−i, qk+1 − qk)

∂qk

; θ3k (qk)

]Now let us move to the key step in the proof - the e�e
t of the perturbation in qk on the expe
tedpayment. Again using the limit derivation:
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lim
q′→qk

Es−i

ˆ

y (s−i, q
′) pc (s−i, q

′) ;∪3
j=1θjk (q′)

˜

− Es−i

ˆ

y (s−i, qk) pc (s−i, qk) ;∪3
j=1θjk (qk)

˜

q′ − qk

= lim
q′→qk

P3
j=1

ˆ

Es−i
[y (s−i, q

′) pc (s−i, q
′) ; θjk (q′)] − Es−i

[y (s−i, qk) pc (s−i, qk) ; θjk (qk)]
˜

q′ − qk

= lim
q′→qk

"

Es−i
[q′pc (s−i, q

′) ; θ1k (qk)] + Es−i
[q′pc (s−i, q

′) ; ω1k]

−Es−i
[q′pc (s−i, q

′) ; ω3k] − Es−i
[qkpc (s−i, qk) ; θ1k (qk)]

#

q′ − qk

+

+ lim
q′→qk

"

Es−i

ˆ

qRAT (q′ − qk−1, s−i) bk; θ2k (qk)
˜

− Es−i

ˆ

qRAT (q′ − qk−1, s−i) bk; ω1k

˜

−Es−i

ˆ

qRAT (q′ − qk−1, s−i) bk; ω2k

˜

− Es−i

ˆ

qRAT (qk − qk−1, s−i) bk; θ2k (qk)
˜

#

q′ − qk

+

+ lim
q′→qk

"

Es−i

ˆ

qRAT (qk+1 − q′, s−i) bk+1; θ1k (qk)
˜

+ Es−i

ˆ

qRAT (qk+1 − q′, s−i) bk+1; ω3k

˜

+Es−i

ˆ

qRAT (qk+1 − q′, s−i) bk+1; ω2k

˜

− Es−i

ˆ

qRAT (qk+1 − qk, s−i) bk+1; θ3k (qk)
˜

#

q′ − qkwhere the se
ond equality follows by the law of total probability after substituting in for the prob-abilities of the di�erent partition 
ells after perturbation and extending (or redu
ing) the fun
tionsto the old partition 
ells as des
ribed earlier.By adding and subtra
ting Es−i
[qkp

c (s−i, q
′) ; θ1k (qk)], 
olle
ting terms and using the de�nitionof a derivative, we 
an rewrite the last expression as:

lim
q′→qk

Es−i
[q′pc (s−i, q

′) ; θ1k (qk)] − Es−i
[qkpc (s−i, q

′) ; θ1k (qk)]

q′ − qk

+

+ lim
q′→qk

"

Es−i
[qkpc (s−i, q

′) ; θ1k (qk)] + Es−i
[q′pc (s−i, q

′) ; ω1k]

−Es−i
[q′pc (s−i, q

′) ; ω3k] − Es−i
[qkpc (s−i, qk) ; θ1k (qk)]

#

q′ − qk

+

+bkEs−i

»

∂qRAT (s−i, qk − qk−1)

∂qk

; θ2k (qk)

–

+ bk+1Es−i

»

∂qRAT (s−i, qk+1 − qk)

∂qk

; θ3k (qk)

–

+

+ lim
q′→qk

bk+1Es−i

ˆ

qRAT (qk+1 − q′, s−i) ; ω3k ∪ ω2k

˜

− bkEs−i

ˆ

qRAT (q′ − qk−1, s−i) ; ω1k ∪ ω2k

˜

q′ − qk

= Es−i
[pc (s−i, qk) ; θ1k (qk)] +

+bkEs−i

»

∂qRAT (s−i, qk − qk−1)

∂qk

; θ2k (qk)

–

+ bk+1Es−i

»

∂qRAT (s−i, qk+1 − qk)

∂qk

; θ3k (qk)

–

+

+ lim
q′→qk

"

qk

ˆ

Es−i
[pc (s−i, q

′) ; θ1k (qk)] + Es−i
[pc (s−i, q

′) ; θ2k (qk)] + Es−i
[pc (s−i, q

′) ; θ3k (qk)]
˜

−qk

ˆ

Es−i
[pc (s−i, qk) ; θ1k (qk)] + Es−i

[pc (s−i, qk) ; θ2k (qk)] + Es−i
[pc (s−i, qk) ; θ3k (qk)]

