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There is some similarity between this approach and the asymmetry possi-
ble with likelihood-ratio tests. Suppose we have a log-likelihood ℓ0(tj) under
the null-hypothesis of no effect, and a log-likelihood ℓ(tj) under the alterna-
tive. Then a likelihood ratio test amounts to rejecting the null-hypothesis
if

ℓ(tj) − ℓ0(tj) > ∆, (18.48)

for some ∆. Depending on the likelihoods, and particularly their relative
values, this can result in a different threshold for tj than for −tj . The SAM
procedure rejects the null-hypothesis if

|t(j) − t̃(j)| > ∆ (18.49)

Again, the threshold for each t(j) depends on the corresponding value of

the null value t̃(j).

18.7.3 A Bayesian Interpretation of the FDR

There is an interesting Bayesian view of the FDR, developed in Storey
(2002) and Efron and Tibshirani (2002). First we need to define the positive
false discovery rate (pFDR) as

pFDR = E

[
V

R

∣∣∣∣ R > 0

]
. (18.50)

The additional term positive refers to the fact that we are only interested
in estimating an error rate where positive findings have occurred. It is
this slightly modified version of the FDR that has a clean Bayesian inter-
pretation. Note that the usual FDR [expression (18.43)] is not defined if
Pr(R = 0) > 0.

Let Γ be a rejection region for a single test; in the example above we used
Γ = (−∞,−4.10) ∪ (4.10,∞). Suppose that M identical simple hypothe-
sis tests are performed with the i.i.d. statistics t1, . . . , tM and rejection
region Γ. We define a random variable Zj which equals 0 if the jth null
hypothesis is true, and 1 otherwise. We assume that each pair (tj , Zj) are
i.i.d random variables with

tj |Zj ∼ (1 − Zj) · F0 + Zj · F1 (18.51)

for some distributions F0 and F1. This says that each test statistic tj comes
from one of two distributions: F0 if the null hypothesis is true, and F1

otherwise. Letting Pr(Zj = 0) = π0, marginally we have:

tj ∼ π0 · F0 + (1 − π0) · F1. (18.52)

Then it can be shown (Efron et al., 2001; Storey, 2002) that
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pFDR(Γ) = Pr(Zj = 0|tj ∈ Γ). (18.53)

Hence under the mixture model (18.51), the pFDR is the posterior proba-
bility that the null hypothesis it true, given that test statistic falls in the
rejection region for the test; that is, given that we reject the null hypothesis
(Exercise 18.20).

The false discovery rate provides a measure of accuracy for tests based
on an entire rejection region, such as |tj | ≥ 2. But if the FDR of such a test
is say 10%, then a gene with say tj = 5 will be more significant than a gene
with tj = 2. Thus it is of interest to derive a local (gene-specific) version
of the FDR. The q-value (Storey, 2003) of a test statistic tj is defined to
be the smallest FDR over all rejection regions that reject tj . That is, for
symmetric rejection regions, the q-value for tj = 2 is defined to be the
FDR for the rejection region Γ = {−(∞,−2) ∪ (2,∞)}. Thus the q-value
for tj = 5 will be smaller than that for tj = 2, reflecting the fact that tj = 5
is more significant than tj = 2. The local false discovery rate (Efron and
Tibshirani, 2002) at t = t0 is defined to be

Pr(Zj = 0|tj = t0). (18.54)

This is the (positive) FDR for an infinitesimal rejection region surrounding
the value tj = t0.

18.8 Bibliographic Notes

Many references were given at specific points in this chapter; we give some
additional ones here. Dudoit et al. (2002a) give an overview and compar-
ison of discrimination methods for gene expression data. Levina (2002)
does some mathematical analysis comparing diagonal LDA to full LDA, as
p,N → ∞ with p > N . She shows that with reasonable assumptions diago-
nal LDA has a lower asymptotic error rate than full LDA. Tibshirani et al.
(2001a) and Tibshirani et al. (2003) proposed the nearest shrunken-centroid
classifier. Zhu and Hastie (2004) study regularized logistic regression. High-
dimensional regression and the lasso are very active areas of research, and
many references are given in Section 3.8.5. The fused lasso was proposed
by Tibshirani et al. (2005), while Zou and Hastie (2005) introduced the
elastic net. Supervised principal components is discussed in Bair and Tib-
shirani (2004) and Bair et al. (2006). For an introduction to the analysis
of censored survival data, see Kalbfleisch and Prentice (1980).

