APPPHYS383 Tuesday 9 February 2010

Exercise: explain the comment, “Of the two operators V(t') and V(t") of (4), one must contain a;, the other
containing a;, so that the trace over R of their product multiplied by cr gives a nonzero result in (4).”
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Here

V=Y gib'a+giba) - —[b'R™ +bRO],

R® = —Zgiai, RO = —Zgi*a;",

which in the Interaction Picture merely pick up some oscillating (c-number) exponential time-dependences.

Detailed derivation of Eq. (14)
To begin with we note that in the interaction picture with

Ha = ha)o(b*b+ %) Hr = Zhaﬂ(a;ai + %).

we have the simple correspondences
b(t) = exp(imob'bt)bexp(-imob'bt)
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= exp(imob’bt) exp(—iwob'bt) exp(—iwot)b
= exp(—iwot)b,
b'(t) = [B(t)]" = exp(iwot)b',
and similarly
& = exp(-imit)a;, & = exp(imit)a.
We then proceed from the equation above,
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where
V = gib'ai +giba] > —[b'R™ + bR,

R® =-%"ga;, RO =-) gial,
i i
and use the noted fact that the partial trace will only not vanish for certain terms within the double-commutator:
(la) :  Trr[b'(HROEHDAHROA")5(1) ® or — b(E)RO(T")E(1) ® orb'(1)RO () ],
(1b) : Tre[&(t) ® orb(tHRO ) (EHRO (') - b (1RO (t)&(t) ® orb(t)RO(") ],
(2) 1 Trr[b(t)RO()b'"RO (") (1) ® or — b’ (T IRO(")E(1) ® orb(IRO(M) ],
(2b) : Tre[&(t) ® orb'(HRWA)DEHRO () - b HRO)E(t) ® orb’(t")RW (") ].

We note that, since the system and reservoir operators commute and the reduced density matrices are Hermitian,
(2a) = (1a)" and (2b) = (1b)". Writing out the terms of (1a), using the cyclic property of the trace,



(1a) - Trr[b' ()R (HbA")RO(t")G(1) ® or - BAHRO (") (t) ® orb'(t )R (') ]
= b'(tb(t")EMTIRO ()R (t")or] - b(t")(1D' () THRO(t")orRO ()]
= (b"()b(t")&(t) - b(t")(Mb'(t') )R (EHRO(t")).
Similarly we have
(1b) > Trr[6(t) ® orb(t)RO ()bt )RW (1) - b' (1 )R ()5 (t) ® orb(t)RO (") ]
= 5(t)b(t")b'(t)Tr{orRRO (R ()] - b'(t)5 (D" THRM (T )orRO(t")]
= (5Mb")b'(t") - b'(t)Etb") )ROEHRH ().
Inserting the time-dependences of the Interaction Picture operators,
(1a) — exp(ioo(t' —t"))(b'b&(t) — b&(1)b ) RW (tHRO(t")),
(1b) — exp(imo(t' —t"))(5(t)bb" —b'&(H)b)(RO ()R ('),
and we compute
ROEHRO(A")) = D Trlexp(-imit)giaiexp(iojt’)giajor]
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= Z lgil2(ni)exp(ioi(t” —t')).

Putting this all together
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Writing Ai = wo — i, we note that since the Fourier transform of a Heaviside step function 6(x) is given by
+N ;
i ; _ 1 ipl
m JlN exp(—2rixs)f(x)dx = ?{6(5) - 7P§},
we have
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so finally
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Using the definitions from the book
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we obtain
AS , —(b'b5(t) + 5()b'D - 205 (B)b )( %) — (b'b&(t) — 5(t)bb)(IA +iA)

— (5(t)bb" + bb'&(t) - 2b*&(t)b)7 — (5(t)bb" — bb'&(t))iA’
~L-{6(0),bb} + Tha ()b — iA[b'b, &(1)] — iA' (Db (1) ~ G(D)b'b + G(H)bb’ — bb'5(1))
- %(b’b&(t) +&(t)b'b — 205 (t)b" + 5(t)bb" + bb'&(t) — 2b'&(t)b)
= —546(),b'b} ~ T'{5(1),bb} — T'6(t) — iA['D, &(1)] + Tha(t)b + ' (b'5(H)b + b&(H)b).

If we now use

%—Ct’ - %{exp(—iHAt/h)6exp(iHAt/h)}

- —%HAexp(—iHAt/h)E;exp(iHAt/h) + exp(—iHAt/h)di{&exp(iHAt/h)}
:—ﬁHAexp( iHat/h) G exp(iHat/h) + exp(— |HAt/h) exp(lHAt/h)+exp( |HAt/h)c; HAexp(lHAt/h)

= —ﬁ[HA, o]+ exp(—lHAt/h)%—? exp(iHat/h),

and pass to the infinitesimal limit for At, then with
exp(—iHat/h)ba (t)b* exp(iHat/h) = exp(—iHat/h)bexp(iHat/h)o exp(—iHat/A)b" exp(iHat/h)
= exp(iwot)bo exp(—iwot)b?

= bob’,
exp(—iHat/h)b* G (t)bexp(iHat/h) = biob,
[b'h,Ha] =0,
we obtain
%—Ct’ = —iwo[b'b,0] — % {&(t),b'b} —T'{5(t),b'b} — ['&(t) — iA[b'b, &(t)] + [b&(t)b" + I'(b'&(t)b + b&(t)b")

—%{O‘, b'b} —T'{c,b'b} — "o —i(wo + A)[b'b,6] + Thob™ + I (b'cb + bob™),
which matches Eq. (14) in the book. Pushing this just a bit further to obtain the standard Lindblad form,

‘é—f - —%[H,’\,c] + 5-(2bob’ ~b'bo — ob'b) + I'(b'cb + bob’ ~ b'bo — ob'b - o)
= —%[H,&,a] + %(Zbab7 —b'bo —ob'b) + 1%(Zb%b —b'bo — ob'b — 26 + 2bob’ — b'bo — ob'b)

- —%[H,&,c] + %(Zbcb* —b'be — ob'b) + %’(Zb*ab —bb'e — obb" + 2bob' — b'bo — b'b)

- —fll[HL\, o]+ L +2F' (2bob’ —b'bo — ob'b) + %’(2b+ab —bbic - obb"),
where
' i 1
Hj = h(a)o+A)<b b+ 4 )

although we see that the 1/2 has no influence on the equation of motion for 0. Comparing this with the



corresponding form of the master equation for a two-level atom in vacuum,

¢ = —LHj 01+ Li2lol - LiLo - oL L,
where L = |a)b| is the atomic lowering operator, how can we interpret our result for the harmonic oscillator?