˜

#

q′ − qk

+

+ lim
q′→qk

Es−i
[q′pc (s−i, q

′) ; ω1k] − Es−i
[q′pc (s−i, q

′) ; ω3k]

−qkEs−i
[pc (s−i, q

′) ; ω1] + qkEs−i
[pc (s−i, q

′) ; ω3k]

q′ − qk

= Es−i
[pc (s−i, qk) ; θ1k (qk)] + qk

∂Es−i

ˆ

pc (s−i, q
′) ;∪3

j=1θjk (qk)
˜

∂qkwhere the �rst equality is the key step: (i) �rst term is obtained by simpli�
ation; and (ii) we addand subtra
t terms to 
omplete the fun
tion qkp
c (s−i, q

′) to full ∪3
j=1θjk. In doing that we make38



use of the following fa
ts:
Es−i

[

pc
(

s−i, q
′
)

; θ2k (qk)
]

− Es−i

[

pc
(

s−i, q
′
)

; θ2k

(

q′k
)]

−Es−i

[

pc
(

s−i, q
′
)

;ω1k

]

− Es−i

[

pc
(

s−i, q
′
)

;ω2k

]

= 0

Es−i

[

pc
(

s−i, q
′
)

; θ3k (qk)
]

− Es−i

[

pc
(

s−i, q
′
)

; θ3k

(

q′k
)]

+Es−i

[

pc
(

s−i, q
′
)

;ω3k

]

+ Es−i

[

pc
(

s−i, q
′
)

;ω2k

]

= 0Therefore we 
an multiply all terms by qk and add them to our limit. Final expression followingthe �rst equality obtains by rearranging terms. Finally the last equality then follows by de�nitionof the derivative and be
ause
lim

q′→qk

Es−i
[q′pc (s−i, q

′) ;ω1k] − Es−i
[q′pc (s−i, q

′) ;ω3k] − qkEs−i
[pc (s−i, q

′) ;ω1] + qkEs−i
[pc (s−i, q

′) ;ω3k]

q′ − qk

= lim
q′→qk

∂ Pr (ω1k)

∂q′
[

q′Es−i

[

pc
(

s−i, q
′
)

|ω1k

]

− qkEs−i

[

pc
(

s−i, q
′
)

|ω1k

]]

+ lim
q′→qk

∂ Pr (ω3k)

∂q′
[

q′Es−i

[

pc
(

s−i, q
′
)

|ω3k

]

− qkEs−i

[

pc
(

s−i, q
′
)

|ω3k

]]

+ lim
q′→qk

[Pr (ω1k)K1 + Pr (ω3k)K2]

= 0where the �rst equality follows after �rst splitting the expe
tations, whi
h 
an be done be
ause q′is 
onstant on ωjk.
Es−i

[

q′pc
(

s−i, q
′
)

;ωjk

]

= q′ Pr (ωjk) Es−i

(

pc
(

s−i, q
′
)

|ωjk

)and applying l'Hospital's rule (note that Pr (ωjk) is a fun
tion of q′). Finally as we noted earlier
limq′→qk

Es−i
[q′|ωjk] = qk and limq′→qk

Pr (ωjk) = 0, and sin
e both K1 and K2 are bounded(∂ Pr(ωjk)
∂q′

is also bounded sin
e roughly speaking this is just an integral of some density of s−iwhi
h is bounded by assumption), all terms vanish in the limit.The last step is to note that the event {s−i ∈ θ1k} is equivalent to the event {bk > pc > bk+1},and that whenever the market 
learing pri
e is bk or bk+1 the allo
ation is responsive to si's demandonly when there is a tie (i.e., at least one other bidder being rationed). After 
olle
ting terms our
39



optimality 
ondition be
omes:
Pr [bk > pc > bk+1]

[

v (qk, si) − Es−i
(pc (s−i, qk) |bk > pc > bk+1)

]

+ Pr [bk = pc ∧ T ie] Es−i

[

(

v
(

qRAT , si

)

− bk

) ∂qRAT

∂qk

|bk = pc ∧ T ie

]

+ Pr [bk+1 = pc ∧ T ie] Es−i

[

(

v
(

qRAT , si

)

− bk+1

) ∂qRAT

∂qk

|bk+1 = pc ∧ T ie

]

= qk

∂Es−i
(pc (s−i, qk) ; bk ≥ pc ≥ bk+1)

