
Chemistry 276 - Autumn 2009 - Advanced Physical Chemistry

Mid-Term Examination (due 11/17/09 in class)

This is a take-home open book examination. You may take as much time as
you wish. You may not get assistance from any one else, and you should not
talk about the problems and the related material in the course with anyone
except the instructor.

If you have any questions about the exam, please contact me by e-mail
(hca@stanford.edu). If any of the questions are unclear or misleading
(or wrong), it is especially important that you tell me as soon as possi-
ble. Corrections to the exam will be posted on the course website (go to
http://www.stanford.edu/~hca/ and follow the link to the site). Please
check the site several times during the week. You are responsible for any
information and instructions posted there.

Do all the problems and show all work in papers you turn in. Please organize
the material clearly and put a box around each final answer. The exam is
due in class on Tuesday November 17.
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1. Correlation functions of an undamped harmonic oscillator. Con-
sider a harmonic oscillator with coordinate is q and momentum p and whose
Hamiltonian is

H =
p2

2m
+

kFx2

2

Suppose that it is in equilibrium and that a canonical ensemble is used to
describe it. (There are no other degrees of freedom in the problem, and so
there is nothing to interfere with the oscillation of the coordinate.)

A. Classical description. Suppose the motion is classical. Calculate
the following equilibrium correlation functions.

i. 〈q(t)q(0)〉
ii. 〈p(t)p(0)〉

B. Quantum description. Suppose the motion is quantum mechanical.
Calculate the following equilibrium correlation functions.1

i. 〈q̂(t)q̂(0)〉 and its symmetrized version (〈q̂(t)q̂(0)〉 + 〈q̂(0)q̂(t)〉)/2.

ii. 〈p(t)p(0)〉 and its symmetrized version (〈p̂(t)p̂(0)〉 + 〈p̂(0)p̂(t)〉)/2.

C. The classical limit of the quantum results. The classical limit
corresponds to kBT >> h̄ω. Take the classical limit of each of your quantum
results and compare with the classical result.

1Hint: you will need to be able to evaluate the time dependent Heisenberg operators for
this problem. To do this, it is worthwhile to use the creation and annihilation operators.
Find some solution of the time independent Schrodinger equation for the harmonic oscilla-
tor that uses creation and annihilation operator. Use this to get the matrix elements you
need in the Schrodinger representation. Then use the results to evaluate the Heisenberg
operators you need.
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2. Moment relations. The moments of a Fourier transform are defined
in the following way:

Mn =
∫ ∞

−∞
dω ωnF̂ (ω)

for n = 0, 1, 2, . . .. The values of these moments are closely related to the
behavior of the inverse Fourier transform function F (t) in the vicinity of
t = 0.

Consider a classical point particle that is part of a classical system at equi-
librium. Its velocity is v, and its velocity autocorrelation function is

Cvv(t) = 〈v(t) · v(0)〉

where the average denotes the canonical ensemble average. The Fourier trans-
form of the correlation function is

Ĉ(ω) =
∫ ∞

−∞
dt eiωtCvv(t)

i. Consider the zeroth moment of Ĉ(ω),

M0 =
∫ ∞

−∞
dω Ĉ(ω)

Express it as an equilibrium average of something, and find its value.

ii. Consider the first moment of Ĉ(ω). Express it as an equilibrium average
of something, and find its value.

iii. Consider the second moment of Ĉ(ω). Express it as an equilibrium
average of something, and find its value. (There are at least two different
looking results. Try to get both of them.)
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3. Relationships among classical correlation functions. Consider
a classical system in equilibrium in which there is one cartesian coordinate
x that is of special interest. This variable represents the x coordinate of a
certain particle in the system.2 Other variables of interest are the x com-
ponent of the momentum of the particle (call it p), and the x component
of the force on that particle (call it f). There are a variety of equilibrium
time correlation functions involving just these variables. The momentum p
appears in the Hamiltonian only in a kinetic energy term of the form p2/2m,
where m is the mass of the particle.

i. Find a simple relationship between Cpx(t) and Cxx(t).

ii. Find a simple relationship between Cxf (t) and Cpp(t).

iii. Find a simple relationship between Cff (t) and Cpp(t).

iv. For each of the 9 correlation functions that can be constructed from
these three variables, state whether the function is even in time, odd in time,
or whether the symmetry is not determined by the information given.

v. For each of the 9 correlation functions that can be constructed from these
variables, state whether the function evaluated at t = 0 is positive, negative,
zero, or not determined by the information given.