Microarray technology has led to a flurry of statistical research: see for
example the books by Speed (2003), Parmigiani et al. (2003), Simon et al.
(2004), and Lee (2004).

The false discovery rate was proposed by Benjamini and Hochberg (1995),
and studied and generalized in subsequent papers by these authors and
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many others. A partial list of papers on FDR may be found on Yoav Ben-
jamini’s homepage. Some more recent papers include Efron and Tibshirani
(2002), Storey (2002), Genovese and Wasserman (2004), Storey and Tib-
shirani (2003) and Benjamini and Yekutieli (2005). Dudoit et al. (2002b)
review methods for identifying differentially expressed genes in microarray
studies.

Exercises

Ex. 18.1 For a coefficient estimate β̂j , let β̂j/||β̂j ||2 be the normalized ver-
sion. Show that as λ → ∞, the normalized ridge-regression estimates con-
verge to the renormalized partial-least-squares one-component estimates.

Ex. 18.2 Nearest shrunken centroids and the lasso. Consider a (naive Bayes)
Gaussian model for classification in which the features j = 1, 2, . . . , p are
assumed to be independent within each class k = 1, 2, . . . ,K. With ob-
servations i = 1, 2, . . . , N and Ck equal to the set of indices of the Nk

observations in class k, we observe xij ∼ N(µj + µjk, σ2
j ) for i ∈ Ck with∑K

k=1 µjk = 0. Set σ̂2
j = s2

j , the pooled within-class variance for feature j,
and consider the lasso-style minimization problem

min
{µj ,µjk}





1

2

p∑

j=1

K∑

k=1

∑

i∈Ck

(xij − µj − µjk)2

s2
j

+ λ
√

Nk

p∑

j=1

K∑

k=1

|µjk|
sj

.



(18.55)

Show that the solution is equivalent to the nearest shrunken centroid es-
timator (18.5), with s0 set to zero, and Mk equal to 1/Nk instead of
1/Nk − 1/N as before.

Ex. 18.3 Show that the fitted coefficients for the regularized multiclass
logistic regression problem (18.10) satisfy

∑K
k=1 β̂kj = 0, j = 1, . . . , p.

What about the β̂k0? Discuss issues with these constant parameters, and
how they can be resolved.

Ex. 18.4 Derive the computational formula (18.15) for ridge regression.
[Hint: Use the first derivative of the penalized sum-of-squares criterion to

show that if λ > 0, then β̂ = XT s for some s ∈ IRN .]

Ex. 18.5 Prove the theorem (18.16)–(18.17) in Section 18.3.5, by decom-
posing β and the rows of X into their projections into the column space of
V and its complement in IRp.

Ex. 18.6 Show how the theorem in Section 18.3.5 can be applied to regu-
larized discriminant analysis [Section 4.14 and Equation (18.9)].
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Ex. 18.7 Consider a linear regression problem where p ≫ N , and assume
the rank of X is N . Let the SVD of X = UDVT = RVT , where R is
N × N nonsingular, and V is p × N with orthonormal columns.

(a) Show that there are infinitely many least-squares solutions all with
zero residuals.

(b) Show that the ridge-regression estimate for β can be written

β̂λ = V(RT R + λI)−1RT y (18.56)

(c) Show that when λ = 0, the solution β̂0 = VD−1UT y has residuals
all equal to zero, and is unique in that it has the smallest Euclidean
norm amongst all zero-residual solutions.

Ex. 18.8 Data Piling. Exercise 4.2 shows that the two-class LDA solution
can be obtained by a linear regression of a binary response vector y con-
sisting of −1s and +1s. The prediction β̂T x for any x is (up to a scale and
shift) the LDA score δ(x). Suppose now that p ≫ N .