∂qkwhi
h is equation (2).For 
ompleteness, we 
an also state the ne
essary 
onditions governing the 
hoi
e of the bidat step k, bk. However, we 
annot guarantee that these ne
essary 
onditions hold as equalities inequilibria that involve ties. Noti
e that expe
ted payment 
an be written as
Es−i

[pc (s−i) qc (s−i)] =

= Pr (bk < p < bk−1) qk−1Es−i
[pc (s−i) |bk < p < bk−1] +

Pr (p = bk) bkEs−i
[qc (s−i) |p = bk] +

Pr (bk+1 < p < bk) qkEs−i
[pc (s−i) |bk+1 < p < bk] +

Pr (p ≤ bk+1 ∪ p ≥ bk) Es−i
[pc (s−i) q (s−i) |p ≤ bk+1 ∪ p ≥ bk]

= qk−1Es−i
[pc (s−i) ; bk < p < bk−1] + qkEs−i

[pc (s−i) ; bk+1 < p < bk]

+bkEs−i
[qc (s−i) ; p = bk] + Es−i

[pc (s−i) qc (s−i) ; p ≤ bk+1 ∪ p ≥ bk−1]where the last term does not depend on bk. Taking the derivative w.r.t. bk delivers
qk−1

∂Es−i
[pc (s−i) ; bk < p < bk−1]

∂bk

+ qk

∂Es−i
[pc (s−i) ; bk+1 < p < bk]

∂bk

+ (A-2)
+Es−i

[q (s−i) ; p = bk] + bk

∂Es−i
[q (s−i) ; p = bk]

∂bkNoti
e that doing the same simple exer
ise w.r.t. qk would not lead dire
tly to our FOC, sin
ethe heart of the argument of the proof above involves 
ombining the terms bk
∂Es−i

(q(s−i);p=bk)

∂qk
,

bk+1
∂Es−i

(q(s−i);p=bk+1)

∂qk
and qk

∂Es−i
(pc(s−i);bk+1<p<bk)

∂qk
into one term: qk

∂Es−i
(pc(s−i);bk+1≤p≤bk)

∂qk
. Com-bining the derivative of the expe
ted payment w.r.t. bk given by (A-2) with the derivative of thegross utility yields:
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∂EQ,s−i|si
[V (qc

i (Q, s,y (·|s)) , si) ; bk−1 > pc > bk+1]

∂bk

= (A-3)
= EQ,s−i|si

(qc
i (Q, s,y (·|s)) ; pc = bk) + bk

∂EQ,s−i|si
(qc

i (Q, s,y (·|s)) ; pc = bk)

∂bk

+qk

∂EQ,s−i|si
(pc; bk > pc > bk+1)

∂bk

+ qk−1

∂EQ,s−i|si
(pc; bk−1 > pc > bk)

∂bkAlso noti
e that by similar arguments as in Lemmas 1 and 2 we 
an establish 
ontinuity andlo
al di�erentiability a.e. of all expe
tations involved in (A-3) with respe
t to the bid bk for typesthat do not fa
e a positive probability of tying. QEDA.2 Proof of Proposition 3Proposition 3 is a 
orollary of Hortaçsu's (2002) Proposition 1 (Part 1).B AppendixIn this appendix, I dis
uss how to point identify the marginal valuations at those quantities at whi
hbids were submitted taking into a

ount that ties 
an have positive probability at bids that are abovethe marginal value. I will impose the following additional assumption on marginal valuation fun
tionthat will allow me to obtain identi�
ation:Assumption 7 E (v (qc
i (Q, s,y (·|s)) , si) |p

c = bk ∧ T ie) = v (qk, si)This assumption ensures that the marginal valuation fun
tion has su�
iently long �at segmentsat ea
h step, so that the marginal value of the last unit allo
ated in the event of rationing at kthstep is the same as the marginal value of the last unit demanded at that step. Inspe
ting (2), twoe�e
ts are at play when de
iding on a bid. First, the bidder would like to equalize his surplus on thelast unit he demands weighted by the probability he wins exa
tly that many units, with the e�e
tof demanding this last unit on the market 
learing pri
e, and thus on his total payment. The se
onde�e
t, whi
h o

