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Abstract

The research presented in this thesis was primarily motivated by current problems in eco-

logical modeling. One such major problem is the so-called presence-only problem, the

analysis of which forms the core of this thesis. The remainder of the thesis introduces

boosted MARS, a new flexible modeling procedure.

In ecological modeling of the habitat of a species, it can be prohibitively expensive to de-

termine species absence. Presence-only data consists of a sample of locations with known

presences and a separate group of locations sampled from the population, with unknown

presences. We propose four different approaches, all of which estimate an underlying

presence-absence model for presence-only data. In the first, an application of the EM al-

gorithm can be used with almost any off-the-shelf logistic model. In the other three mod-

els, gradient boosted regression trees are used to maximize different loss functions arising

from different model assumptions. Simulations and analyses based on sampling from

presence-absence records of fish in New Zealand rivers illustrates that these new proce-

dures can reduce both deviance and the shrinkage of marginal effect estimates that occur

in the naive model often used in practice. It is shown that the population prevalence of

a species is only identifiable when there is some unrealistic constraint on the structure of

the logistic model. In practice, it is strongly recommended that an estimate of population

prevalence be provided.
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Boosted MARS is a modeling procedure which aims to mimic the flexibility and perfor-

mance of gradient boosted trees, but while providing a smoother fitted model. Refitting

the boosted MARS basis functions using L1 regularization sometimes improves predic-

tive performance. However, boosted regression trees usually outperform either boosted

MARS mdoel. We also investigate the effects of smoothing and thresholding the MARS

basis functions on predictive and descriptive performance.
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Chapter 1

Introduction

Statistical techniques are widely used in ecology in order to model and analyze organ-

isms and ecosystems. Those ecological models vary considerably in scope and complexity.

A behavioral ecologist might study interactions between individuals of the same species

(Buston, 2003), or growth dynamics of a single-species population (Gotelli, 1995). In com-

munity ecology, the focus is on interactions between species, such as predation (Kerfoot

and Sih, 1987) or competition (Roughgarden, 1983). On a larger scale, environmental ecol-

ogy attempts to study the relationship between organisms and their environment, in part

to assess the impacts of pollution and other environmental changes on ecosystems (Freed-

man, 1994)

The statistical focus of this thesis is prediction and classification. In particular, we consider

the use of such models in ecological niche or habitat modeling Guisan and Zimmermann

(2000). This is the modeling of species presence or abundance with respect to environmen-

tal variables. These models estimate the niche in environmental space where the species

1



2 CHAPTER 1. INTRODUCTION

can be found. Such models have many applications in ecological management, for exam-

ple in indicating suitable areas for habitat protection (Milsom et al., 2000). Peterson and

Vieglais (2001) use habitat models to predict potential invasions of non-native species or

they may be used to increase resolution of species atlases used in many other applications

Araújo et al. (2005). More recently, focus has turned to predicting the effect of climate

change on species viability and extinction Thomas et al. (2004). This problem brings a

whole new set of problems, as we must extrapolate beyond the range of current data to

predict the effects of future environmental changes.

Even the amount of available data can vary considerably between problems. In some areas

of research, large amounts of data are collected electronically, for example through remote

sensing of environmental measurements (Lillesand et al., 2004) or GPS tracking of mo-

bile species (Weimerskirch et al., 2002). At the other extreme, data collection can be time-

consuming and expensive, especially in studying for rare species (Engler et al., 2004). In

this latter case, there has been a push toward fully utilizing currently available data, such

as the rich sources of species presence records in herbaria and museums. However, these

ad-hoc records provide no specific knowledge of where the species is not present. The sta-

tistical challenge of using these presence-only data in order to estimate a presence-absence

habitat model is the impetus behind Part I of this thesis. We critique current approaches to

this problem and then provide two types of solutions to this problem. The first works as

a wrapper around almost any logistic modeling procedure while the second uses special

implementations of gradient boosted regression trees.

Ecologists have begun to incorporate recent statistical and machine learning techniques

in their analyses. Support vector machines have been used successfully in both habitat

modeling (Guo et al., 2005) and classification of remote sensing data Zammit et al. (2006).

Leathwick et al. (2006) and De’ath (2007) have reported increased predictive accuracy in

habitat modeling using boosted regression trees. Additionally, the simple structure of mul-

tivariate adaptive regression splines (MARS) models allows ecologists to create smooth



3

but flexible models and subsequently generate species distribution maps in other software

(Leathwick et al., 2005). In Part II of this thesis, we investigate how a gradient boosting

implementation of MARS can retain the smoothness and simplicity of MARS, while in-

creasing predictive accuracy.

The statistical models presented here may also be useful in other fields. Presence-only

data also arises in text classification in the form of “positive and unlabeled examples” (Liu

et al., 2003), and in economics as “contaminated controls” (Lancaster and Imbens, 1996).

Boosted MARS is a general modeling technique that can be used in place of generalized

linear models and for more general loss functions in many situations.



Part I

Presence-Only Modeling
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Chapter 2

Introduction to the Presence-Only

Problem

Accurate modeling of wildlife habitat selection is important for effective ecological man-

agement of a species. Logistic models are often used to estimate species distribution, ide-

ally based on recorded presences or absences at randomly sampled locations, and given

environmental variables as predictors. However, such presence-absence data is expensive to

collect and for many species the only available data are of recorded or observed presences.

For example, herbaria and museums have extensive historical occurrence records (Elith

et al., 2006) and radiotelemetry provides a rich source of range locations for mobile species

(Frair et al., 2004). Additionally, such data is becoming increasingly available online (Stein

and Wieczorek, 2004).

Environmental information can be collected for these locations where the species was ob-

served, using geographical information system (GIS) technology. Some methods use only

these observed presences to estimate a species range; for example HABITAT (Walker and

5



6 CHAPTER 2. INTRODUCTION TO THE PRESENCE-ONLY PROBLEM

Cocks, 1991) estimates the range of a species via a convex hull defined in environmen-

tal space. However, many methods also require a background sample or pseudo-absences

— a random sample of locations taken from the full landscape of interest. Although the

presence or absence of a species at the background locations is unknown, these locations

provide a summary of the landscape against which we can compare the observed pres-

ences. Indeed, using the background data can considerably increase prediction accuracy

(Elith et al., 2006). This combination of a sample of locations with known presences, and a

background sample of locations from the whole landscape of interest is what we will refer

to as presence-only data.

The modeling of presence-only data in ecology is reviewed in Keating and Cherry (2004)

and Pearce and Boyce (2006). One method is to fit a logistic model to the recorded pres-

ences and some background data, ignoring the existence of true presences in the back-

ground data. We refer to this as the naive model, and discuss it in more detail in Section 5.1.

It suffices to mention here that the naive model can be highly biased, especially for more

common species. An alternate procedure, the exponential model of Manly et al. (2002,

Section 5.4), exploits the result that the fitted naive logistic regression model provides es-

timates for a log model of the presence-absence probability. However, this approach does

not result in valid estimates of probabilities (Keating and Cherry, 2004), a point we discuss

further when we introduce the model in more detail in Section 5.2.

Lancaster and Imbens (1996) provide an exact method for estimating a presence-absence

logistic regression model using presence-only data. They use direct maximization of a

presence-only likelihood to estimate the linear predictor for the presence-absence logistic

model. However, this technique is rarely used in presence-only modeling as there is no

easily-available implementation, and convergence problems have been reported when the

population prevalence of the species is assumed unknown. Indeed, we will show that

without an independent estimate of overall species prevalence, estimation of this model is
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unstable due to over-reliance on the logistic form of the model. We also provide a more ac-

cessible EM algorithm for maximizing this presence-only likelihood, that can be used with

a wide-ranging group of models. As part of this thesis we compare the performance of

this EM model with a nonparametric boosted regression trees approach based on the same

likelihood. Both the EM and gradient boosting models assume that the overall prevalence

of the species is known, or can be estimated e.g. using expert knowledge.

Maximum entropy modeling (Maxent, Phillips et al., 2006) approaches the problem from

a different perspective. Logistic models aim to estimate the conditional probabilities of

presence given environmental variables, but Maxent models the density of environmental

variables given the presence of a species (relative to an empirical reference distribution).

We will discuss this model and introduce two models that approach the problem in a

similar way. A recent extension of Maxent (Phillips et al., 2006) deals with bias in the

sampling distribution, which we touch on in Section 4.3.

The presence-only problem is also referred to as use-availability modeling (e.g. Keating

and Cherry, 2004). This distinction in terminology is often used to discriminate between

wide-ranging and localized species, and the resulting definitions of presence. We will gen-

erally use the presence-only terminology, but may refer to use-availability when discussing

research that uses that term. To overcome ambiguities in the presence-only problem and

bring together the concepts of presence-only and use-availability, we start by carefully

specifying the presence-only model and then clarify sampling assumptions (Chapter 4).

After describing and critiquing existing models (Chapter 5) we then present four new

models (Chapters 6 and 7). The methods are compared using simulations and artificially

generated presence-only data of a species of eel in New Zealand rivers in Chapter 8.



Chapter 3

An Example: the Longfin Eel

The longfin eel, Anguilla dieffenbachii, is a freshwater eel from New Zealand (New Zealand

Statistics, 2005). When mature, it migrates hundreds of kilometers out to sea where it

breeds and subsequently dies. The larvae travel back to New Zealand on ocean currents,

feeding on plankton. The eels then swim upstream, and may climb waterfalls or pass by

large hydroelectric dams when appropriate eel passage facilities are provided. In 2000 and

2004, fishing quotas were introduced to protect the population from over-fishing.

Imagine that we wish to model the type of environment that the longfin eel favors, or to

assess the impact of dams or other barriers. One way to do this is to model the proba-

bility that at least one eel is present at a particular location, given certain environmental

covariates. These environmental covariates might include average summer or winter air

temperature at the site, distance from the coast and the presence of a dam downstream.

In particular, we will ignore spatial information, so that we can apply this model to other

freshwater locations. We would ideally collect data to build this model by randomly sam-

pling locations along rivers in New Zealand, and then visiting each site to identify whether

8
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the species was present or not. However, this may be prohibitively expensive or time-

consuming. Instead there may be ad-hoc records of eel presence freely available, for exam-

ple from ecologists studying other fish species. Thus we know in which river locations an

eel has been observed — these are our observed presences. However, we don’t know for

sure where the eel does not live.

As the rivers of New Zealand are well-studied, a wealth of ecological measurements are

readily available. Thus it is straightforward to access environmental measurements for our

observed presence locations. Similarly, we can generate a random sample of freshwater

locations, using GIS, for which we also access environmental information. These locations

form our background sample.

As we introduce further concepts, and turn to assessing the proposed and existing models,

we will continue to reference this example.



Chapter 4

The Presence-Only Problem

A precise framework is necessary to enable a clear discussion of the presence-only problem

and potential models. The aim is to use presence-only data to build a statistical model of

the probability of species presence across a landscape, given the values of environmental

variables. To do this, we first need clear definitions of the landscape and what we mean

by the presence of a species. We also need to state our assumptions about the sampling

structure of the presence-only data. We do this after first introducing some notation to

discriminate between true and observed presences.

We wish to predict the probability of a true presence (y = 1) or absence (y = 0) of a species,

given environmental variables or covariates x. However, we know only the observed pres-

ences (z = 1) and the background data (z = 0). Note that an observed presence implies

there must be a true presence, so z = 1 implies y = 1. For the background data (z = 0), we

do not know the true presence or absence, and so y is unknown when z = 0.

For some models, we will sometimes also refer to the sampled locations, i.e. all locations

10



4.1. THE LANDSCAPE 11

for which we have either an observed presence or which are in the background data, using

the notation s = 1. Then s = 0 indicates that a location is in the landscape we are interested

in, but is not part of our data set. We will also use np and na to indicate the number of

observed presences and background data respectively. The aim of presence-only modeling

is to use the observed z and x to estimate the model of interest, P(y = 1|x). However, our

data are generated instead by the probability P(z = 1|x, s = 1).

4.1 The landscape

We consider a landscape or region, which we denote L . This landscape is a set of locations

suggested by the problem and defined by the ecologist. It may be limited by political or

geographic boundaries, or by environment e.g. all rivers within a region. We will also

refer to L as the population of locations, so that population refers to the area that we are

interested in. As with all statistical models, one implication of the choice of a landscape is

that the resulting estimated model may not be valid outside that landscape.

We define the landscape L as a discrete set of pixels covering the region of interest. This

landscape induces the multivariate density function f (x) of the covariates x for that land-

scape. (Although L is discrete, we assume the scale is small enough that we can approx-

imate the probabilities with a continuous density function.) We can also restrict L to a

subset L1 of the landscape that includes only locations where this species is present. This

induces f1(x) = f (x|y = 1), the density of the covariates x for locations where the species is

found. A similar argument gives us f0(x) = f (x|y = 0). We show later that it is the relative

values of f1(x) and f (x) that provide information about the probability of the presence of

the species at a location with covariate values x.
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In the definition of L1 we assumed that at each location the species is either present or ab-

sent. Within the lifetime of a sedentary species this may be true, but wide-ranging species

may only visit a given location occasionally. To be more specific, we define a new time-

indexed landscape LT that is our current landscape L considered at all time points within

a time frame T say, i.e. LT = L × T . We assume both that the values of the covariates x

are constant and that the model is stationary across T . In other words, the probability of a

presence given the covariates x does not depend on the time t: P(y = 1|x, t) = P(y = 1|x).

Then the true probability of presence for a location is the proportion of times t ∈ T that the

species is present at that location. This stationarity assumption is similar in flavor to an ex-

plicit assumption of Guisan and Thuiller (2005), that the species is in pseudo-equilibrium

with its environment during the time frame of the data collection.

4.2 Defining species presence

In order to create and interpret our models, it is important that we have a precise definition

of species presence. We provide a framework for that definition, because it will necessarily

be problem-specific, given the nature of the species. Consider two species, a wide-ranging

bird of prey and a long-lived tree species. The bird’s range may cover a wide area, so to

define its presence at a location we need to state a fixed time period within which the bird

must pass through the location. This time period will be related to the assumed sampling

scheme, and should be chosen so that altering the start of the time period will not signifi-

cantly affect the model. For example, birds of prey have different day and night behaviors,

so this time period should be at least one day.

For both sedentary and wide-ranging species we must also define the spatial scale: the size

of the pixels in the landscape L . These are determined by the ecologist and may depend on
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the mobility of the species under study, or the resolution of available environmental mea-

surements (Guisan and Thuiller, 2005). It is important to make this spatial scale explicit, as

it is necessary for calculating the external estimate of species population prevalence, and in

interpreting model predictions. In our discussion we will assume that both of these scales

have been defined for the problem. We then define a presence of a species at a location to

mean that at least one organism of that species has appeared within the boundaries of that

pixel at some point during the specified time window.

This definition of species presence, including both temporal and spatial scales, is important

when interpreting the estimated model (Guisan and Thuiller, 2005). However, its most

immediate use is as a scaling of the model probabilities, via the population prevalence of

the species π. This is the proportion of all locations in the region of interest where we

would expect to record the species as present, given the spatial and temporal scales. The

spatial scale and π are intrinsically linked, in that changing the spatial scale may change

the proportion of locations with a presence. At the extreme, a very large scale would mean

that the whole landscape was a single pixel, and we would have π = 1, assuming there

was at least one individual present somewhere.

4.3 Presence-only data sampling

In practice, presence-only data are not collected according to a known sampling scheme.

There is no random selection of locations, or any consideration of spatial/temporal scales.

However, in order to create models of species presence, we need to make some assump-

tions about the sampling scheme. We start by setting out those assumptions, and then

discuss a method of dealing with sampling bias.

Ideally the observed presences and the background data are representative of the true
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presences for that species and the whole landscape respectively. This is achievable for

the background data, which can be sampled at random using GIS. For the observed pres-

ences, we assume that for each location and time in LT where a species is present, it is

equally likely that presence is observed. Statistically this means that locations with co-

variate value x occur in the sample of observed presences with probability proportional to

f1(x) = f (x|y = 1). However, there is often no known sampling scheme for the observed

presences. Records at herbaria or museums are typically ad-hoc records of species occur-

rence collected by different individuals, over long periods of time. They may be biased,

for example, towards more accessible locations (Reese et al., 2005), but the major difficulty

here is that we do not know the exact structure of that bias.

One way ecologists attempt to overcome this bias is by choosing the background data in a

way that echoes the bias in sampling the observed presences, so that these two biases can-

cel each other out. This is true for presence-absence logistic modeling, given certain regu-

larity conditions (Zadrozny, 2004), and holds for the presence-only problem for the same

reasons. One approach (Dudı́k et al. (2006)) is to generate background data from observed

presences collected across many species. This assumes that the data collected for other

species in the same landscape has a similar sampling bias as that collected for the species

of interest. Further, we must assume that those other species are sufficiently randomly

dispersed across the landscape so that they accurately represent the overall sampling bias.

