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Say Alice has a two-level quantum system A prepared in initial state
|@a) = ao|0a) +a1|1a).

She would like Charlie to have a two-level quantum system C prepared in the identical
state

|¢c) = a0/0c) + a1 1c).
However, let's say she cannot directly send system A to Charlie, nor can she
communicate the coefficients ag, a; with sufficient precision for their liking. In fact, let’s
imagine that Alice does not even know these coefficients explicitly — the initial state of
system A could have been prepared by a third person who refuses to tell her the
coefficients.

The secret of quantum-state teleportation is that Alice and Charlie need to have a
shared quantum resource: entanglement. Let’s say that the last time Alice and Charlie
got together, they prepared a pair of two-level quantum systems B, C in the entangled
joint state

Whe) = %uobm— |160c)).
A state of this form is often called a “singlet.” Alice keeps system B with her, and
Charlie takes C away with him. Recall that C eventually needs to end up in the state
|pc ), whose coefficients are unknown to Alice.

There are three two-level systems in the picture, and their joint state lives in the
tensor-product Hilbert space Ha ® Hg ® Hc. The initial state of this three-part system
is simply

|0a) ® |Phe)-
In order to accomplish quantum-state teleportation, Alice performs the following
procedure:

Alice brings A together with B, and performs a joint measurement in the “Bell
basis”
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Note that this is a complete basis for Hy ® Hg, and that these are all
entangled states. The outcome probabilities can be computed explicitly by
rewriting the three-part state of A, B, C in terms of the Bell states on A, B:
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Since |ao|” + [a1|* = 1, we see that all four outcomes have probability <. Also,
we can easily read off the post-measurement states for system C:
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Note that each of the four transformation operators U, 34 are unitary, and
therefore invertible.

Alice broadcasts a number from 1..4 corresponding to the result she actually
obtained. Note that this is just two bits of classical information, versus an
infinite number of bits that would be needed to transmit two complex
coefficients (ap,a;) with arbitrary precision.

When Charlie learns the result, he knows which of the four



post-measurement states C has been left in! To recover |¢. ) exactly, he

need only apply the appropriate inverse transformation.
So when Alice and Charlie implement this quantum-state teleportation protocol, they
can be certain that Charlie will end up with system C left in the state

|@c) = a0|0c) + ai1| 1),
where ap, a; are arbitrary complex coefficients known only to Charlie! The total
resource cost of the procedure is one entangled pair plus two bits of classical
communication.

In quantum information theory, we would say that teleportation demonstrates an

equivalence between quantum bits (qubits), entanglement “bits” (e-bits), and classical
bits (c-bits):

1 qubit = 1e-bit + 2 c-bits.
Here a qubit is implicitly defined as the amount of information represented by the state
of a two-level quantum system.

So what is it that actually got “teleported”...?

Teleportation of the state on an algebra

In order to answer this question, let’s try to formulate a classical version of
teleportation, first working with Bayes’ Rule to simplify the formalism. Assume we have
three systems each with two classical configurations,

‘QA = {Woa,W1a}y, OB = {Wop, 010}, Qc = {Woc,W1c},
and an initial probability distribution on the A subsystem

pa(a)Oa) = Poa, pa(a)la) = P1a.
By analogy to the quantum case we should need to specify a joint state pp.(wp, @) and
a random variable Bag(+) on Qa x Qg. Again reasoning by analogy, we might expect
that depending on the result of the measurement of Bxg(+) we may end up with a
transformed version of p.(-) on the C subsystem. Since the only reasonable
transformation of a classical two-state probability distribution is a permutation
(transposition), we can suppose that Bxg(+) has just two possible values and hence
two level sets, which we guess to be

Qp1 = {®oa X Wob, W1a X W1b}, p2 = {W0a X W1b, W1a X Wb J-
We have the initial probability distribution function