urs in the event of a tie, for
es the bidder to set his bid equal to the marginal valuefor the unit he expe
ts to win after rationing, be
ause if he is rationed, 
hanging his demand doesnot have any e�e
t on the market 
learing pri
e in those states. How important this se
ond e�e
t isrelative to the �rst one depends on the ratio of the probability of a tie at this step, i.e., probabilityof multiple bidders submitting a bid at that pri
e and that pri
e a
tually 
learing the market, tothe probability of being allo
ated all units he demands at that step. Let λk1 denote this ratio at kthstep, i.e., and λk1 = Pr(pc=bk ∧ T ie)
Pr(bk>pc>bk+1)

and λk2 at the subsequent step, λk2 =
Pr(pc=bk+1 ∧ T ie)
Pr(bk>pc>bk+1) . UnderAssumption 7, equation (2) 
an again be inverted to obtain an estimate of the marginal valuationat the last step v (qK , si) as follows: 41



v (qK , si) =
E (p; bK > pc) + Pr (bK = pc ∧ T ie) bKE

“

∂qc

i
(Q,s,y(·|s))

∂qK
|bK = pc ∧ T ie

”

+ qK
∂E(pc;bK≥pc)

∂qK

Pr (bK > pc) + Pr (bK = pc ∧ T ie) E
“

∂qc

i
(Q,s,y(·|s))

∂qK
|bK = pc ∧ T ie

” (B-1)Thus, as before we need to estimate E (pc|bk > pc > bk+1) and the derivative ∂E(pc;bk≥pc≥bk+1)
∂qk

.Moreover, we need to estimate Pr (bK = pc ∧ T ie) and the expe
ted rationing 
oe�
ient,
E

(

∂qc
i (Q,s,y(·|s))

∂qK
|bK = pc ∧ T ie

), both of whi
h 
an be estimated in a similar way using the re-sampled residual supplies. Sin
e at all other steps than the last one, the demand qk potentiallyhas an e�e
t on the allo
ation at the subsequent k + 1st step (in the event of rationing at bk+1),the marginal valuations at quantities at other steps 
an be obtained re
ursively using the followingrelationship obtained by rearranging (2).
v (qk, si) =

E (p; bk > pc > bk+1) + Pr (bk = pc ∧ T ie) bkE
“

∂qc

i
(Q,s,y(·|s))

∂qk

|bk = pc ∧ T ie
”

+ qk
∂E(pc;bk≥pc≥bk+1)

∂qk

−Pr (bk+1 = pc ∧ T ie) [v (qk+1, si) − bk+1] E
“

∂qc
i
(Q,s,y(·|s))

∂qk
|bk+1 = pc ∧ T ie

”

Pr (bk > pc > bk+1) + Pr (bk = pc ∧ T ie) E
“

∂qc
i
(Q,s,y(·|s))

∂qk

|bk = pc ∧ T ie
” (B-2)Noti
e also that the two terms in (B-2) involving ties also in
lude the rationing 
oe�
ient ∂qc

i (Q,s,y(·|s))
∂qKand that the e�e
t of demand at step k on the quantity allo
ated in 
ase of rationing is positivefor rationing at bk and negative for rationing at bk+1 as an in
rease in qk de
reases the marginaldemand at step k + 1, and thus these two terms are likely to a
t in the opposite dire
tion, thusredu
ing the bias involved if these two terms were ignored in the estimation.Results when allowing for tiesUsing the resampling pro
edure I estimated the likelihood of ties relative to obtaining fulldemand at a given step, λk = Pr(bk=pc ∧ T ie)

Pr(bk>pc>bk+1)
, and the expe
ted rationing 
oe�
ient,

E
[

∂qc
i (Q,s,y(·|s))

∂qK
|bk = pc ∧ T ie

]. Sin
e in the data, the average produ
t of the estimates of thesetwo terms is 0.21 (average λ̂ being 0.34), the terms involving ties in (2) are 
lose to zero irrespe
tiveof E (v (qc, si) |p = bk, T ie).38 Be
ause of the small magnitude of λkE
[

∂qc
i (Q,s,y(·|s))