In a similar approach, Zaniewski et al. (2002) models the other species’ presence-only data

to provide weights for the random sampling of the background data from the landscape.

4.4 Revisiting the longfin eel

In our example of the longfin eel, a natural definition of the landscape would be all fresh-

water within New Zealand. Alternatively, one could restrict the area to be freshwater
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within only the North Island, or within a certain watershed. In our example, we will re-

strict this to rivers above a threshold of mean annual flow. The locations then are pixels or

sections of all rivers, and the size of those sections may be determined by the pixelation in

the data stored in GIS. As the eels do not have yearly migratory patterns, we can define the

temporal scale to be 24 hours, and this will inform our estimation of the overall population

prevalence π. In particular, π is the proportion of all locations in the landscape of rivers

that we would expect to have any eel pass through within a given 24 hour period.

To illustrate how sampling bias may affect the estimated model, consider a scenario where

our observed data are generated from ad-hoc sightings of the eel by ecologists as part

of a number of other studies. The sampling locations for these studies will be chosen to

suit the purpose of each study. If most studies are of large river or estuarine ecology,

and there are no studies of mountain freshwater ecology, then we will not receive any ad-

hoc observations of the longfin eel in rivers far from the sea. However, longfin eels are

legendary climbers (New Zealand Statistics, 2005) and so may be found high up rivers.

Using these data, we would assume that eels are not found far from the sea, and so our

model would be biased.

If we knew the form of the bias in the sampling locations of the other studies, and the

propensity of those ecologists to record ad-hoc observations, then we could adjust the

model to account for this. However, we do not often know the form of this bias, especially

if observed presences are collected from many different studies. One way to approxi-

mate this bias is by using ad-hoc observations of other species found in freshwater as the

background data; they provide evidence that someone was there looking for something.

However, they do not tell us where people were looking but found no species, and so this

may lead to overestimation of prevalence at such locations.



Chapter 5

Existing Presence-Only Models

A comparison of many models that have been applied to presence-only data is given in

Elith et al. (2006). Of these, two of the best performing models were Maxent and a naive

boosted trees model, which together form a starting point for the work presented in this

thesis. In this section we introduce these models, plus the exponential model of Manly,

which is related to Maxent. In each method, the aim is to ultimately create a model of

P(y = 1|x), the probability of a true presence y at a location, given covariates x. However,

the presence-only data are generated by P(z = 1|x, s = 1), the conditional probability of an

observed presence z = 1. It is this observation that illustrates the core of the presence-only

problem.

To illustrate connections and differences between methods, we start by providing a cate-

gorization in terms of the choice of link function and the selection of the background data

(Table 5.1). The link function defines how the probability of interest P(y = 1|x) is related

to the linear predictor η(x). In this thesis we consider two link functions, the logistic link

16
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Sample Population
likelihood of P(z = 1|s = 1,x) density estimation of f1(x)

Logistic link Naive model
P(y = 1|x) = eη(x)

1+eη(x) Lancaster & Imbens

Log link Manly’s Maxent
P(y = 1|x) = eη(x) exponential model

Figure 5.1: The modeling procedures used in the presence-only problem can be categorized in two
ways. The first is by the use of a log or logistic link function relating P(y = 1|x) and η(x). The
second is whether the background data are assumed to be a sample or the full population of locations.

function

logit
(
P(y = 1|x)

)
= η(x) =⇒ P(y = 1|x) =

eη(x)

1 + eη(x) (5.1)

and the log link function

log(P(y = 1|x)) = η(x) =⇒ P(y = 1|x) = eη(x) (5.2)

The generation of the background data is assumed to occur in two ways. The background

data for the sample method is taken to be a simple random sample of all locations in the

landscape. The population method is to take the background data to be the full population

of locations, equivalently all pixels in the landscape. This distinction leads to two slightly

different approaches in the modeling procedures. In the sample method we take the famil-

iar presence-absence modeling approach of maximizing a conditional likelihood, which

here is based on P(z = 1|x, s = 1). However, when we know the full landscape of locations,
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this implies we know the density f (x), and hence the variability in the data is in the form

of f1(x) = P(x|y = 1). Thus the problem becomes one of density estimation, where the form

of f1(x) depends on f (x) and the link function. To keep the notation simple, we make no

distinction in notation between these two different types of background data. For both we

use z = 0 to denote the background data, and let na be the total number of background

observations; for the population models, na is equal to the cardinality of the landscape L .

5.1 The naive presence-only model

Logistic models are widely used in habitat modeling when the true presences and absences

are known for a sample of locations (Keating and Cherry, 2004). This presence-absence

logistic model is

P(y = 1|x) =
eη(x)

1 + eη(x) ,

for some function η of the covariates x. For example, η(x) can be linear in x (as in logistic

regression) or a non-linear function e.g. GAMs (Hastie and Tibshirani, 1990) or boosted

trees (Friedman, 2001). Our aim in presence-only modeling is to estimate the η from this

presence-absence model, using presence-only data.

Some ecologists (e.g. Parker and Anderson, 2003) treat the observed presences and back-

ground data z as if they are the true presences and absences y. We call this the naive model,

and it fails in two ways. Firstly, the observed presences and background data are not sam-

pled at the same rate as true presences and absences occur in the population. We will show

that this can be overcome using a case-control model, and if the overall proportion of pres-

ence locations π is known, probability estimates can be corrected. The second problem is

that some of the background data are really presences. This is sometimes referred to as

contamination of the controls (Lancaster and Imbens, 1996), and can lead to a large bias in

the case-control adjusted naive model.
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Figure 5.2: The case-control adjusted naive model η?
naive is an increasing but non-linear function

of the true model of interest, η, and the population prevalence π. The blue lines indicate the typical
range of η that occurs for each level of π.

We will analyze the form of the bias in the case-control adjusted naive model in Section 6.6.

There we show that the case-control adjusted naive model η?
naive can be written in terms of

the presence-absence model η as follows:

η?
naive(x) = − log (1− π)− log

(
e−η(x) + 1

)
(5.3)

Thus η?
naive is increasing in the true η, but nonlinearly (Figure 5.2). Although the true

and naive predictors are similar up to a constant for η � 0, when η > 0 the naive model

considerably underestimates the rate at which η is increasing. In particular, the naive linear

predictor is bounded above: ηnaive ≤ − log (1− π). Hence the estimated probabilities for

the naive model will be underestimated for locations with higher probabilities of presence.

This bias has considerable effect on logistic regression estimates, where the true η is as-

sumed linear in x, i.e. η(x) = xTβ. In this case, any naive logistic regression model must be

biased. In particular, the estimates for the naive model βnaive will tend to underestimate

the slopes β. This is illustrated in simulations of presence-only data (Figure 5.3). Although

the estimates for the EM model (introduced in Section 6.4) are approximately unbiased,
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Figure 5.3: Parameter estimates for the naive logistic regression model are biased toward the origin,
with increased bias for larger π. The EM procedure (Section 6.4) produces approximately unbiased
estimates, but with increasing variance for larger π. These estimates are from 100 simulations of
presence-only data, generated from the model η(x) = α + x1β1 + x2β2, where β1 = 1 and β2 =−2.
The x are i.i.d. standard normals and np = 300 and na = 1000.

the naive model estimates are shrunk to zero, with more shrinkage for larger π. However,

note that even for π = 0.1, the naive estimates are noticeably different from the truth. It

is easy to see how this shrinkage may impact variable selection, e.g. important variables

may not appear statistically significant.

At this point it may seem tempting to use the relationship between the true and naive

models (5.3) to make a post-hoc transformation of the naive model. Certainly, for a flexible

fitting procedure where the relationship between η and x is not predetermined, this is the-

oretically possible. However, the form of the relationship introduces complex interactions

between variables in the naive model. Additionally, from (5.3) we see there is an implicit

constraint of ηnaive < − log(1− π); exceeding this value results in undefined η. In practice

this constraint is not observed, nor is there an easy way to enforce this. Alternatively, we

can think of the undefined η as representing a probability greater than 1. To see this, we de-

rive the form of the true probability P(y = 1|x), for the range of values η?
naive <− log(1−π),
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given η?
naive from (5.3):

e−η?
naive(x) = (1− π)

(
e−η(x) + 1

)
⇒ P(y = 1|x) =

1
e−η(x) + 1

= (1− π) e−η?
naive(x). (5.4)

Thus even when ηnaive > − log(1− π), we can get an estimate of P(y = 1|x) that is greater

than 1. Although this is not a valid probability, we can at least use this in assessing the

models in Chapter 8. We will see that this method does not perform well in practice.

5.2 Manly’s exponential model

We briefly discuss this model as it assumes a similar model structure to Maxent. Further,

while Maxent has not yet generated much response in the ecological modeling literature,

the form of Manly’s model has been well critiqued. The exponential model, or equivalently

log-probability model, is P(y = 1|x) = eη(x), which is equivalent to the log link (5.2). The

primary benefit of using this model is that η from this log model is equivalent, up to an

additive constant of log(πna
np

), to the η obtained by fitting the naive logistic model. This

follows immediately from the form for the probability

P(z = 1|s = 1,x) =
πna
np

eη(x)

1 + πna
np

eη(x) (5.5)

which is provided in Manly et al. (2002, Section 5.4), and reproduced in Appendix A.1

using our notation for clarity. If we know π we can make the additive adjustment to the

naive logistic η. However, even if we don’t know π, we can estimate the probability P(y =

1|x) up to a multiplicative constant.

Although the exponential model is easy to fit, the form of the model is problematic. Keat-

ing and Cherry (2004) use simulations to illustrate that this model does not guarantee valid
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probability estimates; an average of 6% of the estimated probabilities exceeded 1 in over

50% of simulations. In addition, the estimated probabilities, referred to as the resource se-

lection function (RSF), were not proportional to the true probabilities. A typical approach

for use-availability or presence-only data is to use the RSF in place of actual probabilities

when the overall prevalence of a species π is unknown. Ecologists then use the RSF in pre-

senting results, with the assumption that the RSF is proportional to the true probability.

At this point we note that in examples based on use-availability data, Johnson et al. (2006)

found the bias in the RSF to be negligible unless π is large (> 0.25).

5.3 Maxent

Maxent (Phillips et al., 2006) is a method of estimating species distribution from presence-

only data, that has been shown to work well in practice (e.g. Elith et al., 2006). A maximum

entropy argument is used to justify a log probability link function log P(y = 1|x) = η(x) + δ.

In this section we describe Maxent in statistical language, and compare it to other statis-

tical models. We reference the maximum entropy calculations, and discuss some of the

advantages and disadvantages of this model.

The aim of Maxent is to estimate the probability density f1(x) of the covariates across loca-

tions with true presences, by comparing f1 to f , the density over all locations. We expect

these densities to be similar because they have many locations in common, and we use the

observed presences to determine how they differ. For example, if one covariate is eleva-

tion above sea level, then we might require that the mean elevation for the estimated f1

is similar to the mean elevation in the locations with observed presences. Thus we could

estimate f1 by minimizing the difference between f1 and f subject to constraining those

mean elevations to be close. In Maxent, this difference is taken to be the relative entropy

of f1 with respect to f (also known as the Kullback-Liebler divergence). To increase model
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specificity, we can extend the constraints on the means of covariates to encompass con-

straints on higher order moments, cross products or quantiles.

To present this modeling in statistical language, we define h(x) to be the vector of basis

functions upon which approximate constraints are defined. It can be shown (Della Pietra

et al., 1997) that maximizing the relative entropy of f1 to f subject to those constraints is

equivalent to maximum likelihood estimation of f1, with L1 constraints on the parameters

β, where f1 is assumed to follow a Gibb’s distribution which takes the form

f1(x) = f (x) eη(x) (5.6)

and where η(x) = α + h(x)Tβ, for a normalizing constant α.

There are several advantages to this approach. Maxent has a simple interpretation in terms

of the probability of interest: using Bayes rule and (5.6),

P(y = 1|x) =
f1(x)P(y = 1)

f (x)
= π eη(x). (5.7)

When π is unknown, the model structure means that probabilities can be estimated up to a

multiplicative constant to provide a relative likelihood of species presence. This is a huge

practical benefit as the true population prevalence may be hard to estimate in practice. In

addition, the fitting procedure automatically performs variable selection via the L1 regu-

larization. This technique is widely used in statistics (e.g. the lasso, Tibshirani, 1996) as a

method of shrinking parameter estimates to decrease variance in predictions. The tuning

parameter of the L1 penalty affects the number of estimated parameters that are set to zero.

However, this model has the same failings as Manly’s exponential model, because of the

log link function. Here we take time to illustrate the issue more carefully. From (5.7),

we see that for P(y = 1|x) ≤ 1 to be true, we require η(x) ≤ − log(π). However, the only
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constraint on η is given by the requirement that the density integrate to 1:

Z
x

f1(x) = 1 =⇒
Z

x
f (x) eη(x) = 1.

The finite landscape version of this is ∑L
1
na

eη(x) = 1, which implies η(x) < log(na). In prac-

tice, na � π−1, so the model may generate probabilities that are larger than 1. Another

way to view this problem, is via the model for f0(x). We know that

f (x) = π f1(x) + (1− π) f0(x)

and plugging in (5.6) we get

f0(x) =
1− π eη(x)

1− π
f (x).

Thus, the density f0(x) is negative if η(x) > − log(π).

Phillips et al. (2006) recognize that the model can result in estimated probabilities a lot

larger than 1, outside the landscape of the problem. However, they also claim that Maxent

models a probability distribution over the landscape. We have already seen that the prob-

ability distribution estimated may be invalid, because it may imply that f0(x) is negative.

We will also see (Chapter 8) that the model commonly estimates probabilities greater than

1 for locations within the landscape. We agree that Maxent can provide a good ranking of

locations with respect to habitat suitability and because of this it performs well when mea-

sured using AUC, the area under the ROC curve (Elith et al., 2006). However, this model

suffers from many of the same problems as that of Manly et al. (2002), because of the log

link structure of the model.

We end this discussion of log link models by noting that for large negative η(x), the log and

logistic links may give similar results. When η(x) � 0, P(y = 1|x) = p is small, so (1− p)

will be close to 1, and hence log(p/(1− p) ≈ log(p). Thus for rare species, with small π,

where most of the η(x) are negative, the log models, including Maxent, may provide a
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good approximation to the logistic models.

5.4 Gradient boosting and regression trees

Many of the models introduced in this thesis use gradient boosted regression trees, so we

end this chapter with a brief description of boosting and regression trees. A good summary

of boosting can be found in Hastie et al. (2001, chapter 10). Boosting is a statistical method

of fitting an additive model of basis functions h(x;γ),

η(x) =
J

∑
j=1

β jh(x;γ j),

where we measure the cost of error in the estimate using a loss function L(y, η; X), for an

outcome y. The basis functions h can be any function of the covariates x; in this thesis we

will use regression trees which we describe later. To fit the model we will use gradient

boosting (Friedman, 2001), a stepwise algorithm that fits a model using a steepest descent

method on the loss function with respect to η. The loss function in our examples will be

the negative log-likelihood of the model,

L(y, η; X) = − log L(y, η; X),

occasionally with penalization functions that apply to specific examples.

At each iteration of the fitting procedure, a basis function is fit to the current working

residuals. Shrinkage is applied to this basis function, which is then added to the current

model. The current working residuals are the negative first derivative of the loss function

defined for each observation, given the estimated model from the previous step. A basis

function is fit to these residuals using squared error loss, and then the optimal parameters
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for this basis function are estimated using the original loss function. In our examples, this

second step cannot be directly solved, so an approximation is used, which involves taking

a single Newton step.

An additional problem arises with two of our three models; the loss function is not con-

vex. Although this is not an issue with the boosting procedure itself, it can cause problems

when taking a Newton step, because the gradient may be positive. To circumvent this

problem, we adjust the calculations of the gradient so that the gradient calculated for each

data point, d2

dβ2 log Li, is forced to be non-negative. Although these adjusted Newton steps,

and the Newton step itself, are only approximations, the stepwise property of boosting

can auto-correct any errors introduced this way. The amount of shrinkage applied to this

model can be adjusted in the implementation of the procedure - typically we use a multi-

plier between 0.001 and 0.01. As the training set loss is reduced at each step, the optimal

number of trees is chosen by minimizing the loss on a separate test set.

One popular basis function to use in boosting is a regression tree, which provides a recti-

linear piecewise constant estimate across the space of covariates and includes interactions

between variables up to a level specified in the implementation. Boosted regression trees

can provide flexible estimates, and have recently been used in estimating logistic models

of species presence from presence-absence data (Leathwick et al., 2006; De’ath, 2007).



Chapter 6

The Logistic Presence-Only Model

In this section we approach the problem in the usual conditional likelihood manner of e.g.

