
APPPHYS383 Tuesday 9 February 2010

Exercise: explain the comment, “Of the two operators Ṽt′ and Ṽt′′ of (4), one must contain ai, the other
containing ai

†, so that the trace over R of their product multiplied by R gives a nonzero result in (4).”

Δ̃
Δt

 − 1
2

1
Δt 0


dt′ − t′′ 

t

tΔt
dt′ TrRṼt′, Ṽt′′, ̃t ⊗ R .

Here

V ∑
i

gib†a  gi
∗bai

† → −b†R  bR− ,

R ≡ −∑
i

giai, R− ≡ −∑
i

gi
∗ai

†,

which in the Interaction Picture merely pick up some oscillating (c-number) exponential time-dependences.

Detailed derivation of Eq. (14)
To begin with we note that in the interaction picture with

HA  0 b†b  1
2

, HR ∑
i

i ai
†ai  1

2
,

we have the simple correspondences

b̃t  expi0b†btbexp−i0b†bt

 expi0b†btb∑
n0


−i0tn

n!
b†bn

 expi0b†bt∑
n0


−i0tn

n!
bb†bb†n−1b

 expi0b†bt∑
n0


−i0tn

n!
b†b  1b†b  1n−1b

 expi0b†btexp−i0b†btexp−i0tb

 exp−i0tb,

b̃†t  b̃t
†
 expi0tb†,

and similarly

ãi  exp−iitai, ãi
†  expiitai

†.

We then proceed from the equation above,

Δ̃
Δt

 − 1
2

1
Δt 0


dt′ − t′′ 

t

tΔt
dt′ TrRṼt′, Ṽt′′, ̃t ⊗ R 

 − 1
2

1
Δt 0


dt′ − t′′ 

t

tΔt
dt′ TrR b̃†t′R̃t′  b̃t′R̃−t ′, b̃†t ′′R̃t′′  b̃t′′R̃−t′′, ̃t ⊗ R ,

where

V ∑
i

gib†ai  gi
∗bai

† → −b†R  bR− ,

R ≡ −∑
i

giai, R− ≡ −∑
i

gi
∗ai

†,

and use the noted fact that the partial trace will only not vanish for certain terms within the double-commutator:

1a : TrR b̃†t′R̃t′b̃t′′R̃−t′′̃t ⊗ R − b̃t′′R̃−t′′̃t ⊗ Rb̃†t′R̃t′ ,

1b : TrR ̃t ⊗ Rb̃t′′R̃−t′′b̃†t′R̃t′ − b̃†t′R̃t′̃t ⊗ Rb̃t′′R̃−t′′ ,

2a : TrR b̃t ′R̃−t ′b̃†t′′R̃t′′̃t ⊗ R − b̃†t′′R̃t′′̃t ⊗ Rb̃t′R̃−t′ ,

2b : TrR ̃t ⊗ Rb̃†t′′R̃t ′′b̃t′R̃−t′ − b̃t′R̃−t′̃t ⊗ Rb̃†t′′R̃t′′ .

We note that, since the system and reservoir operators commute and the reduced density matrices are Hermitian,
2a  1a† and 2b  1b†. Writing out the terms of 1a, using the cyclic property of the trace,
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1a → TrR b̃†t′R̃t′b̃t′′R̃−t ′′̃t ⊗ R − b̃t′′R̃−t ′′̃t ⊗ Rb̃†t ′R̃t′

 b̃†t′b̃t′′̃tTrR̃t′R̃−t′′R  − b̃t′′̃tb̃†t′TrR̃−t′′RR̃t′

 b̃†t′b̃t′′̃t − b̃t′′̃tb̃†t ′ 〈R̃t′R̃−t′′.

Similarly we have

1b → TrR ̃t ⊗ Rb̃t′′R̃−t ′′b̃†t′R̃t′ − b̃†t′R̃t′̃t ⊗ Rb̃t′′R̃−t′′

 ̃tb̃t′′b̃†t′TrRR̃−t′′R̃t′ − b̃†t ′̃tb̃t′′TrR̃t′RR̃−t′′

 ̃tb̃t′′b̃†t ′ − b̃†t′̃tb̃t′′ 〈R̃−t′′R̃t′.

Inserting the time-dependences of the Interaction Picture operators,

1a → expi0t′ − t′′b†b̃t − b̃tb†〈R̃t ′R̃−t ′′,

1b → expi0t′ − t′′̃tbb† − b†̃tb〈R̃−t ′′R̃t′,

and we compute

〈R̃t′R̃−t′′ ∑
i, j

Trexp−iit′giai expijt′′gj
∗aj

†R 

∑
i, j

gi exp−iit′gj
∗ expijt′′∑

ni

pn1niTraiaj
†|n1ni〈n1ni |

∑
i

|gi |2 expiit′′ − t ′∑
ni

pn1nini  1

∑
i

|gi |2〈ni   1expiit′′ − t′,

〈R̃−t′′R̃t′ ∑
i, j

gi exp−iit′gj
∗ expijt′′∑

ni

pn1niTrai
†aj|n1ni〈n1ni |

∑
i

|gi |2〈ni expiit′′ − t′.

Putting this all together,

Δ̃
Δt

→ − 1
2

1
Δt 0


dt ′ − t′′ 

t

tΔt
dt′ expi0t′ − t′′b†b̃t − b̃tb†〈R̃t′R̃−t′′  h.c.