∂qK
|bk = pc ∧ T ie

]mentioned above, the di�eren
e [E (v (qc, si) |p
c = bk, T ie) − bk] would have to be very large in orderto have a signi�
ant e�e
t on the estimate. I estimated the model assuming that marginal valuationfun
tions are step fun
tions and allowing for ties. I obtained estimates of marginal valuations forea
h bidder re
ursively starting with the last submitted step as des
ribed above. The results arequalitatively very similar to the ones reported when ties are ignored - the estimated valuations aresomewhat larger. However, due to the fa
t that λ is a ratio of two probabilities, the standard errorsof the estimates are rather big. In few 
ases, the estimates are also too big (for example, ex
eedingthe fa
e value of a T-bill), hen
e some trimming needs to be implemented in order to make theresults 
omparable.3938Noti
e that λ = 0.21 means that most of the weight is on the states involving no ties.39For example, the outliers 
an have a huge impa
t on the e�
ien
y 
al
ulations.42



Table 1: Data SummaryMean Min Max StDevA
tive Bidders in an Au
tiona 13 10 16 1.4Number of Submitted Bidpoints 2.3 1 9 1.55Pri
e Bids (in CZK)b 987,039 986,203 987,776 236.8Annual yields 
orresponding to pri
e bids 5.30 4.99c 5.65 0.10Quantity Bidsd 0.091 0.0001 0.5 0.11Unannoun
ed Non
ompetitive Bide 0.0024 0 0.036 0.008Market Clearing Pri
e 986,994 986,463 987,173 174.71Annual yields 
orresponding to mkt. 
l. pri
e 5.32 5.22 5.54 0.08Referen
e interest rate 5.39 5.32 5.74 0.10Au
tion Revenue (in mil USD) 210 78.9 263.2 62.6a A
tive bidder is any bidder a
tually submitting a serious (nonzero) bid.b 1USD is approximately 38CZK over the sample
 Lowest yield 
orresponds to highest bidd As a share of total quantity o�ered for sale, a
ross all stepse Unexpe
ted supply withdrawal as a share of total quantity o�ered for sale
Table 2: Data Summary - Large vs Small BiddersLarge SmallA
tive Bidders in an Au
tion 7.5 5.5(0.84) (0.92)Number of Submitted Bidpoints 2.95 1.41(1.67) (0.68)Pri
e Bidsa (in CZK) 987,041 987,031(237.3) (235.7)Quantity Bidsa,b 0.11 0.026(0.12) (0.01)a Average taken a
ross all bidpoints.b As a share of total quantity o�ered for sale.
 Means reported, standard deviations in parentheses
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Table 3: Comparison with truthful bidding - part 1Au
tion A
tual p TruthBidMin1a TruthBidMax1b TruthBidMin2c TruthBidMax2d52 986,463 986,451 986,510 986,439 986,512(24.10) (48.51) (1.70) (3.18)55 986,770 986,723 986,815 986,729 986,816(14.00) (36.16) (1.17) (44.81)56 986,723 986,663 986,788 986,677 986,787(23.73) (15.94) (3.25) (3.88)60 987,054 986,891 987,078 986,892 987,101(45.16) (25.00) (38.84) (26.34)61 987,173 987,122 987,173 987,123 987,169(11.90) (28.66) (12.50) (34.87)64 987,078 987,078 987,093 987,054 987,091(11.44) (8.41) (12.28) (8.21)65 987,054 987,056 987,078 987,057 987,083(8.02) (8.01) (7.51) (7.38)67* 987,149 987,094 987,106 987,098 987,102(11.69) (15.48) (11.87) (16.20)69 987,078 987,079 987,121 987,078 987,122(12.23) (8.23) (11.57) (9.30)72 987,102 987,095 987,152 987,096 987,152(5.87) (5.26) (6.50) (3.87)73 987,149 987,121 987,151 987,121 987,158(11.15) (11.19) (12.00) (9.75)75* 987,149 987,108 987,108 987,108 987,108(5.95) (5.13) (6.51) (5.34)76 987,149 987,103 987,157 987,103 987,154(7.99) (9.28) (7.90) (9.35)81 987,102 987,068 987,107 987,067 987,118(10.75) (13.14) (11.14) (11.84)82 987,054 987,051 987,080 987,079 987,083(14.99) (4.11) (12.77) (3.51)85 987,102 987,083 987,103 987,078 987,103(7.64) (7.11) (7.78) (6.58)Mean:e 986,994 986,958.71 986,997.11 986,958.64 986,998.54* Ex post revenue higher than under truthful biddinga Market 
learing pri
e when bidding the lower envelope of marginal valuations (Model 1)b Market 
learing pri
e when bidding the upper envelope of marginal valuations (Model 1)