Lancaster and Imbens (1996). In terms of the categorization of Figure 5.1, the EM model we

develop in this section falls into the top left corner. In particular, we model the probability

that a species of interest is present, y = 1, conditional on some ecological covariates x,

P(y = 1|x), using a logistic link function:

logit P(y = 1|x) = η(x) ⇒ P(y = 1|x) =
eη(x)

1 + eη(x) . (6.1)

In studies where the true presences and absences are known for a random sample of loca-

tions, these models are fit using established methods, for a range of different assumptions

about the structure of η.

As mentioned in Section 5.1, there are two reasons why we cannot use the established

methods directly on the observed presences and background data z. Firstly, there is miss-

ing information about the true presence or absence at each location in the background sam-

ple. Secondly, even if the true presences/absences are known for the background data, we

27
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do not have a simple random sample of locations; the combination of observed presences

and background data have a higher proportion of presences than occur in the population.

In Section 6.2 we investigate how to overcome the second problem using a modified case-

control methodology, which we then use in Section 6.3 to find the easily-optimized full

likelihood for the true and observed presences and background data. We then illustrate

an application of the EM algorithm to the full likelihood, which helps us overcome the

problem of missing information in a simple and elegant way (Section 6.4).

In Section 6.5 we see how computational efficiency of the EM algorithm can be increased

for stepwise logistic modeling procedures. Finally, we prove the form of the bias in the

naive model (Section 6.6). Throughout this chapter we assume that we know the overall

population prevalence of the species π = P(y = 1). In Section A.2 we illustrate under what

conditions we can also estimate π directly from these data, and in Chapter 8 look at an

example of sensitivity analysis of uncertainty in π. However, we start by deriving the

presence-only logistic likelihood.

6.1 The presence-only logistic likelihood

To estimate η for the presence-absence logistic model (6.1) we wish to maximize the likeli-

hood for the presence-only data, with respect to η. This likelihood is based on P(z = 1|s =

1,x); the probability that a data point in our presence-only data is an observed presence,

given environmental covariates x. We refer to this likelihood as the presence-only logistic

likelihood.

To write P(z = 1|s = 1,x) in terms of η we start by using a total-probability argument across
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y = 0,1:

P(z = 1|s = 1,x) =P(z = 1|y = 1, s = 1,x)P(y = 1|s = 1,x)

+ P(z = 1|y = 0, s = 1,x)P(y = 0|s = 1,x).
(6.2)

We can think of P(z = 1|y = 1, s = 1,x) as a sampling probability of whether true presences

in our presence-only data were observed (z = 1) or not (z = 0). The random sampling

assumptions (Section 4.3) imply that the sampling of the observed presences was assumed

independent of x, given the true presence or absence. Thus we use an application of Bayes

rule to show

P(z = 1|y = 1, s = 1,x) =
P(z = 1, y = 1|s = 1)

P(y = 1|s = 1)
=

np

np + πna
(6.3)

Further, P(z = 1|y = 0, s = 1) = 0 because all true absences in the data must occur in the

background data.

We will show in the next section that P(y = 1|s = 1,x) is a case-control probability (6.6)

with offset given by (6.8). Substituting all these probabilities in (6.2), we have

P(z = 1|s = 1,x) =
np

np + πna

eη∗(x)

1 + eη∗(x) + 0

=
np
πna

eη(x)

1 +
(

1 + np
πna

)
eη(x)

. (6.4)

Thus the probability of an observed presence is a multiple of the true probability of a

presence (recorded or not), with an adjusted intercept of η; it is the combination of these

two adjustments that make the presence-only problem difficult to solve.

The presence-only likelihood is the product of the probabilities of the observed presences
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and background data z:

L(η|z, X) = ∏
i

P(zi|si = 1,xi)

= ∏
i

 np
πna

eη(xi)

1 +
(

1 + np
πna

)
eη(xi)

zi
 1 + eη(xi)

1 +
(

1 + np
πna

)
eη(xi)

1−zi

. (6.5)

This likelihood can be maximized directly in certain situations, and this is the approach

that Lancaster and Imbens (1996) took for a model with η(x) linear in x. However, for more

general η, direct maximization is not always feasible. In the next few sections we will

develop an application of the EM algorithm that provides an elegant solution to solving

this problem.

6.2 Modified case-control sampling

In this section we assume the hypothetical situation where all true presences and absences

are known for the background data. We will show that in this circumstance we can es-

timate the logistic model (6.1) using a modified case-control argument. We later use this

property in an EM algorithm approach (Section 6.4) for solving the presence-only prob-

lem. To develop the modified case-control argument, we start by introducing the tradi-

tional application of case-control sampling in logistic modeling. We then apply this to our

hypothetical situation.

Traditional case-control sampling (e.g. McCullagh and Nelder, 1989, p111) is a retrospec-

tive sampling technique whereby cases and controls are sampled separately from their

respective populations, at different and unknown rates. A typical application is in the

study of a disease, where the cases (y = 1) are selected at random from all people with
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the disease and the controls (y = 0) are sampled at random from all non-diseased individ-

uals. We use s = 1 to indicate that a data point is selected to be in that sample of cases

and controls. Then, following the usual case-control notation, we write the sampling rates

for the cases and controls as γ1 = P(s = 1|y = 1) and γ0 = P(s = 1|y = 0) respectively. We

assume that γ1 and γ0 are both independent of the covariates x. Let n1 and n0 denote the

number of cases and controls respectively, and N denote the size of the population. Then

if π = P(y = 1) is the proportion of cases in the population, the total number of cases in the

population is Nπ. We are choosing n1 of the possible Nπ cases at random, so by definition,

γ1 =
n1

πN
and similarly γ0 =

n0

(1− π)N
.

As we are only interested in the ratio of γ1 to γ0, the true size of N is unimportant.

The case-control probability P(y = 1|s = 1,x) is written conditional on the event that a data

point is in the sample of cases and controls. This allows us to adjust for the different sam-

pling rates. Following the usual case-control calculations (McCullagh and Nelder, 1989,

p111) an application of Bayes rule gives

P(y = 1|s = 1,x) =
P(s = 1|y = 1,x) P(y = 1|x)

P(s = 1|y = 0,x) P(y = 0|x) + P(s = 1|y = 1,x) P(y = 1|x)

=
γ1eη(x)

γ0 + γ1eη(x)

=
eη∗(x)

1 + eη∗(x) (6.6)

where η∗(x) = η(x) + log(γ1/γ0). Plugging in the sampling rates gives

η∗(x) = η(x) + log
(

n1

n0

)
− log

(
π

1− π

)
. (6.7)

Thus the case-control model is equivalent to the true model (6.1), but where the intercept

is adjusted to account for the sampling rates. Even when the population prevalence π is

unknown, η is identifiable up to a constant.
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We now show how this applies in our hypothetical situation, where we assume that we

know the true presences and absences for all our presence-only data. We start by calcu-

lating γ1 and γ0 for this setup, in terms of np and na, the number of observed presences

and background data respectively. The expected number of true presences in our hypo-

thetical situation is np + πna, which is all the observed presences plus a proportion π of the

background data. As there are np + na total data points, the expected proportion of true

presences in our data is

P(y = 1|s = 1) =
np + πna

np + na
and similarly P(y = 0|s = 1) =

(1− π)na

np + na
.

An application of Bayes rule gives

γ1 = P(s = 1|y = 1) =
P(y = 1|s = 1) P(s = 1)

P(y = 1)
=

np + πna

π (np + na)
P(s = 1) , and

γ0 = P(s = 1|y = 0) =
P(y = 0|s = 1) P(s = 1)

P(y = 0)
=

(1− π)na

(1− π)(np + na)
P(s = 1).

and thus the offset in the modified case-control model is

log
(

γ1

γ0

)
= log

(
np + πna

(1− π)na

)
− log

(
π

1− π

)
= log

(
np + πna

πna

)
. (6.8)

This is equivalent to (6.7) replacing n1 and n0 with np + πna and (1− π)na, the expected

number of true presences/absences. As we are assuming that π is known, the true model

η can be estimated outright.

To summarize, if we knew the true presences/absences for all the data, we could estimate

the model of interest (6.1) by fitting the usual model to these data and then subtracting the

constant log
(

np+πna
πna

)
from η(x). This will be the maximization step in an EM algorithm,

but to show this we first need to consider the likelihood of the full data.
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6.3 The full likelihood

Continuing with the scenario that we know all true presences and absences, we now write

out the full likelihood. This likelihood is written in terms of the joint probability of the true

presences and absences y and the observed presences and background data z, conditional

on X:

L(η|y,z, X) = ∏
i

P(yi, zi|si = 1,xi) = ∏
i

P(yi|si = 1,xi) P(zi|yi, si = 1,xi) (6.9)

This factors into the case-control probabilities P(yi|si = 1,xi) and the sampling proba-

bilities for the observed presences and background data, conditional on the true pres-

ence, P(zi|yi, si = 1,xi). From (6.3), we know P(zi = 1|yi = 1, si = 1,x) = np
np+πna

and hence

P(zi = 0|yi = 1, si = 1,xi) = πna
np+πna

. Further, P(zi = 0|yi = 0, si = 1,xi) = 1 because there are

no true absences in the sample of observed presences. As none of these sampling probabili-

ties depend on η, they only appear in the likelihood as a constant, and are irrelevant in this

scenario. However, we will re-visit these in Section 6.7 when we consider simultaneous

estimation of π.

Thus the likelihood depends only on the case-control probabilities:

L(η|y,z, X) ∝∏
i

P(yi|si = 1,xi). (6.10)

To estimate η, we fit a model to the true presences y to obtain η̂∗, and then subtract the con-

stant log
(

np+πna
πna

)
. Although we do not know the true presences/absences for the back-

ground data, in the next few sections we will see that we can still estimate η this way, using

an application of the EM algorithm.



34 CHAPTER 6. THE LOGISTIC PRESENCE-ONLY MODEL

6.4 Model 1: the EM model

The Expectation-Maximization or EM algorithm (Dempster et al., 1977) is a technique for

maximizing a likelihood where there are some latent or unknown variables. In this ex-

ample, the latent variables are the true presences and absences y for the background data

z = 0. The likelihood is maximized by alternating between expectation and maximization

steps. The expectation of the log-likelihood is taken with respect to the parameter esti-

mates obtained in the previous step. Then that expected log-likelihood is maximized to

re-estimate the parameters. The rest of this section develops the EM algorithm for this

case; the procedure is summarized in Figure 6.1.

From (6.10), the full likelihood of both z and y is

L(η|y,z, X) ∝∏
i

P(yi = 1|si = 1,xi)yi
(
1− P(yi = 1|si = 1,xi)

)1−yi

and so the log-likelihood is

log L(η|y,z, X) = ∑
i

(
yi log(pi) + (1− yi) log(1− pi)

)
+ constant (6.11)

where pi = P(yi = 1|si = 1,xi).

In the E step of the kth iteration, we take the expectation of the log-likelihood, conditional

on the estimated model from the previous step η(k−1). As the log-likelihood is linear in the

yi, we replace the unknown yi for the background data with their expectation ŷ(k)
i :

ŷ(k)
i = E[yi|η(k−1),xi] = P(yi = 1|η(k−1),xi) =

eη(k−1)(xi)

1 + eη(k−1)(xi)
, for zi = 0.

Further, because we know that y = 1 for the observed presences, we have ŷ(k)
i = 1 for zi = 1.
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1. Chose initial estimates ŷ(0)
i = π for i : zi = 0.

2. Repeat until convergence:

• Maximization step:

– Calculate η̂∗(k) by fitting either

1. a logistic model of ŷ(k−1) on X

2. a logistic model of

1P
1A
0A

 on

XP
XA
XA

 with weights

 1P

ŷ(k−1)
A

1A − ŷ(k−1)
A


– Calculate η̂(k) = η̂∗(k) − log( np+πna

(1−π)na
)− log( π

1−π ).

• Expectation step:

ŷ(k)
i =

eη̂(k) + 1
1 + eη̂(k) + 1

for zi = 0 and ŷ(k)
i = 1 for zi = 1

Figure 6.1: Estimation of the contaminated case-control model via the EM algorithm, when π is
known.

The maximization step involves estimation of a case-control logistic model as described

in Section 6.2, fitted to ŷ(k)
i of the observed presences and background data. Any logistic

model fitting procedure can be used, as long as that procedure can handle either weights,

or non-integer responses. That is because the ŷ(k)
i for the background data lie in the interval

[0,1] and are not binary. If the procedure can handle non-integer responses, then the maxi-

mization step is straightforward. Fit ŷ(k) to X, to obtain η∗(k). Then η(k) = η∗(k)− log( np+πna
πna

).

If the fitting procedure can handle weights but not non-integer responses, the maximiza-

tion step involves fitting an augmented ŷ(k) to an augmented X. To see this, we look at the
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expected log-likelihood, taking expectation over (6.11) to give

E[log L(η; y,z, X)|η(k)] = ∑
i

(
ŷ(k)

i log(pi) + (1− ŷ(k)
i ) log(1− pi)

)
+ const

= ∑
zi=1

log pi + ∑
zi=0

wk,i log pi + ∑
zi=0

w∗k,i log
(
1− pi

)
+ const,

where wk,i = ŷ(k)
i . It is apparent that this is equivalent to a weighted logistic model with

np + 2na data points, of which np + na data points have an outcome of 1, and na data points

have an outcome of 0. The background data now appear twice, with outcomes 1 and 0 and

corresponding weights ŷ(k)
i and 1− ŷ(k)

i . More concretely, the maximization step is fitting:

a logistic model of


1P

1A

0A

 on


XP

XA

XA

 with weights


1P

ŷ(k−1)
A

1A − ŷ(k−1)
A

 (6.12)

where the rows of XP and XA are the rows of X that correspond to the observed presences

and background data. The elements of ŷ(k−1)
A are the elements of ŷ(k−1) that correspond to

the background data, and because ŷ = 1 for the observed presences, we can use 1P in place

of ŷ(k−1)
P , where 1P is a vector of ones of length equal to the number of observed presences.

Similarly 0A is a vector of zeros with length equal to the number of background data. After

fitting the model, the resulting η∗(k) must be adjusted as before to obtain η(k).

We have seen that the EM algorithm works by alternately fitting the case-control logistic

model, adjusting the intercept and then calculating the expectations of the latent yi for zi =

0. Theoretical results in Dempster et al. (1977) guarantee that a local maximum of the log-

likelihood (6.11) is attained. All that is required are suitable starting values for the latent

y; using ŷ(0)
i = π, ∀i : zi = 0, so that the sample mean for the background data equals the

population mean, ensures that the case-control offset adjustment is correct. Results of the

EM procedure applied to a simple logistic regression example are illustrated in Figure 5.3;

the estimates are approximately unbiased even as π increases.
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6.5 The EM model and stepwise procedures

Stepwise modeling procedures, such as boosted regression trees (Section 5.4), have started

to appear in the ecological modeling literature (Leathwick et al., 2006), and as such are a

natural choice for the procedure used in the M-step of the EM model. Further, the stepwise

nature of the boosted trees model suggests an improvement; interleaving expectation steps

with every few boosting steps may decrease the time to convergence of the EM algorithm.

In practice this decrease can be an order of magnitude. This interleaving is straightfor-

ward to implement using the existing boosted trees package gbm in R (Ridgeway, 2004).

Although we illustrate the procedure for a boosted trees model, this could be implemented

for any stepwise procedure.

The algorithm follows the same steps as in Figure 6.1, fitting the boosted trees model to

the augmented data set (6.12). The only difference is that instead of fitting a whole boosted

trees model in the M-step, we take the existing boosted trees model, update the weights

ŷ(k−1)
A in the saved model, and then continue to run the fitting procedure to add some more

trees. As adding single trees is relatively inexpensive, we run the model to add say 10 or

50 extra trees at each maximization step - this parameter may be adjusted to optimize the

fit.

The optimal number of trees is chosen in a similar way to a regular boosted trees model; by

minimizing a test-set or cross-validation error. However, we have to be careful here as any

built-in error calculations would be based on the estimates ŷ(k) from the previous iteration

of the fitted model. Instead we use the observed deviance, which is -2 times the log of

the presence-only likelihood (6.5). The observed deviance is calculated using predictions

based on the case-control adjusted η(k), and the observed presences z for a separate test set

or for cross-validation sets. Once the optimal model size has been chosen, predictions and

marginal plots of the effects of each variable or groups of variables can be calculated as
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usual, via the built-in functions of the boosted trees package.

6.6 Bias in the naive presence-only model

The naive presence-only model was introduced in Section 5.1; it is a logistic model fit

directly to the observed presences and background data, ignoring the “contamination” of

true presences in the background data. In this section we develop the relationship between

the naive model and the true logistic model (6.1) that we are interested in. Let ηnaive be

the linear predictor of the naive logistic model for the presence-only data. We will start

by calculating the case-control adjustment for the naive model, and then show how the

adjusted ηnaive is related to the true η.