Pabc(@a, @b, 0c) = Pa(@a)Pbc(@b, ®c).
and we are going to start by measuring Bag(+). The joint forward probabilities are




Pr(Bas = 1,0c = woc) = D Y Pa(@a)Poc(@b, @oc) g1 (@a, @b)

Da @p

= PoaPbec(@no, ®oc) + P1a Poc(@b1, @oc),

Pr(Bag = 2,0c = woc) = D Y, Pa(@a)Poc(@b, @oc) xb2(@a, b)

Wa Op

= PoaPbc(®b1, ®oc) + P1a Poc(@bo, ®oc ),

Pr(Bas = 1,0c = 1c) = D Y Pa(@a)Poc(@b, ®1¢) g1 (@a, @b)

Da Op

= PoaPbc(@po, ®1c) + P1aPoc(@b1, @1c),

Pr(Bag = 2,0c = 1c) = D Y, Pa(@a)Poc(@b, ®1c) xb2(@a, b)

Wa Op

= pOapbc(wawlc) + P1a Poc(@no, ®1¢).
We also have the marginal probabilities

PY(BAB = 1) = PI’(BAB = l,a)c = a)oc) + PY(BAB = 1,a)c = wlc)

= PoaPbec(®@bo, ®oc) + P1aPoc(@b1, @oc) + PoaPbe(@bo, ®1c) + P1a Poc(@b1, @1c),

Pr(Bag = 2) = PoaPbc(@b1, @oc) + P1a Poc(@bo, @oc) + PoaPbe(@b1, @1¢) + P1a Poc(@po, @1c).

At this point let us try inserting

Poc(@05,@00) = 3 Poc(@05,@10) = 0, Prc(@15,006) = 0, Poc(@10,010) = 3,

which is a classically correlated state of B and C. Then from Bayes’ Rule,

Pr(Bag = 1,0¢ = @
Pr(wc = woc|Bas = 1) = ( APBr(BAB :C ) ) _ pga Poa }r b=~ Poa;
2 2
Pr(Bag = 1,0¢ =
Pr(owe = wlclBAB =1)= ( ApBr(BABa: 1) D1c) = P1a,
and
Pr(Bag = 2,0¢ =
Prlw: = ou|Brg = 2) = ol 00) _p,,
Pr(Bag = 2, =
Pr(a)c = CO1C|BAB = 2) = ( '?DBI'(BAB Uicz) Colc) = Poa.

Hence we see that, as hoped, with Bag = 1 we transfer the pa(-) distribution to
subsystem C, while if we obtain Bag = 2 the distribution is transfered but transposed.

Let us now try to rework this example in the algebra-of-random variables setting,
first in the classical case and then in the quantum. Intuitively, it seems that we should
be trying to show that for any random variable Q defined on both the A and C
subsystems, by which we mean

Qa(woa) = Qc(woc), Qa(wia) = Qc(wic),

we would like



where

E(Qc|Bas = 1) = E(Qa),
E(J2(Qc)[Bas = 2) = E(Qa),

J2(Qc)(@oc) = Qcl@wic), J2(Qc)(@ic) = Qclwoc).

In the classical setting we have the usual definition of conditional expectation
(assuming from here on that all random variables are ampliated to Q. x Qg x Q¢)

E(Qc|Bas)(+) = M}(m(-) + E(ro2 xQc)

E(700) x02(+),

and

)
E(E(QeBro)) = —Ue I E(yy) + SLEL Ey)

_ EQmxQc) g, 1y B2 xQc) g o 5

E(xb1) E(xb2)

From the second line we can infer that

E(Qc|Brs = 1) = EX02X90) () Bug = 2) = Eoe x12(Qc)).