− 1
2

1
Δt 0


dt′ − t′′ 

t

tΔt
dt′ expi0t′ − t′′̃tbb† − b†̃tb〈R̃−t′′R̃t′  h.c.

 − 1
2

1
Δt t

tΔt
dt′ 

0


dt′ − t′′expi0t′ − t′′b†b̃t − b̃tb†∑

i

|gi |2〈ni   1expiit′′ − t ′  h.c.

− 1
2

1
Δt t

tΔt
dt′ 

0


dt′ − t′′expi0t′ − t′′̃tbb† − b†̃tb∑

i

|gi |2〈ni expiit′′ − t′  h.c.

 − 1
2 b

†b̃t − b̃tb†∑
i

|gi |2〈ni   1 
0


dt′ − t′′expi0 − it′ − t′′  h.c.

− 1
2 ̃tbb† − b†̃tb∑

i

|gi |2〈ni  
0


dt′ − t′′expi0 − it′ − t′′  h.c. .

Writing Δi ≡ 0 − i, we note that since the Fourier transform of a Heaviside step function x is given by

lim
N→

−N

N
exp−2ixsxdx  1

2
s − i

 P 1
s ,

we have

1
2 lim

N→

−N

N
exp−iΔtt/2dt  1

2
Δ − i

 P 1
Δ ,


0


exp−iΔtdt  Δ − iP 1

Δ ,


0


expiΔtdt  Δ  iP 1

Δ ,

so finally
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Δ̃
Δt

→ − 1
2 b

†b̃t  ̃tb†b − 2b̃tb†∑
i

|gi |2〈ni   1 iP 1
Δi

 Δi

− 1
2 ̃tbb†  bb†̃t − 2b†̃tb∑

i

|gi |2〈ni  iP 1
Δi

 Δi .

Using the definitions from the book

Γ  2
 ∑

i

|gi |2Δi,

Γ′  2
 ∑

i

|gi |2〈ni Δi,

Δ  P∑
i

|gi |2

Δ i
,

Δ′  P∑ |gi |2〈ni 
Δ i

,

we obtain
Δ̃
Δt

→ −b†b̃t  ̃tb†b − 2b̃tb† Γ
2
 Γ′

2
− b†b̃t − ̃tb†biΔ  iΔ′

− ̃tbb†  bb†̃t − 2b†̃tb Γ
′

2
− ̃tbb† − bb†̃tiΔ′

 − Γ
2
̃t,b†b  Γb̃tb† − iΔb†b, ̃t − iΔ′b†b̃t − ̃tb†b  ̃tbb† − bb†̃t

− Γ′
2
b†b̃t  ̃tb†b − 2b̃tb†  ̃tbb†  bb†̃t − 2b†̃tb

 − Γ
2
̃t,b†b − Γ′̃t,b†b − Γ′̃t − iΔb†b, ̃t  Γb̃tb†  Γ′b†̃tb  b̃tb†.

If we now use
d
dt

 d
dt
exp−iHAt/̃expiHAt/

 − i


HA exp−iHAt/̃expiHAt/  exp−iHAt/ d
dt
̃expiHAt/

 − i


HA exp−iHAt/̃expiHAt/  exp−iHAt/ d̃
dt

expiHAt/  exp−iHAt/̃ i


HA expiHAt/

 − i

HA,  exp−iHAt/ d̃

dt
expiHAt/,

and pass to the infinitesimal limit for Δt, then with

exp−iHAt/b̃tb† expiHAt/  exp−iHAt/bexpiHAt/exp−iHAt/b† expiHAt/

 expi0tbexp−i0tb†

 bb†,

exp−iHAt/b†̃tbexpiHAt/  b†b,

b†b,HA   0,

we obtain
d
dt

 −i0b†b, − Γ
2
̃t,b†b − Γ′̃t,b†b − Γ′̃t − iΔb†b, ̃t  Γb̃tb†  Γ′b†̃tb  b̃tb†

 − Γ
2
,b†b − Γ′,b†b − Γ′ − i0  Δb†b,  Γbb†  Γ′b†b  bb†,

which matches Eq. (14) in the book. Pushing this just a bit further to obtain the standard Lindblad form,
d
dt

 − i

HA

′ ,  Γ
2
2bb† − b†b − b†b  Γ′b†b  bb† − b†b − b†b − 

 − i

HA

′ ,  Γ
2
2bb† − b†b − b†b  Γ′

2
2b†b − b†b − b†b − 2  2bb† − b†b − b†b

 − i

HA

′ ,  Γ
2
2bb† − b†b − b†b  Γ′

2
2b†b − bb† − bb†  2bb† − b†b − b†b

 − i

HA

′ ,  Γ  Γ′
2

2bb† − b†b − b†b  Γ′
2
2b†b − bb† − bb†,

where

HA
′  0  Δ b†b  1

2
,

although we see that the 1/2 has no influence on the equation of motion for . Comparing this with the
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corresponding form of the master equation for a two-level atom in vacuum,

̇  − i

HA

′ ,  Γ
2
2LL† − L†L − L†L,

where L  |a〈b | is the atomic lowering operator, how can we interpret our result for the harmonic oscillator?
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