To obtain the best estimate of η from the naive model, we can do a case-control adjustment

to ηnaive (e.g. Mace et al., 1996). To do this, we assume that the data are random samples

of size np and na from the populations of true presences and absences respectively. Then

from (6.7), the case-control offset for the naive model is

log
(

γ1

γ0

)
= log

(
np

na

)
− log

(
π

1− π

)
= log

(
(1− π)np

πna

)
.

We can write out this case-control adjusted ηnaive in terms of the true η of interest. Using

Bayes rule and (6.4),

ηnaive(x)− log
(

(1− π)np

πna

)
= logit

(
P(z = 1|s = 1,x)

)
− log

(
(1− π)np

πna

)
= log

( np
πna

eη(x)

1 + eη(x)

)
− log

(
(1− π)np

πna

)
= − log (1− π)− log

(
e−η(x) + 1

)
.
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We have already discussed the form of this bias in Section 5.1.

6.7 Estimating the popoulation prevalence π

Ideally we would like to be able to estimate the population prevalence π, as well as η,

from presence-only data. However, if we make no assumptions about the structure of η

(such as in a boosted trees model), then π and η are not identifiable. This means that if

we know neither π nor η, then we cannot estimate them accurately. In fact the only way

to estimate π is by making unrealistic assumptions about the form of η. In this section we

prove conditions for the identifiability of π and η; an illustration of how it may work in

practice is given in Appendix A.2.

First we give a heuristic proof that π and η are not identifiable when there is no constraint

on the structure of η. Let f1(x) = P(x|y = 1) and f0(x) = P(x|y = 0) be the densities of

the covariates x for the populations of true presences and absences respectively. Then the

overall density of x is f (x) = π f1(x) + (1− π) f0(x), and by Bayes rule,

P(y = 1|x) =
P(y = 1)P(x|y = 1)

P(x)
=

π f1(x)
(1− π) f0(x) + π f1(x)

.

The model of interest here is logit(P(y = 1|x)) = η(x), so

η(x) = log
(

π

1− π

)
+ log

(
f1(x)
f0(x)

)
.

Thus η defines, up to a multiplicative constant, the form of the ratio between f1 and f0.

The background data provide information about the form of f , as they are a random sam-

ple from all locations on the landscape. Similarly we learn about the shape of f1 from the
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observed presences. However we have no information about f0 directly, so if η is unre-

stricted and π unknown, there is no restriction on the form of f0. To see this, note that if

(π, f0, f1, f ) is one representation of the densities, then we can write

f = π f1 + (1− π) f0 = π∗ f1 + (1− π∗) f ∗0

where f ∗0 = 1
1−ρπ

(
(1− π) f0 + (1− ρ)π f1

)
is a density and π∗ = ρπ, 0 < ρ < 1. As f and f1

remain the same, (π∗, f ∗0 , f1, f ) is a family of possible alternate representations. Thus π and

f0 are not uniquely defined without any assumption on the structure of η.

We next prove identifiability of π and η in a conditional logistic regression model, where

we assume η(x) = xTβ is linear. The observed likelihood for the observed presences and

background data is

L(η|z, X) =∏
i

P(zi = 1|si = 1,xi)ziP(zi = 0|si = 1,xi)1−zi

=exp

(
∑

i
zi log

(
P(zi = 1|si = 1,xi)
P(zi = 0|si = 1,xi)

)
+ ∑

i
log
(
P(zi = 0|si = 1,xi)

))
.

From (6.4), this is the density of a curved exponential family (Lehmann & Casella, 1998)

with natural parameter ζ(π, η) where

ζi = logit(P(zi = 1|si = 1,xi)) = log
(

np

πna

eη(xi)

1 + eη(xi)

)
.

This family is of full rank if (π, η) 6= (π′, η′) ⇐⇒ ζ 6= ζ ′, and we note that

ζ(π, η) = ζ ′(π′, η′) ⇐⇒ π′

π
=

e−η(xi) + 1
e−η′(xi) + 1

. (6.13)

We will assume that X includes a column of 1s, so that xT
i β includes an intercept term, and

also that X is of full rank. Because X is full rank, β 6= β ′ ⇐⇒ Xβ 6= Xβ ′, and if Xβ 6= Xβ ′

then e−xT
i β+1

e−xT
i β′+1

can not be constant for all i. Hence, there does not exist π and π′ such that
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Figure 6.2: The likelihood surface, and a 95% confidence interval (dashed line), for π and the
intercept α at the true level of β for a simulation of 200 observed presences and 1000 background
data. The true values of π = 0.34, and β0 = −1.0 are indicated on the plot. The generative model
is η(x) = −1 + βx, where β = 2 and the x are i.i.d. stanford normals.

ζ = ζ ′. Similarly if π 6= π′, there is no β and β ′ such that (6.13) holds.

A stricter proof of non-identifiability for general η follows directly from this argument. As

η is unconstrained, it is possible to choose η such that the equality (6.13) holds for all xi, for

fixed π,π′ and η′. More generally, if we can write η(x) = h(x)Tβ for some basis functions h

of x, such as for GAMs, then π and η are identifiable if and only if h(x) is of full rank. This

follows immediately from the argument for the logistic regression model.

We briefly turn our attention to the other models considered in this thesis. It turns out that

π is not identifiable in the log probability model (e.g. Section 5.2). This is immediately

apparent from the form of P(z = 1|x, s = 1) given in (5.5), which depends on π and η

through the form η(x) + log(πna
np

). Thus π and the intercept of η are not identifiable.

In this thesis, we also approach the presence-only problem by estimating the covariate

densities f1(x) directly (Maxent and Sections 7.2 and 7.4). However, the assumption of a

log or logistic probability model implies that the results above also apply in these cases.
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Alternatively, if we are willing to assume parametric forms for these densities then we can

usually estimate π. For example, assuming f0 and f1 are Gaussian, π could be estimated

using a method similar to the EM algorithm for Gaussian mixture estimation (e.g. Hastie

et al., 2001, p236). However, this estimate may be severely biased if the assumption is not

true.

This analysis strongly contra-indicates estimating π from presence-only data. Although

it is theoretically possible to estimate π for the linear logistic regression model, there is

an implicit assumption that the log of the tilting function f1/ f0 is linear in x. This may

be a useful representation of the true model, but not as an assumption upon which π is

estimated. In practice estimates of π are highly variable, and correlated with the intercept,

even in simulated models where the logistic model is the truth (Figure 6.2). Where the true

densities deviate from the assumed structure, the estimates are highly unstable; Lancaster

& Imbens (1996) report failure of convergence of the direct maximization of the presence-

only likelihood in several examples.



Chapter 7

Presence-Only Models and Gradient

Boosting

In this chapter we introduce 3 new methods of estimating a presence-absence model from

presence-only data, all of which use gradient boosting in order to maximize the otherwise

intractable likelihoods. In our implementation, we have used gradient boosting of regres-

sion trees (Section 5.4), though any base learner may be used in place of regression trees.

These three new methods, as well as the EM model of the previous section, fit into the

existing framework (Figure 7.1).

7.1 Model 2: the sample logistic model

The first of the boosting models uses a similar approach to the EM model (Section 6.4),

in that we wish to maximize the presence-only logistic likelihood (Section 6.1), which is

43
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Sample Population
likelihood of P(z = 1|s = 1,x) density estimation of f1(x)

Naive model
Logistic link Lancaster & Imbens Population logistic

P(y = 1|x) = eη(x)

1+eη(x) EM model
Sample logistic

Log link Manly’s Maxent
P(y = 1|x) = eη(x) exponential model Population log

Figure 7.1: The modeling procedures used in the presence-only problem can be categorized in two
ways. The first is by the use of a log or logistic link function relating P(y = 1|x) and η(x). The
second is whether the background data are assumed to be a sample or the full population of locations.
Existing models are given in black and new models are highlighted.

based on the conditional probability of an observed presence z, given x and s = 1. From

(6.5) we know that this likelihood can be written

L(η|z, X) = ∏
i

P(zi|si = 1,xi)

= ∏
i

 np
πna

eη(xi)

1 +
(

1 + np
πna

)
eη(xi)

zi
 1 + eη(xi)

1 +
(

1 + np
πna

)
eη(xi)

1−zi

.

(7.1)

This likelihood is not straightforward to maximize for general η. Lancaster and Imbens

(1996) provided code to maximize this likelihood using a generalized method of moments

approach , for η linear in x (or some fixed basis functions of x). A different approach that we

have already seen (Section 6.4) is to use an EM algorithm to maximize the full likelihood

written also in terms of the missing true presences and absences. Here we consider direct



7.2. MODEL 3: THE POPULATION LOGISTIC MODEL 45

maximization of the likelihood via gradient boosting, and in particular, its implementation

using boosted trees.

The loss function for this problem is the negative log-likelihood. We start by noting that

this is a non-convex loss function. We use (7.1) to write out the log-likelihood, with some

re-arrangement, to give

log L(η|z, X) = ∑
zi=1

η(xi) + ∑
zi=0

log
(

1 + eη(xi)
)
−∑

i
log
(

1 +
(

1 + np
πna

)
eη(xi)

)
+ k (7.2)

for some constant k. It is easy to show that the function f (η;α) = log(1 + α exp(η)) is

convex in η for α > 0. This function appears twice in the log-likelihood, but is both added

and subtracted for different constants α. Hence there are both convex and concave terms

in the log-likelihood, and so the loss function is not necessarily convex in η. To overcome

this, we will use the adjusted Newton step in the gradient boosting algorithm (Section 5.4).

7.2 Model 3: the population logistic model

We continue to assume a logistic link function for P(y = 1|x), but now assume that the

background sample of sites is the full population of locations L . Because we know L , by

definition we know the density f (x). Hence the randomness in the data is with respect

to the density f1(x) of covariates for the true presences, and the problem becomes one of

density estimation. The structure of f1 is defined in terms of f by the assumption of a

logistic probability link. We start by developing this structure and then show how this is

used in estimating f1.
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The logistic model (5.1) is

log
(

P(y = 1|x)
P(y = 0|x)

)
= η(x) =⇒ P(y = 1|x)

P(y = 0|x)
= eη(x). (7.3)

We use a standard application of Bayes rule:

P(y = k|x) =
P(y = k) fk(x)

f (x)
=⇒ P(y = 1|x)

P(y = 0|x)
=

π f1(x)
(1− π) f0(x)

,

and plug in the form of the logistic model (7.3) to get

π f1(x) = eη(x)(1− π) f0(x).

Then plugging this in to the total probability identity, f (x) = π f1(x) + (1−π) f0(x), and with

some manipulation of terms we see

f1(x) =
f (x)

π
(
e−η(x) + 1

) . (7.4)

Note that this model constrains f1(x) to be non-negative on the support of f (x), and strictly

positive as long as η is finite. Unlike for Maxent, it is also true that the corresponding f0(x)

is non-negative; the form for f0 is

f0(x) =
f (x)

(1− π)
(
eη(x) + 1

) .

Thus our problem is one of semi-parametric density estimation, where we are estimating

f1(x) with respect to a baseline density f (x). The likelihood for this density estimation

problem is then

L(η|X) = ∏
zi=1

f1(xi) = ∏
zi=1

f (x)
π
(
e−η(x) + 1

) (7.5)

where zi = 1 indicates an observed presence. Implicit in the estimation of f1 is the as-

sumption that it is a true density function: it must be non-negative and integrate to 1
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across the full population of locations. The non-negativity holds by the parameterization

of the model, but the second requirement generates the constraint on the likelihood thatR
f1(x)dx = 1. In Appendix A.3 we show that maximizing (7.5) subject to this constraint is

equivalent to unconstrained maximization of a penalized log-likelihood

log L∗(η|X) = ∑
zi=1

log f1(xi)− np

Z
f1(x)dx (7.6)

where np is the number of observed presences. Plugging (7.4) into (7.6) gives us the penal-

ized likelihood for this problem:

log L∗(η|X) = ∑
zi=1

[
log f (xi)− log(π)− log

(
e−η(x) + 1

)]
− np

Z f (x)
π
(
e−η(x) + 1

)dx

The final term is an integral with respect to f (x), for which we have no closed form. How-

ever, f is generated by the finite landscape L , which assigns a probability of 1
na

to each

location in L . Therefore, we can replace that integral with a sum over all locations in

L , which we indicate using the notation zi = 0. Additionally, the log f (xi) term does not

depend on η and so can be ignored as a constant. This gives:

log L∗(η|X) = − ∑
zi=1

log
(

e−η(x) + 1
)
−

np

πna
∑

zi=0

(
e−η(x) + 1

)−1
+ const. (7.7)

One interesting point to notice here is that the background data get the same weighting in

this log-likelihood, no matter whether there are 100 or 100,000 data points. Thus there is

no inherent problem with unbalanced sample sizes.

We note here that the loss function for this problem, which equals the negative log likeli-

hood, is not necessarily convex in η. Although log(eη + 1) and e−η + 1 are both convex in

η, the inverse of a convex function is not convex, so the second summation on the r.h.s. of

(7.7) is not convex. The non-convexity of the loss function is only problematic when taking
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the Newton step to estimate the optimal parameters for the fitted regression tree. Hence

we use the adjusted Newton step (Section 5.4), to ensure that the gradient is positive.

7.3 The population logistic model as a limit of the sample logistic

model

We show heuristically that the population model can be thought of as the limit of the

sample model, as the background sample size approaches that of the whole population.

In these calculations we will assume an infinite background sample and so look at the

case where nu →∞. We compare the limit of the log-likelihood for the sample logistic

model (7.2) to the log-likelihood for the population logistic model, and use LS and LP to

denote the likelihoods for the sample and population models respectively. Implicit in the

sample logistic model is the assumption that f1(x) integrates to 1 across x. We make this

an explicit constraint in the maximization of LS, and as nu →∞, to match the constraint

on the maximization of LP.

From (7.7) the form of the log-likelihood for the population model, without the penaliza-

tion term, is:

log LP(η|X) =− ∑
zi=1

log
(

e−η(x) + 1
)

+ const

= ∑
zi=1

[
η(x)− log

(
1 + eη(x)

)]
+ const. (7.8)
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In contrast, the sample model has log-likelihood given by (7.2):

log LS(η|z, X) = ∑
zi=1

[
η(xi)− log

(
1 +

(
1 + np

πna

)
eη(xi)

)]
+ ∑

zi=0

[
log
(

1 + eη(xi)
)
− log

(
1 +

(
1 + np

πna

)
eη(xi)

)]
+ const.

(7.9)

Note that both these likelihoods have the implicit or explicit constraint
R

f (x)dx = 1. Thus

to show that (7.9) converges to (7.8), we need to show that the second summation of (7.9),

over zi = 0, tends to a constant, and the first summation, over zi = 1, tends to (7.8).

Denoting γ = np
πna

, the second summation in (7.9) can be written

− ∑
zi=0

log
(

1 + (1 + γ) eη(xi)

1 + eη(xi)

)
= − ∑

zi=0
log
(

1 + γ
eη(xi)

1 + eη(xi)

)
= − ∑

zi=0
log
(
1 + γpi

)
where pi = P(yi = 1|xi). By definition, γ → 0 as na →∞, so remembering that na = #{i; zi =

0}, we use a Taylor expansion to get

− ∑
zi=0

log
(
1 + γpi

)
= ∑

zi=0

[
−γpi + O(γ2 p2

i )
]

= −
np

π

1
na

∑
zi=0

pi + O
(

1
na

)
.

na→∞−→ −
np

π
E[P(y = 1|x)]

Thus the second summation in (7.9) tends to a constant as na →∞.

To show that the first summation in (7.9) tends to (7.8), we will show that

∑
zi=1

log
(

1 +
(

1 + np
πna

)
eη(xi)

)
− ∑

zi=1
log
(

1 + eη(xi)
)

na→∞−→ 0. (7.10)

Following the same arguments from above, the l.h.s. of (7.10) can be written

∑
zi=1

log
(

1 + (1 + γ) eη(xi)

1 + eη(xi)

)
= ∑

zi=1
log
(
1 + γpi

)
= ∑

zi=1

[
γpi −O(γ2 p2

i )
]
.
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In this case, the summation is of np = #{i; zi = 1} terms, which stays fixed, so

∑
zi=1

[
γpi −O(γ2 p2

i )
]

=
np

π

1
na

∑
zi=1

pi −O
(

1
na2

)
na→∞−→ 0.

Hence (7.10) is true and so (7.9) tends to (7.8) as na →∞.

This result is similar in form to that of Owen (2006). In that paper, the limit of a logistic

regression model, as the number of absences tends to infinity, is equivalent to density

estimation of the covariate distribution of the presences, where that density is assumed

to be an exponential tilt of the density for the absences. This exponential tilt is the exact

relation of the densities in the logistic model.