(a) Consider the linear regression model f(x) = α + βT x fit to a binary
response Y ∈ {−1,+1}. Using Exercise 18.7, show that there are

infinitely many directions defined by β̂ in IRp onto which the data
project to exactly two points, one for each class. These are known as
data piling directions (Ahn and Marron, 2005).

(b) Show that the distance between the projected points is 2/||β̂||, and
hence these directions define separating hyperplanes with that mar-
gin.

(c) Argue that there is a single maximal data piling direction for which

this distance is largest, and is defined by β̂0 = VD−1UT y = X−y,
where X = UDVT is the SVD of X.

Ex. 18.9 Compare the data piling direction of Exercise 18.8 to the direction
of the optimal separating hyperplane (Section 4.5.2) qualitatively. Which
makes the widest margin, and why? Use a small simulation to demonstrate
the difference.

Ex. 18.10 When p ≫ N , linear discriminant analysis (see Section 4.3) is
degenerate because the within-class covariance matrix W is singular. One
version of regularized discriminant analysis (4.14) replaces W by a ridged
version W + λI, leading to a regularized discriminant function δλ(x) =
xT (W + λI)−1(x̄1 − x̄−1). Show that δ0(x) = limλ↓0 δλ(x) corresponds to
the maximal data piling direction defined in Exercise 18.8.

Ex. 18.11 Suppose you have a sample of N pairs (xi, yi), with yi binary
and xi ∈ IR1. Suppose also that the two classes are separable; e.g., for each
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pair i, i′ with yi = 0 and yi′ = 1, xi′ − xi ≥ C for some C > 0. You wish
to fit a linear logistic regression model logitPr(Y = 1|X) = α + βX by

maximum-likelihood. Show that β̂ is undefined.

Ex. 18.12 Suppose we wish to select the ridge parameter λ by 10-fold cross-
validation in a p ≫ N situation (for any linear model). We wish to use the
computational shortcuts described in Section 18.3.5. Show that we need
only to reduce the N × p matrix X to the N × N matrix R once, and can
use it in all the cross-validation runs.

Ex. 18.13 Suppose our p > N predictors are presented as an N ×N inner-
product matrix K = XXT , and we wish to fit the equivalent of a linear
logistic regression model in the original features with quadratic regulariza-
tion. Our predictions are also to be made using inner products; a new x0

is presented as k0 = Xx0. Let K = UD2UT be the eigen-decomposition of
K. Show that the predictions are given by f̂0 = kT

0 α̂, where

(a) α̂ = UD−1β̂, and

(b) β̂ is the ridged logistic regression estimate with input matrix R =
UD.

Argue that the same approach can be used for any appropriate kernel
matrix K.

Ex. 18.14 Distance weighted 1-NN classification. Consider the 1-nearest-
neighbor method (Section 13.3) in a two-class classification problem. Let
d+(x0) be the shortest distance to a training observation in class +1, and
likewise d−(x0) the shortest distance for class −1. Let N− be the number
of samples in class −1, N+ the number in class +1, and N = N− + N+.

(a) Show that

δ(x0) = log
d−(x0)

d+(x0)
(18.57)

can be viewed as a nonparametric discriminant function correspond-
ing to 1-NN classification. [Hint: Show that f̂+(x0) = 1

N+d+(x0)
can

be viewed as a nonparametric estimate of the density in class +1 at
x0].

(b) How would you modify this function to introduce class prior probabil-
ities π+ and π− different from the sample-priors N+/N and N−/N?

(c) How would you generalize this approach for K-NN classification?