E(xb1) E(xb,)

and hence we need to compute

E(xv1 xQc) _

2 on 00 Pa(@2)Pbc(@b, @¢) xb1(®a, @b)Qc (@)

E(xo1)

Zwa,a)b,a)c pa(wa)pbc(wb! a)C)%bl (C()a, C()b)

ch{pOa Poc(@op, @¢) + P1aPoc(@1b, ®¢) }Qc(wc)
ch{pOa Poc(@op, @c) + P1a Poc(@1p, @c) »

_PoaPuc(@ob, @oc)Qc(@oc) + P1aPoe(@ib, @1c)Qc(@ic)
Poa pbc(a)Ob,a)Oc) + P1a Poc(@ob, ®oc)

= Poa Qc(®oc) + P1a Qc(wic),

and similarly

E(xb, x J2(Qc)) _

> . o, Pa(@2)Pbc(@b, @) x02(0a, @b) j2(Qc) (@c)

E(xb,) N

Zwa,wb,wc pa(wa)pbc(a)me)ZbZ(wa, a)b)

Poa Poc (@16, @1c) J2(Qc ) (@1c) + P1aPoc(@ob, woc) J2(Qc ) (wac)

Poa Poc(@1b, @1c) + P1a pbc(a)Ob, ®1c)

Poa Qc(woc) + P1a Qc(wic).

Since by assumption Qc(woc) = Qa(woa) and Qc(wic) = Qa(wia), We thus have

E(Qc|Bas = 1) =

E(j2(Qc)|Bag = 2) = poaQa(®oa) + P1aQal@ia) = E(Qn),

as desired.

Hence we can say that at least in the classical case, we can characterize the
effect of teleportation as transferring the assignment of expectation values of Qa(-)
(the state on the algebra of random variables on Q24) to an equivalent assignment of
expectation values of Qc(+). So in a sense, it is our “predictions” that get transferred



from one subsystem to another.

Moving on to the quantum generalization of this algebra-of-observables version of the
calculation, let’s start by reminding ourselves of the notation. Let the particle whose
state is to be teleported be particle A with initial density matrix pa, which we take to be
a pure state so that we can recycle calculational results from the first section of
today’s class notes:

pa = [a0|*|0a)0a] + @0a;|0aX1a| + a5az|1a)0a| + |a1]?| La)(1al-

Then the two particles prepared in the Bell singlet are particles B and C, with initial
density matrix

lWac) = %qoem 11c)— 1) ® |0c)),

pec = |Wec XWec|
%(|Oglc X0glc|—|0slc }(1g0c|—]180c }Oglc|+|180c )} 1g0c]).

If Qa and Q¢ are equivalent observables on the A and C subsystems, then we expect
that

Tr{(poo|0a)Oa| + poi|O0a)1a| + p10[1a)(0a| + p11]1a)(1a|)Qa]

= Tr{(pool0cX0c| + por|Oc){Lc| + p1o|1cX0c| + p11[1c){1c[)Qc].
Let us also note the general rule

anB| O | O
Tr[A®B] = Tr O | O = > (aiTr[B]) = Tr[A]Tr[B].

- ) amB

Our initial joint state is
‘ pasc = PA ® pec = pa ® |wac X Wecl,

and initially
E(Qa ® 1gc) = Tr{(Qa ® 1ec)(pa @ pac)] = Tr(paQalTr{pec] = Tr[paQal.
After performing a measurement of the observable Bas ® 1¢, where

BAB = PV/KB + ZPWXB + 3P¢;B + 4P‘/’KB

is an observable on the AB subsystem whose eigenstates are the Bell states, we
would like to have

E(las ® U{QcUi|Bag ® 1c = i) = Tr[paQa],
where the U; were defined in our initial Schrodinger-picture discussion of the
teleportation protocol. We can check that E(1, ® 1g ® Qc) is initially independent of
PA -




E(1la® 1l ®Qc) = Tr[(1a ® 1 ® Qc)(pa ® psc)]
= TripalTr[(1e ® Qc)psac]
3 Tr[(e ® Qc)|0slc X0slc ]~ 5 Tr[(le ® Qc)l0slc X 1e0c ]