7.4 Model 4: the population log model

The final model we consider is similar to Maxent in that it assumes the same log proba-

bility link function (5.2) and the background sample is assumed to be the full landscape

of locations L . The difference between this model and Maxent is in the choice of basis

functions and the fitting procedure. While Maxent does L1 constrained fitting assuming

an η linear in certain fixed basis functions, this model uses gradient boosting of regression

trees. Obviously, the concerns about the specificity of the log link function still apply here,

but we were interested to see how the extra flexibility in the boosted trees, over the Maxent

basis functions, impacts performance.

As with the population logistic model, we know the density of the background data f (x),

so we need to estimate the density f1(x). The structure of f1 is defined by our assumption
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of a log probability link; using (5.2) and an application of Bayes rule we get

f1(x) =
P(y = 1|x) f (x)

P(y = 1)
= eη(x) f (x). (7.11)

Hence the likelihood for this density estimation problem is then

L(η|X) = ∏
zi=1

f1(xi) = ∏
zi=1

eη(x) f (x). (7.12)

Again we need to ensure that f1 is a true density. It is easy to see that f1 is non-negative,

and we can ensure that it integrates to one by using the penalized log-likelihood (7.6)

we introduced in Section 7.2. Thus plugging (7.11) into (7.6) gives us the penalized log-

likelihood for this problem:

log L∗(η|X) = ∑
zi=1

[
η(xi) + log f (xi)

]
− np

Z
eη(xi) f (x)dx.

As before (Section 7.2), we can replace the integral with respect to f (x) with a finite sum

over all locations in L . Additionally, the log f (xi) term does not depend on η and so can be

ignored as a constant, so we get:

log L∗(η|X) = ∑
zi=1

η(xi)−
np

na
∑

zi=0
eη(xi) + const.

This loss function is convex in η and so we use a straightforward implementation of gra-

dient boosting of regression trees to estimate η.
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7.5 Adjusting for shrinkage inherent in boosting

In the estimates of η for the boosted trees models, we see a lot of shrinkage relative to η

for a model fit to the true presences and absences. This reflects the observations of Ros-

set et al. (2004) that boosting behaves similarly to L1 regularization on all possible ba-

sis functions, which in our example is all possible regression trees. L1 regularization is

a widely used shrinkage method aimed at reducing model variability. However, in our

presence-only models, we are trying to remove the shrinking effect of having unknown

presences/absences in our background data. Although boosted trees is a very flexible

modeling procedure, the extra shrinkage incurred because of the boosting is not itself de-

sirable.

To overcome this shrinkage we apply a post-hoc linear adjustment to η̂, giving

η̂adj(x) = β0 + β1η̂(x).

In practice this is done as follows. After fitting the boosted trees model to the training

set data, the optimal number of trees is chosen using the test set data. Then we take the

predictions η̂(x) for the test set data, and use these as the covariates in a linear presence-

only model to estimate β0 and β1. It is important that we use the test set and not the

training set data to estimate these parameters to avoid overfitting.

The presence-only model used in this post-hoc adjustment is ideally chosen to match the

form of the boosting model, so e.g. a post-hoc adjustment of the sample logistic boosting

model would use a linear EM model. However, we do not have an equivalent form of the

population logistic model for η linear in x. In this case, because the results from the sample

and population logistic models tend to be similar, we will use the sample logistic based EM

model as a stand-in for a linear population logistic model. An application of Maxent, using

only linear features, can be used to make this adjustment for the log population model,
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although the regularization multiplier (the shrinkage parameter) should be set to zero.

7.6 Comparing the presence-only models

At this point we pause briefly to recap the differences between the existing and new mod-

els. At the beginning of Chapter 5 we pointed out the different assumptions that underly

the four quadrants in Figure 7.1: the log vs logistic link functions and the sample vs pop-

ulation assumption of the background data. Here we concentrate the differences between

models in the top left and bottom right quadrants.

First, in the top left quadrant, are all models that assume a logistic link function and that

the background data are a sample of al locations. The naive model is different from the oth-

ers in that it can be highly biased because it maximizes a different incorrect loss function.

The other three models are all attempting to maximize the same presence-only likelihood

(6.5), albeit in two different ways, and for different structures for η in terms of x. Lancaster

& Imbens assume η is linear in x, whereas the sample logistic model assumes that η is a

linear combination of regression trees. However, both of these models attempt direct max-

imization of the presence-only likelihood. In contrast, the EM model attempts to maximize

the presence-only likelihood (6.5) by instead maximizing the full likelihood (6.10) which

includes the sometimes missing true presences/absences. This full likelihood, when in-

tegrated with respect to the distribution of the unobserved y, results in the presence-only

likelihood. The EM model is more flexible than the other models in that almost any logistic

fitting procedure may be used, thus allowing many different structures of η relative to x.

In the bottom right corner of Figure 7.1, Maxent and the population log model attempt to

maximize the same likelihood (7.12), subject to constraint that f1 be a density. However,

they assume different structures and constraints on η. Maxent uses L1 regularization of a
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large set of basis functions of x, whereas the population log model uses gradient boosting

of regression trees.



Chapter 8

Assessing the Presence-Only Models

Analysis and comparison of presence-only models is often problematic, because we wish

to use presence-absence data to best assess the models, but there are few data sets where

true presence-absence data are available, for the same species and regions, as presence-

only data. On the other hand, although we know the truth when using simulated data, it

is hard to reproduce the complexity that is inherent in ecological systems, and so results

from simulations may not accurately reflect the results we might get in practice. As we do

not have access to any paired presence-only and presence-absence data sets, we use two

different types of simulations. The first method uses full simulations of data generated

from a logistic model. In addition, we use actual presence-absence data of longfin eels

in New Zealand rivers to generate presence-only data. Thus we can assess the models

estimated from presence-only data, using the true presences and absences.

A typical choice of metric for comparing presence-absence models is the binomial de-

viance. While we could use this to compare all the logistic link models, this is not an

appropriate comparison for the two log link models, as some of the fitted probabilities for

55
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these models are greater than 1. In that case, the binomial deviance is not defined, and

even if we replace all those probabilities with a probability of 1− ε, the resulting value

of the deviance is highly dependent on the choice of ε. Instead, we assess these models

using two overlapping sets of metrics for the two approaches. In the full simulations, we

know the true η and hence the true P(y = 1|x). We cannot compare the ηs directly, as they

have different interpretations for the log and logistic models. Instead, we use the root

mean squared error (RMSE) and correlations between the true and predicted probabilities

P(y = 1|x). The RMSE measures how accurately we can estimate the exact probability, and

hence in Maxent we use our knowledge of π to convert the given output to a probability

estimate. The correlation instead indicates how accurately we know the true probabilities

up to a linear transformation. This measure does not penalize for shrinkage, so for exam-

ple, the naive model will appear to perform better when assessed using correlation rather

than RMSE.

In both sets of analyses, we assess fit using AUC, the area under the receiver operating

characteristic (ROC) curve (Bradley, 1997). The ROC curve is a plot of sensitivity vs. (1-

specificity) for different levels of a classification threshold in a binary classification prob-

lem. In our example, sensitivity is the proportion of correctly classified true presences and

(1-specificity) is the proportion of incorrectly classified true absences. The AUC lies be-

tween 0 and 1, with a high AUC indicating a good classifier. A classifier that randomly

assigns true presence and absence categories will have an AUC of 0.5. We note here that

the AUC statistic is based solely on the relative ordering of the predicted probabilities, and

not their absolute values. This measure benefits Maxent because it is irrelevant whether

the estimated probabilities are greater or less than 1, whereas probabilities greater than 1

may be heavily penalized in the calculation of RMSE.

We will compare all the models presented in Figure 7.1, plus the post-hoc adjusted ver-

sions of boosted trees logistic models (Section 7.5) and the transformed naive model (at

the end of Section 5.1). As there is a lot of variability inherent in most presence-absence
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models, and we wish to measure the additional variability introduced by the missing true

presences/absences, we provide a baseline against which to compare the relative perfor-

mance of the presence-only models. We call this the full model and it uses the same data

that are used in fitting the presence-only models, but with the added knowledge of all true

presence and absences. We assume a logistic link for this model, and we fit the model us-

ing usual presence-absence models. The only place where care is needed is that these data

have different sampling rates of true presences/absences than occur in the population, so

we must make a case-control adjustment as in (6.6). In this case, γ1 = n1
Nπ and γ0 = n0

N(1−π) ,

so the adjustment is log(n1/n0)− log(π/(1− π)), where n1 and n0 are the number of true

presences and absences in these data for the full model.

8.1 Simulation studies

In creating a generative model for the simulation studies, we wanted all modeled proba-

bilities to be no greater than 1, and for the population prevalence to be π. However, for

π sufficiently large it was hard to create a generative model with a log link function that

satisfied both these conditions. This is because a log link model that is additive in η is

multiplicative in the probability, so for a given variable, the effect on the probability will

be much larger if the probability was already large. This in itself is a good indicator that

the log link is not appropriate in modeling probabilities. Because of this, we assumed a

logistic link in the generative model for these simulation studies, even though we knew

this would favor the logistic models.

We assume there are 10 independent uniform [0,1] covariates, that are iid for each location.

The generative model for the simulation depends on only 6 of these covariates, while the
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Figure 8.1: The generative model for the simulation study depends only on the first six variables
through main and two-way joint effects.

remaining 4 are noise. The model, which is also illustrated in Figure 8.1, is:

η(x) = φ

(
x1 − 0.5

0.125

)
+ ((4x2 − 2∨ 0)∧ 1) + 1{x3>0.5,x4>0.5} + |x5 + x6 − 1|+ c(π) (8.1)

where the constant c(π) is chosen so that the mean presence for this model equals π. Thus

there are two main effects on η from x1 and x2, and two 2-way effects. The value of π

varies between 0.1 and 0.5 to assess the impact of population prevalence on the relative

performance of the models.
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The data were generated following the sampling assumptions set out in Section 4.3. There

are 500 observed presences and 2000 background data in each realization of the simulation,

and the data generation and model fitting were repeated 100 times. These 2500 observa-

tions were used to fit the models, with the test set, if necessary to choose the optimal model,

taken from those data. In order to assess the final model, we use a validation set of 10,000

observations randomly sampled from the population.

We approach the fitting of this model in two ways. The first directly uses the basis func-

tions from the generative model when fitting the presence-only models, both with and

without the 10 original covariates as noise variables. This provides an insight into when

the presence-only models work well. We then look at the typical scenario, where only

the 10 original covariates are given, and compare the performance of Maxent and various

boosted regression tree models.

8.1.1 Modeling via known basis functions

The aim of this part of the simulation was to illustrate how well the presence-only model

could reproduce the presence-absence model for a simple model in the absence of excess

noise, and then observe the effect of adding in extra noise. The covariates for the first

model are the four basis functions h j(x) for j = 1, . . . ,4 that are implicitly defined in (8.1),

so e.g. h1(x) = φ
(

x1−0.5
0.125

)
and h4 = 2|x5 + x6 − 1|. In the model with extra noise, we use

these same four basis functions, plus all 10 original covariates, thus our set of covariates

is {h1(x), . . . , h4(x), x1, . . . , x10}. We fit these two sets of covariates to three models, each of

which use a logistic regression procedure. For the full model we do a logistic regression

fit of the true presences and absences, followed by case-control adjustments. For the other

two models we fit the observed presences and background data. In the naive fit we use a

case-control adjusted logistic regression, and for the EM model we use logistic regression

in each M step of the algorithm.
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Unsurprisingly, the RMSE of the predicted probabilities from these presence-only models

increases as a function of π, as illustrated in Figure 8.2. When the noise variables are

included in the fit, the RMSE is higher for each model, but this is most noticeable for the

EM model. For a simple, well defined model with little noise, the EM model performs

almost as well as the full model. However, with extra noise, the EM model only manages

to reduce RMSE over the naive model by about 50% relative to the full model. The absolute

difference in RMSE is negligible for π ≈ 0.1 but is considerable for larger π. As more noise

is introduced, for example in the following section, this gain in performance over the naive

model decreases further.
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Figure 8.2: The root mean squared error (RMSE) across the validation set for the predicted prob-
abilities as a function of π, for models using the basis function from the generative model either
with or without extra noise variables. The three lines for each model are the quartiles of the RMSE
across 100 realizations. These plots may be directly compared with Figure 8.3, which gives results
for boosted regression tree models for the same data.
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Figure 8.3: The root mean squared error (RMSE) across the validation set for the predicted proba-
bilities as a function of π, for Maxent, and models using boosted regression trees with or without the
post-hoc adjustment. (Maxent does not have a post-hoc adjustment.) The three lines for each model
are the quartiles of the RMSE across 100 realizations. The logistic model here is the population
logistic model, though the sample and population logistic models perform similarly. These plots can
be directly compared with those for models using the known basis functions (Figure 8.2).

8.1.2 Modeling via boosted regression trees

In this section we look at how accurately each procedure can reproduce the generative

model (8.1), given only the covariates {x1, . . . , x10}, and not the form of the basis functions

h j(x). For each model considered in this section, except for Maxent, we use gradient boost-

ing of regression trees. For the full and naive models, we use the Bernoulli distribution

of the gbm package in R (Ridgeway, 2004), and then make case-control adjustments. The

transformed naive model is then obtained by using the transformation (5.4) on the case-

control adjusted naive model. The EM model uses the Bernoulli distribution of gbm at each

M-step, and the three boosting models from Chapter 7 are fit using new distributions that

were created for the gbm package and are now available as part of the ecogbm package.

For all models using boosted trees, we also do the post-hoc adjustment (Section 7.5). For

the full model, this involves fitting a logistic regression model, and for all other logistic
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boosted trees models, we run the EM model.

Now the models must estimate the form of the basis functions of the generative model

(8.1), and hence the variability in the estimated models increases, as indicated by the larger

RMSE of the probability estimates (Figure 8.3 compared to Figure 8.2). Further, using

boosted regression trees has reduced the impact of fitting a correct presence-only model

over using the naive model. The reduction in RMSE for the population logistic model,

over the naive model, is now about 20% of the possible reduction (as measured by the

full model). This is considerably less than the 50% reduction seen for the basis function

models. It appears that the benefit of using correct presence-only models decreases as the

complexity of the model fitting increases — this is intuitive as higher complexity implies

it is harder to discern between true presences and absences for the background data. Us-

ing a post-hoc adjustment reduces that difference further; although both adjusted models

have improved performance, the adjusted naive model now performs almost as well as

the adjusted population logistic model. Maxent has a slightly higher RMSE than the un-

adjusted naive model for π greater than 0.3, and performs considerably worse than any of

the models with post-hoc adjustment.

Looking at the other summary statistics of correlation and AUC (Figure 8.4), we see that

Maxent again does considerably worse than the other models for π > 0.2. However, for

these two statistics, the naive model performs comparably with the logistic model for π ≤

0.4. This indicates that the naive model is managing to order the predicted validation set

values about as well as the logistic model, even though the actual probability estimates

are not as accurate (Figure 8.3). The reason for this is explained by the better performance

of the post-hoc adjusted naive model and illustrated in Figure 8.5; the unadjusted naive

model has considerable shrinkage toward π of the predicted probabilities. This shrinkage

also occurs to a lesser extent in the logistic population model. Maxent, at the other extreme,

tends to have a large variability in predictions, with about 2% of predictions greater than

1.
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Figure 8.4: The correlation and area under the ROC curve (AUC) across the validation set for the
predicted probabilities as a function of π, for Maxent, and the models using boosted regression trees
without the post-hoc adjustment. The logistic model here is the population logistic model, though
the sample and population logistic models perform similarly. The three lines for each model are the
quartiles of the RMSE across 100 realizations.

To get a more detailed view of the differences between models, we compare the summary

metrics of all models for a relatively large population prevalence of π = 0.4 (Figure 8.6).

Post-hoc adjustments are excluded from Figure 8.6(b) as they have little effect on the cor-

relation metric. For a relatively prevalent species, such as this, the logistic models perform

considerably better than the log models. In particular, the population log model, along

with the transformed naive model, has a high variability in performance, with some occur-

rences of considerably poor performance. Maxent performs poorly here, primarily because

of the large variability in predicted values (Figure 8.5c). The new logistic models have the

highest correlations and lowest RMSE, with the adjusted naive model performing almost

as well.

We note that the EM model has a higher median RMSE than the sample logistic model,

even though they are trying to maximize the same likelihood, whether directly or indi-

rectly. Additionally, in some realizations, the EM model performs particularly poorly. This
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(c) Maxent

Figure 8.5: The predicted vs the true probabilities for π = 0.4 for the validation set. The pre-
dicted probabilities are given with or without the post-hoc adjustment. The logistic model is the
population logistic model, though the sample logistic model has similar results. At this value of π,
approximately 2% of the predicted probabilities from Maxent are greater than 1.

is possibly because the shape of the optimization surface changes after each E-step for

the EM model, whereas the form of the likelihood for the sample logistic model remains

fixed. The combination of the greedy stepwise nature of gradient boosting and the chang-

ing likelihood appears to result in the EM model being more likely to get trapped in local

minima.