Ex. 18.15 Kernel PCA. In Section 18.5.2 we show how to compute the
principal component variables Z from an uncentered inner-product matrix
K. We compute the eigen-decomposition (I − M)K(I − M) = UD2UT ,
with M = 11T /N , and then Z = UD. Suppose we have the inner-product
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vector k0, containing the N inner-products between a new point x0 and
each of the xi in our training set. Show that the (centered) projections of
x0 onto the principal-component directions are given by

z0 = D−1UT (I − M) [k0 − K1/N ] . (18.58)

Ex. 18.16 Bonferroni method for multiple comparisons. Suppose we are in
a multiple-testing scenario with null hypotheses H0j , j = 1, 2, . . . ,M , and
corresponding p-values pj , i = 1, 2, . . . ,M . Let A be the event that at least
one null hypothesis is falsely rejected, and let Aj be the event that the
jth null hypothesis is falsely rejected. Suppose that we use the Bonferroni
method, rejecting the jth null hypothesis if pj < α/M .

(a) Show that Pr(A) ≤ α. [Hint: Pr(Aj ∪ Aj′) = Pr(Aj) + Pr(Aj′) −
Pr(Aj ∩ Aj′)]

(b) If the hypotheses H0j , j = 1, 2, . . . ,M , are independent, then Pr(A) =

1−Pr(AC) = 1−∏M
j=1 Pr(AC

j ) = 1− (1−α/M)M . Use this to show
that Pr(A) ≈ α in this case.

Ex. 18.17 Equivalence between Benjamini–Hochberg and plug-in methods.

(a) In the notation of Algorithm 18.2, show that for rejection threshold
p0 = p(L), a proportion of at most p0 of the permuted values tkj
exceed |T |(L) where |T |(L) is the Lth largest value among the |tj |.
Hence show that the plug-in FDR estimate F̂DR is less than or equal
to p0 · M/L = α.

(b) Show that the cut-point |T |(L+1) produces a test with estimated FDR
greater than α.

Ex. 18.18 Use result (18.53) to show that

pFDR =
π0 · {Type I error of Γ}

π0 · {Type I error of Γ} + π1{Power of Γ} (18.59)

(Storey, 2003).

Ex. 18.19 Consider the data in Table 18.4 of Section (18.7), available from
the book website.

(a) Using a symmetric two-sided rejection region based on the t-statistic,
compute the plug-in estimate of the FDR for various values of the
cut-point.

(b) Carry out the BH procedure for various FDR levels α and show the
equivalence of your results, with those from part (a).
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(c) Let (q.25, q.75) be the quartiles of the t-statistics from the permuted
datasets. Let π̂0 = {#tj ∈ (q.25, q.75)}/(.5M), and set π̂0 = min(π̂0, 1).
Multiply the FDR estimates from (a) by π̂0 and examine the results.

(d) Give a motivation for the estimate in part (c).

(Storey, 2003)

Ex. 18.20 Proof of result 18.20. Write

pFDR = E

(
V

R
|R > 0

)
(18.60)

=

M∑

k=1

E

[
V

R
|R = k

]
Pr(R = k|R > 0) (18.61)

Use the fact that given R = k, V is a binomial random variable, with k
trials and probability of success Pr(H = 0|T ∈ Γ), to complete the proof.
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Rätsch, G. 384, 615
Ravikumar, P. 90, 304, 642
Redwine, E. 3, 49
Reich, M. 654, 658
Richardson, J. 375
Richardson, T. S. 631, 633
Ridgeway, G. 361
Rieger, K. 684
Rifkin, R. 654, 658
Ripley, B. D. 38, 131, 135, 136,

234, 308, 310, 400, 414,
415, 455, 468, 480, 481,
641, 645

Rissanen, J. 257
Ritov, Y. 89, 91
Robbins, H. 397
Rocha, G. 90
Roosen, C. 414
Rosenblatt, F. 102, 129, 414
Rosenwald, A. 674
Rosset, S. 89, 98, 348, 349, 385,

426, 428, 434, 610, 611,
615, 657, 661, 664, 666,
693

Rostrup, E. 551
Rousseauw, J. 122
Rousseeuw, P. 517, 526, 578
Rowe, D. 375
Roweis, S. T. 573
Rubin, D. 292, 332, 449, 647
Rumelhart, D. 414