2Unlike the first problem, you should not assume that the particle is a harmonic os-
cillator or even an oscillator. There can be many other degrees of freedom that interact
with the particle.
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4. Two level system Suppose we have a system that has a quantum
mechanical degree of freedom that is only very weakly coupled to the rest
of the system. The degree of freedom has two quantum states. The two
eigenstates of the degree of freedom are |φ0〉 and |φ1〉. The time dependent
Schrodinger wave function of the degree of freedom is

ψ(t) = c0(t)|φ0〉 + c1(t)|φ1〉

We shall refer to this degree of freedom as a ‘two level system’.

Examples are:

• a nucleus with spin 1/2 in an external magnetic field as in an NMR
experiment,

• a molecular vibration for which we decide to include only the ground
state and the first vibrational excited state in the discussion,

• an impurity molecule, embedded in a crystalline material, for which
we decide to include only the ground electronic state and one excited
electronic state in the discussion.
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A. The absence of interactions with the rest of the system. In
the absence of interaction of the two level system with the rest of the system,
the Hamiltonian is

Ĥ0 = ε0|φ0〉〈φ0| + ε1|φ1〉〈φ1|
Ĥ0 is a diagonal operator for the basis set we are using, and ε0 and ε1 are
the ground and excited state energies in the absence of interaction with the
surroundings.

The density matrix of the two level system is

ρ̂ = (const)e−Ĥ0/kBT (1)

This implies that the off diagonal elements are zero

ρ01 = ρ10 = 0 (2)

and the diagonal elements are

ρii = (const)e−εi/kBT for i = 0 or 1 (3)

Each ρii is the equilibrium probability that the system is in state i. The sum
of the two probabilities must be unity. So the constant in these equations
must be

(const) =
1

e−ε0/kBT + e−ε1/kBT
=

1

Q

where Q is the partition function for the two level system.

There are two more operators of interest for the two level system.

• The first is B̂1

B̂1 = b1 [|φ1〉〈φ0| + |φ0〉〈φ1|]
B̂1 is an operator that couples the ground and excited states.3 The
parameter b1 is a property of the two level system. We assume B̂1 is a
Hermitian operator, which implies that b1 must be real.

3In the case of a nuclear spin, B̂1 is a component of the magnetic moment operator
that is perpendicular to the external field.
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• The second is B̂2.

B̂2 = b2 [|φ0〉〈φ0| − |φ1〉〈φ1|]

This operator has diagonal matrix elements for the basis set we are
using.4 The eigenvalues are +b2 for the excited state and −b2 for the
ground state. b2 is real.

These are the Schrodinger versions of the operator. The corresponding
Heisenberg versions will be denoted B̂1H(t) and B̂2H(t).

For this case of no interaction of the two level system with the other degrees
of freedom of the system, calculate the following equilibrium correlation func-
tions and response functions.

i. SB1B1(t) = 〈B̂1H(t)B1H(0)〉
ii. φB1B1(t)

iii. χB1B1(t)

iv. χ̂′′
B1B1

(ω)

(For future reference, note that SB1B1(t) and φB1B!
(t) do not decay to zero

for large positive t in this idealized situation.)

4In the case of a nuclear spin, B̂2 is the component of the magnetic moment operator
that is parallel to the external field.
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B. A model for the effect on the correlation function of coupling
to other degrees of freedom. When there are weak interactions between
the two level system and the other degrees of freedom it is often expected
that the correlation function SBB(t) decays as

SB1B1(t) = S0
B1B1

(t)e−|t|/T for |t| >> τmol (4)

where S0
BB(T ) is the correlation function in the absence of interaction. This

is the quantity asked for in part A of this problem. (In the NMR case, the
relaxation time T that appears here is related to what are customarily called
T1 and T2. This kind of exponential decay is predicted by the Bloch equations
for nuclear spin dynamics.)