We end this section by looking at how the models are affected when π is mis-specified

(Figure 8.7). The case-control adjustments for the naive and full models, plus the normal-

izations for Maxent and the log model, all depend on this assumed value of π. Hence

changing π will have a large impact on the RMSE for these models, but will have no effect

on the AUC and only a small effect on the correlation. Thus we use the correlation and

AUC to measure the effect of misspecified π. In these analyses we fit the models repeat-

edly to the same data, while changing the assumed value of π. The AUC of the logistic

models is relatively unaffected by the assumed value of π. However, as the assumed π

gets smaller, the correlation for the logistic model decreases to be similar to that of the
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Figure 8.6: The root mean squared error (RMSE) as a ratio of full model RMSE, correlation and
area under the ROC curve (AUC), for the predicted probabilities of the validation set. All models use
boosted regression trees, except Maxent. These data were generated with a population prevalence
π = 0.4.
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Figure 8.7: The validation set correlation and area under the ROC curve (AUC) for the predicted
probabilities as a function of the assumed value of π, for models using boosted regression trees.
The three lines for each model are the quartiles of the correlation across 100 realizations. The logis-
tic model here is the population logistic model, though the sample and population logistic models
perform similarly. The true value of π is 0.4.

naive model. However, for π between 0.3 and 0,5, the logistic model is still performing

better than the naive model, as measured by correlation.
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8.2 The longfin eel; generating presence-only data from presence-

absence data

We have access to presence-absence data of longfin eel, which have previously been de-

scribed in Leathwick et al. (2005) as part of a data set of diadromous fish in the rivers of

New Zealand. These data were drawn from the New Zealand Freshwater Fish Database

(McDowall and Richardson, 1983, and http://www.niwa.co.nz/services/nzffd/), which

is curated by New Zealand’s National Institute of Freshwater and Atmospheric Research.

The database contains 11,858 records of sites sampled since 1980. Any locations in tidal

rivers or in lakes or other stationary water have been removed, leaving only freshwater

river locations. Unlike the data in Leathwick et al. (2005), locations upstream of a dam

or other obstruction have not been removed. The longfin eel is relatively populous and

occurs at 51.3% of these locations, and in 17.3% of locations occuring upstream of a dam.

We generated presence-only data from these presence-absence data according to the sam-

pling assumptions set out in Section 4.3. We treat this presence-absence data set as being

a random sample of all freshwater river locations in New Zealand. First, the background

data were generated by sampling randomly without replacement from all available data.

Then the sample of observed presences was generated by sampling without replacement

from the remaining presence locations. A random sample of one quarter of the data were

set aside as a test set and the rest were used to train the models. The training set contains

around 4,400 and 1,300 background data and observed presences respectively. The test set

contains around one third of these numbers, of which around 1,200 were true presences

and 700 were true absences. To reduce spurious effects, we repeated the presence-only

data generation 10 times, with different random seeds; the results provided are summaries

across these repetitions. There are 21 environmental covariates describing conditions at the

sampled site as well as up- and downstream.
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Figure 8.8: The area under the ROC curve (AUC) for the predicted probabilities of the longfin eel
test set using the true value of π = 0.51. The AUC was calculated using the true presences and
absences. All models use boosted regression trees, except Maxent.

We compare the same models as in Section 8.1.2, namely Maxent and boosted trees imple-

mentations of all other models. A total of 10,000 trees were fitted for each boosted trees

model, each with a depth of 4, allowing four-way interaction terms. Comparing the mod-

els using AUC (Figure 8.8), we see that the population logistic model performs the best

of all the presence-only models; this model improves AUC by 20% over the naive model,

relative to the full model, which is our best-case scenario. The sample logistic model gives

similar results, but the EM model performs considerably worse. The two worst performing

models are Maxent and the naive model. Here the population log model performs slightly

better than Maxent, which might be because boosted trees can model the complexity of

such data better than the basis functions of Maxent.

Two of the most important predictors in modeling the true presences were the summer

temperature and the presence of a dam downstream. Figure 8.9 illustrates that the naive

model in particular tends to underestimate the range of the effect that each of these predic-

tors has on η. This is particularly noticeable in the binary downstream dam variable, and

echoes the patterns in Figure 5.3 and Figure 8.5 that the naive logistic regression model

effectively shrinks the parameter estimates and hence the predicted values. We also see
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Figure 8.9: The marginal effects of average summer air temperature (oC) and a downstream dam
on the probability of presence of the longfin eel, for models with and without post-hoc adjustments.
The pointwise standard deviation of effects across the 10 repetitions is approximately 0.01 for all
effects. The boxplots indicate the distribution of the summer temperature across all locations in the
sample.

some shrinkage of the marginal effects for the EM and logistic models. However, while

the post-hoc adjustment considerably decreases the shrinkage of the naive model, it has

little effect on the EM or logistic models. We note that even the full model experiences

some shrinkage because of the use of boosted trees.

Finally, we ran a sensitivity analysis of the model, for each of the 10 sampling repetitions,
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Figure 8.10: The area under the ROC curve (AUC) for the full, naive and population logistic mod-
els, and the marginal effect on average summer air temperature for the population logistic model,
by the assumed value of π. The three lines in (a) indicate the quartiles across the 10 realizations.

to determine the effect of differing prior beliefs of π. Each model was fit repeatedly, using

assumed values of π between 0.1 and 0.7. The AUC remains constant across π for the full

and naive models, as they are only monotonically affected by the value of π. The AUC

for the population logistic model appears to be largest for an assumed π of 0.4, which is

slightly lower than the true π = 0.51. Both over- and under-estimation of π decreases the

AUC for this model, but for all values of π the median AUC for the population logistic

model is higher than the AUC for the naive model (Figure 8.10a) and Maxent (not shown).

The marginal effects on η of all variables for the population logistic model follow a pattern

similar to that for mean summer temperature illustrated in Figure 8.10(b). Across different

values of π, the shape of the marginal effect is relatively consistent, with the magnitude

of the effect increasing with π. Unsurprisingly, as the assumed value of π gets smaller the

effect size tends to resemble that of the naive model (not shown); we can think of the naive

model as a limit of our sample logistic model as the assumed value of π tends to zero, with

an adjustment in the intercept of the model.



Chapter 9

The Presence-Only Problem:

Conclusions

We have proposed four modeling procedures that directly estimate the presence-absence

probabilities from presence-only data. The first, which uses an application of the EM al-

gorithm, works as a wrapper to (almost) any logistic modeling procedures. For stepwise

procedures, fitting time of this EM model may be reduced by interleaving E-steps within

the stepwise procedure. The other models all use gradient boosted regression trees of log

or logistic link models.

The EM model performs considerably better than the naive model for data where the gen-

erative logistic model is linear in the covariates and where there are no noise variables.

This gain in performance lessens as the variability inherent in the problem increases, for

example by the addition of noise variables to the data or by increasing the complexity of

the generative model. The most highly variable problem considered here was the gradient

boosted regression trees models based on real ecological data of longfin eel. Even for this
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problem, the population logistic model has considerably better performance than the naive

model; it increased AUC by about 20% of the difference between the naive model and the

best case scenario where all presences and absences are known. However, in the example

based solely on simulations, this gain in AUC over the naive model was negligible.

One of the major impacts on model estimates when using a naive model is the shrinkage

of the parameter estimates. This occurs because the true presences in the background data

are treated as absences. When boosted regression trees are used, this can add some extra

shrinkage as well. This shrinkage can be somewhat reduced by a post-hoc adjustment us-

ing the EM model where η is linear in a single variable — the fitted values from original

fitted model. Although this does not affect AUC, because it is a monotonic transformation

of the predictions, it can increase RMSE of the predicted probabilities. Thus this adjust-

ment can help in problems where the absolute (as opposed to relative) predicted values

are important.

Previous work in estimating the presence-absence model from presence-only data has in-

cluded simultaneous estimation of the population prevalence π. However, we have shown

that π is not identifiable when no assumptions are made about the structure of η, such as

in boosted trees models. In addition, even when some assumption is made about the struc-

ture of η, e.g. for logistic regression models with η linear in the covariates x, the resulting

estimate of π is highly variable and heavily dependent on that assumption. Although this

structure may be a useful modeling approximation, the estimation of π relies too heavily

on this assumption. Instead, it is better to obtain an estimate of π from some other source

and if desired use a sensitivity analysis to assess the dependence of the resulting model on

this estimate.

Some modeling procedures, e.g. Maxent, do not require knowledge of π. The log link
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function used in that model implies that probabilities can be estimated up to a multiplica-

tive constant with no known value of π. However, the log probability link is itself prob-

lematic in that it may result in predicted probabilities greater than 1, and as such it has

been critiqued in ecological modeling literature when used in other models. We have also

seen evidence that Maxent does not order the predicted probabilities as well as our new

presence-only models for more prevalent species. However, when π is small, most pre-

dicted values of η for the logistic model are large and negative and the log link is similar

to the logistic link function in this range. Indeed, we have seen that Maxent appears to

perform similarly to the presence-only models for π = 0.1.

Some of the new presence-only models are closely related. The sample and population

logistic models give similar results in practice and we can think of the population logistic

model as a limit of the sample logistic model as the number of background data increase.

The EM model and the sample logistic model share the same logistic link and assumption

of a sample of background locations. Theoretical results for the EM algorithm (Dempster

et al., 1977) indicate that the two models are maximizing the same likelihood, whether

directly or indirectly, but in our analyses the EM model performs worse, especially in the

more realistic example. This may be because the greedy approach of the gradient boosting

algorithm and the continual updating of the model weights means the EM model is more

likely to get stuck in a local but not global minimum of the non-convex loss function.

However, the EM model is more flexible, in that it can be used with almost any modeling

procedure, and for procedures with single solutions, such as logistic regression or GAM, it

may avoid these pitfalls.

These presence-only models provide a flexible way of estimating species distribution from

extensive records of species presence. The EM model uses a straightforward wrapper

around most logistic procedures, and the boosted trees models are now available through

the ecogbm package in R. Because of the simplicity of fitting these models, they can be

easily adopted by anyone working in this field.



Part II

Boosted MARS
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Chapter 10

Introduction to Boosted MARS

We turn now from the specific problem of estimating the presence-absence model from

presence-only data, to a more general problem of creating a new modeling procedure that

may be used in many situations. Gradient boosted regression trees are becoming popular

in ecological modeling (e.g. Leathwick et al., 2006; De’ath, 2007) because they have good

predictive power. However, the piecewise constant nature of regression trees often results

in discontinuities in the estimated marginal effects, and it is often unclear whether such

discontinuities are real or spurious. These marginal effects are important in ecological

modeling as we are often also interested in the effects of individual ecological variables on

the outcome.

In this part of the thesis, we investigate another modeling technique that aims to echo the

flexibility and predictive performance of gradient boosted regression trees, but that results

in a smoother model. We continue to use gradient boosting, but now fit MARS models at

each step, instead of regression trees. MARS or multivariate adaptive regression splines
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(Friedman, 1991) fits piecewise linear basis functions, with optional smoothing, for least-

squares loss functions. Boosting provides a way of fitting MARS models for more general

loss functions. We also introduce new post-hoc adjustments to the MARS basis functions.

We investigate the use of a subsequent L1 regularization procedure on the basis functions

of the boosted MARS model. Friedman and Popescu (2004) have previously taken a simi-

lar approach, using L1 regularization on general sets of ”rules” or basis functions. Recent

development of L1 regularization algorithms for more general loss functions (Park and

Hastie, 2006; Friedman et al., 2007) allows us to apply these ideas to logistic loss functions

for binomial data. One of the benefits of L1 regularization is that we can reduce the total

number of basis functions in the final model. This provides for fast model predictions,

important for applying such models in generating large and detailed species distribution

maps. Further, the simple structure of MARS basis functions allows implementation of

model predictions within mapping software, such as Geographic Information Systems

(Leathwick et al., 2005)

10.1 Motivation

Gradient boosted regression trees (Section 5.4 and Friedman, 2001) provide a highly flex-

ible modeling procedure for a wide range of loss functions. For example, in the longfin

eel models, estimated marginal effects of average summer temperature on η have a highly

non-parametric form (Figure 8.9a). However, paired with this flexibility is a potential lack

of smoothness in the model, illustrated more clearly in the marginal effects of another

variable from the same data set: distance from the coast (Figure 10.1a). The discontinuities

arise from the large number of piecewise constant basis functions that form the boosted
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Figure 10.1: The marginal effect of downstream distance to the coast on η for a logistic model of
the probability of presence of the longfin eel. This is a gradient boosted regression trees model on the
true presences and absences of one realization of the data generated for the presence-only analyses
(Section 8.2). In (a), the model made no assumption about the monotonicity of the effect of distance
from sea, while (b) assumes that η decreases with increasing distance. Basis functions for all other
covariates are unconstrained.

trees model. This lack of smoothness can be somewhat reduced by constraining the fit-

ting procedure to only allow monotone effects (Figure 10.1b). However, in practice mono-

tonicity is not often an appropriate assumption, or may not be obvious a priori. Further,

even with the assumption of monotonicity, the estimated marginal effects may still not be

smooth enough; it is unclear whether the sudden drop in Figure 10.1(b) at around 320km

is a true indication of the effect of distance from the coast. Even if it this reflective of the

data in the training set, we may believe that the underlying model is more smooth than

this suggests.

We have already seen (Section 5.4) that one of the benefits of gradient boosting is that it

provides a straightforward fitting procedure for loss functions that are difficult to optimize

directly. We keep this same optimization procedure but consider alternate basis functions.

These basis functions should be able to create highly flexible models, and be fast and easy
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to fit, as with regression trees. They should also be able to automatically choose and fit in-

teraction terms between covariates. However, they should also be continuous and smooth.

Thus, instead of the piecewise constant form of the regression tree, we look at continuous

basis functions that are generated from piecewise linear basis functions. We also consider an

option of smoothing out the elbows in those basis functions in a way that the first deriva-

tive of the basis functions is also continuous. These basis functions are the same as used in

multivariate adaptive regression splines (MARS, Friedman, 1991), and we start by intro-

ducing MARS in the next section.

10.2 MARS

Multivariate adaptive regression splines (MARS, Friedman, 1991) is a flexible regression

procedure that automatically models interactions between variables. It fits a model linear

in basis functions {hm(x)}M
m=1:

f (x) = β0 +
M

∑
m=1

βmhm(x). (10.1)

The MARS fitting procedure determines both the basis functions and the parameters {βm}M
m=0.

This is similar in style to regression trees, however while regression trees create basis func-

tions based on piecewise constant functions, MARS creates basis functions using combi-

nations of piecewise linear or hinge functions (Figure 10.2a). These hinge functions (x− t)+

and (t− x)+ have a knot or hinge at t, are zero on one side of the knot and are linear on the

other side:

(x− t)+ =

{
x− t for x > t
0 otherwise

and (t− x)+ =

{
t− x for x < t
0 otherwise .

(10.2)

This pair of hinge functions is called a reflected set. In practice, when fitting a MARS model,

we only consider basis functions with knots at an observation.
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Figure 10.2: The hinge function is linear, with a knot or hinge at t (a). A smooth version of the
hinge (b) is obtained using a quadratic form within ε of the hinge. The solid red line illustrates
(t− x)+ and the dashed green line illustrates (x− t)+ for the unsmoothed and smoothed functions.

Basis functions are added to the model in an iterative manner, starting with h0(x) = 1. At

step k, the algorithm adds two more basis functions to the model, which are a multiple of

one previous basis function h j(x) for j ≤ 2(k− 1) and a reflected set based on one of the

variables xi:

h2k−1(x) = h j(x)(xi − tk)+ and h2k(x) = h j(x)(tk − xi)+. (10.3)

The prior basis function h j(x), the new variable xi, the knot tk and the coefficients β2k−1

and β2k are chosen to minimize the resulting squared error loss. As h0(x) = 1, the initial

basis functions h1(x) and h2(x) are reflected hinge functions. Subsequent basis functions

may also be reflected hinge functions, or may also be products of hinge functions. Thus

at each step MARS may choose to add another main effect to the model, or to include an

interaction between variables, the form of which is defined by the products of the hinge

functions.
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10.3 Adaptations of MARS basis functions

In this section we consider two post-hoc alterations of hinge functions that can be used in

constructing a MARS model. The first aims to provide a smoother fitted model by replac-

ing the hinge in the basis functions with a quadratic form. The second alteration thresholds

the hinge function so that beyond a given percentile of the data, the MARS basis functions

remain constant. Both of these are post-hoc in that the MARS model is estimated from the

data based on the original hinge functions (10.2), and these adjustments are made to the

resulting estimated model. In our implementation, these adjusted MARS basis functions

are used in subsequent fitting procedures, which can correct any inaccuracies created by

such post-hoc adjustments. The smoothing of the hinge function has been previously de-

scribed in Friedman (1991), but to our knowledge the thresholded hinge function has not

appeared in statistical literature.