Ryberg, C. 551

Saarela, A. 531, 532, 578
Sachs, K. 625
Salojärvi, J. 531, 532, 578
Saul, L. K. 573
Saunders, M. 68, 94, 666, 693
Schapire, R. 337, 380, 383, 384,

615
Schellhammer, P. F. 664
Schnitzler, C. 334
Schölkopf, B. 547, 548
Schroeder, A. 391
Schwarz, G. 233, 257
Scott, D. 216
Seber, G. 94
Segal, M. 596
Sejnowski, T. 578, 645
Semmes, O. J. 664
Seung, H. 552, 553
Shafer, G. 629
Shao, J. 257
Shenoy, P. 629
Short, R. 475
Shustek, L. 480
Shyu, M. 369
Siegmund, D. 689
Silverman, B. 181, 183, 216, 334,

486, 567, 578
Silvey, S. 292
Simard, P. 407, 471, 480, 481
Simon, R. M. 693
Simone, C. 664
Singer, Y. 384
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Multiple outcome shrinkage and

selection, 84
Multiple outputs, 56, 84, 103–106
Multiple regression from simple uni-

variate regression, 52
Multiresolution analysis, 178
Multivariate adaptive regression

splines (MARS), 321–327
Multivariate nonparametric regres-

sion, 445

Nadaraya–Watson estimate, 193
Naive Bayes classifier, 108, 210–

211, 694
Natural cubic splines, 144–146
Nearest centroids, 670
Nearest neighbor methods, 463–

483
Nearest shrunken centroids, 651–

654, 694
Network diagram, 392
Neural networks, 389–416
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Newton’s method (Newton-Raphson
procedure), 120–122

Non-negative matrix factorization,
553–554

Nonparametric logistic regression,
299–304

Normal (Gaussian) distribution,
16, 31

Normal equations, 12
Numerical optimization, 395–396

Object dissimilarity, 505–507
Online algorithm, 397
Optimal scoring, 445, 450–451
Optimal separating hyperplane, 132–

135
Optimism of the training error rate,

228–230
Ordered categorical (ordinal) pre-

dictor, 10, 504
Ordered features, 666
Orthogonal predictors, 53
Overfitting, 220, 228–230, 364

PageRank, 576
Pairwise distance, 668
Pairwise Markov property, 628
Parametric bootstrap, 264
Partial dependence plots, 369–370
Partial least squares, 80–82, 680
Partition function, 638
Parzen window, 208
Pasting, 318
Path algorithm, 73–79, 86–89, 432
Patient rule induction method(PRIM),

317–321, 499–501
Peeling, 318
Penalization, 607, see regulariza-

tion
Penalized discriminant analysis, 446–

449
Penalized polynomial regression,

171
Penalized regression, 34, 61–69, 171
Penalty matrix, 152, 189

Perceptron, 392–416
Piecewise polynomials and splines,

36, 143
Posterior

distribution, 268
probability, 233–235, 268

Power method, 577
Pre-conditioning, 681–683
Prediction accuracy, 329
Prediction error, 18
Predictive distribution, 268
PRIM, see Patient rule induction

method
Principal components, 66–67, 79–

80, 534–539, 547
regression, 79–80
sparse, 550
supervised, 674

Principal curves and surfaces, 541–
544

Principal points, 541
Prior distribution, 268–272
Procrustes

average, 540
distance, 539

Projection pursuit, 389–392, 565
regression, 389–392

Prototype classifier, 459–463
Prototype methods, 459–463
Proximity matrices, 503
Pruning, 308

QR decomposition, 55
Quadratic approximations and in-

ference, 124
Quadratic discriminant function,

108, 110

Radial basis function (RBF) net-
work, 392

Radial basis functions, 212–214,
275, 393

Radial kernel, 548
Random forest, 409, 587–604

algorithm, 588
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bias, 596–601
comparison to boosting, 589
example, 589
out-of-bag (oob), 592
overfit, 596
proximity plot, 595
variable importance, 593
variance, 597–601