 Market 
learing pri
e when bidding the lower envelope of marginal valuations (Model 2)d Market 
learing pri
e when bidding the upper envelope of marginal valuations (Model 2)e Mean a
ross all 28 au
tions (52-108).f Bootstrap std. errors in parentheses
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Table 4: Comparison with truthful bidding - part 2Au
tion A
tual p TruthBidMin1a TruthBidMax1b TruthBidMin2c TruthBidMax2d86* 987,149 987,101 987,107 987,103 987,107(10.44) (11.18) (9.98) (10.58)87 987,078 987,063 987,063 987,078 987,078(11.49) (11.80) (10.51) (11.56)91 987,078 987,072 987,107 987,073 987,110(3.29) (7.21) (3.24) (6.40)92 987,054 987,071 987,080 987,063 987,080(5.44) (2.24) (5.38) (2.21)94 987,078 986,962 987,024 986,960 987,022(38.85) (47.52) (35.93) (48.98)95* 987,078 986,932 986,932 986,932 986,932(25.04) (25.38) (21.53) (22.38)99 986,888 986,865 986,912 986,865 986,912(11.04) (9.16) (11.01) (8.36)100 986,865 986,865 986,865 986,865 986,865(6.41) (8.35) (6.39) (8.43)103* 986,865 986,796 986,797 986,790 986,790(6.37) (6.39) (10.10) (10.10)104* 986,794 986,767 986,767 986,758 986,758(4.14) (4.03) (4.79) (4.79)107 986,770 986,770 986,800 986,770 986,802(6.60) (8.15) (0.07) (13.7)108 986,794 986,794 986,845 986,786 986,844(5.27) (6.31) (7.05) (6.17)Mean: 986,994 986,958.71 986,997.11 986,958.64 986,998.54* Ex post revenue higher than under truthful biddinga Market 
learing pri
e when bidding the lower envelope of marginal valuations (Model 1)b Market 
learing pri
e when bidding the upper envelope of marginal valuations (Model 1)
 Market 
learing pri
e when bidding the lower envelope of marginal valuations (Model 2)d Market 
learing pri
e when bidding the upper envelope of marginal valuations (Model 2)e Mean a
ross all 28 au
tions (52-108).f Bootstrap std. errors in parentheses
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Table 5: Interim pro�t of bidders per T-bill for sale - part 1Au
tion Expe
ted Surplusb and E�
ien
yAveragec Maximalc Minimalc Total 1c E�
 1c,d Total 2e E�
 2d,e52 2.12 10.26 -1.59 27.55 2.09 3.32 2.97(1.73) (8.62) (1.43) (22.49) (0.08) (2.88) (0.00)55 10.88 54.56 -1.47 141.38 3.37 97.21 3.70(6.14) (34.02) (0.60) (79.80) (0.08) (76.84) (0.11)56 12.02 46.59 -0.43 156.26 3.59 79.07 3.47(4.73) (18.12) (0.23) (61.54) (0.05) (29.45) (0.03)60 45.40 246.57 -0.77 635.54 9.43 496.77 9.22(11.16) (130.74) (0.41) (156.21) (0.39) (141.41) (0.34)61 27.72 265.69 -0.37 388.09 11.07 400.08 11.17(7.67) (87.82) (0.23) (107.41) (0.21) (95.91) (0.21)64 5.59 22.54 -0.18 67.09 1.83 73.30 1.63(1.68) (8.93) (0.20) (20.11) (0.08) (24.10) (0.04)65 5.62 38.43 -0.20 67.40 2.08 70.72 2.69(3.05) (32.14) (0.20) (36.63) (0.14) (37.81) (0.11)67 6.87 46.39 -0.79 96.22 3.72 102.93 4.18(3.38) (28.22) (0.46) (47.37) (0.11) (52.96) (0.11)69 8.64 83.90 -0.14 112.28 5.49 122.58 5.43(5.20) (70.90) (0.06) (67.61) (0.11) (72.88) (0.11)72 3.91 26.58 -0.19 62.50 2.87 66.41 2.72(1.44) (13.84) (0.11) (22.97) (0.05) (22.87) (0.05)73 3.71 21.00 -0.33 59.38 1.99 64.95 2.12(1.51) (17.15) (0.18) (24.17) (0.08) (26.35) (0.08)75 2.74 22.47 -16.57 38.35 1.85 42.82 1.54(2.15) (20.71) (2.30) (30.06) (0.06) (33.24) (0.06)76 9.07 42.19 -0.24 117.92 3.13 123.46 2.83(2.56) (12.13) (0.10) (33.29) (0.07) (31.70) (0.07)81 2.35 18.69 -3.95 32.92 1.39 33.67 1.45(2.57) (21.85) (1.82) (35.93) (0.06) (24.72) (0.02)82 1.91 20.13 -0.62 26.74 1.31 29.32 1.23(1.63) (19.93) (0.34) (22.85) (0.03) (19.08) (0.02)85 -0.44 6.95 -15.49 -5.68 0.53 -2.13 0.52(0.60) (4.83) (3.66) (7.77) (0.04) (10.02) (0.05)Meanf 6.26 42.21 -5.09 83.67 2.50 77.73 2.54MeanCont:h 10.18 52.62 0.48 133.45 2.50 126.65 2.54* Ex post revenue was higher than under truthful biddinga Standard errors in parenthesesb Using the upper envelope of marginal valuations and expressed in CZK (