Hinge functions and thus the MARS models constructed of them have discontinuous first

derivatives. By replacing the elbow of the hinge function with a smooth function, we can

create MARS basis functions with continuous first derivatives. In particular, within ε of

the elbow t, we use a quadratic form in place of the hinge functions (x− t)+ and (t− x)+.

This quadratic form is chosen so that is has the same first derivatives as the hinge function

at |x− t| = ε. We can write this smoothed hinge function s ((x− t)+) as

s ((x− t)+) =


x− t for x > t + ε

(x− t− ε)2

4ε
for |x− t| ≤ ε

0 for x < t− ε

(10.4)

The function s ((t− x)+) is defined similarly and both are illustrated in Figure 10.2(b). The

amount of smoothing is determined by ε, which is set in advance for each variable. Ideally

it is specified as a single multiple of some measure of spread for each variable. In this
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Figure 10.3: The thresholded hinge function (a) is linear, with hinges at t and at the quantiles
F−1(α) or F−1(1− α). A smooth version of the thresholded hinge (b) is obtained using a quadratic
form within ε of both t and either F−1(α) or F−1(1− α) . The solid red lines and the dashed green
lines illustrate the thresholded hinge functions

(
t− (x∧ F−1

x (α))
)
+ and

(
(x∧ F−1

x (1− α))− t
)
+

respectively, both without and with smoothing.

implementation we use a fraction of the inter-quartile range (IQR) for each variable.

The second adjustment is in response to a well-known flaw of MARS — that MARS is not

robust to extrapolation beyond the variable space covered by the training set. A MARS

model includes basis functions that are multiplicative in the covariates across subsets of the

variable space, e.g. h10(x) = (x2 − t2)(x3 − t3)(x6 − t6) for {x2 > t2}× {x3 > t3}× {x6 > t6}

for some constants t2, t3 and t6. In this case, it is easy to see that as x2, x3 and x6 get larger,

the basis function h10(x) increases cubicly. In comparison, a boosted regression tree model

is highly robust in extrapolation, as the predicted model is constant as any single variable

is increased beyond the convex hull of the training set. Further, for any new data point,

the predicted model must take on a value equal to the prediction for a data point in the

training set.

Thus we increase the robustness of extrapolation in MARS by adjusting the hinge functions
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(10.2) so that they are constant beyond the extreme α×100% of the training set data in each

variable. Thus if we define F−1
x (α) to the be the α× 100th percentile of x, the thresholded

hinge functions are
(
(x∧ F−1

x (1− α))− t
)
+ and

(
t− (x∧ F−1

x (α))
)
+. In particular, this gives

(
(x∧ F−1

x (1− α))− t
)

+
=


F−1

x (1− α)− t for x ≥ F−1
x (1− α)

x− t for t < x < F−1
x (1− α)

0 for x ≤ t,
(10.5)

and both thresholded functions are illustrated in Figure 10.3(a).

We can also implement smoothing of these thresholded hinge functions as we did in (10.4)

for the original hinge functions. Now we smooth both elbows, at t and either F−1
x (1−α) or

F−1
x (α), using the quadratic curve. This is illustrated in Figure 10.3(b) but we do not give

an explicit form here as it follows directly from (10.4). In smoothing the thresholded hinge

functions, we need to be careful about the relative values of the smoothing parameter ε and

the position of the elbows. For example, if we are thresholding and smoothing the hinge

function (x− t)+, then we create another elbow at F−1
x (1− α). We smooth within ε of each

elbow, thus we require that F−1
x (1−α)− t ≥ 2ε in order to smooth correctly between these

two points. We can enforce this by either forcing ε to be small enough for this particular

hinge function, or by not allowing hinge functions with elbows within 2ε of F−1
x (1−α). We

implement the latter constraint more generally by discarding basis functions with knots

that occur within the γ × 100% extremes of each variable, where γ is chosen sensibly. This

also reduces the possibility of overfitting the MARS model to a few extreme data points.
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Boosted MARS

The aim of this procedure is to find a model that predicts an outcome y given covariates x.

This model is chosen to minimize a loss function L(y, f (η(x))), where the linear predictor

η(x) is linear in certain basis functions h j(x) of x:

η(x) =
J

∑
j=0

β jh j(x). (11.1)

In this boosted MARS procedure, we take the basis functions to be MARS basis functions

(10.3), which are products of hinge functions, with optional smoothing and thresholding.

In our implementation and analysis, we look at two loss functions; the Gaussian least-

squares loss function and the binomial logistic loss function. This methodology is easy to

extend to other loss functions based on the negative log-likelihood of the usual general-

ized linear models, such as a log-linear Poisson model. Other loss functions may require

specially written software.

We consider two different implementations of Boosted MARS for each loss function. In
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both implementations we start by using gradient boosting to build a large additive model

as in (11.1), where the basis functions h j(x) are MARS models. The second implementation

then takes a further step. We use the basis functions generated in the first step to create a

model using the same loss function. In this fitting procedure, we use an L1 penalization on

the β j to give a more parsimonious model by choosing a subset of those basis functions. To

avoid confusion we refer to the one-step and two-step procedures as boosted MARS and

L1 boosted MARS respectively, or as unregularized and regularized boosted MARS.

11.1 Step 1: Boosted MARS

We start with a typical gradient boosting approach to optimize the loss function, as de-

scribed in Section 5.4. At iteration k + 1 we update the current linear predictor η̂(k)(x) by

adding a new set of basis functions. These basis functions h(k+1)(x) are chosen by fitting a

MARS model to the current residuals, using squared error loss. We then use these MARS

basis functions to estimate the optimal β(k+1) using the true loss function. As we want to

model the extra information gained over the current model, the current linear predictor

η̂(k)(x) is included in this model as an offset. For example, if the loss function is the nega-

tive of the binomial log-likelihood then we estimate β(k+1) via a logistic regression, linear

in the new basis functions, with offset η̂(k)(x). These β̂(k+1) are then multiplied by the step

size ε, before being used with the new basis functions to update η̂(k):

η̂(k+1)(x) = η̂(k)(x) + ε
M

∑
m=0

β̂(k+1)
m h(k+1)

m (x).

Thus the final estimated model after K boosting steps is

η̂(K)(x) = ε
K

∑
k=1

M

∑
m=0

β̂(k)
m h(k)

m (x). (11.2)
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For the L1 boosted MARS implementation it is not necessary to re-estimate the parameters

β at each iteration — the parameter estimates from each MARS fit may be used in updating

η̂(k)(x). Any extra error introduced by using slightly inaccurate parameter estimates is

not problematic as the β will be re-estimated in the second, L1 step. Further, this extra

variability may increase the range of basis functions from which we can choose during

the second step. However, in our analyses we do re-estimate the β at each boosting step,

as we also assess this boosted MARS model before L1 regularization for each data set. In

ad-hoc analyses, we found little difference in L1 boosted MARS fits with and without this

re-estimation procedure.

We also implement stochastic boosting, in order to increase variability at each step and

hence increase the number of unique basis functions in the boosted MARS model. In

stochastic boosting, a random subset of the data are chosen at each iteration. The MARS fit,

along with any re-estimation of parameters, is calculated using only this random subset.

However the update (11.2) to the boosted model is calculated using all training data.

We can also consider adaptations of the MARS basis functions, through thresholding and/or

smoothing of the hinge functions. As we noted in Section 10.3, these are post-hoc adapta-

tions. Thus unsmoothed and unthresholded basis functions are estimated at each iteration

and the post-hoc adjusted basis functions are used in the subsequent fit to estimate β̂(k+1).

Additionally, the adjusted basis functions are used in updating η̂(k) at each iteration. Even

when β̂(k+1) is not re-estimated, any lack of fit resulting from this smoothing can be ac-

counted for in subsequent boosting iterations.

We can choose the size of each MARS model to imply a maximum level of interaction

between variables. This is a maximum, because MARS may fit a model that depends on

fewer variables, and in theory may fit all basis functions in terms to the same variable.

In practice, we choose a smaller model size than would be used in fitting a single MARS

model. By combining many smaller MARS basis functions, we can achieve the same level
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of complexity as a single, larger MARS model. Additionally, smaller models will reduce

the time needed to calculate the boosted MARS model, and so are more computationally

efficient. Such a trade-off between complexity and efficiency is common to statisticians,

and may be investigated on a case-to-case basis. In our examples we use a MARS model of

size 10, which includes 5 sets of reflected bases, and thus allows up to 5-way interactions.

11.2 Step 2: L1 regularization on MARS basis functions

In the optional second step, we re-estimate all the parameters β and use shrinkage to build

our final model from a subset of the smoothed basis functions generated in step 1. This

is done by optimizing the loss function for the model (11.1) with respect to β, with L1

regularization of β. We can write this as

β̂(λ) = arg min
β

L(y, f (η(x))) + λ
K

∑
k=1

M

∑
m=1

|β(k)
m | (11.3)

where η(x) = β0 + ∑
K
k=1 ∑

M
m=1 β(k)

m h(k)
m (x). The regularization parameter is λ; adjusting λ

changes the amount of regularization in the model. Note that we have replaced all the

β(k)
0 h(k)

0 (x) terms with a single intercept β0, as h(k)
0 (x) = 1 by definition. As usual, the regu-

larization term does not include the intercept β0.

L1 regularization is a form of shrinkage of the coefficients β. Shrinkage is typically used

to reduce variability in fitted models (e.g. Hastie et al., 2001, p59), by constraining the total

size of the β. Although this creates bias in the estimated β, the reduction in variability can

often outweigh the effect of increased bias on model fit. The art here is in choosing the

optimal amount of bias, which can be controlled by adjusting λ. We can re-write the prob-

lem (11.3) as one that minimizes the unpenalized loss L(y, f (η(x))) subject to the constraint

∑
K
k=1 ∑

M
m=1 |β

(k)
m | ≤ k(λ) for some function k of λ. Because this constraint is on the sum of
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the absolute values of β, a subset of the estimated β are zero (Tibshirani, 1996). This is a

form of variable selection, where the number of non-zero coefficients can be controlled by

the regularization parameter λ. The optimal value of λ is chosen by minimizing the loss

function for a separate test set of data.

Software to do this is available in R, either through the lars package for least-squares loss

(Efron et al., 2004), or through the more recent glmpath package which is also available

for the binomial and Poisson log-likelihoods (Park and Hastie, 2006). A new faster algo-

rithm by Friedman et al. (2007) should work for more general loss functions. Each of these

implementations calculate the whole path for the regularization, for all different values of

the regularization, and thus allow easy selection of the optimal λ using test set deviance.

In practice, we apply the L1 procedure to all unique basis functions only — we filter out

all replicated bases in the boosted MARS model before the L1 step.

11.3 Comparing boosted MARS and L1 boosted MARS

We can also choose the size of the final (unregularized) boosted MARS model by deciding

how many boosting steps to retain in the model; we do this by choosing the model size

that minimizes the loss function for a separate test set. However, while we can choose

model size for models both with and without regularization, using regularization gives us

more flexibility in model choice. With the unregularized model the coefficients are pre-set

and we must include all estimated basis functions up to a particular iteration. There is no

such constraint for the regularized model.

Further, with regularization, the final model contains only a subset of the total basis func-

tions. In our experience, these models often contain one tenth or less of the total number

of basis functions. These smaller models allow quicker predictions on other data sets,
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which can be important, for example, when creating detailed species distribution maps

over large regions. In a more general look at L1 regularization of sets of ”rules” or basis

functions, Friedman and Popescu (2004) report performance comparable to the best al-

ternative methods. However, they stress that the primary benefit of this procedure is in

providing interpretable models. In our setup, if the fitted L1 boosted MARS model con-

tains a small number of basis functions, it has similar properties of interpretability to any

MARS model (Friedman, 1991). However, the extra flexibility in building and scaling back

the MARS basis functions should improve predictive performance over a single MARS

model.

11.4 Orthogonalization

Although L1 regularization is powerful, it may struggle when there is high collinearity be-

tween covariates. Thus we also considered using an orthogonalization of the basis matrix

before applying the regularization procedure. If we denote the basis matrix for this prob-

lem by H(x), then the singular value decomposition (SVD, e.g. Hastie et al., 2001, p487) of

H is H = UDVT. If H is an (n× p) matrix with rank d ≤ n, p, then U (n× d) and V (p× d)

are orthogonal matrices and D (d× d) is a diagonal matrix. We then apply the L1 regu-

larization procedure using the orthogonal matrix U in place of the original basis matrix

H.

We do not further consider this orthogonalization because in practice we found no im-

provement in fit over the L1 boosted MARS mdoel. Further, while each MARS basis func-

tion depends on only a small subset of covariates, these orthogonalized basis functions

each rely on many if not all covariates. Thus the sparsity and simplicity of MARS is lost by

using such an orthogonalization.



Chapter 12

Evaluation of Boosted MARS

We evaluate these boosted MARS models for two different loss functions: Gaussian least

squares and binomial logistic loss. We use the data previously described in Section 8.2

of presence/absence records of longfin eels to test the logistic loss function. We also use

simulation studies to assess both the least squares and logistic loss functions. In all exam-

ples we use minimum validation set deviance as an assessment measure. In creating the

boosted MARS models, we use the mars function in the mda package of R at each boosting

step. The L1 regularization is calculated using lars for the least-squares loss or glmpath

for logistic loss.

12.1 Simulation studies

The simulation models we consider in this section are derived from the simulation model

used in Section 8.1 and illustrated in Figure 8.1. Let η(x) denote the linear predictor for that
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model (8.1):

η(x) = φ

(
x1 − 0.5

0.125

)
+ ((4x2 − 2∨ 0)∧ 1) + 1{x3>0.5,x4>0.5} + |x5 + x6 − 1|+ c(π) (12.1)

Then the generative distributions of the binomial and Gaussian models are

Binomial: y ∼ Binomial (p(x),1) for logit(p(x)) = 1
2η(x)

Gaussian: y = 1
2η(x) + ε for ε ∼ N(0,1).

In these simulations we use the multiple 1
2 of η to increase the amount of variability in

the data and hence to avoid overfitting. For the binomial model c(π) in (12.1) is chosen

so that the population mean of y is π = 0.3. For the Gaussian model we set c(π) = 0.

The covariates are independent and randomly generated from the 10-dimensional unit

cube uniform distribution, x ∼ Uniform10(0,1). Ten realizations of each model are used to

provide an indication of variability in results.

We consider two different sample sizes of 500 and 2,000, using either 40 or 100 boosting

steps. For the 100 step implementation, the shrinkage factor is ε = 0.02. For 40 boosting

steps we used both ε = 0.01 and 0.05. Note that we are considerably under-fitting the

boosted MARS model to the data for 40 boosting steps with ε = 0.01, as 0.01× 40 < 1.

However, this has the effect of reducing the total number of unique basis functions avail-

able for the subsequent L1 fit, which may reduce overfitting. We do not provide results for

this unregularized model, as the underfitting implies that test and training set deviances

are considerably larger than for any other model.

We compare the boosted MARS results with those for gradient boosted regression trees.

We use 10,000 trees, each with a maximum depth of 5, and set the shrinkage parameter

ε = 0.001. As a baseline comparison, we also provide deviances for single MARS models.

For the Gaussian model, MARS is fit to the data directly. As there is no logistic loss im-

plementation of MARS readily available, we use least-squares loss to fit a MARS model
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to the binary {0,1} data as a first step. The coefficients of the basis functions are then

re-estimated using the true loss function to create the final fit. The MARS models for the

Gaussian data contain 20 and 10 basis functions for the large and small data sets respec-

tively. MARS models for the binomial data contain 10 and 6 basis functions. These were

the optimal model size as calculated for each data set.

Tuning parameters are optimized by minimizing the deviance on a separate test set. This

test set is either 250 or 100 observations (one half the size of the training set). The tun-

ing parameters are the number of boosting iterations to include in the boosted trees and

boosted MARS models, and the value of the tuning parameter λ for the L1 boosted MARS

(11.3). The results provided here are the deviances of those best-fitting models as measured

for separate validation sets of size 4,000.

Across all data sets, there was a slight improvement in test set deviance when using thresh-

olding of the hinge functions, but little difference when smoothing was also applied. Thus

all the results provided here are for models with smoothing and thresholding. We look at

the results for these models fit using both stochastic and non-stochastic boosting.