Using this result, calculate

i. φB1B1(t).

ii. χB1B1(t).

iii. χ̂′′
B1B1

(ω).
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C. Weak interactions of the two level system with other degrees
of freedom. We shall model the other degrees of the system classically
and regard them as applying time dependent forces to the quantum degree
of freedom. The Hamiltonian of the system in this case is

Ĥ(t) = Ĥ0 − h1(t)B̂1 − h2(t)B̂2

The second term on the right couples to B̂1 with a time dependent strength
h1(t). This has the effect of creating matrix elements of the Hamiltonian
between the basis states and physically has the effect of inducing transitions
from one eigenstate to the other. The third term on the right couples to B2.
This has the effect of increasing or decreasing the energy splitting between the
ground and excited state. The time dependence of h1 and h2 are determined
by the dynamics of the other degrees of freedom of the system.

We make the following assumptions5 about h(t).

• h1(t) and h2(t) are random functions of time that are statistically inde-
pendent of each other and statistically independent of the initial state
of the two level system.

• 〈h1(t)〉 = 〈h2(t)〉 = 0 for all t. Here the average is over all the other
degrees of freedom in the system.

• Because the averages of the h1 and h2 are zero, the interactions with
the other degrees of freedom have no effect on the equilibrium density
matrix, which is still given by Eqs. (1)-(3).

• The correlation functions of these random functions are

〈h1(t)h1(t
′)〉 = c1(t− t′)

and
〈h2(t)h2(t

′)〉 = c2(t− t′)

Each is nonzero only for very small values of its time argument. In
particular, there is a molecular time τmol such that

c1(t) = c2(t) = 0 for |t| >> τmol

5Note that there are some real similarities to the theory of classical Brownian motion,
but there are some subtle differences as well. See part E.
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• h1(t) and h2(t) are small. They represent very weak fields that have a
very small effect on the time evolution of the two level system. They
ultimately cause SB1B1(t) to decay to zero, but the time scale for the
decay is much larger than the molecular time τ .6

For this model of the weak interaction of the two level system with the other
degrees of freedom of the system, obtain an explicit expression for T in terms
of the properties of the fluctuating forces.7,8

6Note that this separation of time scales has some similarities to what we discussed in
the case of the classical theory of reaction rates.

7Hint: Consider a time large compared with τmol but small compared with T . Obtain
a perturbation theory expression for SBB(t) that is valid in this time range. Compare
with Eq. (4).

8You may find it convenient to use the Heisenberg representation of quantum mechanics
to solve this problem. Then lecture notes N13 may be helpful.

In order to avoid confusion, it would be helpful to notice the following: The object of this
calculation is to calculate a time correlation function for an equilibrium isolated system,
consisting of the two level system interacting with the other degrees of freedom. In all
our discussions so far of quantum correlation functions, we have addressed such problem
using the entire Hamiltonian of the two level system plus surroundings. That Hamiltonian
has no explicit time dependence. However, in the present case, we are calculating that
correlation function by dealing with the equations of motion of the two level system that
is being acted on by an ‘external’ field that is created by the other degrees of freedom. As
a result, we have a Hamiltonian that has an explicit time dependence.

This is similar to the case of Brownian motion. In that theory, we deal with an equation
of motion for the Brownian particle alone, and that equation of motion contains a time
dependent field. This is true despite the fact that the entire system of Brownian particle
and surrounding fluid has a time-independent Hamiltonian.

10



D. Spectroscopy. Suppose an external electromagnetic field can couple
to the two level system. It couples to the operator B̂1 and adds a term
−g(t)B̂1 to the Hamiltonian of the system.

The usual quantum linear response theory states that the rate of absorpion
of energy from an oscillatory g(t) is given by what we called R(ω), which in
this case is related to χ′′

B1B1
(ω).

i. Calculate R(ω) for ω > 0 for the case of no interaction of the two level
system with the other degrees of freedom.

ii. What is the half width at half height (HWHH) of the absorption line in
this case?

iii. Calculate R(ω) for ω > 0 for the case of weak interaction of the two
level system with the other degrees of freedom.

iv. What is the HWHH of the absorption line in this case?

E. What’s wrong with this model for the dynamics? The model
of part C for the interaction of the two level system with its surroundings has
historically been used for a variety of problems. But it has a fundamental
flaw that is sometimes innocuous and sometimes serious, depending on the
system that it is applied to.

i. What is that fundamental flaw? 9

ii. For what systems should this approach be most accurate?

9Hint: compare this model with the theory of Brownian motion.
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