a 25 CZK amountsto 1 basis point di�eren
e in yield)
 Using estimates from Model 1 (independent supply withdrawal)d E�
ien
y loss due to misallo
ation in basis pointse Using estimates from Model 2 (predetermined withdrawal rule based on referen
e IR)f A
ross all au
tions (52-108)g A
ross all au
tions with statisti
ally non-signi�
ant entries set to zero
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Table 6: Interim pro�t of bidders per T-bill for sale - part 2Au
tion Expe
ted Surplusb and E�
ien
yAveragec Maximalc Minimalc Total 1c E�
 1c,d Total 2e E�
 2d,e86 2.63 21.62 -10.44 34.14 1.30 45.44 1.38(1.41) (9.25) (6.10) (18.29) (0.02) (25.98) (0.03)87 0.21 9.50 -10.45 2.54 0.55 10.44 0.57(0.73) (2.11) (6.09) (8.77) (0.01) (12.77) (0.01)91 1.61 11.84 -0.20 19.38 0.93 28.68 0.84(1.26) (11.81) (0.17) (15.13) (0.01) (34.74) (0.02)92 -0.85 2.30 -12.41 -10.26 0.50 -0.37 0.52(0.35) (1.95) (2.86) (4.19) (0.01) (11.19) (0.01)94 11.7 74.00 -17.00 117.02 3.17 124.09 3.13(7.34) (44.79) (18.02) (73.41) (0.08) (60.42) (0.06)95 -1.30 9.87 -30.89 -12.99 0.48 -5.57 0.48(2.43) (11.97) (15.89) (24.34) (0.01) (25.85) (0.01)99 1.03 13.49 -6.18 14.40 1.63 18.71 1.64(2.93) (34.79) (3.86) (40.98) (0.17) (24.22) (0.11)100 0.18 5.93 -4.38 1.97 0.30 8.66 0.22(2.73) (29.47) (4.19) (30.03) (0.02) (11.16) (0.02)103 7.23 28.25 -0.69 94.02 1.98 92.90 1.83(1.62) (11.09) (0.71) (21.08) (0.02) (21.64) (0.02)104 1.24 9.48 -1.19 14.94 0.68 5.87 0.89(1.99) (14.43) (1.05) (23.93) (0.08) (20.16) (0.07)107 0.48 6.09 -4.06 6.19 1.13 5.32 1.17(1.46) (11.79) (3.21) (19.02) (0.10) (15.50) (0.07)108 2.88 16.43 -1.25 37.43 1.60 37.88 1.62(1.66) (15.61) (1.49) (21.62) (0.05) (21.72) (0.05)Meanf 6.26 42.21 -5.09 83.67 2.50 77.73 2.54MeanCont:h 10.18 52.62 0.48 133.45 2.50 126.65 2.54* Ex post revenue was higher than under truthful biddinga Standard errors in parenthesesb Using the upper envelope of marginal valuations and expressed in CZK (

a 25 CZK amounts to 1 basispoint di�eren
e in yield)
 Using estimates from Model 1 (independent supply withdrawal)d E�
ien
y loss due to misallo
ation in basis pointse Using estimates from Model 2 (predetermined supply withdrawal rule based on referen
e IR)f A
ross all au
tions (52-108)g A
ross all au
tions with statisti
ally non-signi�
ant entries set to zeroh Means of 
orresponding estimates implied by a model with 
ontinuous bids.
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Figure 5: Bidder's problem

Figure 6: Di�erent Cell Partitions
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