Rao score test, 125
Rayleigh quotient, 116
Receiver operating characteristic

(ROC) curve, 317
Reduced-rank linear discriminant

analysis, 113
Regression, 11–14, 43–99, 200–204
Regression spline, 144
Regularization, 34, 167–176
Regularized discriminant analysis,

112–113, 654
Relevance network, 631
Representer of evaluation, 169
Reproducing kernel Hilbert space,

167–176, 428–429
Reproducing property, 169
Responsibilities, 274–275
Ridge regression, 61–68, 650, 659
Risk factor, 122
Robust fitting, 346–350
Rosenblatt’s perceptron learning

algorithm, 130
Rug plot, 303
Rulefit, 623

SAM, 690–693, see Significance Anal-
ysis of Microarrays

Sammon mapping, 571
SCAD, 92
Scaling of the inputs, 398
Schwarz’s criterion, 230–235
Score equations, 120, 265
Self-consistency property, 541–543
Self-organizing map (SOM), 528–

534
Sensitivity of a test, 314–317
Separating hyperplane, 132–135

Separating hyperplanes, 136, 417–
419

Separator, 628
Shape average, 482, 540
Shrinkage methods, 61–69, 652
Sigmoid, 393
Significance Analysis of Microar-

rays, 690–693
Similarity measure, see Dissimi-

larity measure
Single index model, 390
Singular value decomposition, 64,

535–536, 659
singular values, 535
singular vectors, 535

Sliced inverse regression, 480
Smoother, 139–156, 192–199

matrix, 153
Smoothing parameter, 37, 156–161,

198–199
Smoothing spline, 151–156
Soft clustering, 512
Soft-thresholding, 653
Softmax function, 393
SOM, see Self-organizing map
Sparse, 175, 304, 610–613, 636

additive model, 91
graph, 625, 635

Specificity of a test, 314–317
Spectral clustering, 544–547
Spline, 186

additive, 297–299
cubic, 151–153
cubic smoothing, 151–153
interaction, 428
regression, 144
smoothing, 151–156
thin plate, 165

Squared error loss, 18, 24, 37, 219
SRM, see Structural risk minimiza-

tion
Stacking (stacked generalization),

290
Starting values, 397
Statistical decision theory, 18–22
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Statistical model, 28–29
Steepest descent, 358, 395–397
Stepwise selection, 60
Stochastic approximation, 397
Stochastic search (bumping), 290–

292
Stress function, 570–572
Structural risk minimization (SRM),

239–241
Subset selection, 57–60
Supervised learning, 2
Supervised principal components,

674–681
Support vector classifier, 417–421,

654
multiclass, 657

Support vector machine, 423–437
SURE shrinkage method, 179
Survival analysis, 674
Survival curve, 674
SVD, see Singular value decom-

position
Symmlet basis, 176

Tangent distance, 471–475
Tanh activation function, 424
Target variables, 10
Tensor product basis, 162
Test error, 220–223
Test set, 220
Thin plate spline, 165
Thinning strategy, 189
Trace of a matrix, 153
Training epoch, 397
Training error, 220–223
Training set, 219–223
Tree for regression, 307–308
Tree-based methods, 305–317
Trees for classification, 308–310
Trellis display, 202

Undirected graph, 625–648
Universal approximator, 390
Unsupervised learning, 2, 485–585

Unsupervised learning as super-
vised learning, 495–497

Validation set, 222
Vapnik-Chervonenkis (VC) dimen-

sion, 237–239
Variable importance plot, 594
Variable types and terminology, 9
Variance, 16, 25, 37, 158–161, 219

between, 114
within, 114, 446

Variance reduction, 588
Varying coefficient models, 203–

204
VC dimension, see Vapnik–Chervon-

enkis dimension
Vector quantization, 514–515
Voronoi regions, 510

Wald test, 125
Wavelet

basis functions, 176–179
smoothing, 174
transform, 176–179

Weak learner, 383, 605
Weakest link pruning, 308
Webpages, 576
Website for book, 8
Weight decay, 398
Weight elimination, 398
Weights in a neural network, 395
Within class covariance matrix, 114,

446