The results were very different for the Gaussian and logistic data. For both sample sizes

of the Gaussian simulations (Figure 12.1) the L1 boosted MARS models tend to overfit the

test set data, and thus have high validation set error. The only exception to this is the L1

boosted MARS model with K = 40 and ε = 0.01 which was fit using fewer unique basis

functions than the other models. For the larger sample size, the single MARS model does

as well as any boosted MARS model, while for n = 500, the unregularized boosted MARS

model (K = 40, ε = 0.05) with no regularization slightly outperforms the single MARS

model. However, none of the MARS models has deviance as low as the boosted regression

tree model.

We also tried stochastic boosting, building the MARS model at each iteration using half
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Figure 12.1: Validation set deviances across 10 realizations for the Gaussian simulation data,
using least-squares loss with non-stochastic boosting. For the boosted MARS models, the number
of iterations K and the shrinkage parameter ε are given.

the test set data sample at random (results not shown). This made little difference to the

boosted MARS models without regularization. However the median deviance increased

considerably for the L1 boosted MARS model (K = 100, ε = 0.02). This lack of fit is due

to the large number of possible basis functions available for the L1 regularization in this

example — the stochasticity created many more similar but not identical MARS basis func-

tions. In contrast, for non-stochastic boosting, especially when ε is small, many of the same

basis functions appear in subsequent steps because the fitted model changes slowly.

For the binomial data (Figure 12.2), using boosted MARS can considerably improve fit over

using a single MARS model. For the smaller data set, the L1 regularization improves model
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Figure 12.2: Validation set deviances across 10 realizations for the binomial simulation data using
a logistic loss function with non-stochastic boosting. For the boosted MARS models, the number of
iterations K and the shrinkage parameter ε are given.

fit over the unregularized models. However, boosted regression trees still out-performs

all boosted MARS models. When n = 2,000, however, the situation is reversed — the

unregularized models perform better than the L1 boosted MARS, and they also match the

performance of boosted regression trees.

Using stochastic boosting has a small effect on these results (Figure 12.3). The deviances

for the L1 boosted MARS models for n = 500 are marginally reduced, though not enough

to outperform boosted trees. For the larger data set, the variability in results for the L1

models is reduced when using stochastic boosting. However, the unregularized boosted

MARS models still outperform the regularized models.
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Figure 12.3: Validation set deviances across 10 realizations for the binomial simulation data using
a logistic loss function with stochastic boosting. For the boosted MARS models, the number of
iterations K and the shrinkage parameter ε are given.

In summary, the efficacy of boosted MARS and L1 boosted MARS appears to be highly

model and data specific. However, the models do appear to be more effective, as measured

against a single MARS model, for logistic rather Gaussian models. Further, in the case of

a large binomial data set, unregularized boosted MARS performs comparably to boosted

regression trees.
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12.2 The longfin eel

We also assess the boosted MARS models using presence-absence data of longfin eels that

we have seen previously in Section 8.2. In these analyses we use the same training/test

splits as before, however we use the true presences and absences to build models, rather

than the presence-only data. For this problem we use the logistic loss function based on the

binomial likelihood. Three of the covariates in this data set have highly skew distributions,

so we transformed these covariates prior to model fitting to prevent overfitting of outlying

data points. We used a square root transformation rather than log because some of the

covariate values were zero. One of these covariates was downstream distance to the sea

— in presenting the marginal effects of this covariate we have transformed this covariate

back to its original scale.

We provide results for boosted MARS models with and without regularization for 40, 100,

200 and 1,000 boosting iterations with ε = 0.01,0.02,0.01,0.005 respectively. As in the

simulation study, the first set of parameters will result in a boosted MARS model that is

underfit, and so we only show results for the L1 model for these data. As in the previous

section, all MARS models used in the boosting procedures contain 10 basis functions.

A single MARS model with 20 basis functions, the optimal model size for these data, is

provided as a baseline comparison. We also compare the boosted MARS models with

boosted regression trees. These were built using 10,000 trees, each of depth 5, and using

a shrinkage parameter of ε = 0.001. The models are compared using minimum test set

deviance.

For these data (Figure 12.4) we see the same pattern as for the smaller logistic model in

Figure 12.2, in that the L1 boosted MARS models perform better than the models with no

regularization. Further, all boosted MARS models increase model performance over the
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Figure 12.4: Test set deviances across 10 realizations for the longfin eel data using a logistic loss
function, without stochastic boosting. For the boosted MARS models, the number of iterations K
and the shrinkage parameter ε are given.

baseline single MARS model. However, boosted regression trees outperform all of our

boosted MARS models.

For these data, the better performing L1 models were those with larger K, which indicates

that they were fit using larger numbers of basis functions. This would imply that stochastic

boosting might further improve model fit, however in practice it has little effect on the

results (not shown), except to reduce test set deviance of the L1 boosted MARS model

(K = 40, ε = 0.01) to levels similar to the other L1 boosted MARS models.

In Figure 12.5 we provide estimates of marginal effects for two of the variables, average

summer temperature and distance to coast. These are from the optimal fitted models, as

measured by test set deviance, of boosted trees and L1 boosted MARS. The marginal ef-

fects for the L1 boosted MARS are considerably smoother than those for boosted trees.

However, the effects for L1 boosted MARS have a higher level of variability across the 10

different data sets, especially for larger distances to the coast. For some of the L1 boosted

MARS models, the estimated effect size for distance to coast is negligible. In contrast the

boosted trees model consistently estimates a large step in marginal effect around 300km
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(d) L1 Boosted MARS

Figure 12.5: Estimated marginal effects on η of average summer temperature and downstream
distance to coast for ecah of ten data sets. These are for optimal boosted trees, and L1 boosted MARS
models (K = 100, ε = 0.02; thresholding of the extreme 5% of data; smoothing with parameter 5%
of IQR). The square root of distance to coast was used in fitting the models.

from the coast — the 99th percentile of distance. The setting of the thresholding param-

eter for the MARS hinge functions will have a considerable effect on the boosted MARS

marginal effect at this point. More generally, L1 boosted MARS provides smaller estimated

effect sizes than boosted trees, which will be in part due to the L1 regularization.

We can observe the extrapolation issues of MARS basis functions in Figure 12.5, which
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Figure 12.6: Estimated marginal effects on η of average summer temperature and downstream
distance to coast for L1 boosted MARS models with no thresholding or smoothing. The boosting
parameters are K = 100, ε = 0.02. Each line indicates the effect for one of the ten data sets. The
square root of distance to coast was used in fitting the models

provides estimated marginal effects for L1 boosted MARS with no thresholding. Effects

for extremes in average summer temperature and for a high distance to coast head off

to −∞ at vastly differing rates. This creates a very high variance in estimated marginal

effects when extrapolating beyond the training set, and also within the training data set,

especially for high distances to the coast. This indicates that thresholded hinge functions

(Figure 12.6) should be used when fitting boosted MARS models, to provide more stable

estimates of extremes of marginal effects.



Chapter 13

Boosted MARS: Conclusions

While gradient boosted regression trees provide a very flexible modeling procedure, the

resulting fitted model and estimated marginal effects are not smooth. We have outlined a

smoother model that still retains the flexibility of boosted trees but that uses MARS basis

functions in place of regression trees. By using post-hoc smoothing of MARS basis func-

tions, we can create fitted models with continuous first derivatives. Further, we introduced

a post-hoc thresholding of hinge functions to reduce the problems with extrapolation that

are common to MARS models. The boosted MARS models can either be used as-is, or with

subsequent L1 regularization.

We assessed the boosted MARS models using simulations of Gaussian and binomial data,

and analyses of presence-absence data of fish in New Zealand rivers. Regularized and un-

regularized boosted MARS models had lower validation and test set deviance than single

MARS models for the logistic data, however this was not always true for the Gaussian

simulations. Further, the relative performance of boosted MARS and L1 boosted MARS

models varied across loss functions and data sets. The L1 boosted MARS models appear
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to considerably improve model fit over single MARS models for binomial data where the

complexity of the model was large relative to the size of the training set. However, even in

these situations, the models do not outperform boosted regression trees.

The efficacy of boosted MARS (with or without regularization) has not been consistently

proven in these analyses. Part of the problem is that L1 regularization using many basis

functions quickly overfits the test set data. Further, the choice of thresholding parameter

for the hinge functions can impact extreme values of marginal effect. It may be that further

work can improve upon the performance of this modeling procedure. However, these

models do provide smoother estimates of marginal effects, which may aid interpretation

in actual modeling problems.



Appendix A

Miscellaneous calculations

A.1 Manly’s exponential model and the naive logistic model

Manly et al. (2002) have shown that the log-probability model P(y = 1|x) can be estimated

from presence-only data using an intercept adjustment of the naive logistic model. We

repeat this derivation here, using our notation for clarity.

The presence-only data are generated by P(z = 1|s = 1,x). An application of Bayes Theo-

rem gives

P(z = 1|s = 1,x) =P(z = 1|y = 1, s = 1,x)P(y = 1|s = 1,x)

+ P(z = 1|y = 0, s = 1,x)P(y = 0|s = 1,x)

=P(z = 1|y = 1, s = 1,x)P(y = 1|s = 1,x).

The second equality follows because P(z = 1|y = 0, s = 1,x) = 0, i.e. a location cannot

have an observed presence (z = 1) if there is no true presence (y = 0). As the sampling of
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observed given true presences is not model dependent, we use the result (6.3) that P(z =

1|y = 1, s = 1,x) = np
np+πna

.

Now we consider P(y = 1|s = 1,x). If we were using a logistic model, this would be the

case-control probability, but here we are assuming the log probability model P(y = 1|x) =

eη(x). Bayes’ Theorem gives

P(y = 1|s = 1,x) =
P(s = 1|y = 1,x)P(y = 1|x)

P(s = 1|y = 0,x)P(y = 0|x) + P(s = 1|y = 1,x)P(y = 1|x)

=
eη(x)

γ
(
1− eη(x)

)
+ eη(x)

where γ = P(s = 1|y = 0,x)/P(s = 1|y = 1,x). To show that P(s = 1|y,x) does not depend

on x we use Bayes’ Theorem

P(s = 1|y,x) =
P(s = 1|y)P(x|s = 1, y)

P(x|y)
= P(s = 1|y).

This is true because given the true presence at a location, the locations in our sample are

sampled at a rate proportional to f1(x) = P(x|y = 1), and similarly for true absences. Thus

γ =
P(s = 1|y = 0)
P(s = 1|y = 1)

=
P(y = 0|s = 1)P(s = 1)/P(y = 0)
P(y = 1|s = 1)P(s = 1)/P(y = 1)

=
πP(y = 0|s = 1)

(1− π)P(y = 1|s = 1)
.

The expected number of true presences in the sample is np + πna (all observed presences

plus a proportion π of the pseudo-absences), so P(y = 1|s = 1) = (np + πna)/(np + na) and

hence

P(s = 1|y = 0)
P(s = 1|y = 1)

=
π
(

1− np+πna
np+na

)
(1− π) np+πna

np+na

=
πna

np + πna
.
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Plugging everything back into to the first equation we get

P(z = 1|s = 1,x) =P(z = 1|y = 1, s = 1,x)P(y = 1|s = 1,x)

=
np

np + πna

eη(x)

πna
np+πna

(
1− eη(x)

)
+ eη(x)

=
πna
np

eη(x)

1 + πna
np

eη(x)

after some manipulation. This looks like the logistic model, with an additive adjustment in

η. Thus, if π is known, we can estimate the true η (for the log model) by subtracting log(πna
np

)

from the η estimated via the naive logistic model. This is similar in flavor to case-control

modeling, but with a very different underlying model.

A.2 Estimation of π for presence-only logistic regression

In a logistic regression model, where η(x) = xTβ is linear and X is of full rank, we can

estimate both π and β. To do this we develop a modified version of the EM procedure

developed in Section 6.4, where π is also estimated at every step. As π is unknown we

need to use the full likelihood (6.10) for the naive and true presences z and y:

L(π, η|y,z, X) =

(
∏

i
P(yi|si = 1,xi)

)(
∏

i
P(zi|yi, si = 1,xi)

)
= L1(π, η|y,z, X) L2(π|y,z, X)

Note that L2 depends on π only and L1 depends on π and η only through η∗ = η +

log
(

np+πna
πna

)
. Thus we can re-parameterize (π, η) to (π, η∗), so that L1 depends only on

η∗, and we can maximize L1 and L2 separately.

L1 is maximized by fitting a logistic regression model to y, to obtain η∗(x). Additionally,
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the maximum likelihood estimate for π is easily found by maximizing L2. Using the prob-

abilities (6.3) and noting that P(zi = 0|yi = 0, si = 1,xi) = 1 as all true absences must occur

in the background data:

L2(π|y,z, X) = ∏
i

P(zi|yi, si = 1,xi)

=

(
∏
zi=1

P(zi = 1|yi = 1, si = 1,xi)

)(
∏

zi=0,yi=1
P(zi = 0|yi = 1, si = 1,xi)yi

)

=
(

np

np + πna

)np
(

πna

np + πna

)
∑zi=0 yi

⇒ ∂

∂π
log L1 = −

(
np + ∑

zi=0
yi

)
na

np + πna
+ ∑

zi=0
yi

1
π
⇒ π̂ =

1
na

∑
zi=0

yi

Thus we have an intuitive estimate for π - the fraction of the background data that are

true presences. Further, we can retrieve η̂ from {π̂, η̂∗} by subtracting log( np+π̂na
π̂na

) from the

intercept.

Maximizing L1 and L2 forms the M-step of the EM algorithm. Because both log L1 and

log L2 are linear in the yi, the expectation step of the EM algorithm is still to replace each

yi with its expectation conditional on the parameter estimates from the previous step.

So the EM algorithm for estimating η and π follows as in Figure 6.1, except that in the

maximization step, before adjusting the intercept of η̂∗(k), we update the estimate of π:

π(k) = 1
na

∑i∈A ŷ(k−1)
i .

This algorithm appears to provide an ideal solution for estimating π for presence-only

data. However, we have already seen in Figure 6.2 that even when the logistic regression

model is the true generative model, estimates of π and the intercept α are highly corre-

lated. In practice the logistic regression model is both unlikely to be the true model and

unverifiable. Although logistic regression models are a useful approximation, to estimate

π we are placing a greater reliance on that model being the truth. It is safer to have a good
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estimate of π from another source, and run sensitivity analyses on the results.

A.3 Proof of penalized likelihood

We wish to maximize the log-likelihood

log L(η|X) = ∑
i ; zi=1

log f1(xi)

subject to the constraint that the density integrate to 1:
R

f1(x)dx = 1. We take a specific case

of the proof of Silverman (1982), to show this is equivalent to unconstrained maximization

of the penalized log-likelihood

log L∗(η|X) = ∑
i ; zi=1

log f1(xi)− np

Z
x

f1(x)dx. (A.1)

To do this, we define g(x) = log f1(x) and the two loss functions:

L(g) = − 1
np

∑
i ; zi=1

g(xi)

L∗(g) = − 1
np

∑
i ; zi=1

g(xi) +
Z

x
e g(x)dx,

so that L(g) = − 1
np

log L(η|X) and L∗(g) = − 1
np

log L∗(η|X). Now define

g∗(x) = g(x)− log
Z

x
e g(x)dx,

and note that Z
x

e g∗(x) =
Z

x

e g(x)R
x e g(x)dx

dx = 1.
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Thus g∗ is the standardized version of g, in that it integrates to 1, and so is a proper den-

sity. We show that minimizing the penalized loss L∗ with respect to g∗ is equivalent to

minimizing it with respect to g:

L∗(g∗) = − 1
np

∑
i ; zi=1

g(xi) + log
Z

x
e g(x)dx +

Z
x

e g∗(x)dx

= L∗(g)−
Z

x
e g(x)dx + log

Z
x

e g(x)dx + 1.

Noting that t− log t ≥ 1 for t > 0, with equality only when t = 1, we have L∗(g∗) < L∗(g)

with equality only if g integrates to 1. Thus unconstrained maximization of the penalized

likelihood is equivalent to constrained maximization of the original likelihood.



Appendix B

Implementation of the presence-only

models

B.1 The ecogbm package

Models 2, 3 and 4 described in Chapter 7 were implemented by adapting the gbm package

in R. The new package, named ecogbm retains much of the functionality of gbm, but is

implemented for the three new presence-only models.

The original gbm package is set up so that the different distributions are all programmed

in C++ and must be directly referenced in another C++ source file. Although this provides

for very fast model fitting, it is not easy to add another distribution, unlike the relative

ease of adding another family for the generalized linear model functions. In addition,

two of the three new models require an extra parameter π to be specified in the function

call. Thus I have copied version 1.5-7 of gbm, stripped out the existing distributions, and
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replaced them with the three distributions ponlysample, ponlypopn and ponlylog.

These distributions implement the sample logistic, population logistic and population log

models respectively. The default distribution ponly defers to the ponlypopn distribu-

tion. These new distributions in ecogbm work the same as existing distributions in gbm,

with the same functions for performance analysis, fitted values, variable importance and

marginal effects.
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