- $Tr[(Le ® Qc)|1e0c Y Oele ] + 5 Trl(le ® Qc)|Le0c X 1e0c |
ZTr[10s X 08 | ® Qcllc X1c[] - 5 Tr[|0e X1a| ® Qclle )XOc ]

~ 5 Tr[|1e )X0e | ® Qc|Oc X 1c |1+ 5 Trl|1e X 1a | ® Qc|0c XOc ]
= $Tr[Qc|le XL 1+ 5 Tr[Qc|Oc )X Oc ]

= 5 Tr[Qcl.

It is easy to see that [Bag ® 1c,1a ® 1g ® U;*QcU;i] = 0 for any Qc. Hence we can use

ECXIY) = 33k, p(PiQi) Q-3 p(XQi) Q.

p(Qi) p(Qi)

J i
to form the conditional expectation of 1, ® 1z ® Qc = Qc given Bas = Bag ® 1c. We
obtain

. dcPy-) -
E(chBAB> — Mp

p<QCISWKB> A p<QC|S¢;B> A p<écls¢/§8> A
‘ oy ve)p P e/ PR T e
p<PWKB> e p<PV/KB> e p<P¢KB> e p<P¢XB> e

= 4P(PW;B ® QC)ISWKB + 4p(Pll/XB ® QC)ﬁWXB + 4p(P¢KB & QC)IﬁMB + 4p(P¢XB ® QC)IS‘?KB’

where we recall from above that all four results of the Bell-basis measurement are
equiprobable. Reasoning as in the classical case we note that

E(E(QclBas)) = 4p(Pysy ® Qc)p(Pysy) +4p(Pysy ® Qc)p(Pysy)
+4p(Pyzs ® Qc)p(Piz, ) +4p(Pyz, ® Qc)p(Pyyo )
=4p(Py,, ® Qc)Pr(Bag = 1) +4p(Py:, ® Qc)Pr(Bag = 2)
+4p(Pys, ® Qc)Pr(Bas = 3) +4p(Pyy, ® Qc)Pr(Bas = 4),

and hence conclude that
E(QclBas = 1) = 4p(Pyz, ® Qc), E(Qc|Bae = 2) = 4p(Pyz, ® Qc),
E(QclBae = 3) = 4p(Py;, ® Qc), E(Qc|Bas = 4) = 4p(Pyy, ® Qc).
Computing first for the Bag = 1 case,
E(Qc|Bas = 1) = 4p(Py;, ® Qc)

= 4Tr[(Py;, ® Qc)(pa ® psc)]

= A4Tr[(Py;; ® 1c)(1as ® Qc)(Pyy, ® 1c)(pa @ pae)]

= 4Tr[(1ae ® Qc)(Py;, ® 1c)(pa @ pec)(Py;, ® 1),
at which point we recall that above we have already computed




(Puzs ® 10)(Pa ® pac)(Pyzy ® Lc) = 41Wap X Wan| ® (20[0c) + arl1e))(@5(0c] + ai(Lel).

Hence,

E(QclBas = 1) = Tr[(1as ® Qc)|Wap X Wab| ® (20|0c) +as[1c))(@5(0c| + ai(Le))]
= Tr[Qc (ao/0c) + a1[1c))(a3(0c| + ai(lc|)]

= Tr[paQal,
as we have been trying to show. Analogous reults for Bag = 2,3,4 presumably follow
straightforwardly.

Hence we see that also in the quantum case we can say that “what is teleported”
is the assignment of expectation values from observables on spin A to observables on
spin C, that is, predictions. We also see that the heart of the calculation involves an
application of the classical probability rule for conditional expectation.

So is there anything uniquely quantum about teleportation? Perhaps it would be
better to say that there are classical and quantum versions of teleportation, and that
entangled states are required for the latter, in the same sense that there are both
classical and quantum versions of uncertainty and correlation.




